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Elasticity of connected semiflexible quadrilaterals

Mohammadhosein Razbin *a and Alireza Mashaghi *b

Using the positional–orientational propagator of a semiflexible filament in the weakly bending regime, we

analytically calculate the probability densities associated with the fluctuating tip and the corners of a grafted

system of connected quadrilaterals. We calculate closed analytic expressions for the probability densities

within the framework of the worm-like chain model, which are valid in the weakly bending regime. The

probability densities give the physical quantities related to the elasticity of the system such as the force–

extension relation in the fixed extension ensemble, the Poisson’s ratio and the average of the force exerted

to a confining stiff planar wall by the fluctuating tip of the system. Our analysis reveals that the force–extension

relations depend on the contour length of the system (material content), the bending stiffness (chemical

nature), the geometrical angle and the number of the quadrilaterals, while the Poisson’s ratio depends only on

the geometrical angle and the number of the quadrilaterals, and is thus a purely geometric property of the system.

1 Introduction

Semiflexible filaments such as the cellular cytoskeletal elements
(e.g., actins, microtubules, and intermediate filaments) and the
genomic DNA play critical roles in many biological functions
and have been subjects of intense research during the recent
decades.1–34 These biofilaments take various topologies and are
often confined within cellular boundaries that exert or trans-
duce mechanical forces.35 Moreover, the study of the mechan-
ical properties of such semiflexible filaments is important
in designing new bio- and nano-materials.36 An important
emerging field of research is structural DNA nanotechnology.
Progress has been made in designing programmable nanoscale
architectures through the self-assembly of synthetic oligo-
nucleotides via base-pairing and other forms of intermolecular
connectivity. Various topologies and spatial configurations
have been designed and synthesized for various applications,
from electronics and photonics to biology and nanomedicine.37–44

One way to make such DNA nanostructures is via folding
and assembly of DNA molecules into various topologies, the
so-called DNA origami. Defined structures can be made of DNA
filaments by the arrangement of nucleotides with a sub-
nanometer precision.45–55 The structural DNA nanotechnology
provides us with a plethora of techniques to design and to
make two dimensional and three dimensional nano-objects,
which can be static or dynamic.56–69

The worm-like chain model is a commonly used model for
describing the elasticity of semiflexible filaments. There are
numerous studies in which elasticity of the semiflexible fila-
ments were investigated within the framework of the worm-like
chain model.30,70–76 Next to theoretical developments, many
progresses have been made in experimental characterization of
semiflexible filaments (polymers) in recent decades. Powerful
techniques like optical tweezers, atomic force microscopy and
other force methods allow us to measure the elasticity of such
filaments at the single molecule (filament) level.77–85 In these
experiments, the force–extension relation is typically measured
by stretching or compressing the filament (polymer) by an
external force applied to the filament’s ends (or ‘‘tips’’). The
force–extension relation of a single filament in longitudinal
direction gives stretching or compressing behavior of the fila-
ment while the force–extension relation in lateral direction
gives the bending behavior of the filament. The force–extension
relation can be obtained in two different ensembles, namely
the fixed-extension ensemble, and the fixed-force ensemble.86

In the fixed-extension ensemble, the displacement of the tips is
fixed and the external force fluctuates due to the thermal
fluctuation of the polymer. In the fixed-force ensemble, the
external force exerted on the tips of the polymer is fixed, while
the displacement of the tips undergoes thermal fluctuations.

Here, we study the elasticity of structures made by long-
itudinally connected quadrilaterals. The work is motivated by
recent developments in structural DNA nanotechnology. The
quadrilaterals consist of semiflexible filaments, which can be
made by DNA fragments or other semiflexible polymers. In the
Section 2.1, we describe the positional–orientational propaga-
tor of a semiflexible filament in the weakly bending regime
based on existing theories. In the Section 2.2, we consider a
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grafted quadrilateral. In the presence of thermal fluctuations,
using the positional–orientational propagator, we obtain the
probability density associated with the fluctuations and calcu-
late the force–extension relation of the tip of the quadrilateral
in the fixed extension ensemble in two different direction,
x and y. Also, we calculate the Poisson’s ratio of the structure.
Furthermore, we confine the structure by a stiff planar wall and
calculate the average of the fluctuating force exerted to the wall.
The force is caused by a reduction in the number of configura-
tions available to the system, which is in turn caused by the
presence of the wall. In the Section 2.3, we repeat the calcula-
tions for the case of two longitudinally connected quadrilat-
erals. In Section 2.4, we generalize our calculations to a system
with an arbitrary number of quadrilaterals. In Section 2.5, we
compare the elasticity of the structures with different number
of quadrilaterals made of identical amounts of a given poly-
meric material. We end our article with a conclusion part.

2 Result
2.1 The positional–orientational propagator of a semiflexible
filament

The physical properties of a semiflexible filament of the con-

tour length, L is given by the Hamiltonian, H ¼ k
2

Ð L
0

dtðsÞ
ds

� �2

ds

where k is the bending stiffness of the filament and t(s) is the
tangent vector of the filament in the arc length s. Here, we study
the filament confined in a two dimensional space. In the weakly
bending regime, the density probability of finding the end
point of such filament at position, (x,y) with orientation, y
given the grafted tip at position, (x0,y0) with orientation, o is as
follows,6,87,88

GL x;y;yjx0;y0;oð Þ ¼ 1

NL
exp �3lp

L3
y� y0ð ÞcosðoÞð

�

� x�x0ð ÞsinðoÞÞ2�lp
L
ðy�oÞ2

�

� exp
3lp

L2
y� y0ð ÞcosðoÞð

�

� x�x0ð ÞsinðoÞÞðy�oÞ�

� d x�x0ð ÞcosðoÞþ y� y0ð Þ sinðoÞ�L½ �:
(1)

where NL is the normalization factor, lp ¼
2k
kBT

is the two

dimensional persistence length, d[x] is the Dirac delta function,
kB is the Boltzmann constant and T is the temperature.

2.2 The grafted quadrilateral

Here, we study the elasticity of a grafted semiflexible quad-
rilateral. The quadrilateral is constructed by conjunction of
four semiflexible filaments of length L. It has four corner
labeled by 0, 11, 12, 21 according to Fig. 2. The conjunction
angles are fixed since the length scales of the conjunction

points are much smaller than the persistence length of the
filaments. We put the origin of the coordinates at graft point of
the system. The probability density to find the end corner of the
quadrilateral labeled by 12 at position (x12,y12) and orientation
y12 is given by the following expression,

Po;1 x12; y12; y12ð Þ ¼
ðððððð

GL x11; y11; y11j0; 0;oð Þ

� GL x12; y12; y12jx11; y11; y11 � 2oð Þ

� GL x21; y21; y21j0; 0;�oð Þ

� GL x12; y12; y12 þ 2ojx21; y21; y21 þ 2oð Þ

� dx11dy11dy11dx21dy21dy21
(2)

where o 4 0 is the grafting angle indicated in Fig. 2. We
calculate integrals in eqn (2) and obtain the following analytic
expression,

Po;1ðx; y; yÞ ¼
1

No;1
exp Ay2 þ Byþ C
� �

(3)

where

A ¼ �7lp
L

(4)

and

B ¼ 3lpy

2L2 cosðoÞ (5)

and

C ¼ �3lpðx� 2L cosðoÞÞ2

L3 sin2ðoÞ
� 3lpy

2

4L3 cos2ðoÞ (6)

We integrate the y component and angle y in the probability
density given by eqn (3) and obtain an expression for the
probability density of finding the x component of position of
the corner of quadrilateral labeled by 12 at value x,

PX
o;1ðxÞ ¼

ðð
Po;1ðx; y; yÞdydy

¼ 1

NX
exp �3lpðx� 2L cosðoÞÞ2

L3 sin2ðoÞ

 ! (7)

Similarly, we obtain the probability density of the position of
the corner labeled by 12 at y coordinate,

PY
o;1ðyÞ ¼

ðð
Po;1ðx; y; yÞdxdy

¼ 1

NY
exp � 3lpy

2

7L3 cos2ðoÞ

� � (8)

The probability density to find the x component of the
position of the corner labeled by 12 at x12 and the y component
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of the position of the corner labeled by 11 at y11 is given by

PPR
o;1 x12; y11ð Þ ¼

ðððððð
GL x11; y11; y11j0; 0;oð Þ

� GL x12; y12; y12jx11; y11; y11 � 2oð Þ

� GL x21; y21; y21j0; 0;�oð Þ

� GL x12; y12; y12 þ 2ojx21; y21; y21 þ 2oð Þ

� dx11dy11dx21dy21dy21dy12dy12
(9)

We obtain the analytic expression for the probability density
after calculation of the integrals,

PPR
o;1 x; y11ð Þ ¼ 1

NPR
exp APRð Þ (10)

where

APR ¼ �
24

7

lpðx� 2L cosðoÞÞ2

L3 sin2ðoÞ

� 12

7

lpðx� 2L cosðoÞÞ y11 � L sinðoÞð Þ
L3 sinðoÞ cosðoÞ

� 12

7

lp y11 � L sinðoÞð Þ2

L3 cos2ðoÞ

(11)

The probability densities in eqn (10), (7) and (8) give the
associated force–extension relations. Using the similar method

in ref. 88, we obtain the analytic expression for the x coordinate
of the force–extension relation associated to the corner, 12 (see
Appendix),

f Xo;1ðxÞ
D E

¼ kBT
@

@x
ln PX

o;1ðxÞ
� 	

¼ �6kBTlp x�H1ð Þ
L3 sin2ðoÞ

(12)

where H1 = 2L cos(o) is the length of the system in the long-
itudinal direction at zero temperature. Similarly, the y coordi-
nate of the force–extension relation associated to the corner, 12
is given by the following expression (see Appendix),

f Yo;1ðyÞ
D E

¼ kBT
@

@y
ln PY

o;1ðyÞ
� 	

¼ � 6kBTlpy

7L3 cos2ðoÞ

(13)

The equation, hfPR
o,1(x,y11)i = hfX

o,1(x)i results in the following
equation

kBT
@

@x
ln PPR

o;1 x; y11ð Þ
� 	

¼ kBT
@

@x
ln PX

o;1ðxÞ
� 	

(14)

which gives the relation between y11 and x (see Appendix),

y11 � L sinðoÞ
x� 2L cosðoÞ ¼ �

1

2
cotðoÞ (15)

where y11 � L sin(o) is the displacement of the corner of the
quadrilateral labeled by 11 in y coordinate due to the displace-
ment of the corner labeled by 12 in x coordinate, x � 2L cos(o).

Fig. 1 The upper panel: The configuration of the grafted semiflexible
quadrilateral at zero temperature. The lower panel: The grafted quadri-
lateral confined by a stiff planar wall.

Fig. 2 The upper panel: The configuration of the grafted two longitudin-
ally connected quadrilaterals at zero temperature. The lower panel: The
two longitudinally connected quadrilaterals confined by a stiff planar wall.
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The Poisson’s ratio for the grafted semiflexible quadrilateral is
(see Appendix)

n1 ¼ �
y11 � L sinðoÞ

w
x� 2L cosðoÞ

H1

¼ 1

2
cot2ðoÞ (16)

where w = 2L sin(o) is the width of the system at zero temperature.
Next, we confine the system with a stiff wall in x coordinate.
The confining wall reduce the number of the configuration of
the system and therefore experience a fluctuating force due to the
confinement. The average of the fluctuating force on the confin-
ing stiff wall is (see Appendix)

fWall�X
o;1 ðdÞ

D E
¼ 12lp

pL3

� �1
2 kBTe

�
3lp d�H1ð Þ2
L3 sinðoÞ

A1

0
B@

1
CA (17)

where

A1 ¼ sinðoÞ erf
12lp

L

� �1
2
cotðoÞ

0
@

1
A� erf

3lp

L3

� �1
2H1 � d
sinðoÞ

0
@

1
A

0
@

1
A

(18)

2.3 Two longitudinally connected quadrilaterals grafted in a
substrate

We connect another quadrilateral to the grafted quadrilateral
according to the Fig. 2. The probability density to find the end
point of the structure at position (x14,y14) with orientation y14 is
given by the following equation,

PLO
o;2 x14; y14; y14ð Þ ¼

ðð
� � �
ðð

GL x13; y13; y13jx; y; yþ 2oð Þ

� GL x14; y14; y14jx13; y13; y13 � 2oð Þ

� Po;1ðx; y; yÞGL x23; y23; y23jx; y; yð Þ

� GL x14; y14; y14 þ 2ojx23; y23; y23 þ 2oð Þ

� dx13dy13dy13dx23dy23dy23dxdydy

(19)

The probability density to find the position of the end point
at x coordinate in value x is

PLO;X
o;2 ðxÞ ¼

ðð
PLO
o;2ðx; y; yÞdydy

¼ 1

NLO;X
o;2

exp �3
2

lpð4L cosðoÞ � xÞ2
L3ðsinðoÞÞ2

� � (20)

Similarly, we write the probability density to find the posi-
tion of the end point at y coordinate in value y according

to below,

PLO;Y
o;2 ðyÞ ¼

ðð
PLO
o;2ðx; y; yÞdxdy

¼ 1

NLO;Y
o;2

exp � 3

38

lpy
2

ðcosðoÞÞ2L3

� � (21)

Using the probability density, we calculate the force–
extension relation in x coordinate and it takes the following
form (see Appendix),

f LO;Xo;2 ðxÞ
D E

¼ kBT
@

@x
ln PLO;X

o;2 ðxÞ
� 	

¼ � 3kBTlp x�H2ð Þ
L3ðsinðoÞÞ2

(22)

where the length of the system in longitudinal direction at zero
temperature is H2 = 4L cos(o). Also, the force–extension relation
in y coordinate is (see Appendix)

f LO;Yo;2 ðyÞ
D E

¼ kBT
@

@y
ln PLO;Y

o;2 ðyÞ
� 	

¼ � 3kBT

19

lpy

ðcosðoÞÞ2L3

(23)

The probability density to find the x component of the
position of the corner labeled by 14 at x14 and the y component
of the position of the corner labeled by 13 at y13 is

PPR
o;2 x14; y13ð Þ ¼

ðð
� � �
ðð

GL x13; y13; y13jx; y; yþ 2oð Þ

� GL x14; y14; y14jx13; y13; y13 � 2oð Þ

� Po;1ðx; y; yÞGL x23; y23; y23jx; y; yð Þ

� GL x14; y14; y14 þ 2ojx23; y23; y23 þ 2oð Þ

� dx13dy13dx23dy23dy23dxdydydy14dy14
(24)

Similar to eqn (14) the equation in below

kBT
@

@x
ln PPR

o;2 x; y13ð Þ
� 	

¼ kBT
@

@x
ln PX

o;2ðxÞ
� 	

(25)

gives relation between the lateral and the longitudinal displa-
cement (see Appendix),

y13 � L sinðoÞ
x� 4L cosðoÞ ¼ �

1

4
cotðoÞ (26)

where y13 � L sin(o) is the displacement of the corner of the
quadrilateral labeled by 13 in y coordinate due to the displace-
ment of the corner labeled by 14 in x coordinate, x � 4L cos(o).
Therefore, the Poisson’s ratio is

n2 ¼ �
y13 � L sinðoÞ

w
x� 4L cosðoÞ

H2

¼ 1

2
cot2ðoÞ (27)

Similar to the previous section, we confine the system by a
stiff wall in x coordinate. The expression for the average of the
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fluctuating force on the confining stiff wall due to the confine-
ment has the following form (see Appendix),

fWall�X
o;2 ðdÞ

D E
¼ 6lp

pL3

� �1
2 kBTe

�
3lp d�H2ð Þ2
2L3 sinðoÞ

A2

0
B@

1
CA (28)

where

A2 ¼ sinðoÞ erf
24lp

L

� �1
2
cotðoÞ

0
@

1
A� erf

3lp

2L3

� �1
2H2 � d
sinðoÞ

0
@

1
A

0
@

1
A

(29)

2.4 N number of the longitudinally connected quadrilaterals
grafted in a substrate

Here, we study the elasticity of N number of the longitudinally
connected quadrilaterals. The symmetry of the system implies
that it is equivalent to a system consisting of N number of
springs in series in a way that each spring has a Poisson’s ratio
of n1 = cot2(o)/2 which is equals to the Poisson’s ratio of a
grafted quadrilateral (see eqn (15)). Also, the force constant of
each spring in x coordinate is equals to the force constant of a
grafted quadrilateral in x coordinate, k = 6kBTlp/L3(sin(o))2 (see
eqn (12)). The force constant of N number of the springs in
series is k/N (Fig. 3). Therefore, the force–extension relation of a
system with the N number of the longitudinally connected
quadrilaterals in x coordinate is

f LO;Xo;N ðxÞ
D E

¼ �6kBTlp x�HNð Þ
NL3ðsinðoÞÞ2 (30)

where the length of the system in x direction is HN = 2NL cos(o).
The probability density of the x component of position of the
tip of the polymeric system is

PLO;X
o;N ðxÞ ¼

1

NLO;X
o;2

exp � 3

N

lp x�HNð Þ2

L3ðsinðoÞÞ2

 !
(31)

Also, the Poisson’s ratio of the system consisting of N
number of springs is

nN ¼
Dy
w
Dx
HN

¼ 1

2
cot2ðoÞ (32)

where Dx is the displacement of the tip of the system in the
longitudinal direction and Dy is the contraction or the expan-
sion of the system in the transverse direction.

Again, we confine the system with a stiff wall in x coordinate
and calculate the average of the fluctuating force on the wall.
The average of the exerted fluctuating force on the confining
stiff wall by the fluctuating tip of the system is (see Appendix),

fWall�X
o;N ðdÞ

D E
¼ 12lp

NpL3

� �1
2 kBTe

�
3lp d�HNð Þ2
NL3 sinðoÞ

AN

0
B@

1
CA (33)

where

AN¼sinðoÞ erf
12Nlp

L

� �1
2
cotðoÞ

0
@

1
A�erf 3lp

NL3

� �1
2HN�d
sinðoÞ

0
@

1
A

0
@

1
A

(34)

2.5 Comparison of the longitudinally connected
quadrilaterals with different number of quadrilaterals having
the same polymeric materials

Here, we vary the number of quadrilaterals in the system of
longitudinally connected quadrilaterals while we keep the total
contour length of the systems (the polymeric material of the
system) the same. The force–extension relation of a system with
the N number of the longitudinally connected quadrilaterals in
x coordinate is (see eqn (30))

f LO;Xo;N ðxÞ
D E

¼ �384N
2kBTlp x�HNð Þ

LPM
3ðsinðoÞÞ2 (35)

where LPM = 4NL is the total contour length of the system. The
force constant associated with the force–extension relation is

Kx ¼
384N2kBTlp

LPM
3 sin2ðoÞ

. The dimensionless form of the force–exten-

sion relation is

~f LO;Xo;N ðxÞ
D E

¼
LPM f LO;Xo;N ðxÞ

D E
kBT

¼ �384N
2lp x�HNð Þ

LPM
2ðsinðoÞÞ2 (36)

and the dimensionless force constant is ~Kx ¼
KxLPM

2

kBT
¼

384N2lp

LPM sin2ðoÞ
. If we keep the polymeric material of the system

(LPM) fixed, the force constant will depend on the squared of the

Fig. 3 The upper panel: The configuration of the grafted N number of the
longitudinally connected quadrilaterals at zero temperature. The lower
panel: The N number of the longitudinally connected quadrilaterals con-
fined by a stiff planar wall.
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number of quadrilaterals. The higher the force constant, the
stiffer the system. This fact shows that the system with higher
number of quadrilateral with the same amount of polymeric
material is stiffer as it can be seen from eqn (36).

It is interesting that the Poisson’s ratio is independent of
amount of the polymeric material used in the system (the total
contour length) and only depends on the angle o (see eqn (32))

nN ¼
1

2
cot2ðoÞ (37)

The average of the exerted fluctuating force on the confining
stiff wall by the fluctuating tip of the system with the fixed total
polymeric length, LPM is (see eqn (33))

fWall�X
o;N ðdÞ

D E
¼ 768N2lp

pLPM
3

� �1
2 kBTe

�
192N2lp d�HNð Þ2

LPM
3 sinðoÞ

AN

0
B@

1
CA (38)

where

AN ¼ sinðoÞ erf
48N2lp

LPM

� �1
2

cotðoÞ

0
@

1
A

0
@

�erf 192N2lp

LPM
3

� �1
2HN � d
sinðoÞ

0
@

1
A
1
A

(39)

The dimensionless form of the average of the force on the
wall is

~fWall�X
o;N ðdÞ

D E
¼

LPM fWall�X
o;N ðdÞ

D E
kBT

¼ 768N2lp

pLPM

� �1
2 e

�
192N2lp d�HNð Þ2

LPM
3 sinðoÞ

AN

0
B@

1
CA (40)

Fig. 4 shows the average of the dimensionless force exerted
to the wall by the system of the longitudinally connected
quadrilaterals. We fix the polymeric material of the system
and vary the number of the quadrilaterals for different curves.
We look at the force–extension curves in two different regimes.
In the first regime, d o HN, the system is compressed by the
wall therefore the mixture of the entropic forces and enthalpic
forces play role in the elasticity of the system. In this regime,
the force constant of the system increases as the number of
quadrilaterals increases. In the second regime, d 4 HN, the
system is not compressed therefore the entropic forces play
major role in the elasticity of the system. In this regime
the system should be bent by the thermal fluctuations to hit
the wall therefore the dimensionless force exerted to the wall
decreases as the number of the quadrilaterals increases.
In Fig. 5, we show the force–extension relation of the wall while
we vary the value of the persistence length for the different
curves. The force constant of the system increases in the
regime, d o HN, while the persistence length increases.
We expected this fact since the system should be stiffer for
higher values of the persistence length. In Fig. 6, we show the

force–extension of the wall for different values of the angle, o.
The stiffness of the system increases as the value of the angle, o
decreases (Fig. 6).

3 Discussion and conclusion

Here, we employed the worm-like chain model to describe the
elastic behavior of a system made of longitudinally connected
quadrilaterals. To obtain analytic expressions for the probability
densities associated with the thermal fluctuation of the tip and
the corners of the system, we used a positional–orientational
propagator of a semiflexible filament in the weakly bending
regime, which was introduced in ref. 6, 87 and 88. We used the

Fig. 4 The force–extension relation of the wall (the solutions of eqn (38))
is shown for different number of the quadrilaterals (N = 1, 2, 3, 4, 5, 6, 7, 8)
while the polymeric material of the system is kept fixed. The higher the
absolute value of the force constant (slope of the curve) in the range d o
HN the higher the number of the quadrilaterals. The fixed parameters are:

kBT = 4.114 pN nm, lp = 50 nm, LPM = 30 nm, o ¼ p
4

and L ¼ LPM

4N
.

Fig. 5 The force–extension relation of the wall (the solutions of eqn (38))
is shown for different persistence length (lp = 10 nm, 20 nm, 30 nm, 40 nm,
50 nm, 60 nm, 70 nm, 80 nm) while the polymeric material of the system is
kept fixed. The higher the absolute value of the force constant (slope of the
curve) in the range d o HN the higher the persistence length. The fixed
parameters are: kBT = 4.114 pN nm, N = 3, LPM = 30 nm, o ¼ p

4
and

L ¼ LPM

4N
.
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probability densities to calculate the force–extension relation of
the tip of the system for arbitrary number of the quadrilaterals
in the fixed extension ensemble. We offered a closed analytic
expression which is valid in the linear regime (since we used the
weakly bending approximation). The force constant associated
with the force–extension relation is proportional to the bending
stiffness, k and the squared of the number of the quadrilaterals,
N2 and it is reversely proportional to the cubed of the total
contour length (the amount of the polymeric material), LPM

3

and sin2(o). Also, we obtained an analytic expression for the
Poisson’s ratio of the system. It only depends on the angle, o.
The Poisson’s ratio does not depend on the amount of
polymeric material or the bending stiffness; therefore, it is a
geometrical quantity of our system. In the last step, we confined
the system with a planar stiff wall and calculated the average of
the force exerted to the wall. The analytic expression for the
average of the force depends on the persistence length, lp, total
contour length, LPM, thermal energy, kBT, the number of the
quadrilaterals, N, the angle, o and the distance of the wall from
the grafting point of the system, d. All of the relations obtained in
this article are closed analytic expressions therefore it is easy to
theoretically track the behavior of the system in the parameter
space of the linear force regime.

The theoretical model presented here can be applied to
experimental and molecular modeling data available from
research into DNA minicircles. Michele Caraglio et al. studied
the DNA minicircles confined in a two dimensional space by a
course grained model called the oxDNA.89 The oxDNA has two
versions. The first version uses the symmetric grooves and is
called the oxDNA1. The second version is implemented with
asymmetric grooves. They reported rounded square shape for
the case of the oxDNA1 and a circular shape for the case of
oxDNA2 when the DNA minicircle is confined in a two dimen-
sional space.89 Our calculations can be used to describe the two
dimensional bending elasticity of the square shape of the DNA

appeared in the model of oxDNA1. The bending modes of the
DNA minicircles were studied by Davide Demurtas et al.90 A
molecular dynamics study of minicircles was done by Marco
Pasi et al.91 A theoretical study of the effect of bending anisotropy
in minicircles is available in ref. 92. The circular shape of the
DNA minicircles can be approximated with a square and then our
model can be applied to describe the bending elasticity of them.
The square shape structure made of the DNA is reported in
ref. 93. Sungwook Woo et al. experimentally studied the self-
assembly of two-dimensional DNA origami.94 They report a two
dimensional square shape of DNA that can be arrange in one
dimensional and two dimensional lattice. The elasticity of the
one dimensional lattice made of squares of the DNA can be
studied by our model (see Fig. 5 in ref. 94). The model presented
in our article can be easily modified for describing the bending
elasticity of semiflexible polymeric materials of more complex
topologies which we suggest for future work.
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Appendix
A.1. The force–extension relation in the fixed-extension
ensemble

Here, we consider a system made of a semiflexible polymer
which is described by a Hamiltonian, H. We can look at the
probability density function of the position of a fluctuating tip
of a polymeric system in x coordinate as a partition function,88

PXðxÞ ¼
ð
DrðsÞ exp � H

kBT

� �
d rxðLÞ � xð Þ (41)

where r(s) = (rx(s),ry(s),rz(t)) is the position vector associate with the
arc length s and rx(L) is the position of the tip of the system in x
coordinate. The partition function is in the fixed position ensem-
ble because of the term, d(rx(L) � x) which fixes the x component
of the position of the tip in the value, x. The partition function
gives the following term for the free energy associated with the tip,

FX(x) = �kBT ln(PX(x)) (42)

The free energy defines the average of the x component of
the force exerted to the tip in the fixed extension ensemble,

f XðxÞ

 �

¼ �dF
XðxÞ
dx

¼ kBT
d

dx
ln PX ðxÞ
� �

(43)

This is the force–extension relation the fixed extension
ensemble. The experimental setup for measuring the relation
should be build in a way that the position of the tip in x
coordinate is fixed while the other components of the position
are free. In the experimental setup the force exerted in x
coordinate would thermally fluctuate. By the similar reasoning
we can obtain a force–extension relation in y coordinate,

f Y ðyÞ

 �

¼ kBT
d

dy
ln PY ðyÞ
� �

(44)

Fig. 6 The force–extension relation of the wall (the solutions of eqn (38))

is shown for different angles, o ¼ p
4
þ pi
6� 7

� �
where i = 0, 1, 2, 3, 4, 5, 6, 7.

The higher the absolute value of the force constant (slope of the curve) in
the range do HN the lower the value of o. The fixed parameters are: kBT =

4.114 pN nm, N = 3, lp = 50 nm, LPM = 30 nm, N = 3 and L ¼ LPM

4N
.

Soft Matter Paper

O
pe

n 
A

cc
es

s 
A

rt
ic

le
. P

ub
lis

he
d 

on
 0

5 
N

ov
em

be
r 

20
20

. D
ow

nl
oa

de
d 

on
 7

/2
9/

20
25

 7
:1

1:
23

 A
M

. 
 T

hi
s 

ar
tic

le
 is

 li
ce

ns
ed

 u
nd

er
 a

 C
re

at
iv

e 
C

om
m

on
s 

A
ttr

ib
ut

io
n 

3.
0 

U
np

or
te

d 
L

ic
en

ce
.

View Article Online

http://creativecommons.org/licenses/by/3.0/
http://creativecommons.org/licenses/by/3.0/
https://doi.org/10.1039/d0sm01719a


This journal is©The Royal Society of Chemistry 2021 Soft Matter, 2021, 17, 102--112 | 109

where Py(y) is the probability density function of the position of a
fluctuating tip of a polymeric system in y coordinate. In the next
subsections, we will use eqn (43) and (44) to calculate the force–
extension relation associated with the connected quadrilaterals.

A.2. The Poisson’s ratio

Here, we calculate the Poisson’s ratio of a system. To do so, we
consider the case of one grafted quadrilateral (see Fig. 2) and
calculate the y component of displacement of the lateral point of
the quadrilateral labeled by 11 in due to the displacement of the
tip labeled by 12 in x coordinate. The probability density of the x
component of the position if the tip of the quadrilateral
(labeled by 12) is shown by PX

o,1(x12). The force–extension
relation associated with the probability density is

f Xo;1 x12ð Þ
D E

¼ kBT
d

dx12
ln PX

o;1 x12ð Þ
� 	

(45)

where hfx
12(x12)i is the average of the fluctuating force in x

coordinate that keeps the x component of extension of the tip
labeled by 12 in the fixed value of x12 while the other points
of the quadrilateral are free.

The probability density to find the x component of the
position of the corner labeled by 12 at x12 and the y component
of the position of the corner labeled by 11 at y11 is shown by PPR

o,1

(x12,y11). The force–extension relation associated with the prob-
ability density is given be the following equation,

f PRo;1 x12; y11ð Þ
D E

¼ kBT
d

dx12
ln PPR

o;1 x12; y11ð Þ
� 	

(46)

where h f X
12(x12,y11)i is the average of the fluctuating force in

x coordinate that keeps the x component of position of the
tip labeled by 12 in the fixed value of x12 and the y component of
position of the point labeled by 11 in the fixed value of y11 while
the other points of the quadrilateral are free. The condition
h f PR

o,1(x12,y11)i = h f X
o,1(x12)i gives the relation between y11 and

the fixed value of x12. Inserting eqn (45) and (46) in the
condition, we find the relation between the lateral contraction
or the lateral expansion of the system due to the longitudinal
displacement of the end point of the system

d

dx12
ln PX

o;1 x12ð Þ
� 	

¼ d

dx12
ln PPR

o;1 x12; y11ð Þ
� 	

(47)

We define the Poisson’s ratio of the quadrilateral as follows,

n1 ¼ �

y11 � L sinðoÞ
2L sinðoÞ

x12 � 2L cosðoÞ
2L cosðoÞ

(48)

A.3. The force exerted to a stiff confining wall by a fluctuating tip

Here, we take the grafted quadrilateral as an example of the
polymeric system and confine the system by a stiff and
impenetrable wall in x coordinate. The distance of the wall
from the grafting point of the quadrilateral is fixed, d while
the fluctuating tip of the quadrilateral exerts a fluctuating force
on the wall. We are interested in calculating the average of the

force (see Fig. 1, 2 and 7). To do so, we use the method
introduced in ref. 6 and 95. The origin of the force comes from
the reduction of the number of the configuration of the system
due to the presence of the wall. The number of the configuration
of the system is given by the following equation6,95

ZðdÞ ¼
ðd
0

PX
o;1 x12ð Þdx12 (49)

where PX
o,1(x12) is the probability density to find the x component

of the position of the tip of the quadrilateral at the value, x12. The
derivative of the logarithm of the number of the configuration of
the system with respect to d is the average of the fluctuating force

fWall�X
o;1 ðdÞ

D E
¼ kBT

d

dd
lnðZðdÞÞ (50)

In this method, we ignore the steric effect of the wall and the
other corners of the system.

A.4. Three longitudinally connected quadrilaterals grafted in
a substrate

The probability density to find the end point of the grafted
three longitudinally connected quadrilateral in position
(x16,y16) and orientation, y16 is

PLO
o;3 x16; y16; y16ð Þ ¼

ðð
� � �
ðð

GL x15; y15; y15jx; y; yþ 2oð Þ

� GL x16; y16; y16jx15; y15; y15 � 2oð Þ

� PLO
o;2ðx; y; yÞGL x25; y25; y25jx; y; yð Þ

� GL x16; y16; y16 þ 2ojx25; y25; y25 þ 2oð Þ

� dx15dy15dy15dx25dy25dy25dxdydy

(51)

Fig. 7 The upper panel: The configuration of the grafted three longitudinally
connected quadrilaterals at zero temperature. The lower panel: The three
longitudinally connected quadrilaterals confined by a stiff planar wall.
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We obtain the probability density to find the position of the
end point of the structure in x coordinate at value x according
to below,

PLO;X
o;3 ðxÞ ¼

ðð
PLO
o;3ðx; y; yÞdydy

¼ 1

NLO;X
o;3

exp �lpðx
2 þ 6L cosðoÞÞ2
L3ðsinðoÞÞ2

� � (52)

Similarly, the probability density to find the position of the
end point of the structure in y coordinate at value y is of the
following form,

PLO;Y
o;3 ðyÞ ¼

ðð
PLO
o;3ðx; y; yÞdxdy

¼ 1

N
exp � 1

39

lpy
2

ðcosðoÞÞ2L3

� �
(53)

The force–extension relation in x coordinate result from
the probability density function according to below (see
Appendix),

f LO;Xo;3 ðxÞ
D E

¼ kBT
@

@x
ln PLO;X

o;3 ðxÞ
� 	

¼ �2kBTlp x�H3ð Þ
L3ðsinðoÞÞ2 (54)

where H3 = 6L cos(o). Similarly, we obtain the force–
extension relation in y coordinate (see Appendix),

f LO;Yo;3 ðyÞ
D E

¼ kBT
@

@y
ln PLO;Y

o;3 ðyÞ
� 	

¼ � 2

39

kBTlpy

ðcosðoÞÞ2L3
(55)

To calculate the Poisson’s ratio, we have to calculate the
following quantity (see Appendix),

PPR
o;3 x16; y15ð Þ ¼

ðð
� � �
ðð

GL x15; y15; y15jx; y; yþ 2oð Þ

� GL x16; y16; y16jx15; y15; y15 � 2oð Þ

� PLO
o;2ðx; y; yÞGL x25; y25; y25jx; y; yð Þ

� GL x16; y16; y16 þ 2ojx25; y25; y25 þ 2oð Þ

� dx15dy15dx25dy25dy25dxdydy

(56)

which is the probability density to find the x component of the
position of the corner labeled by 16 at the value of x16 and the y
component of the position of the point labeled by 15 at the
value of y15. The relation between the displacement in lateral
direction and the displacement in longitudinal direction is
given by the following equation,

kBT
@

@x
ln PPR

o;3 x; y15ð Þ
� 	

¼ kBT
@

@x
ln PX

o;3ðxÞ
� 	

(57)

which is of the following form

y15 � L sinðoÞ
x� 6L cosðoÞ ¼ �

1

6
cotðoÞ (58)

where y115 � L sin(o) is the displacement of the corner of
the quadrilateral labeled by 15 in y coordinate due to the

displacement of the corner labeled by 16 in x coordinate,
x � 6L cos(o). Therefore the Poisson’s ratio is

n3 ¼ �
y15 � L sinðoÞ

W
x� 6L cosðoÞ

H3

¼ 1

2
cot2ðoÞ (59)

As with the previous section, if we confine the system by a
stiff wall in x coordinate the wall will experience a fluctuating
force. The average of the fluctuating force on the confining stiff
wall is (see Appendix)

fWall�X
o;3 ðdÞ

D E
¼ 4lp

pL3

� �1
2 kBTe

�
lp d�H3ð Þ2
L3 sinðoÞ

A3

0
B@

1
CA (60)

where

A3 ¼ sinðoÞ erf
36lp

L

� �1
2
cotðoÞ

0
@

1
A� erf

lp

L3

� �1
2H3 � d
sinðoÞ

0
@

1
A

0
@

1
A

(61)
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