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ence and core electronic
excitations of a transition-metal complex using UV/
Vis and X-ray cavities†

Bing Gu, a Stefano M. Cavaletto, a Daniel R. Nascimento,‡b Munira Khalil,c

Niranjan Govind b and Shaul Mukamel *a

We demonstrate how optical cavities can be exploited to control both valence- and core-excitations in

a prototypical model transition metal complex, ferricyanide ([Fe(III)(CN)6]
3�), in an aqueous environment.

The spectroscopic signatures of hybrid light-matter polariton states are revealed in UV/Vis and X-ray

absorption, and stimulated X-ray Raman signals. In an UV/Vis cavity, the absorption spectrum exhibits the

single-polariton states arising from the cavity photon mode coupling to both resonant and off-resonant

valence-excited states. We further show that nonlinear stimulated X-ray Raman signals can selectively

probe the bipolariton states via cavity-modified Fe core-excited states. This unveils the correlation

between valence polaritons and dressed core-excitations. In an X-ray cavity, core-polaritons are

generated and their correlations with the bare valence-excitations appear in the linear and nonlinear X-

ray spectra.
1 Introduction

Hybrid light-matter states termed polaritons emerge when the
coupling strength between material transition and a conned
optical cavity photon mode is stronger than the decay rates of
both matter and light. Optical cavities can be made with, e.g.,
Fabry–Perot setup, photonic crystals, and plasmonics.1–3 The

effective light-matter coupling strength g ¼ ffiffiffiffi
N

p
lm; where

l b

ffiffiffiffiffiffiffiffiffiffi
ħuc

230V

r
measures the vacuum electric eld uctuations, can

be enhanced by reducing the cavity mode volume V and
increasing the number of molecules N. Here, m is the transition
dipole moment, 30 is the vacuum permittivity, and uc is the
cavity frequency. Vibrational and electronic polaritons have
been demonstrated experimentally to alter chemical
processes2,4 such as modifying photoisomerization reaction
rates,5 reversing the selectivity of a ground-state chemical
reaction,6 enhancing optical nonlinearities,7 and enabling long-
range energy transfer.8 These experiments have triggered
t of Physics & Astronomy, University of
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shington, Seattle, WA, USA

ESI) available: Computational details of
derivation of eqn (3). See DOI:

stry, University of Memphis, Memphis,

95
extensive theoretical studies elucidating the underlying mech-
anisms and proposing new strategies to employ polaritons to
control chemical processes (i.e. to manipulate molecular
processes by tuning the cavity).9–21 While current polariton
chemistry focuses on cavity resonances in the infrared and
visible regime, X-ray cavities are receiving interest for applica-
tions in X-ray quantum optics and control,22–26 and for probing
and manipulating electronic interactions at X-ray frequencies.26

X-ray cavities can be made in a planar geometry with alternating
nanometer layers of materials with different indices of refrac-
tion.23 We recently demonstrated that novel core-excitations,
core-polaritons, can be created by placing molecules with
nonequivalent core orbitals in an X-ray cavity.27 Localized core-
excitations involving different core-orbitals can be coherently
coupled by exchanging cavity photons. Core-excitations are
fundamental for photochemical processes, as they allow
probing transient electronic coherence during the passage
through a conical intersection28 and creating broader electronic
wavepackets than through ultraviolet/visible (UV/Vis) pulses.29

Coherent spectroscopic measurements can be used to track
the complex polariton dynamics in time, as experimentally
demonstrated by transient absorption and multidimensional
infrared spectroscopies.30–32 Ultrafast X-ray spectroscopic tech-
niques, enabled by recently developed free-electron lasers,33 can
probe the local electronic structure of a specic atom, in
contrast to UV/Vis spectroscopy which typically probes transi-
tions between delocalized electronic states. This element spec-
icity can be used to selectively excite polaritonic states that are
only accessible via the core orbitals, and their electron
© 2021 The Author(s). Published by the Royal Society of Chemistry
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Fig. 1 (a) Schematic of [Fe(III)(CN)6]
3� molecules embedded in an

optical cavity and pulse sequence used in the SXRS signal. The cavity
length is in the mm scale for UV/Vis cavities, and nm scale for X-ray
cavities. (b) Comparison of experimental and simulated XANES spec-
trum eqn (2) (upper panel) and frequency-dependent broadening
function (lower panel). The simulated spectrum is blueshifted by
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dynamics can be monitored on the attosecond timescale via
time-resolved X-ray spectroscopy.13,28,34–36

Here, we demonstrate how UV/Vis and X-ray cavities offer
rich opportunities to manipulate electronic excitations in
a transition metal complex, which are revealed by nonlinear X-
ray signals. Transition metal complexes serve as catalysts for
many important organic, inorganic, and biological reactions.37

Their functionality is rooted in the nature of their electronic
excitations. Optical cavities provide a novel means to manipu-
late the electronic structure of transition metal complexes
without chemical modications. We investigate the ferricyanide
complex in water, which serves as a prototypical model system
for the structure and spectroscopy of Fe(III) octahedral transi-
tion metal complexes.38–40 We consider cavities with resonance
frequencies in the UV/Vis and X-ray regimes and develop the
formalism for signals involving non-Hermitian polariton
Hamiltonians, which include cavity dissipation and exciton
decay.

For an UV/Vis cavity mode, we observe valence-polariton
states in the absorption spectrum only to the red of the cavity
frequency, in contrast to a pair of polariton states as in the
quantum Rabi model. This is because the cavity is weakly
coupled to several resonant valence states and strongly coupled
to off-resonant states at the same time. This rich combination of
couplings leads only to lower-energy polaritons, and to a redis-
tribution of oscillator strengths to a few polariton states.

We further predict stimulated X-ray Raman spectroscopy
(SXRS) of the polaritonic system, and reveal signatures of
higher-lying valence-polaritons in two-dimensional (2D)
spectra. The appearance of bipolariton states in the SXRS signal
stems from cavity-induced modications to the core-
excitations. The hybrid light-matter core-excitations cannot be
clearly distinguished in the X-ray absorption near edge struc-
ture (XANES) spectrum, but are indirectly revealed by the SXRS
signal. We further investigate X-ray cavities, which create core-
polariton states with clear signatures in the XANES spectrum.
Correlations between these core-polaritons and the bare
valence-excited states are apparent in the 2D SXRS spectrum.
142 eV to fit experiment.
2 Model and computation

The polariton Hamiltonian describes N molecules coupled to

a single cavity mode H ¼
X
n

HðnÞ
M þ HC þ

X
n

HðnÞ
CM; as schemati-

cally shown in Fig. 1a. The Hamiltonian for the nth molecule

reads HðnÞ
M ¼

X
a

ua

��vðnÞa ihvðnÞa

��þX
m

um

��cðnÞm ihcðnÞm

��; where jv(n)a i and

jc(n)m i denote the valence-excited many-body states and core-
excited states at the Fe K-edge. We use atomic units ħ ¼ 1
throughout. The cavity Hamiltonian is HC ¼ uca

†a, where a and
a† are respectively the cavity-mode annihilation and creation
operators satisfying [a, a†] ¼ 1. The cavity-molecule coupling is
given by the electric-dipole approximation

HCM ¼
XN
n¼1

�mðnÞ$ÊðrnÞ; where Ê(rn) ¼ il(aeik$rn � a†e�ik$rn)ec is

the electric eld operator of the cavity mode, which can be
© 2021 The Author(s). Published by the Royal Society of Chemistry
tuned either to the valence or core states in the molecule, and ec
is the eld polarization. When the molecular separations are
small compared to the wavelength of the cavity mode, the long-
wavelength approximation applies, E(rn) z E(rM) where rM is
the center of mass of all molecules. The cavity-molecule

coupling is then given by HðnÞ
CM ¼

X
ji

gjijjðnÞihiðnÞjaþH:c: with gji

¼ il〈jjm$ecji〉 and i, j run over all molecular states. For an
assembly of molecules N > 1, it is convenient to introduce the

delocalized exciton states jBaki ¼
XN
n¼1

1ffiffiffiffi
N

p eikn
��gð1Þ/bðnÞa /gðNÞi

where jg(n)i is the ground state of the nth molecule, k ¼ 2pj/N, j
¼ 0,., N� 1, b¼ {c, v} and, correspondingly, B¼ {C, V}. The k¼
0 states jBa0i are optically bright while k s 0 are dark. Thus, in
the single-excitation subspace, the relevant states in linear
Chem. Sci., 2021, 12, 8088–8095 | 8089
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spectroscopy are the bright k ¼ 0 states involving {jVa0i, jCm0i},
and the absorption signal for N identical molecules with single-
molecule coupling g is equivalent to the single-molecule case

with coupling enhanced by g
ffiffiffiffi
N

p
. However, the higher-lying

polariton states and collective dark states, required for
nonlinear time-resolved spectroscopy, cannot simply be

described by
ffiffiffiffi
N

p
factor.10,11

The cavity-molecule coupling can be intuitively understood
in terms of the molecular orbitals. The valence excitations
promote valence electrons from occupied molecular orbitals {i}
to unoccupied orbitals {a}. Such excitations are mixed with the
cavity photon mode through

HCM ¼
X
a;i

l
�
maic

†
i ca þ miac

†
aci
�ðaþ a†Þ: (1)

The resulting polariton states, eigenstates of H, are given by
a linear combination of valence and photon excitations

p†m ¼
X
i;a

b
m
iac

†
i ca þ ama† where b, a are the mixing coefficients.

For a single electronic conguration, only one i / a transition
is involved for each valence excitation. For valence excitations
involving multiple electronic congurations, many molecular
orbitals contribute. Eqn (1) also applies in the presence of a hole
in the core orbital, which is responsible for cavity-modications
to the core-excitations. For an X-ray cavity mode coupled to the
core-excitations, i refers to the Fe 1s orbital. Hereaer we use
jebi to denote valence/valence-polariton states, and jfni to
denote core/core-polariton states.

The valence- and core-excitation energies are computed with
time-dependent density functional theory (TDDFT), and the
transition dipole moments between many-electron states are
computed by employing the pseudo-wavefunction approach
also within TDDFT, as reported in ref. 41 and implemented in
a development version of the NWChem program.42–45

The valence-polaritons in an UV/Vis cavity were computed by
diagonalizing the polaritonic Hamiltonian using the direct
product basis set jani h jvai 5 jnic, i.e.,

jebi ¼
X
an

Cb
anjani þ

X
n

Db
njgni; where jnic is the number state in

the cavity mode. We use the non-Hermitian Hamiltonian
~HM ¼ HM �

X
m

igðumÞjcmihcmj where the imaginary part repre-

sents the lifetime broadening of core-states, and ~HC ¼ ũca
†a for

the cavity, where ũc ¼ uc � ik and k�1 is the cavity photon
lifetime. The resulting polariton Hamiltonian ~H ¼ ~HM + ~H +
HCM is thus non-Hermitian. The right eigenstates of ~H and ~H†

are biorthogonal polariton states, jeb〉 and j~eb〉, respectively,
with complex eigenvalues u ̃b and ub̃*, and with h~ebjeb0i ¼ dbb0.
These states will be used to compute the absorption and SXRS
signals. The electric-dipole coupling between the molecules and
the external laser pulses used in the spectroscopic measure-
ments is given by HLM(t) ¼ �m$Eext(t). A single pulse is used in
absorption measurements for both UV/Vis and X-ray frequen-
cies, whereas two X-ray pulses are employed in SXRS, sche-
matically shown in Fig. 1a. The electric quadrupole coupling
8090 | Chem. Sci., 2021, 12, 8088–8095
�1
2

X
ij

QijViEext
j ðr; tÞ

���
r¼0

; where Qij ¼ �erirj, i, j ˛{x, y, z}, is only

included in Fig. 1b to capture the pre-edge transitions at the Fe
K-edge, which are not included in the polariton simulations due
to their relatively weak strength. We shall compute the SXRS for
a single molecule, thus excluding the two-exciton states from
different molecules in the double-excitation manifold.
3 Results and discussion

Fig. 1a depicts the equilibrium geometry of [Fe(III)(CN)6]
3�. The

geometry was optimized using density functional theory (DFT)
with the PBE0 exchange–correlation functional.46 For the
geometry optimization, we used the Stuttgart-RSC-1997 ECP47

and the corresponding basis set for the Fe atom, while the C
and N atoms were represented with the 6-311G**48 all-electron
basis set. For the TDDFT-based valence- and core-excitations,
the effective core potential was replaced with the all-electron
Sapporo TZP-2012 basis set49 for the Fe atom. The effects of
the solvent (water) were included implicitly via the Conductor-
like Screening Model (COSMO).50,51 By representing the
solvent implicitly, we acknowledge that the explicit inuence of
the cavity on the solvent states have been ignored. These
calculations were performed with the NWChem program.42,43

The bare-molecule simulated XANES spectrum at the Fe K-
edge in [Fe(III)(CN)6]

3� is shown in the upper panel of Fig. 1b.
The spectrum is computed using the sum-over-states expression

SLA ðuÞ ¼
X
n

�2Im

hgjmjfni
D
~f n

���m��g��
u� ~un

�D
~f n

���fnE ; (2)

The complex eigenvalues u ̃n ¼ un � ign account for both the
transition frequency un and the decay rate gn of state jfni. To t
the calculated XANES spectra with experiment we have used the
frequency-dependent broadening, shown in the lower panel of
Fig. 1b:

gðuÞ ¼
8<
:

2 eV; if u\7130 eV;

2 eVþ 8 eV

�
1

2
þ 1

p
arctan

�
x� 1

�
x2
�	
; otherwise

(3)

where xh
u� 7130 eV

10 eV
; and added a background contribution

from the continuum 0.16 � (1 + tanh(10(u/eV � 7140))). The
linewidth should contain all decay channels for the XANES
signal including photoionization and Auger effects. The weak
peaks in the XANES spectrum around 7120 eV are due to electric
quadrupole transitions 1s / 3d,38 whereas strong 7130 eV and
7150 eV features correspond to dipole-allowed s / np transi-
tions and shape resonances.38,52
3.1 UV/Vis cavity

The absorption spectra of the valence-polaritons are shown in
Fig. 2 for various cavity-molecule coupling strengths and for
cavities frequencies uc ¼ 7 eV and 8 eV. The spectrum is
© 2021 The Author(s). Published by the Royal Society of Chemistry
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Fig. 2 Absorption spectrum of the valence-polaritons [eqn (2)] for uc

¼ 7 eV (left) and 8 eV (right), varying the coupling strengths as indi-
cated. The color of the vertical lines encodes the magnitude of the
cavity-photon component 〈ebja†ajeb〉 for each valence-polariton
state. 1 a.u. ¼ 0.514 V �A�1.
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computed using eqn (2) with the valence-polariton states
replacing the core-excited states. The mixing of valence-
excitations with the cavity mode is depicted by the color of
the vertical lines, which also mark the relative transition dipole
moment strength. We observe a cavity-induced redistribution of
oscillator strengths to a few polariton states, and a redshi of
~Sðus;UÞ ¼

�������
X
n;b;n

0

1

U� ~ub

2
64


gjmjfn

��
~f njmjeb

�


us � ~un

��
~f n

��� fn
�EprðusÞEpr



us � ~ub

�
�

�
gjmj~f n

�

fnjmjeb

�
h
us �



~un � ~ub

�*i�
fn

��� ~f n
�EprðusÞEpr



us þ ~ub

�375

�

D
ebjmjfn0

E�
~f n0 jmjg

�
�
~f n0
��� fn0
� Epu



~un � ~ub

�
Epu



~un

�
erfc

 
i
2~un � ~ub

2s

!������� (4)
the polariton states which increases with the coupling strength.
These observations arise from the complex electronic structure
of this transition metal complex and can be understood as
follows: a redistribution of the oscillator strength can be
explained by considering a single cavity mode coupled to many
resonant electronic transitions {uj ¼ uc} with strength {gj}. This
model can be reduced to the cavity mode coupled to a single
collective molecular transition with coupling strength

G ¼
ffiffiffiffiffiffiffiffiffiffiffiP
j
gj2

r
while all other collective states are dark.53 Thus, in

the absorption spectrum, themany bright molecular transitions
reduce to two polariton peaks with strong transition dipole
moments. The redshis of the polariton states and the fact that
we only observe them in the red side of the cavity frequency are
due to coupling to the higher-energy states at �11.5 eV. Even
though these electronic transitions have large detunings from
the cavity frequency, the coupling strengths are much larger
© 2021 The Author(s). Published by the Royal Society of Chemistry
than those nearby, as seen from the bare absorption spectrum
(l ¼ 0) in Fig. 2. The polariton states are redshied with
increasing coupling strength, leaving a transparency window
around the cavity frequency. These observations suggest that
higher-lying molecular states may be important for molecules
with dense manifolds of electronic states under strong light-
matter coupling. If we exclude the higher-energy states with u

> 9 eV in the simulations, the absorption spectra (Fig. S1†) show
both upper and lower polaritons, which deviates signicantly
from Fig. 2.

Resonant X-ray signals offer atom-specic selectivity and
may be used to probe the couplings between the valence- and
core-excited state.54–57 Resonant X-ray Raman scattering was
demonstrated in Neon58,59 and, more recently, for the impulsive
excitation of nitric oxide.60 Here, we use SXRS to monitor the
cavity-induced modications of valence- and core-polaritons
and their couplings. SXRS is a pump–probe technique that
employs two attosecond X-ray pulses, described by the external
electric eld Eext(t) ¼ Epu(t) + Epr(t � T). The pump pulse Epu(t)
induces a resonant Raman process via the core-excited states,
thereby creating a superposition of valence-polaritons. Their
time evolution is monitored by a probe pulse Epr(t � T), delayed
by T, via a second resonant Raman process. The frequency- and
time-resolved signal S(us, T) is obtained by measuring the
absorption spectrum of the transmitted probe pulse at varying
interpulse delays T. The 2D SXRS signal,55 including the non-
Hermitian nature of the core-excitations, is given by
where ~S(us, U) ¼ jS(us, T)e
iUTdTj is the Fourier transform of the

SXRS signal with respect to T, us is the detected frequency, U is
the conjugate variable to time delay T, erfc(z) is the comple-

mentary error function, and EðuÞ ¼
ðþN

�N
EðtÞeiutdt.

As can be seen from the two loop diagrams for the SXRS
signal, shown in Fig. 3, the spectrum exhibits pairs of peaks at
the signal frequency us, centered at the transition frequencies
between the core-excited states and the ground state jgi or the
valence-polaritons jebi. The 2D spectrum ~S(us, U) shows
valence-polariton peaks along the conjugated frequency U,
thereby revealing which valence-polaritons are generated by the
Raman excitation as well as their couplings to the core-
excitations. Different regions of the molecule can be moni-
tored by tuning the X-ray pump and probe pulses to different
element-specic K-edges.54
Chem. Sci., 2021, 12, 8088–8095 | 8091
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Fig. 3 Loop diagrams for the SXRS signal.

Fig. 5 Energy level scheme illustrating how an optical cavity photon
mode affects the valence- and core-excitations. The subscripts b,
d indicate the bright and dark states, respectively.
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The 2D SXRS spectra for an UV/Vis cavity are shown in Fig. 4.
For l ¼ 0, the signal reveals bare valence states due to resonant
excitation of the core states appearing along us. By turning the
cavity-molecule coupling on, new peaks emerge at energies
�14 eV, which are absent in the bare spectrum. The strengths
and positions of the lines at U < 10 eV are only weakly affected
by the cavity-molecule coupling strength since the transitions
from the core-excited states to single-polaritons are forbidden.
This is because the single-polariton states are a linear combi-
nation of bright valence states jvbi and cavity photon mode jg1i
whereas the core-excitations are the mixtures of jcb0i, jcd1i and
even higher-energy states like jcb2i. The subscripts b, d indicate
bright and dark states, respectively. In stark contrast, the new
peaks at �14 eV signicantly grow with l, and their positions
exhibit a redshi. These peaks can be attributed to the bipo-
lariton states as discussed below.

To analyze these 2D spectra, we group the valence- and core-
excited states into dark (jvd〉, jcdi) and bright states (jvb〉,
jcb〉), as shown in Fig. 5. The molecule contains an inversion
center and the eigenstates have a denite parity. Bright and
dark states are thus a consequence of the Laporte rule, which
Fig. 4 XANES (top) and SXRS (bottom) of ferricyanide embedded in an op
The bipolariton states are clearly observed in the SXRS spectra.

8092 | Chem. Sci., 2021, 12, 8088–8095
forbids transitions between states with the same parity. In the
bare molecule, SXRS proceeds via the pathway jg〉 / jcb〉 /

jvd〉, while the absorption spectrum involves the jg〉 / jvb〉
transition. The two techniques thus selectively access different
dark or bright valence states.

The cavity-molecule coupling produces valence-polaritons
which couple the bright jvb0〉 and one-photon state jg1〉.
These are accessible by absorption, but not via SXRS. As a result,
the U < 10 eV region of the spectrum is hardly affected by the
cavity. Nevertheless, higher-lying bipolariton states are gener-
ated due to the coupling among bare valence states jvd0i with
energies around 2uc, single-photon valence states jvb1〉 and
two-photon state jg2〉. These bipolaritons are clearly observed
in the SXRS spectra in Fig. 4. The cavity also induces a blueshi
of all excitation frequencies. Hybridized core states are needed
to reach these bipolariton states by resonant Raman excitation.
tical cavity with frequency uc ¼ 8 eV and varying coupling strengths l.

© 2021 The Author(s). Published by the Royal Society of Chemistry
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Fig. 6 XANES (top) and SXRS (bottom) of ferricyanide embedded in an X-ray cavity of frequencyuc¼ 7132 eV and varying coupling strengths l, as
indicated.
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Had the cavity not modied the core states, the bipolariton
states would have been absent in the SXRS spectrum. This is
because the pathway jg0〉 / jcb0〉 / jvb1〉 is forbidden due
to Laporte rule and jg0〉 / jcb0〉 / jg2〉 is neither allowed
due to photon mismatch. SXRS thus provides direct evidence of
cavity-modied core-excitations, emerging when the transitions
jcmi4 jcm0imix with the photonmode, as shown in Fig. 5. These
cavity-induced modications of the core states are not clearly
observed in the XANES spectrum, because their broadenings are
signicantly larger than the coupling strengths. This is visible
in the top panels of Fig. 4. By showing the coupling between
bipolariton and hybridized core states, 2D SXRS reveals the
modications of both valence and core electronic excitations by
the optical cavity.

3.2 X-ray cavity

In contrast to an UV/Vis cavity, X-ray cavities do not modify the
valence excitations due to frequency mismatch. The X-ray cavity
photon directly couples to the core-level transitions jgi/ jcai in
a molecule, where jcai runs over the bright core-excited states.
This is different from how an UV/Vis cavity modies the core
excitations. Fig. 6 depicts the XANES and time-resolved SXRS
when the molecule is placed in an X-ray cavity with uc¼ 7132 eV
and various coupling strengths. Since the cavity frequency is
close to the core-excitations at �7130 eV, we observe clearly
a splitting of core-polariton states in the XANES spectrum. This
is the X-ray analog of the Rabi splitting in the Jaynes–Cummings
model, and is determined by many core-transitions close to the
cavity frequency. This splitting is monitored by both the XANES
and SXRS spectra, which probe the same core-polariton states
given by linear combinations of jcb0i and jg1i, while the dark
core-excitations do not contribute to the signal. In addition, the
SXRS spectra show the correlations between core-polaritons and
the bare valence excitations that are not modied by the X-ray
© 2021 The Author(s). Published by the Royal Society of Chemistry
cavity. As a result, the peak positions along the U axis are not
affected by the cavity, whereas the peaks along the us axis are.
4 Conclusions

We have investigated how an optical cavity can be utilized to
control the electronic excitations in ferricyanide, and predicted
the polaritonic signatures in absorption and 2D SXRS signals.
For an UV/Vis cavity, we found that the observed polariton states
arise from a combined effect of valence excitations close to and
far detuned from the cavity resonance. The SXRS signal selec-
tively probes the bipolariton states emerging from the coupling
between dark and bright valence states with different photonic
excitations. In addition, it uncovers the modications imprin-
ted by the UV/Vis cavity to the core-excitations, despite the fact
that the lifetime broadening is much larger than the coupling
strength. Correlations between cavity-modied core-excitations
and bipolariton states are clearly observed. In contrast, an X-ray
cavity directly modies the core-excitations leading to hybrid
core-polaritons. The SXRS signal then shows the correlation
between the unperturbed valence-excitations and these core-
polariton states. Our results demonstrate the power of optical
cavities to manipulate electronic excitations in transition metal
complexes with dense electronic states. Nonlinear X-ray signals
unveil the complex correlations among the dressed valence- and
core-states generated in the cavity. Further extensions of our
work may include using the minimal coupling Hamiltonian to
account for all multipoles in the light-matter coupling between
molecules and X-ray cavity modes and pulses.
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J. Strempfer and R. Röhlsberger, Phys. Rev. Lett., 2019, 122,
123608.

27 B. Gu, A. Nenov, F. Segatta, M. Garavelli and S. Mukamel,
Phys. Rev. Lett., 2021, 126, 053201.

28 M. Kowalewski, K. Bennett, K. E. Dorfman and S. Mukamel,
Phys. Rev. Lett., 2015, 115, 193003.

29 K. Bennett, Phys. Scr., T, 2016, 16.
30 A. D. Dunkelberger, B. T. Spann, K. P. Fears, B. S. Simpkins

and J. C. Owrutsky, Nat. Commun., 2016, 7, 13504.
31 C. A. DelPo, B. Kudisch, K. H. Park, S.-U.-Z. Khan, F. Fassioli,

D. Fausti, B. P. Rand and G. D. Scholes, J. Phys. Chem. Lett.,
2020, 11, 2667–2674.

32 B. Xiang, R. F. Ribeiro, A. D. Dunkelberger, J. Wang, Y. Li,
B. S. Simpkins, J. C. Owrutsky, J. Yuen-Zhou and W. Xiong,
Proc. Natl. Acad. Sci. U. S. A., 2018, 115, 4845–4850.

33 C. Pellegrini, A. Marinelli and S. Reiche, Rev. Mod. Phys.,
2016, 88, 015006.
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