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Two-dimensional Weyl points and nodal lines in
pentagonal materials and their optical response†
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Two-dimensional pentagonal structures based on the Cairo tiling are the basis of a family of layered

materials with appealing physical properties. In this work we present a theoretical study of the symmetry-

based electronic and optical properties of these pentagonal materials. We provide a complete classifi-

cation of the space groups that support pentagonal structures for binary and ternary systems. By means

of first-principles calculations, the electronic band structures and the local spin textures in momentum

space are analyzed for four examples of these materials, namely, PdSeTe, PdSeS, InP5 and GeBi2, all of

which are dynamically stable. Our results show that pentagonal structures can be realized in chiral and

achiral lattices with Weyl nodes pinned at high-symmetry points and nodal lines along the Brillouin zone

boundary; these degeneracies are protected by the combined action of crystalline and time-reversal sym-

metries. Additionally, we computed the linear and nonlinear optical features of the proposed pentagonal

materials and discuss some particular features such as the shift current, which shows an enhancement

due to the presence of nodal lines and points, and their possible applications.

1. Introduction

Low-dimensional materials have provided multiple possibili-
ties for the development of technological applications as well
as the exploration of novel physical phenomena and states of
matter. Within this class of materials, layered structures and
two-dimensional (2D) systems1 have stimulated great interest:
graphene, hexagonal BN, transition metal dichalcogenides and
few-layer stacking of van der Waals materials show unexpected
characteristics which are being intensely explored.2,3

Furthermore, from the technological viewpoint, 2D materials
are highly adaptable for their use on devices, within fields like
electronics, spintronics and valleytronics, thanks to their
planar geometry which is desirable for gate-controlled
designs.4,5

The upsurge of interest in these materials has motivated
many computational high-throughput searches. This has
resulted in the generation of several databases,6–11 with a great

amount of prospective 2D materials with energetically favor-
able phases. In some of them, interlayer van der Waals inter-
actions imply that they might be obtained by exfoliation.9

Among the most interesting candidates are the so-called
pentagonal materials, for which the first experimental example
has been synthesized recently, in the form of PdSe2.

12 The
origin of pentagonal materials can be traced to the theoretical
prediction of penta-graphene,13,14 and their hallmark is the
geometry of their planar projection, the so-called Cairo tiling.
After these seminal works, many pentagonal systems have
been proposed by means of first-principles calculations,15–24

with remarkable characteristics such as excellent thermo-
electrical properties,25 potential application for anode
materials26 and auxetic behavior,27 among others. Also, recent
experimental studies have shown that the pentagonal material
PdSe2 presents good performance as an ohmic contact.28,29

Such findings have compelled us to classify systematically
these pentagonal materials and their symmetry-based pro-
perties. Previous work along this line was done by H. Zhuang
et al. in a series of articles.30–32 They studied all possible penta-
gonal tessellations of the plane (with fifteen different types of
pentagons33) and their possible realizations in monolayer
materials by first-principles calculations. They showed that the
pentagonal lattice structure is feasible with only two configur-
ations composed of two kinds of pentagons, namely, type-2
and type-4 pentagons.31 An example of the planar projection of
these two structures is presented in Fig. 1. Despite of this
result, no further studies have been done in order to relate
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these two possible structures with spatial groups, which would
be greatly advantageous in the search for particular electronic
properties linked to symmetry protection.

Thus, in this work, we classify all (layer) space groups (SG)
that support unstrained pentagonal structures with up to
ternary composition. We also provide a partial classification
for few-layer structures with specific stackings. Further, we
analyze the electronic properties constrained by crystalline
symmetries. This allows us to identify nodal points and nodal
lines in noncentrosymmetric SG hosting pentagonal lattices.
In such cases, if a significant spin–orbit coupling (SOC) is
present, it can lead to topologically nontrivial Weyl nodes
pinned at high-symmetry points, as well as to nodal lines at
the Brillouin zone (BZ) boundary. We present first-principles
calculations for several examples of pentagonal materials sup-
porting the group-theoretical predictions, verifying their dyna-
mical stability for the three newly reported cases. Specifically,
we address the electronic properties of PdSeTe, PdSeS, InP5
and GeBi2, which belong to three different SG. Also, with the
aim to complement our findings, we provide calculations of
the linear optical conductivity, natural optical activity and for
the nonlinear shift current for all such examples.

This article is organized as follows. In section 2 we provide
a brief description of the conditions under which the first-
principles calculations were performed. Also the specific for-
mulas for the optical responses are sketched. In section 3 our
main results are presented. Firstly, the procedure to find all SG
allowing for pentagonal structures is described. A more
detailed discussion for particularly appealing SG with noncen-
trosymmetric character follows. Subsequently, the electronic
properties of several pentagonal materials belonging to such
SG are presented, providing their band structures and spin tex-
tures. To close this section, optical calculations based on the
first-principles results are presented. Specifically, the linear
optical conductivity, the natural rotatory power and the non-
linear shift current are reviewed, with discussing their features
and possible relations to the electronic structures. Finally, in
section 4 we state our conclusions and provide an outlook pin-

pointing some issues that we consider worth to be further
developed in future works. Part of our results are left as ESI.†

2. Computational details

The electronic properties shown in the main article of this
work were computed by first-principles calculations within the
GGA approximation using the PBE functional as implemented
in the QUANTUM ESPRESSO package,34 with the addition of
the 2D cutoff for layered structures. A cutoff in energy of 90 Ry
and a 17 × 17 × 1 Monkhorst–Pack grid were selected, ensuring
the convergence of the total energy. For relaxation purposes
the force tolerance was set to 10−5 [eV Å−1]. We have verified
our results with the GPAW first-principles package35 in order
to check other hybrid functionals, obtaining a very good agree-
ment. We have additionally confirmed the dynamical stability
of the new pentagonal materials proposed here by means of
the phonon dispersion relations computed with GPAW. These
complementary results are shown in the ESI.†

In the case of the optical calculations, Wannier interpolated
bands were constructed, using the WANNIER90 code.36 In par-
ticular, for PdSeTe the outermost valence orbitals from each
atom were included; i.e., d orbitals for Pd and p orbitals for Se
and Te; the same type of orbitals were employed for PdSeS. For
InP5, p valence orbitals were used for P and sp3 hybrid orbitals
for In. In the case of GeBi2, p orbitals were used for Ge and
hybrid sp3 orbitals for Bi. After the Wannier model is obtained,
calculations with very dense momentum space grids can be
performed. We used grids ranging from 301 × 301 × 1 to 901 ×
901 × 1 in order to check convergence. Additional post proces-
sing of the band structure calculations were carried with the
WannierTools package.37 Optical calculations were performed
also with WANNIER90 (postw90). In particular, the optical con-
ductivity is calculated with the Kubo formula in terms of the Berry
connection, given as a function of the photon energy ħω by36

σαβðℏωÞ ¼ ie2

ℏNkV

X
k;n;m

fmnEmn
AαnmA

β
nm

Emn � ðℏωþ iδÞ; ð1Þ

where Aαnm = 〈un|i∇kα|um〉 is the Berry connection and n and m
are band indices. Also, V is the unit cell volume, Nk is the
number of k-points in the BZ, Emn = Em − En (En = Enk is the
band dispersion), fmn = f (Emk) − f (Enk), where f (Emk) is the
Fermi–Dirac function, and δ is a parameter with units of
energy. Note that the unit cell volume V is that employed in
the WANNIER90 code, i.e., it is a three-dimensional supercell
with a large layer separation of 20 Å. We have verified that this
value does not modify the results in a substantial way. Indeed,
a variation of more than 10% on the layer separation (to 23 Å)
does not alter the position of the peaks nor the general shape
of the spectrum, being just a slight variation on the absolute
intensity of the peaks.

The rotatory power was calculated using the expression:38

ρðωÞ ¼ ω2

2c2
Re½γxyzðωÞ� ð2Þ

Fig. 1 Wallpaper tessellations with (a) type-2 and (b) type-4 pentagons.
One of the glide planes is highlighted for each case; notice that it
divides the unit cell (marked with light grey lines) along one diagonal.
There is another glide plane that runs along the other diagonal. The
nonsymmorphic operations consist on a mirror reflection with respect
to the glide plane followed by a fractional translation depicted by the
cyan vector, also along the direction determined by the intersection of
the glide plane and the 2D projection of the pentagonal lattice.
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where the tensor γabc is defined in terms of the band pro-
perties as (∂c = ∂/∂kc)

38

Re½γabcðωÞ� ¼
e2

ε0ℏ2

ð
½dk�

Xocc;emp

n;l

ReðAblnBac
nl � AalnB

bc
nl Þ

ωln
2 � ω2

� �

� 3ωln
2 � ω2

ðωln
2 � ω2Þ2 @cðEl þ EnÞImðAanlAbnlÞ:

ð3Þ

Here [dk] = ddk/(2π)d (with d as the dimension), ωln =
(El − En)/ħ and Bac

nl (also valid for Bbc
nl ) is given by

Bac
nl ¼ Bac ORB

nl þ Bac SPIN
nl ;

where BacORB
nl is the orbital contribution and BacSPIN

nl is the spin
part which are respectively expressed as

Bac ðORBÞ
ln ¼ hunj@cHj@culi � h@cunj@cHjuli

and

Bac ðSPINÞ
ln ¼ � iℏ2

me
εabc unjσbjulh i:

Finally, we compute the interband contribution to the non-
linear shift current. It relates the appearance of a current
density Ja in the system due to an electric field E to second
order, such that Ja ¼ 2σabcRe½E*

bEc�, where σabc is the third rank
shift current tensor.39 This is obtained using the following
formula:

σabcð0;ω;�ωÞ ¼ � iπe3

2ℏ2ð
½dk�

X
n;m

fnm rbmnr
c
nm;a þ rcmnr

b
nm;a

� �
δðωmn � ωÞ;

ð4Þ

where rbnm;a = ∂kar
b
nm − i(Aann − Aamm)r

b
nm and ranm = (1 − δnm)Aanm.

The rest of the quantities are defined as in the previous
formulas.

3. Results and discussion
3.1. Space groups supporting pentagonal structures

Pentagonal materials have the Cairo tiling as their two dimen-
sional projection. The essential feature of this pattern is that it
possesses two glide planes, as it can be visually appreciated in
Fig. 1. This greatly constrains the spatial groups of a pentago-
nal structure. Therefore, we start identifying the largest tetra-
gonal (layer) SG with this characteristic. In Table 1 we find that
SG #127, which possesses 16 symmetry operations, is the great-
est layer group with this feature.40 Within this group, we can
search for all the subgroups that preserve this two-glide-plane
condition. Since we are only using the lattice symmetry, we are
implicitly assuming that all atomic positions are equal.
However, this condition can be relaxed by considering that the
spatial symmetry classifies the atomic sites in different
Wyckoff positions.41

Thus, in order to preserve a SG we must only care about
having equal elements within each WP. As it is well-known,
the basic pentagonal structure comprises two WPs, namely, a

4-fold WP and a 2-fold WP, giving six atoms per unit cell.42 We
have checked that for binary compounds with different atomic
species at each WP, the possible SG does not change, being
the same as for monatomic pentamaterials. We present all
possible SG supporting a monolayer pentagonal structure com-
posed of one or two elements in Table 1.

This procedure can be extended to ternary penta-monolayer
compounds. This is done by either replacing one atom in the
2-fold WP or by replacing two atoms of the same type in the
4-fold WP (replacing one atom is also possible, but it generally
gives the trivial space group P1 as a result). The list of SG for
ternary monolayer structures is given in Table 2, obtained by
choosing one SG in Table 1 and replacing the atoms in the WP
as described, which yields a new SG with lower symmetry.
Further increasing the number of elements is not pursued
here since, in general, it will give similar low-symmetry SG as
the ones listed in Tables 1 and 2.

Another route to explore is the stacking of pentagonal
layers. We have studied translational (the so-called slip con-
figurations, no rotation implied) stackings of few-layer penta-
gonal structures. The translational vectors were selected to
comprise typical stackings such as AA, AB, AC and other, more
exotic stackings. These stackings are amenable to automated
SG calculation; we have obtained the SG for binary structures
for two and three layers (composed of the same monolayer).
The results are presented in the ESI.†

Let us remark two features related to the obtained SG.
(i) There are planar and non-planar structures, which

provide a means to study the effects of buckling in the elec-
tronic properties. For example, SG #127 and #55 can describe
planar (atomically thin) structures,43 but they can also corres-
pond to non-planar pentagonal structures with eight-co-
ordinated atoms where an eight-fold WP is used to describe
the site symmetry, such as in ref. 44.

(ii) Restricting ourselves to monatomic and binary systems,
SG#113, SG#100, SG#90, SG#32, SG#18 and SG#8 are noncen-
trosymmetric. This is one of the conditions needed for the
appearance of nontrivial degeneracy points and lines in the
electronic structure45 (see part 2). These noncentrosymmetric
SG can also be subdivided in chiral and achiral groups
depending on the presence of mirror and roto-inversion sym-

Table 1 Space groups that can support pentagonal structures with one
and two elements. The Wyckoff positions used to conform the structure
are given in the third column

Group label (#) Point group Wyckoff positions

P4/mbm(#127) 4/mmm (4e,2a)
P4̄b2(#117) 4/mmm (4e,2a)
P4̄21m(#113) 4̄2m (4d,2a)
P4bm(#100) 4mm (4c,2a)
P4212(#90) 422 (4d,2b)
Pbam(#55) mmm (4e,2a)
Pba2(#32)) mm2 (4c,2a)
P21212 #18ð Þ P21212(#18) 222 (4c,2a)
P21/c(#14) 2/m (4e,2a)
Cm(#8) m (4b,2a)
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metry operations.46 Thus, SG#90 and SG#18 are chiral and
SG#113, SG#100, SG#32 and SG#8 are achiral.

We center the upcoming discussion in the noncentrosym-
metric SG, as we aim to find novel examples of pentagonal
systems with Weyl points in their electronic band structure. In
the following we discuss the nature of degeneracy points in the
band structure for some specific materials, based on the
characteristics of their SG.

3.2. Electronic structure of noncentrosymmetric pentagonal
materials

Since the proposal of penta-graphene, several pentagonal
materials have been put forward. Most of the materials with
one and two elements belong to SG #14, #113 and #127. To
our knowledge, there are not reported materials for the rest of
the groups in Table 1. Those from SG #14 are the most numer-
ous; several databases for 2D materials report them.8,9 In fact,
PdSe2, the only pentagonal 2D material synthesized to date,
pertains to this SG.12 From these three groups, only SG #113 is
noncentrosymmetric. We focus on materials with noncentro-
symmetric SG because they can host nodal points or lines,
Weyl points and non-trivial topological features when SOC is
relevant. In order to find more examples of those, we propose
two possible routes. First, we search for ternary materials with
noncentrosymmetric SG (Table 2). This is the case of SG #4; a
list of ternary materials has already been presented in ref. 48.

We take an alternative route for SG #4 and start with highly
stable SG #14 materials8 to derive new ternary materials via
atomic substitution, following the information of Table 2. We
propose two systems, PdSeS and PdSeTe, which are formed
from PdSe2.

Another example is SG #81, for which dynamically stable
materials with formula XP5 (X = Al, Ga, In) have also been pro-
posed.20 Note that although XP5 materials are compositionally
binary, from the group-theoretical viewpoint it can be con-
sidered ternary, given that one P atom is located in a WP
different to the other four P atoms, breaking the two-glide
plane symmetries present in the parent SG # 113. We select
the InP5 system for SG #81; although it was studied previously,
SOC was not considered.20 We include this effect in order to
explore the spin texture and the appearance of Weyl points.

A second possible route is related to bilayers. Specifically,
bilayers composed of SG #113 monolayers with AB stacking
give rise to noncentrosymmetric achiral SG #111. However, we
do not follow this approach in the present work.

To summarize, we have chosen three noncentrosymmetric
SG for pentagonal 2D materials, namely, #4, #81, and #113.
We provide examples of the lattice structure for SG #4 and #81
in Fig. 2(a) and (c), respectively. Notice that the SG #113 lattice
is similar to the SG #81, but the 4-coordinated atoms are equal
for the #113 case. Our selection for these particular SG is
guided by two factors: on one hand, their proximity to recently
reported materials, such as PdSe2, and on the other hand, the
attractive chiral/achiral relationship of their nodal points and
lines, as discussed below.

The first example we present is from SG #4 (P21), with
formula PdSeTe, which has been derived by atomic substi-
tution of two Se atoms by Te atoms at a 4-fold WP. The elec-
tronic band structure including SOC for PdSeTe is presented
in Fig. 3(a), where the typical stick-together bands along the
high symmetry line X–M can be observed, due to the nonsym-

Table 2 Ternary space groups supporting the pentagonal structure,
arising from site substitutions in the SG of Table 1. Information retrieved
from the Bilbao Crystallographic Server47

Parent group WP change Ternary group Point group

#127a 2a → 1a,1b P4/m (#83) 4/m
#127 4g → 2i,2g Cmmm (#65) mmm
#127 4g → 2a,2a Pmc21 (#26) mm2
#113 2b → 1a,1b P4̄ (#81) 4̄
#113 4e → 2e,2d Cmm2 (#35) mm2
#113 4e → 2a,2a P21 (#4) 2
#100 2a → 1a,1b P4 (#75) 4
#100 4c → 2e,2d Cmm2 (#35) mm2
#100 4c → 2a,2a Pc (#7) m
#90 2c → 1a,1b P4 (#75) 4
#90 4d → 2e,2g C222 (#21) 222
#90 4d → 2a,2a P21 (#4) 2
#55 2a → 1a,1e P2/m (#10) 2/m
#55 4e → 2m,2n P2/m (#10) 2/m
#55 4e → 2a,2b Pmc21 (#26) 2
#32 2a → 1a,1a P2 (#3) 2
#32 4c → 2e,2e P2 (#3) 2
#32 4c → 2a,2a Pc (#7) m
#18 2a → 1a,1a P2 (#3) 2
#18 4d → 2e,2e P2 (#3) 2
#18 4d → 2a,2e P21 (#4) 2
#14 2a → 1a,1a P1̄ (#2) 1̄
#14 4e → 2a,2a P21 (#4) 2
#14 4e → 2a,2a Pc (#7) 2
#8 2a → 1a,1b Pm (#6) m
#8 4b → 2a,2a P1 (#1) 1
#8 4b → 2a,2b Pm (#6) m

a The SG #117 gives the same ternary groups as the same WP coordi-
nates are used for both groups.

Fig. 2 Lattice structure for (a) SG #4 and (c) SG #81. Brillouin zone for
(b) SG #4 and (d) SG #81. The angles given are measured considering
only the planar projection and not the entire three-dimensional lattice
structure.
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morphic character of the SG.49 Further, around the Γ point we
can observe the spin splitting of bands, which show a 2-fold
degeneracy just at Γ.

In order to analyze the character of this nodal point we
have numerically calculated the Berry phase50 along a circular
path around the Γ point, which yields a value of π, indicating
that it corresponds to a Weyl point with topological charge |C|
= 1.51,52 This procedure is analogous to that performed for
Weyl points in the three-dimensional case.53 Additionally, we
present in Fig. 3(c) the spin texture of the fourth uppermost
valence band to gain further insight into the nature of the
Weyl node. For this particular band the spin texture shows a
radial pattern near Γ, suggesting that these Weyl points are
indeed a two-dimensional version of Kramers–Weyl points, as
it was recently realized in other systems.45 Kramers–Weyl
points are present in every chiral SG. They are pinned to high-
symmetry points as long as no nodal lines are connected to
them.54 In view of this, the Y point at the corner of the BZ can
also host a Kramers–Weyl node, as it can been seen from
Fig. 3(a). From a direct analysis of the physically irreducible
representations (irreps) of this SG,40 it can be seen that the Γ
and Y points only have two-dimensional irreps, indicating that
only Weyl nodes can be formed. Note that only two dimen-
sional irreps are possible along the X–M high-symmetry line,
thus implying the formation of a Weyl nodal line.

This nodal line also has a little group that only has a two-
dimensional irrep if time-reversal holds. This irrep can be
expressed as eiπuiσz, where u is the fractional coordinate along
the nodal line.40 Following the results in ref. 55 and 56, the
ratio αv/αμ, where αv/μ are the irrep eigenvalues, indicates the
type of Weyl point present along a symmetry line. In this case
αv/αμ = −1, meaning that a symmetry-protected Weyl node is
produced at every point along the BZ boundary, with Chern
number of magnitude |C| = 1.

These features should be present in every material with the
SG #4 and time-reversal symmetry. These point nodes and
nodal lines are protected by the combined action of time-rever-
sal T and 21 symmetries (TC2|1/2,0,0).

41,57 Similar results are
obtained for PdSeS, which are presented in the ESI.† The Weyl
points and nodal line can be clearly identified in a color map
plot of the energy difference between two adjacent bands, as
shown in Fig. 3(b), for the lowest pair of conduction bands,
where the Weyl nodes are clearly spotted and the nodal line
appears along all the X–M line.

Next, we turn to the SG #81 (P4̄), presenting the first-prin-
ciples band structure with SOC for InP5 in Fig. 4(a). The spin
splitting can also be observed, being larger for the lowest con-
duction bands near the Γ point. We also have computed the
Berry phase for this material, obtaining a value of π for all the
high-symmetry points of interest, mentioned below. In this
case the lattice structure is achiral, due to the presence of roto-
inversion S4 and mirror planes. Still, as mentioned in ref. 45,
there exists the possibility to have a reminiscence of chirality,
so to say, at momentum space. This is because certain little
groups (at high-symmetry points) of these achiral groups could
be chiral.47 This is the case for SG #81, where the X(Y) point
located at [1/2, 0] ([0, 1/2]) has a chiral little group.41 To
explore this assertion, the spin texture for the first conduction
band is presented in Fig. 4(c), in the vicinity of the X point. It
can be observed that the radial pattern is partially present,
which is related to the competition of the spin–orbit inter-
actions that can be present in the neighborhood of X, due to
the C2 little group. This competition distorts the spin texture
and masks the chiral signatures of the node.

It can be mentioned that at the Γ point (and also at the M
point) there exists a Weyl point that is hosted by an achiral
little group, and therefore no Kramers–Weyl node is allowed.58

Fig. 3 (a) First-principles electronic band structure for PdSeTe. (b) A
color map for the energy difference between the lowest pair of conduc-
tion bands mapped over the entire BZ for PdSeTe. (c) Spin texture for
the fourth valence band in the vicinity of the Γ point for PdSeTe.

Fig. 4 (a) Electronic band structure for InP5. (b) Color map for the
energy difference between the third and fourth uppermost valence
bands, mapped over the entire BZ for InP5. Darker zones away from
high-symmetry points are not degenerate, but very close in energy. (c)
The spin texture for the first conduction band for a region near the X
point for InP5.
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One of the interesting characteristics of these points (Γ and M)
is that they can be considered as two-dimensional projections
of Kramers–Weyl nodal lines.54 That is to say, they correspond
separately to the end points of two nodal lines that would exist
in a three-dimensional BZ for the same SG along Γ–A and M–

R.54 Notice also that there are no nodal lines, since only one-
dimensional irreps are present away from the high-symmetry
points.47 All these facts can be better appreciated in the color
map of the spin splitting (energy difference) for the second
pair of adjacent valence bands in Fig. 4(b). It can be seen that
the Weyl nodes appear exactly at the high-symmetry points,
along with zones of relative high and low spin splitting.
Similar conclusions could be attained for the SG #111 (P4̄2m),
where the X(Y) point also hosts Kramers–Weyl nodes. The
reason is the same as for SG #81. As was mentioned, this SG
can be formed by a bilayer composed of two (equal) SG
#113 monolayers with AB stacking. We leave the detailed ana-
lysis of multilayer pentagonal structures for a later work.

Finally, we propose a stable binary SG #113 (P4̄21m)
material, GeBi2. Its band structure with SOC is presented in
Fig. 5(a). In this achiral SG, the M point little group protects a
fourfold degenerate node.59,60 This can be clearly observed in
the band structure of Fig. 5, as for example in the upper group
of valence bands, where the fourfold fermion locates at an
energy of −0.20 eV. This fermion is not chiral, since the little
group of the M point is isomorphic to D2d.

47 The rest of the
high-symmetry points have two-fold Weyl points with no chiral
character, namely, the Γ, X and Y points. However, only the Γ
point comprises an isolated node, since the X and Y points are
part of a closed twofold nodal line that goes around the whole
BZ boundary, as was reported in our previous work.42 The ana-
lysis for this nodal line is analogous to that of the SG #4 case.
The ratio for the 2D irrep in the little group is αv/αμ = −1,
giving again a line of Weyl points all along the BZ boundary,
with |C| = 1.56 We should mention that this twofold nodal line

is formed by the splitting of a fourfold nodal line present in
the case without SOC. The two-dimensional character of this
nodal line, and that occurring in SG #4, is an interesting
feature that has attracted the attention of several groups.61–65

To recapitulate, in this SG we encounter the peculiar coexis-
tence of a fourfold fermion, a twofold Weyl node and a closed
twofold nodal line, which gives several possibilities to study
the interaction between degenerate fermions. Additional
insight can be acquired by looking at Fig. 5(b), where all the
nodal points and the closed nodal line mentioned above are
clearly shown in the color map for the upper pair of valence
bands. We complete this characterization by presenting the
spin texture for the top valence band in the vicinity of the Γ
point in Fig. 5(c). It shows a Dresselhaus-like spin texture, as
allowed by the point group associated to SG #113.41 The four-
fold M point also presents this type of spin–orbit texture, as it
can be observed in Fig. S.21 in the ESI.†

The diverse patterns arising in the spin textures can be
better explained by resorting to an effective model that we
present in the Appendix. There, it is shown that the spin
texture patterns depend on the relative magnitude of the
coefficients accompanying the momentum components in the
k·p Hamiltonian. One of the most appealing features of the SG
#4 materials is that the spin texture depends not only on the
spin–orbit interaction but also on the anisotropy due to the
low spatial symmetry. This is illustrated in Fig. 3(c) and, more
conspicuously, in Fig. 4(c). Likewise, the distortion of the spin
texture due to the competition between SOC and anisotropy
found in group #81 is further analyzed in the Appendix.
Different spin textures are realized for each band in these
materials; several examples are depicted in the Appendix illus-
trating the situations found in the three groups under study. It
is important to note that the combination of anisotropy and
nontrivial symmetry may produce different spin textures in
nodes belonging to the same material.66

We have chosen several penta-materials to illustrate the
characteristics associated with different SG. We would like to
emphasize that, to the best of our knowledge, there are not
any reported materials for the SG #90 to this date.
Nonetheless, this group is of great interest, since it can host
chiral multifold fermions.67 In particular, at the M point this
SG has a chiral fourfold degenerate fermion, with a double
spin-1/2 representation.59,67 Physically, it can be viewed as two
copies of twofold Weyl fermions, each one with a Berry phase
of π. Therefore, their Chern numbers verify |C| = 1. Also a
twofold chiral fermion is present at Γ, and twofold nodal lines
along the whole BZ boundary are present, similar to the SG
#113 but with chiral nature. This implies that the interplay
between chiral multifold and chiral twofold fermions could be
studied in this particular SG. Finding a material realization of
this SG would certainly be appealing.

3.3. Optical properties

The existence of Weyl points is related to enhanced physical
responses, compared to materials without topological nodes.
For example, a large magnetoresistance68,69 in magnetic

Fig. 5 (a) First-principles electronic band structure for GeBi2. (b) Color
map for the energy difference between the two uppermost valence
bands mapped over the entire BZ for GeBi2. (c) Spin texture for the
uppermost valence band near the Γ point for GeBi2.
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materials, transport characteristics such as the chiral magnetic
effect, the nonlinear anomalous Hall effect, the kinetic
Faraday effect and the gyrotropic magnetic effect, also called
kinetic magnetoelectric effect.51,70,71 Notice that Weyl points
are not always at the Fermi level, so electrostatic gating or
doping might be needed.72,73 In gapped materials, as these
presented here, optical properties are the straightforward
method to probe their features without further tuning. In
addition, optical effects are among the most promising
responses due to the momentum space selection rules, that
could give characteristic features at certain frequencies.45,74

Here we report optical first-principles calculations in the
Wannier basis for the materials previously analyzed.
Specifically, we have computed the optical conductivity, the
rotatory power in terms of the natural optical activity (NOA)
and the interband contribution to the nonlinear shift current
(for details see section 2). In what follows we describe some of
the main aspects of the optical properties.

First, all calculations of the optical properties were carried
out using Wannier-interpolated models, as commented before.
The specific orbitals included depend on the material; they
were detailed in section 2. These choices yield a good agree-
ment for the low-energy bands. The Wannier band structures
for each material are presented in the ESI.†

We begin by reporting the optical conductivity for PdSeTe,
projected in the spin z direction, which is presented in Fig. 6.
It can be seen that no spin polarization is present in this
system (other spin directions give similar results). Due to the
low symmetry of this SG, there are nonzero off-diagonal (Hall-
like) components of the optical conductivity, which are two
orders of magnitude smaller than the longitudinal part. Still,
this could give rise to photoinduced currents in the transverse
directions and also to optical rotation. The low symmetry also
implies that there are few selection rules for interband tran-
sitions in momentum space. In consequence, contributions
from all the BZ make the distinction of peaks rather opaque.

In order to gain insight about the optical response we calcu-
lated the interband contribution to the rotatory power,
obtained from the NOA tensor, as shown in Fig. 7(a) for
PdSeTe. There exists a nonzero response in a wide range of fre-
quencies, which gives to this material a great potential for
optoelectronic applications.75 We hypothesize that such
response could be augmented by using multilayers, since the
chiral nature is enhanced by increasing thickness.76 Even a
higher outcome could be obtained if rotated layers are
employed, as previous works on twisted materials have
reported.77,78 Note that the orbital contribution is generally
greater than the spin contribution, with the exception of the
low-frequency region, including the zone below the absorbing
edge (∼1.2 [eV]). This is shown in Fig. 7(b), where it is evident
that the spin contribution is of the same order as the orbital
contribution, even surpassing it close to the gap. This last be-
havior is encountered also in the NOA response of GeBi2 along
the whole frequency range, as shown in Fig. S.23 in the ESI.†
This is in fair contrast with other materials such as elemental
tellurium, where the spin contribution was found to be
marginal.71

Nonlinear optical effects occurring in these materials with
chiral nodes have special relevance for potential
applications.79–82 In order to explore this issue, we computed
the interband contribution to the nonlinear shift current σabc,
which arises due to the charge center shift associated to the
effects of a nonzero interband Berry connection.79,83 The effect
depends on the type of (linear) polarization of light and the
symmetry character of the σabc tensor, given in eqn (4). For
PdSeTe(S) (SG #4) the tensor has 4 independent nonzero com-
ponents, while for InP5 (SG #81) the tensor has 2 nonzero
independent components.84 For the purpose of yielding more
reliable results, the shift current of the layered system is
rescaled by a numerical factor taking into account the slab
geometry, as implemented in ref. 74 and 85. This factor is
defined as the ratio between the length of the vacuum region

Fig. 6 Optical conductivity for PdSeTe with spin components along the
z direction. (a) Real part for σxx. (b) Imaginary part of σxx. (c) Real part for
σxy. (d) Imaginary part of σxy.

Fig. 7 (a) Rotatory power from NOA for PdSeTe with orbital and spin
contribution. (b) Zoom-in from (a) along the region below the optical
direct bandgap. (c) Shift current along the x direction with in-plane
polarization for PdSeTe. (d) Shift current along the y direction with in-
plane polarization for PdSeTe.
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dvac and the monolayer thickness dm, such that the final shift
current tensor σabc is given by74

σabc ¼ dvac
dm

� �
σlayerabc : ð5Þ

We present the shift current tensor for PdSeTe along the x
and y directions in Fig. 7(c) and (d). The rest of the com-
ponents are not shown because they have a negligible value in
comparison. Additionally, in Fig. 8 the shift current for InP5 is
shown, with values in other polarization directions, specifi-
cally, in the z direction.

This current is more sensitive to specific regions in momen-
tum space, at variance with other optical responses.86 Peaks in
these currents are slightly related to peaks in the optical con-
ductivity contributions since two-band and three-band tran-
sitions are the most important weights.59,86,87 Points where
Weyl nodes are located (Γ and Y) have a large contribution, as
for example in σxyy for PdSeTe, depicted in Fig. 7(c). The peaks
are localized within regions which coincide with the energy
difference between two Weyl points. Unfortunately, this contri-
bution from Weyl points is not exclusive for this particular
energy range, due to the low symmetry of the material and to
the proximity in energy of trivial bands along the BZ.

To sum up, whereas Weyl points contribute significantly to
the shift current and, in fact, certain peaks in the spectrum can
be attributed to them, no intrinsic Weyl signatures are expected
in this system, such as it occurs in the circular photogalvanic
effect.86 A similar conclusion is reached by inspecting the shift
current of InP5 in Fig. 8, where achiral Weyl nodes do not show
any particular features. Still, there are certain aspects that can
be pointed out, such as the occurrence of anisotropy, which is
observed by contrasting different components of the σyxy tensor.
Since the contribution to the shift current from these com-
ponents depends on the polarization of light, anisotropy intro-
duces selectivity along some particular spatial directions. This
is highly desirable for applications in photovoltaics, which
requires preferred directions in materials in order to efficiently
transport the induced current to the electrodes.83

One of the main drawbacks of this bulk photovoltaic
response is the low conversion ratio, which can hinder the
applicability of the effect.79 Consequently, the magnitude of
the shift current is also important.88,89 The search for novel
materials with high shift currents is thus the focus of great
interest.80 In this line, we would like to emphasize the remark-
able values obtained for the pentagonal material PdSeTe for

the component σxxx, as shown in Fig. 7(c), with a peak value of
60 [μA V−2] at ∼1.9 eV and for σyxy in Fig. 7(d), with a peak
value of −76 [μA V−2] at ∼2.5 eV. We can also observe in
Fig. 8(a) that the σzzz component in In P5 has a peak value
of 130 [μA V−2] at ∼5.55 eV. Finally, σxxz has two peaks of
89 [μA V−2] and 98 [μA V−2] at ∼2.88 eV and ∼3.87 eV, respect-
ively. These magnitudes compare very favorably with previously
reported values for layered materials, as for example
with monolayer GeS, which possesses a shift current of
100 [μA V−2].85 Furthermore, since the values are within the
visible/UV spectrum, they convey very promising prospects for
these systems as photovoltaic materials.90

As it is well-known, the use of the PBE functional underesti-
mates the band gaps. This also has an obvious consequence in
the optical spectra, producing a redshift of the optical features.
For those materials including a transition group element, we
also calculated the electronic properties with a hybrid func-
tional, showing that our results are not affected by this
approximation, besides the expected energy displacement
mentioned above.

In the ESI† we present additional material related to the
optical response of InP5 and for GeBi2 (SG #113).

4. Conclusions

In this work we have classified all the layer groups that can
support a pentagonal structure with up to three elements. We
have also classified the multilayer structures with slip stack-
ings up to three layers. We have focused on specific noncentro-
symmetric SG, with chiral and achiral point groups. The
corresponding SG were described in detail and their degenera-
cies linked to Weyl nodes and Kramers–Weyl nodes depending
on their little group. This framework was subsequently applied
to several examples of pentagonal materials to describe their
electronic structures. Additionally, their optical properties
were reported, complementing the description of their elec-
tronic band structures. Although the existence of Weyl points
in these materials does not imply any specific signature in
their physical properties, we have shown that they can be
related to the enhancement of the shift currents, yielding high
values of this magnitude.

We expect that pentagonal materials such as PdSeTe and
PdSeS to be fairly feasible experimentally, since they are
closely related with the recently synthesized pentagonal
material PdSe2. Other routes that are worth to be explored
further are the signatures of the spin textures and their spin–
orbit competition and anisotropy. Also, multilayers are highly
attractive since little work has been done for pentagonal
systems and, as we mentioned above, different stackings could
give emergent SG with contrasting symmetry-related properties
or boost chirality-related phenomena. Finally, our results indi-
cate that the optical response for other pentagonal materials
deserves to be explored, since the interplay of Weyl nodes, low-
symmetry and chemical composition could yield novel systems
with enhanced photovoltaic currents.Fig. 8 Components of the shift current tensor σabc(ω) for InP5.
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Appendix: effective models and spin
textures for two-fold Weyl points

Since the degenerate points are local properties in momentum
space, effective models are helpful to understand in more
detail the relation between structural chirality and spin tex-
tures. Here we analyze specific nodal points in SG #4, SG #81
and SG #113, selected from those presented in section 3.

SG #4 and SG #81

For both groups, the most interesting k points are those with
chiral little groups (Γ and Y for SG #4 and X for SG #81). These
little groups are all isomorphic to C2,

47 which has only one
symmetry operation, namely, a π rotation about the axis per-
pendicular to the layer plane. Using the theory of invariants,91

the most general k·p effective model can be expressed up to
linear order in the crystal momentum

HC2 ¼ α0 þ α1xxkxσx � α1xykxσy þ α1yxkyσx � α1yykyσy ð6Þ
where ki is the crystal momentum in the i direction measured
from the corresponding high-symmetry point, σi are the Pauli
matrices; α0 and α1ij correspond to the free parameters that
describe the energy bands in the vicinity of the chiral point.
Note that this model allows for the presence of anisotropy,
given that different parameters are associated with the x and y
momentum components. Besides, depending on the sign
relation of these parameters, different spin–orbit interactions
can be realized. Thus, a competition between spin–orbit
effects could be present, depending on the relative magnitudes
and signs of the linear parameters. The competing interplay of
both effects, anisotropy and spin–orbit, produces in some
cases spin textures appreciably different from the ideal radial
textures which are characteristic of Kramers–Weyl nodes.45

These different spin textures appear by choosing different
values for the parameters α1ij in eqn (6).

For instance, to realize the spin textures that are observed
in the pentagonal materials of SG #4, an additional condition
is imposed such that α1xy ≪ α1xxα1yy and α1yx ≪ α1xxα1yy.
Taking this into account, the Hamiltonian in eqn (6) can be
reduced to

HSG #4 ¼ α0 þ α1xxkxσx � α1yykyσy ð7Þ
For the sake of illustrating this point, Fig. 9(a) and (b)

depict these cases for parameter values chosen without the
aim of modeling a particular material. In Fig. 9(a) a
Dresselhaus-like texture is obtained by using the constraint
sign(α1xy) = sign(α1xx). This texture can be appreciated in the
uppermost valence bands of PdSeTe as shown in Fig. S12 of
the ESI.† In the case of Fig. 9(b) the condition sign(α1xy) =
−sign(α1xx) gives a radial spin texture, very similar to the one

presented above for PdSeTe in Fig. 3(c). The competition and
variability in spin textures within the same material general-
izes the exclusive radial textures encountered in previous
works and opens the way to explore the interplay of anisotropy
and competing spin–orbit couplings in pentagonal systems.

For SG #81 at the X point, the model must include all α1ij
parameters, resulting in the interplay between all spin–orbit
couplings, which yields diverse textures. In Fig. 9(c) a spin
texture with a partial inward radial distribution is presented.
This is in good agreement with the spin texture near X,
obtained for In P5 in Fig. 4(c).

SG #113

For this SG the only nodal point that can be treated with a two-
band model is the Γ point, which has an achiral little group
isomorphic to D2d. In this case, the effective model is isotropic,
and up to linear order in crystal momentum is given by

HSG #113 ¼ β0 þ β1ðkxσx � kyσyÞ; ð8Þ
where βi are free parameters. This model produces isotropic
spin textures in the neighborhood of the Γ point, as it can be
observed in Fig. 9(d), where a Dresselhaus spin texture arises.
This compares well with the results for GeBi2 depicted in
Fig. 5(c), which indicates the dominating spin–orbit inter-
action is this material. The analysis of the fourfold fermion
requires a four-band model along with new symmetry con-
siderations, which are outside the scope of this Appendix.
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