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An augmented (multi-descriptor) grouping
algorithm to optimize chemical ordering
in nanoalloys†

Davide Fioravanti, a Giovanni Barcaro *a and Alessandro Fortunelli *b

We propose the Augmented Grouping Approach (AugGA) and its deployment in the Augmented

Grouping GO (AugGGO) scheme, for an efficient exploration of the chemical ordering (or compositional

structure) of multi-component (alloyed) nanoparticles. The approach is based on a ‘grouping’ strategy

(previously proposed for high-symmetry structures) by which the number of compositional degrees of

freedom of the system is decreased by defining sets of atoms (groups, or orbits, or shells) that are

constrained to be populated by the same element. Three fundamental advances are here included with

respect to previous proposals: (i) groups are defined on the basis of descriptors (no point-group

symmetry is assumed), (ii) bulk groups can exploit general chemical ordering patterns taken from

databases, and (iii) sub-grouping is realized via a multi-descriptor strategy (here using two basic

descriptors: the atomic energy and a few types of geometry patterns). The AugGGO approach is applied

to two prototypical examples of binary nanoalloys: Pd–Pt and Ag–Cu, with a size between E500 and

E1300 atoms, in different configurations, and the convex hull of the mixing energy as a function of

composition is derived. It is shown how the three advances here proposed decisively extend the power

and scope of the grouping approach: (i) making it applicable to any generic structural framework,

(ii) achieving a thorough sampling of the core regions of nanoparticles, and (iii) catching exotic/unexpected

chemical ordering arrangements, at a computational cost which is 1–2 orders of magnitude smaller than

that of traditional Monte Carlo single-exchange techniques.

1. Introduction

Optimizing the properties (and thus the performance) of a
given system by moving in the space of chemical variables1 is
a challenging task, due to the exponential increase in the
number of possible structures and compositions.2 The task
can be restricted to exploring only the composition (stoichio-
metry) degrees of freedom of isomers sharing a fixed structural
framework. This decreases the complexity of the problem,
which however remains of combinatorial, and therefore non-
algorithmic, complexity: the number of homotops equals MN,
where N is the total number of atoms and M is the number of
components; this number corresponds to 2N for binary systems,
3N for ternary systems, etc. In the field of multi-component
metallic nanoparticles or nanoalloys,3,4 on which we focus in
the present work, these isomers are named ‘homotops’,5 and the

arrangement of the different elements in the given structural
framework is named ‘chemical ordering’ or ‘compositional struc-
ture’. At the computational level, a systematic search over the full
set of homotops is practically unfeasible only for systems with a
number of atoms larger than a few tens, such that MN remains
computationally affordable. Developing methods to accelerate the
exploration of the combinatorial phase space of larger systems
still maintaining thoroughness over the physically and chemically
significant isomers is mandatory to make simulations affordable
and predictive.

Although a systematic exploration of all possible homotops
is feasible only for smaller systems, for larger systems one can
use Global Optimization (GO) techniques, in which a stochastic
search over a selection of structures and transformation moves
is performed. The GO search can be made as extensive as far as
it is compatible with available computational resources, and
the goal of GO methods is to direct the sampling towards
low-energy isomers.6 Many variants of GO have been devised,
typically differing in the choice of transformation moves. Popular
techniques are the basin-hopping7 and genetic algorithm8

methods, in which transformation moves are accepted or
rejected on the basis of a Metropolis9 criterion based on the
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difference in the energy (or some transformed function7,10)
between the starting and final configurations (see ref. 11 for a
unified view of GO approaches). Possible approaches to GO
in the chemical ordering space are traditionally based on
individual-site moves, such as an exchange of two elements
on two different sites of the structural framework,12,13 or
an exchange of an element on a given site with an external
reservoir.14 GO based on these individual-site chemical-ordering
moves however exhibits a slow convergence of the search to the
global minimum.

An alternative way to achieve an effective acceleration of the
chemical ordering search is based on collective moves, involv-
ing simultaneous changes of many atoms, as realized in the
class of ‘grouping’ approaches.15–17 In these approaches, atoms
are grouped into equivalence sets (indifferently called ‘groups’
or ‘orbits’ or ‘shells’, but here we will mostly use the term
‘group’ to underline the generality of the approach), and the
search is restricted to homotops in which the different groups
are homogeneously populated, i.e., all the sites belonging to a
given group, or orbit, or shell, are populated with the same
element. If the number of orbits is Norbs and the total number
of atoms is N, the configurational space of a binary system is
reduced from 2N to 2Norbs. Except for the fact that collective
variables are used, the principles and techniques of structural
exploration remain the usual ones: sampling can be conducted
in an exhaustive way (i.e., systematic sampling),15,16 or based on
stochastic searches (the Grouping Global Optimization, GGO,
approach,17 in the various variants and flavours of GO algo-
rithms). GGO approaches have proven to be computationally
efficient, enabling predictive sampling of the chemical order-
ing of systems composed of thousands of atoms when using
empirical potentials, e.g., (Ag–Cu)4033,17 or hundreds of atoms
when coupled with first-principles methods.18 Thus far, grouping
techniques have been limited to high-symmetry structural
frameworks, as the selection of orbits or shells was based on
point-group symmetry, i.e., by grouping atoms equivalent by
symmetry.15–18 Additionally, the stability of the algorithm with
respect to broken-symmetry perturbations was also envisaged
by considering sub-groups, i.e., by partitioning orbits into sub-
orbits as obtained by reducing the point-group symmetry with
respect to a symmetry axis or spherical symmetry.17 Despite
ensuring a huge increase in computational efficiency, the
applicability of GGO grouping methods thus far has suffered
from being limited to high-symmetry configurations, which
represent only a tiny fraction of the exponential number of
amenable structures, and possible issues in predicting ordered
patterns in the core of nanoparticles. To accelerate the search
for low-symmetry structures and exhaustively sample bulk
patterns a more general approach is needed.

Here we propose just such an approach, the Augmented
Grouping Approach (AugGA), and in particular its deployment
in an Augmented Grouping GO (AugGGO) scheme. The AugGA
approach is still based on a ‘grouping’ philosophy but including
three basic advances: (i) groups (or orbits, or shells) here rely on
general descriptors – in other words sites in the structural frame-
work are grouped according to common values of a general

descriptor function (at variance with equivalence based on
point-group symmetry as used in our previous work17), (ii) group-
ing is generalized to include the possibility of populating groups
with compositional arrangements taken from chemical ordering
databases (at variance with populating groups each with a single-
element as realized so far), and (iii) sub-grouping is realized via a
multi-descriptor strategy (the present proof-of-principle investiga-
tion is limited to basically two descriptors at a time, but the
approach can be extended to as many descriptors as needed).
These three advances decisively extend the power and scope of the
grouping methods. By the first advance (i), point-group symmetry
is not invoked and the method is applicable to any generic
structural framework, which enables its exploitation in basically
all existing GO codes to deal with any system. By the second
advance (ii), collective moves are further generalized to include
transformations in which selected orbits are populated with
chemical ordering motifs taken from a wide (potentially continu-
ously updated) database (incidentally, this technique can also be
seen as a form of pre-defined sub-grouping): this advance is
particularly beneficial to achieve a thorough sampling of the core
regions of nanoparticles, avoiding missing ordered compositional
structures that are difficult to catch for entropic reasons (a tiny
number of realizations) such as L10, etc.19–21 By the third advance
(iii), we formalize the previously defined combination of grouping
and sub-grouping according to several (i.e., 41) descriptors or
selection criteria: this significantly increases the thoroughness of
the search especially in the case of exotic and unexpected surface
chemical ordering arrangements, and is also very useful to catch
and/or discover unusual chemical ordering motifs in the bulk of
the particles.

In the following, we will demonstrate the power of the
proposed Augmented Grouping Approach (AugGA), specifically
in the form of the Augmented Grouping GO (AugGGO) scheme,
by applying it to two prototypical examples of binary nano-
alloys: Pd–Pt and Ag–Cu, deriving the convex hull16 of the
mixing energy15,22 as a function of composition. More specifi-
cally, for both Pd–Pt and Ag–Cu alloys, three different config-
urations have been investigated: one at size 609 atoms, corres-
ponding to a high-symmetry motif, and two at size 500 atoms,
corresponding to two low-symmetry motifs.

2. Methods

As discussed in the introduction, the Augmented Grouping GO
(AugGGO) approach here developed includes three basic
advances: (i) groups are defined on the basis of general
descriptor functions; (ii) grouping moves are generalized to
include transformations to compositional arrangements taken
from chemical ordering databases; and (iii) sub-grouping is
realized via a multi-descriptor strategy. Let us discuss these
advances in sequence.

2.1 Descriptor-based groups (i)

The fundamental strategy of grouping consists in applying the
same transformation (i.e., the same move) to atoms that share a
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common physics. This is by definition the case of atoms located
on sites equivalent via operations of the point-group symmetry
of the structural framework. In such a case, atoms within a
given symmetry orbit will by definition also share common
values of any, however-defined local descriptor function. In the
case of low-symmetry structures, instead, none of the atoms is
in principle exactly equivalent to any other atom (in the case of
C1 point-group symmetry of the structural framework), but, yet,
it is usual to find many atoms that share a similar (although not
exactly identical) physics up to some fuzziness criterion. It is
then reasonable and technically easy to select a local descriptor
function and generalize the grouping approach to define
groups (sets of sites) in the structural framework according to
a similar value of this descriptor function.

Let us give a definite example: the local descriptor function
that we will use in the following is the atomic energy as defined
via an empirical potential, the second-moment-approximation
(SMA) potential.23 Note in passing that when using the atomic

energy as a descriptor to define groups we calculate atomic
energies by freezing the structural framework, whereas when
we calculate the total energy of each chemical ordering repre-
sentation within successive GO runs we allow for local geometry
relaxation. In the top-left of Fig. 1, we show a Leary tetrahedron
(Leary Td) made of 609 atoms, while the top-right of the same
figure reports the corresponding population (density) of its
atomic energies. We stress that the choice of the Leary Td is
taken as a specific example, but the approach is completely
general. The class of Leary tetrahedra, found for the first time
as the putative global minimum (GM) of the 98 atom Lennard-
Jones cluster,24 corresponds to a hybrid fcc-decahedral motif
made of a crystalline core exhibiting a single (or double25)
tetrahedron on the faces of which further growth in a stacking-
fault fashion gives rise to five-fold axes running parallel to the
edges of the core. The resulting shape benefits from a reduced
surface energy thanks to the local non-crystalline environment
at the surface edges and by an overall quasi-spherical shape.

Fig. 1 (Top) Illustration of the operation of generating groups for the 609-atom Leary tetrahedron. The atoms are coloured according to their different
atomic (site) energy and the resulting groups are reported in the DOS (Density Of States) plot of atomic energies on the right-side. Below, a further
partition of the groups according to a second (structural) descriptor is shown. (Bottom) Optimal orientation of the Leary structure according to the use of
the C4, C5 or C6 symmetry axis – the z-axis is perpendicular to the plane of the figure.
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It is pictorially apparent (and it is further clarified by the arrows
in Fig. 1) how the local energies of the atoms in this structure
group into well-distinct peaks according to their different
physics, i.e., their position in the framework. Note that to
calculate the atomic energies to define the orbits we do not
necessarily need to relax the geometry (that we can assume has
been extracted from a structural GO search for some pure or
alloy nanoparticle or from some structural database): we popu-
late all sites with the same element, we calculate the SMA
atomic energies, we plot their density as in Fig. 1, and we
distinguish the peaks thus defining the groups, and then we
populate the groups with different elements using as the only
constraint the criterion that the elemental population is con-
stant within each orbit. The idea is that the difference in the
local coordination environment implies that the corresponding
atomic energies are different and therefore correctly distin-
guishes the relevant orbits. It should also be stressed that in the
present proof-of-principle implementation we selected the
atomic energy as the most natural choice of a descriptor, but
one could use equally well other descriptors (or order para-
meters), such as those derived from a common-neighbour
analysis (CNA).26 Incidentally, we note that, in the CNA, one
will have the option of distinguishing sites populated with
different elements (the original formulation of the CNA does
not distinguish elements but there is a clear advantage in
distinguishing sites populated with different elements espe-
cially in the case of size-mismatched nanoalloys). Finally, peak
recognition is here done manually, but visual recognition
techniques27 can of course be employed, especially useful to
automate the AugGGO scheme within a general GO code.

We also note in passing that the AugGA technique, similarly
to the original grouping scheme, can exploit any given approach
to the computation of the energy and its derivatives (forces,
needed to optimize the structures), such as an empirical potential
as in the present work,23 but also more general machine-learning
potentials,28 or effective Hamiltonian methods,13,29 or even first-
principles methods such as Density-Functional Theory (DFT), as

also done in our previous work.18 Indeed, the same descriptor
here used, i.e., the atomic energy calculated via an empirical
potential, can be used also in conjunction with DFT30 or any other
method to calculate the energy and forces. The underlying idea is
that the descriptor is able to distinguish as precisely as possible
the physics of the system and therefore the physically significant
orbits; clearly, the more precisely this physics is described the
more predictive the search will be, but in our experience simple
empirical-potential (SMA) atomic energies are usually sufficient
for the purpose. More precisely, according to SMA, the total energy
of the i-th atom of the system is partitioned into an attractive
many-body contribution, Ea(i), and a repulsive contribution, Er(i),
whose analytical expressions are the following:

Ea ið Þ ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiXN
j¼1

x2 a; bð Þ exp �2qða; bÞ rij

r0ða; bÞ
� 1

� �� �vuut (1)

Er ið Þ ¼
XN
j¼1

Aða; bÞ exp �pða; bÞ rij

r0ða; bÞ
� 1

� �� �
(2)

In eqn (1) and (2), the parameters a and b correspond to the
atomic species of the two components of the alloys. Parameters A,
r0, x, p and q are usually fitted to the experimental values of the
cohesive energy, lattice parameters and independent elastic con-
stants for the reference crystal structure of pure metals and bulk
alloys at 0 K. To describe the homonuclear-interaction, the values
of the parameters were taken from ref. 23, whereas, to describe
the heteronuclear-interaction, the parameters of the homonuclear-
interaction have been averaged.

2.2 Database-derived moves (ii) and multi-descriptor
grouping (iii)

We describe advances (ii) and (iii) together since, in the present
proof-of-principle investigation, our databases rely on sym-
metry recognition and we limit ourselves to two descriptors
at a time: the atomic energy and an element of local symmetry,

Fig. 2 Scheme of the grouping approach employing one or two descriptors.
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so that both databases (ii) and multi-descriptor (iii) involve
local symmetry recognition, the topic of the following section.

2.2.1 Symmetry recognition. When investigating large
nanoparticles, it is common to find – at least to some degree,
i.e., for some portions of their sites/atoms – known structural
motifs such as those based on crystal-like arrangements (fcc,
hcp, bcc, etc.) or non-crystalline like ones (such as icosahedra,
Ih, decahedra, Dh, etc.31). It is therefore useful to recognize
these patterns and exploit them. At the bottom of Fig. 1 we
pictorially illustrate our symmetry-recognition algorithm in a
prototypical case, while the flow chart of the AugGA (AugGGO)
scheme is shown in Fig. 2, whose main steps will be illustrated
in the following. Our goal in this section is to recognize sets of
atoms/sites belonging to known patterns based on local (to be
stressed: not global) point-group symmetries (such as Cn local
symmetry axes) and use them either to exploit chemical
ordering motifs taken from databases, such as L10, L12, radial
(multi-shell) symmetry, etc.,19–21 or to partition selected groups
(orbits) into sub-groups (sub-orbits) as a basis for chemical
ordering transformation moves.

A low-symmetry structure must be properly centred and
re-oriented before grouping atoms. The protocol we use for
this purpose is as follows. The central atom is selected on the
basis of maximum spherical symmetry: each atom is scruti-
nized as the candidate centre of the cluster, the corresponding
spherical groups (orbits, built by choosing the distance from
the centre as a grouping criterion) are counted, and the atom
corresponding to the minimum number of orbits is selected as
the cluster centre. In general, the central atom is typically close
to the centre of mass of the cluster and lies on a symmetry axis.
After selecting the central atom, a proper orientation of the
Cartesian axes is selected, an operation of pivotal importance to
exploit grouping schemes based on symmetry breaking. Due to
the presence of several possible different symmetry axes in the
main structural motif, such as C3 (or C6), C4 and C5 axes (see
for example Fig. 1, bottom panel, referring to the 609-atom
Leary tetrahedron), orienting the z-axis along one of these axes
achieves the optimal strategy for an efficient grouping. An angle
sweeping in polar coordinates is used to estimate the presence
of the symmetry axis for each sampled orientation and select
the preferred one.

2.2.2 Selection of the descriptors and formation of the
groups (orbits). Once geometric centring and re-orientation of
the structure is achieved, the groups can be built on the basis of
one or more descriptors. The use of a single descriptor corre-
sponds to the strategy adopted in ref. 17 (with the difference
here that the descriptor can be either energetic or geometric).
As anticipated, in the present scheme we have implemented
hierarchically two descriptors. The first is based on the atomic
energy. This immediately distinguishes the atoms of the clusters
into two ensembles, the surface and bulk atoms. Fig. 1 (top panel)
pictorially illustrates the results of using the atomic energy
descriptor for the 609-atom Leary tetrahedron, where the
grey bulk atoms constitute a first large group and the surface
atoms are automatically ordered and sub-grouped according
to their reduced coordination (and thus their atomic energy).

These groups can be further partitioned according to a second
structural descriptor based on a geometric criterion, that in the
present implementation can be spherical (i.e., distance from
the centre) or cylindrical/layered (i.e., distance/projection from/
onto a given symmetry axis), see Fig. S1 in the ESI.† Note that
for surface atoms one can use sub-groups given by any of the
two descriptors, i.e., either the atomic energy or local symmetry.
Once the user has chosen the preferred grouping scheme, the
atoms are partitioned according to an automatic quantitative
screening of the descriptor(s), following a procedure aimed at
achieving a well-balanced distribution of the size of the groups
or orbits. This step is useful to get the ‘‘optimal’’ grouping
scheme, i.e., that achieving an optimal compromise between
the accuracy of the prediction and speed of the exploration of
the lowest-energy chemical ordering pattern.

2.2.3 Selection of the moves for subgroups. The chemical
ordering of the bulk orbits can be defined according to the
subgroups given by the local-symmetry partitioning, or they can
be projected onto chemical ordering motifs taken from a pre-
defined database. As the local symmetry of the framework is
known from Section 2.2.1, one can recognize the truncated
octahedral (Oh), icosahedra (Ih), decahedra (Dh), etc.31 struc-
tural families and apply to the bulk sites known chemical
ordering patterns, such as L10, L12, or Ih-like patterns, etc.19

The collective transformation moves corresponding to the
database option change all the atoms in a bulk group according
to a wide (potentially ever-increasing) database of motifs, and
are useful to catch ordered compositional structures that are
easy to miss for entropic reasons (the tiny number of realiza-
tions of, e.g., the L10 pattern). For clarity, it should be noted
that in the case of pre-defined databases we allow the atoms in
the given group to be populated not all by the same element,
but by a multi-elemental pattern, which we claim is a useful
generalization of the GGO approach.

2.2.4 Choice of GO technique. Once the groups are built
and moves are selected, the search in the phase space of the
chemical ordering patterns for any given composition can be
performed using a variety of GO techniques. Note that in our
implementation each chemical ordering pattern or configu-
ration of the system is defined by a ‘‘string’’, with length equal
to the number of subgroups Norbs, and made of 0s and 1s for
binary systems, where 0 and 1 identify the occupation of a
group by element A or B, respectively (this can be extended to
ternaries by defining a string made of 0, 1, 2, and so on). In the
present implementation of the AugGGO approach, we have
used a BH (Basin Hopping) Monte Carlo technique,7 as also
used in ref. 17. This entails randomly selecting a starting string,
making a random move (modification of the string), and then
accepting or rejecting the move according to the Metropolis
criterion:9 if the move corresponds to an energy lowering, it is
always accepted, otherwise the rate of acceptance follows a
Boltzmann distribution involving a fictitious temperature
which is externally tuned. To exploit parallel computing, in
the present work we have implemented a version of the
AugGGO code which automatically generates initial strings over
a given fixed composition for each given walker, and exploits
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independent parallel computing (parallel walkers) to derive in
one run several points along the mixing energy curve (convex
hull) for a given structural framework. In other words, we use N
processors, each one corresponding to one of N walkers, and
each independent processor/walker screens a different compo-
sition (so we allow only moves for each walker that keep the
composition constant). An alternative approach that we have
exploited in our previous GGO approach17 consists in changing
simultaneously both the chemical ordering and the composi-
tion, to quickly reach regions of low values of the mixing energy
curve or simply to allow walkers more freedom: this approach is
not yet implemented within AugGGO but it will be in a future
version of the code. In short, both systematic sampling and
stochastic explorations can be used within AugGA, and stochas-
tic methods can work both for a given fixed composition via a
Monte Carlo procedure exchanging the atom types of equiva-
lence sets12 or by defining a chemical potential14 and thus
simultaneously spanning the whole range of compositions
(this is beneficial for simulations exploiting a high level of
parallel HPC), or focusing on finding the lowest mixing-energy
composition(s).

Note in passing that the AugGGO exploration keeps track of
all the patterns sampled by the algorithm (each one with its
energy) and the so-accumulated database provides, for any size
and composition, a spectrum of lowest-energy and higher-
energy patterns which could be used in a statistical way to
build up the partition function of the system and derive
thermodynamic functions. Moreover, by performing AugGGO
on different structural motifs with the same number of atoms
one can investigate the competition among structural families,
or one can also compare a range of different sizes and inves-
tigate the cross-over among structural families as a function of
the number of atoms, as done in previous work.15–17

To conclude this section, we underline that the present
multi-descriptor approach, here deployed in the proof-of-
principle case of only two descriptors at a time, can naturally
be extended to exploit as many descriptors as useful. This is
particularly promising if combined with structural searches
within a general GO scheme and specifically within the
Parallel-Walker (PW) approach.12 Incidentally, to implement
the PW approach, one needs to define a general function to
recognize the similarity in chemical ordering between two
configurations. We propose that a simple and effective recogni-
tion function corresponds to the scalar product between
normalized ‘strings’, ranging between a maximum of 1 for
the same string and a minimum of 0 when no sub-groups of
the framework are populated with the same element.

2.2.5 Software implementation and distribution. The soft-
ware used in this work is home-made and is written as a
Fortran90 code. It performs all the operations described in
Sections 2.2.1–2.2.4. The code has a flexible call to an external
routine for the calculation of the energy and its first derivatives
(the forces, which are essential in the optimization step of the
algorithm), which, in the present implementation, has been
taken from the software described in ref. 12. The software will be
open-source distributed in the near future. Meanwhile, colleagues

interested in using the code are invited to contact the authors,
who will share the source code with no restrictions. Structures
belonging to high-symmetry families (truncated-octahedra, deca-
hedra and icosahedra) were generated using home-made codes
that are also available for sharing.

3. Results and discussion

In the following, we will present two sets of results.
(1) The first set focuses on high-symmetry motifs: our goal in

this set is to confirm the accuracy of the method by comparing
with previous results on similar systems obtained using the
original GGO approach, provide an estimate of its computa-
tional efficiency, and show that, even in the case of high-
symmetry motifs, the database-including (ii) and multi-descriptor
(iii) advances here proposed offer significant advantages over the
original GGO.

(2) The second set focuses on low-symmetry motifs, to
demonstrate that the descriptor-based-orbit advance (i) here
proposed can be applied to generic structural frameworks
without any symmetry or other restrictions.

For definitiveness, we will then focus on three structures:
one at size 609 atoms, corresponding to the high-symmetry
motif shown in Fig. 1, and two at size 500 atoms, corresponding
to two low-symmetry motif configurations found as low-energy
structures in unbiased structural searches conducted for the
two nanoalloys.

We have chosen two different alloys, PdPt and AgCu (where
the latter nano-alloy pair is immiscible in the bulk20), that have
two distinct behaviours at the nanoscale: PdPt exhibits a
tendency to the formation of ordered mixing patterns,18,32

whereas AgCu retains its tendency to segregation in the form
of core–shell or Janus motifs.33–36 These nanoalloys have
attracted much attention in recent years thanks to their inter-
esting catalytic properties.37–44

The energy and forces are computed via the SMA (Second
Moment Approximation) potential using parametrization
schemes reported in the literature.16,23

Before going into detail, let us recall two basic concepts in
the nanoalloy field: the mixing energy15,17,22 and the convex
hull.16 The mixing energy is defined as:

D[NA, NB] = Ealloy[NA, NB] � NAEA[N]/N � NBEB[N]/N (3)

where Ealloy[NA, NB] is the energy of a nanoalloy cluster
composed of NA atoms of species A and NB atoms of species
B, N = NA + NB is the total number of atoms in the cluster, EA[N]
is the energy of a pure-A cluster of N atoms, and EB[N] is the
corresponding quantity for the B species. Negative values of the
mixing energy are associated with a favourable tendency
towards alloying, whereas positive values indicate a tendency
towards segregation. This definition of the mixing energy is the
same used in ref. 17, where a more extended discussion of the
physical meaning of the different definition of mixing energy is
given: the mixing energy measures the stability of an alloyed
motif with respect to the corresponding motifs made of the two
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pure elements. Our present choice to freeze the same structural
motif is a computational artefact aimed at disentangling struc-
tural and alloying effects, but has a drawback in that comparing
mixing energy values between different motifs does not provide
information on their relative stability, which must thus be
taken as a separate piece of information. In contrast, in the
usual definition of the mixing energy,15,22 Ealloy[NA, NB], EA[N]
and EB[N] correspond to global minima; this is tantamount to
modelling a system in which an ensemble of particles can
exchange atoms keeping a fixed size (number of atoms) of the
individual particles, but with no further constraints (see the
discussion in ref. 17). In this work, instead, we will search for
the GM in the phase space of homotops of a given structural
framework;5 our lowest-energy structures are therefore con-
strained to be conformal to a pre-chosen configuration (inci-
dentally this is closer to the original formulation of grouping
methods15). It is important to underline that the goal of
AugGGO approaches in general and thus of the present study
is not to perform a full structural GO. Indeed, in AugGGO we
use transformation moves on the variables related to chemical
ordering, while allowing only for local relaxations of atomic
coordinates. We therefore do not claim that some of the
proposed structures correspond to global minima, and indeed
we know for sure that in some cases they are not;45 our goal is
to accelerate the sampling of chemical ordering, so that it can
be coupled to sampling in the phase space of structures to
achieve a full and complete GO approach.12

Once the mixing energy is calculated for a set of composi-
tions, its convex hull46,47 can be estimated to derive nanoalloy
phase diagrams.16 It can be noted in passing, in analogy with
the theory of bulk alloy phase diagrams, that, when the
envelope of lowest mixing energies as a function of composi-
tion has a concave (not convex) profile, the possibility of
bistability and phase segregation exists.

3.1 High-symmetry motifs

To investigate high-symmetry motifs, we have chosen to inves-
tigate chemical ordering in the same 609-atom Leary tetrahe-
dron shown in Fig. 1. A partial fragment of this motif has been
singled out in GO structural searches of a PdPt nanoalloy with
500 atoms (with various compositions) and manually com-
pleted at size 609 atoms to realize a high-symmetry structure.
As already discussed, this hybrid motif has been already
discussed in the literature for this alloy16,25 and can be
described as made of a crystalline (tetrahedral) core on the
faces of which further growth in a stacking fault fashion gives
rise to a local 5-fold axis along the directions of the six edges of
its core. This combination of a crystalline core and surface 5-
fold symmetry is effective in lowering the surface energy in both
pure and alloyed systems, especially in the case of alloys made
of elements (such as Pd and Pt) with a reduced size-mismatch
(the experimental nearest-neighbour distances in the bulk are
2.75 and 2.77 Angstrom, respectively). For the AgCu alloy,
which is characterized by a pronounced size mismatch (the
experimental nearest-neighbour distances in the bulk are 2.88
and 2.49 Angstrom, respectively), this motif is not stable in the

size range around 500 atoms. As we directly observed in an
unbiased structural search of this alloy, highly non-crystalline
motifs based on icosahedral units are stable instead.35,45 Never-
theless, we decided to test the ordering in the Leary motif also
for the AgCu alloy to demonstrate that the efficiency of the
AugGGO approach is not limited to low-lying structural motifs.
We will consider much more stable motifs for the AgCu alloy in
the results on the low-symmetry motif structure in Section 3.2.

PdPt alloy In Fig. 3 (top panel) we have reported the mixing
energy curves for the 609-atom Leary Td by considering 5
different grouping schemes: (a) one spherical (exploiting the
full symmetry of the cluster, black line), (b) three layered on the
basis of the values of the atom z-coordinates by choosing the
three different orientations shown in the lower panel of Fig. 1
(purple line for C4, green line for C5 and cyan line for C6), and
(c) one cylindrical on the basis of the distance of each atom
from the z-axis (orange line). We have spanned a wide range of
compositions from about 10% to about 90% in Pd content with
a fine grid (the incremental Pd content between two consecu-
tive points is 5 atoms). By looking at the curves, we can see that
the lowest-energy one corresponds to spherical symmetry
grouping; the other schemes tend to mimic (or reproduce)
the spherical scheme with more success when choosing the
orientation along the C4 axis (for both layered and cylindrical
schemes, which practically coincide) and give the worst result
when orienting along the C5 axis, due to the fact that C5 axes are
found only in peripheral regions of this structure. In the lower
panel of Fig. 3 we have reported the lowest-energy patterns for
compositions corresponding to a Pd content of 20%, 40%, 60%
and 80%, by decomposing each structure in concentric layers.
We can see that, in the whole compositional range, multi-shell
arrangements dominate with the tendency of Pd to populate, at
first, the cluster surface and then the internal layers. On the
contrary, Pt has the tendency to occupy the most internal sites
with a strong tendency to segregate in the sub-surface layer at
high Pd content. This tendency to show a multi-shell arrange-
ment, which is the typical mixing pattern of elements with a
strong mixing tendency, is akin to the patchy multi-shell
pattern which has been predicted for PdPt nanoalloys at
smaller sizes and whose stability has been proven by first-
principles calculations18 (actually, the tendency to show patchy
multi-shell patterns is actually strengthened by first-principles
approaches with respect to the less accurate SMA empirical
potential); patchy patterns can indeed be easily recognized in
the internal shells at both 40% and 80% Pd content. These
results are in overall agreement with previous investigations on
this nanoalloy and confirm the ability of the AugGGO approach
in devising the preferred pattern of chemical ordering.

3.1.1 AgCu alloy. The behaviour of this alloy is remarkably
different from that of the PdPt system, as can be observed when
inspecting the mixing tendency in the same structural motif.
We stress again that our purpose is not to predict the overall
GM (Global Minimum) for this alloy, but to demonstrate
the efficiency of the AugGGO algorithm in devising the
chemical ordering of any given structural motif. By looking
at the mixing-energy curves reported in the top panel of Fig. 4,
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we immediately note that: (a) the values of the mixing energy
are smaller, thus showing a less pronounced tendency to
alloying with respect to PdPt, and (b) the shape resulting from
the envelope of the curves is not a convex hull, but it can rather
be described as the combination of (i) a region with moderate
tendency to mixing, presenting two distinct minima, the first
located around 20% in Ag content and the second around 45%
in Ag content, and (ii) a segregation region characterizing by an
increase in mixing energy roughly proportional to the Ag
content. When comparing the different grouping schemes
employed, we observe that the spherical one (black line) is able
to catch the lowest-energy mixing patterns only sporadically in

the region of moderate mixing for those compositions that
manage to form a (perfect) spherical core/shell arrangement
with silver decorating the cluster surface, as can be seen in the
structure achieved for a composition around 20% in Ag (see the
bottom panel of Fig. 4). This type of pattern dominates the
scenario up to 35% in Ag content and gives rise to the first
minimum of the mixing energy envelope. When the Ag content
surpasses 35%, the spherical scheme is no longer appropriate
and the lowest-energy patterns are achieved by invoking other
types of symmetry breaking. In the region of the second
minimum (between 35% and 50% in Ag content), where we
still observe a (moderate) tendency towards alloying, we single

Fig. 3 (top) Excess energy curves for the PdPt alloy in the 609-atom Leary tetrahedron by invoking spherical symmetry (black) or broken symmetry
according to a layering scheme by choosing the best C4 orientation (purple), C5 orientation (green) or C6 orientation (light blue); the curve
corresponding to a cylindrical grouping scheme along a C4 orientation is also reported (orange). (bottom) Chemical ordering patterns corresponding
to an increasing concentration of Pd; for each composition, each structure is decomposed in layers, see the main text for further details; Pd atoms in
cyan, Pt atoms in yellow.
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out low-symmetry structures whose stabilization is achieved via
a distortion of the anti-Mackay-type shell forming a chiral
structure (see the bottom panel of Fig. 4 for a composition
with 40% in Ag content), whose formation and stabilization
mechanism has been discussed for Ih-based structures of size-
mismatched nanoalloys by Bochicchio et al.48 The increase in the

Ag content leads to the creation of pseudo-Janus patterns34–36,49

where the copper core is off-centred and covered by a thin silver
shell (see the bottom panel of Fig. 4 at 60% and 80% Ag content).
The competition between off-centering in different directions is
quite pronounced, as demonstrated by the closeness between
the curves corresponding to C4 and C6 layered grouping schemes.

Fig. 4 (top) Excess energy curves for the AgCu alloy in the 609-atom Leary tetrahedron by invoking spherical symmetry (black) or broken symmetry
according to a layering scheme by choosing the best C4 orientation (purple), C5 orientation (green) or C6 orientation (light blue); the curve
corresponding to a cylindrical grouping scheme along a C4 orientation is also reported (orange). (bottom) Chemical ordering patterns corresponding
to an increasing concentration of Ag; for each composition, each structure is visualized by using big spheres (first row) and smaller balls for Ag to highlight
the internal ordering of Cu. Ag atoms in white, Cu atoms in red.
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Also for this alloy, the results of the present investigation are in
perfect agreement with the literature.33–35

From this section, we can conclude that the new implemen-
tation of the grouping algorithm has guaranteed (i) a synergic
enhancement of the efficiency of the automatic grouping
scheme generation, which in turn has led to (ii) a deeper
comprehension of the physics of the investigated systems,
highlighting for the PdPt alloy a competition between pure
and patchy multi-shell ordering, whereas for AgCu the stabili-
zation in the mixing region of core/shell regular (low Ag
content) and distorted (chiral) structures (intermediate Ag
content).

3.2 Low-symmetry motifs

3.2.1 PdPt alloy. In Fig. 5 (top panel) the results corres-
ponding to two low-symmetry motifs of the PdPt alloy are

reported in terms of mixing energy curves and preferred
chemical ordering patterns. In order to focus on realistic
structures at size 500, a large number of BH GO structural
searches have been performed at that size, by choosing a
variable composition of the seeds (between 25% and 75% in
Pd content) and by applying explorations at several quite high
temperatures between 1000 K and 2000 K. By inspecting the
rich database so obtained, we have been able to classify the
motifs in terms of structural families, according to a well-
developed procedure.50 At size 500, the landscape is dominated
by the competition mainly between three motifs, i.e. (i) regular
or slightly irregular crystalline motifs (in the form of incom-
plete truncated octahedra with or without hcp stacking fault
planes); (ii) incomplete marks decahedra; and (iii) hybrid
motifs, mainly of the fcc-Dh type (belonging to the same family as
the 609-atom Leary tetrahedron) or Dh–Dh type (Dh characterized

Fig. 5 Excess energy curves for two selected low-symmetry structural motifs for both the PdPt alloy (for a 40% and 60% Pd composition, top panel) and
the AgCu alloy (for a 40% and 80% Ag composition, bottom panel). The view style for the two alloys is the same used in Fig. 2 and 3, respectively.
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by a surface anti-Mackay growth mode). Ih-based motifs are quite
absent, in agreement with previous results on this alloy.16 As the
hybrid fcc-Dh motif was already analysed at the high-symmetry
level, among these families we selected the two motifs reported in
Fig. 5: a regular incomplete truncated octahedron, as an example
of a crystalline type, and an incomplete marks decahedron, as an
example of a non-crystalline motif. The convex hull shape of the
mixing energy curves and the position of the minimum at about
60% in Pd content (for both motifs) are an immediate indication
that the alloying process follows the same trends discussed for the
high-symmetry Leary structure. In fact, by looking at the struc-
tures on the two sides of the plot corresponding to 40% and 60%
in Pd content for the TO motif (left side) and Dh motif (right side),
we observe the formation of a multi-shell type ordering with some
irregularities due to the low symmetry of the structure. By looking
at the central regular TO cores of 201 and 79 atoms on the left
side, we can observe the insurgence of patchy motifs for both
compositions, in agreement with the results already discussed in
the previous section. In the case of the Dh family, the tendency
towards the formation of patchy motifs appears less pronounced
and we observe a strong tendency towards the formation of multi-
(Marks-type)-shell patterns with the two elements alternating,
segregating Pd at the surface and Pt in the central regions of
the clusters.

3.2.2 AgCu alloy. When considering this second alloy, the
GO runs aimed at collecting low-lying structural motifs were
much more challenging, due to the stabilization of irregular
structures, deriving from the size-mismatch and the consequent
formation of disordered multi-poly-Ih51 structures. In order to
perform an exhaustive sampling, we have thus performed both
unbiased searches (following the same criteria used for the PdPt
alloy) and biased searches by using as starting seeds the struc-
tural motifs singled out for the PdPt alloy. In summary, the AgCu
system is dominated by Ih-based structures, both of pure type
and mixed Ih–Dh (Ih with anti-Mackay growth). All the fcc-based
families were remarkably destabilized and distorted, as con-
firmed by the broad segregation region and the low values of
mixing energy characterizing the Leary tetrahedron observed in
the previous section. For this reason, in Fig. 5 we have chosen to
present the results of two Ih-based motifs, an almost perfect
anti-Mackay (AM) Ih (the size of structural closure is 509 for this
motif, left side) and a fragment of Mackay Ih (the size of
structural closure is 561, right side). We can note that both
motifs are characterized by negative values of the mixing energy
in the whole composition range, highlighting a tendency
towards mixing much more pronounced than in the case of
the fcc-based motif of the previous section. Also, the lowest-
energy values reached by the curves (between �15 and �30 eV)
are much lower than those achieved for the Leary, also consider-
ing that the mixing energy (according to our definition) is an
extensive quantity and the Leary is larger by a factor of about
20% in size. Regarding the evolution of the chemical ordering
patterns as a function of the composition, we can say that for low
Ag contents core/shell structures are stabilized: in the case of the
anti-Mackay-Ih, the perfect core/shell is found at the minimum
of the excess energy curve and the resulting structure presents a

chiral distortion of the anti-Mackay overlayer discussed in ref. 48
and already observed in the anti-Mackay overlayer of the Leary
motif at about 40% in Ag content; in the case of the Ih, for which
the minimum of the curve is located at a slightly higher Ag
content, the resulting structure is slightly distorted. After achieving
the minimum in both curves, the mixing energy curves quickly
increase, indicating a tendency towards segregation; the need of
putting silver in the internal regions of the structures makes the
copper core move to off-centre positions, as can be observed at 80%
in Ag content for both motifs, and the structures lose the distortion
developed at smaller Ag content, still in agreement with the
behaviour of the Leary tetrahedron.

3.3 Assessment of the computational efficiency of the
AugGGO approach

An important aspect of the present proposal regards the effi-
ciency of the AugGGO algorithm. To assess it, we have com-
pared the evolution of the total energy in GO runs using the
AugGGO approach or a BH algorithm based on single exchange
moves, as implemented in the code by Rossi et al.,12 on selected
structures, diverse in size, motif and type of alloy (note that, to
make the comparison exhaustive, we included sizes and struc-
tures not previously discussed). The results of this comparison
are shown in Fig. 6; in each plot the evolution of the total
energy as a function of the number of GO steps is reported for
the two approaches (AugGGO vs. BH exchange) in the case of
four examples: two for PdPt and two for AgCu, at different sizes.
In all four cases, the curves prove that a remarkable reduction
in the number of BH steps needed to reach the low-energy
regions of the PES (Potential Energy Surface) is achieved when
using the new AugGGO approach. This reduction in the num-
ber of BH steps amounts to 1–2 orders of magnitude. The much
increased efficiency of AugGGO is independent of the alloy
nature, the size of the cluster and of the structural motif. The
plots in Fig. 6 also implicitly contain a quantitative validation of
our predictions. First, it can be observed that the AugGGO and
the BH-exchange curves reach asymptotic values differing in
energy by only 1–2 hundredths of an eV. Moreover, we add
that the putative AugGGO and the BH-exchange global minima
also correspond to the same chemical-ordering patterns (not
shown). This technically validates the AugGGO approach, as it
demonstrates that our approach is able to reproduce the global
minimum (both energy and chemical order pattern) in the
phase space of the chemical ordering produced by the BH
exchange approach, an approach unbiased and free of grouping
constraints. In terms of the physics, we recall once more that
the goal of AugGGO is not to perform a full structural GO, but
one limited to the variables related to chemical ordering,
irrespective of whether the investigated structural framework
pertains to the absolute global minimum (indeed we know for
sure that in some cases it does not).

To conclude this section, we highlight the following points.
(i) The AugGGO approach seems to be able to single out the
preferred (global minimum) chemical ordering pattern of both
high-symmetry and low-symmetry structures. Incidentally,
we see in the investigated examples that the physics of the
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high- and low-symmetry structures is similar, implying that the
high-symmetry configurations are good models to mimic real
nanoclusters, although peculiar finite-size effects do occur
when releasing the high-symmetry constraint. (ii) The compu-
tational efficiency of AugGGO is much improved with respect to
other GO tools, such as BH-exchange, achieving the prediction
of the global minimum chemical ordering in a few tens of MC
steps, thus 1–2 orders of magnitude smaller than those needed
in the BH-exchange algorithm. This makes the exploration of
much larger structures and the simulation of complicated
systems composed of several metallic elements computation-
ally affordable and feasible.

4. Conclusions

Optimizing the functionalities of materials systems by chan-
ging their composition is an important part of any materials
rational design strategy. To achieve this goal, efficient tools to
explore the compositional space are strongly needed at both the
experimental and computational levels, which is an extremely
difficult task since this space is combinatorial, and thus
exponentially increasing with the system size. Here we restrict
ourselves to sampling at the computational level the stoichio-
metry degrees of freedom of isomers sharing a fixed structural
framework (homotops) but with a different ‘chemical ordering’ or
‘compositional structure’: this sampling is still of combinatorial,

and therefore non-algorithmic, complexity, as the number of
homotops equals MN, where N is the total number of atoms and
M is the number of components. Within this constraint, we
develop an original Augmented Grouping Approach (AugGA),
specifically in the form of the Augmented Grouping GO (AugGGO)
scheme.

The AugGA approach is based on a previously proposed
‘grouping’ philosophy, in which the number of compositional
degrees of freedom of the system is decreased by defining sets
of atoms (groups, or orbits, or shells) that are constrained to
be populated by the same element. However, the power and
scope of the grouping methods is here decisively extended by
including three basic advances: (i) groups are defined on the
basis of descriptors rather than point-group symmetry,
(ii) chemical ordering patterns from databases are exploited,
and (iii) sub-grouping is realized via a multi-descriptor strategy
(here: the atomic energy and a few types of geometry pattern
recognition). The first advance (i) makes the approach applic-
able to any generic structural framework, thus overcoming the
major limitation of previous grouping methods. The use of
descriptors in the definition of groups also makes the approach
much more flexible and opens a wealth of possibilities in finely
tuning the degrees of freedom of the proposed technique. The
second advance (ii) improves the chance of achieving a thorough
sampling of the core regions of nanoparticles. Finally, both the
second (ii) and third (iii) advances improve the chance of
catching exotic/unexpected chemical ordering arrangements,

Fig. 6 Comparison of the performance of the AugGGO approach vs. the BH-exchange approach: plots of the energy of the systems as a function of the
MC steps for selected structures of the PdPt alloy (top row) and of the AgCu alloy (bottom row) for different sizes and structural models. Three different
BH runs and three different grouping runs are reported in each panel.
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easily overlooked because they may be strongly penalized by
entropic factors due to a tiny number of possible realizations,
although energetically favoured.

By focusing on paradigmatic examples of two binary alloys,
PdPt and AgCu, at sizes spanning from E500 to E1300 atoms,
and exhibiting diverse structural motifs, here we show how
AugGGO (i.e., AugGA using a Monte Carlo stochastic search in
the compositional phase space) enables one to accelerate the
exploration of the combinatorial phase space of large systems
still maintaining thoroughness over the physically and chemi-
cally significant isomers – a mandatory step to make simula-
tions affordable and predictive. Specifically, we demonstrate
that AugGGO can predict the same global minimum composi-
tional structure of all the investigated nanoalloys within a few
tens of Monte Carlo steps and thus at a computational cost
which is 1–2 orders of magnitude smaller than that of tradi-
tional Monte Carlo single-exchange techniques, i.e., the tradi-
tional approach based on individual-site moves.

Finally, we underline how the AugGA/AugGGO approach
lends itself to interesting perspectives and possible further
developments.

In particular, in the present work we have used the atomic
energy calculated via an empirical potential as a descriptor
function (or order parameter), but as discussed in Section 2 the
approach is completely general and could employ any local
function of atomic coordinates. This freedom will also facilitate
the next development of AugGGO, that is, combining chemical
ordering sampling with structural sampling into one general
GO scheme12 (work is in progress along these lines). In terms of
other descriptor functions (or order parameters), one could use
for example those derived from a common-neighbour analysis
(CNA).26

In this respect, it is interesting to note that CNA is usually
applied to mono-elemental systems, but it could be easily
generalized to binary or multicomponent systems.

A further, straightforward and promising perspective is the
application of AugGGO to ternary, quaternary, etc. nanoalloys,
high-entropy alloys,52 super-conductors,53 quasi-crystals,54 etc.

The automated recognition of the best descriptor(s) to use in
the definition of groups is finally a third promising advance
for a user-friendly distribution of our code and to investi-
gate physically very complex cases (this is also in progress in
our lab).
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