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A nanosecond-resolved atomic hydrogen
magnetometer†

Alexandros K. Spiliotis,ab Michalis Xygkis,ab Konstantinos Tazes, ab

George E. Katsoprinakis,ab Dimitrios Sofikitis, ‡ab Georgios Vasilakisab and
T. Peter Rakitzis *ab

We introduce a novel and sensitive ns-resolved atomic magnetometer, which is at least three orders of

magnitude faster than conventional magnetometers. We use the magnetic field dependence of the

hyperfine beating of high-density spin-polarized H atoms, produced from the rapid photodissociation of

HCl gas with sub-ns laser pulses and measured with a pick-up coil, to demonstrate ns-resolved

magnetometry, and project sensitivity of a few nT for a spin-projection-limited sensor with 10 nl

measurement volume after 1 ns measurement time. The magnetometer will allow ultrafast continuous

B-field measurements in many fields, including spin chemistry, spin physics, and plasma physics.

Introduction

Sensitive detection of magnetic fields plays an important role in
several fields, including biomedicine, materials science, secur-
ity screening, geophysical and space surveys,1 as well as funda-
mental physics measurements, such as axion searches.2 In
addition to the requirement for high sensitivity, numerous
applications demand magnetic field detection with high tem-
poral resolution. For instance, ultrafast magnetometry can be
used as a sensitive probe of the pathways and kinetics of
chemical reactions involving the production of electron or
nuclear spin polarization, such as in photo-chemically induced
dynamic nuclear polarization (photo-CIDNP).3–6 Similarly, stu-
dies of magnetodynamics can shed light on dynamical pro-
cesses in magnetic materials7,8 and plasmas,9 enabling the
development of new technologies. For imaging purposes or
for mapping the magnetic field gradients, an important quality
is the length scale of the magnetometer, as, in general, small-
sized sensors allow for high spatial resolution.

A plethora of magnetometers has been developed to address the
challenges in magnetic field sensing (see for example ref. 10 and
references therein). Atomic magnetometers based on optically
polarized alkali-metal atoms have realized the highest
sensitivities,11 albeit at low bandwidths, typically up to a few tenths
of kHz.12 Superconducting quantum interference devices (SQUIDs)

have demonstrated similar sensitivities. Although in principle their
frequency response can extend up to a few GHz, practical considera-
tions related to the electronic circuitry for the signal readout reduce
their bandwidth to the MHz range.13 Inductive-coil sensors feature
high detection-bandwidth and broad applicability to different spin
species and environments, but they present relatively low sensitivity
compared with other state-of-the-art magnetometers (see however
ref. 14 for an ultrasensitive, quantum limited inductive sensor).
Optical approaches based on the Kerr effect have realized magne-
tometry in the picosecond temporal regime; nevertheless, their
inherent sensitivity is limited and they are mainly used to probe
rather large fields from magnetic materials.7,15 Nitrogen-vacancy
defects in diamond offer an attractive platform for high spatial
resolution.16 Yet, the demonstrated sensitivity does not rival alkali-
atomic magnetometers or SQUIDs and elaborate dynamic decou-
pling techniques are required to realize broadband magnetometry.

Here, we present a novel atomic hydrogen magnetometer that
can measure magnetic fields with high sensitivity and nanosecond
time resolution. The sensitive detection results from realizing large
spin densities, many orders of magnitude higher than conventional
alkali-metal atomic sensors, while the temporal resolution derives
from performing magnetometry at the hyperfine coherences of
hydrogen (hyperfine frequency of 1.42 GHz and 0.327 GHz in H
and D, respectively). The proposed magnetometer operates at room
temperature, is technically simple to use and can be adjusted to
sense sub-micrometer length-scales.

Principle of operation

High density spin-polarized hydrogen (SPH) is produced by
photodissociating hydrohalide gas with a circularly-polarized
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UV laser pulse, by exciting a well-defined dissociative electronic
state of the molecule (see ref. 17–19 for details). In hydrohalide
photolysis, the fragments acquire a spin-orientation which is
correlated to the spin of the dissociating photon, and their final
polarization is limited by the dissociation path and by the
random direction of the hydrohalide molecular bond with
respect to the laser propagation direction. Under readily
achieved experimental conditions concerning the laser wave-
length and intensity, the photodissociation probability can be
near unity, thereby the density of the atomic fragments can be
made similar to the initial density of the parent molecule. With
this process SPH densities of 1019 cm�3 and up to 40%
polarization have been demonstrated for isotropic molecular
bonds,18,20,21 whereas up to 100% is possible if the bonds are
aligned along the photodissociation-laser polarization axis.22

Crucially for the operation of the magnetometer, photolysis
is predominantly an electronic process occurring within sub-
picosecond time-scales, during which the nuclear spin degrees
of freedom are effectively frozen.20 For hydrogen halides,
photodissociation with a sufficiently fast laser pulse typically
generates fragments with electronically polarized spins, while
the nuclear spins remain in their thermal unpolarized state.

Immediately after the photodissociation (assuming that the
HCl bonds have been aligned parallel to the photodissociation
polarization direction, and complete electron polarization),
half of the generated H atoms are in the state

c0j i ¼ ms ¼ s=2;mI ¼ s=2j iu

¼ F ¼ 1;mF ¼ sj ic
(1)

and half of the polarized atoms are in the state

c1j i ¼ ms ¼ s=2;mI ¼ �s=2j iu

¼ 1ffiffiffi
2
p F ¼ 1;mF ¼ 0j ic�s F ¼ 0;mF ¼ 0j ic
� � (2)

Here, F is the total spin (sum electronic and nuclear spin)
quantum number, ms, mI and mF are respectively the electronic,
nuclear and total spin projection along the quantization axis,
the subscripts u and c refer to the uncoupled and coupled
angular momentum basis respectively, s is the helicity of the
photons (+1 or �1 for s+ and s� respectively), and the quantiza-
tion axis is taken to be along the laser propagation direction.
Unlike |c0i, the state |c1i is not an eigenstate of the hyperfine
interaction. Atoms prepared initially in |c1i experience hyper-
fine quantum beats, causing the electron and nucleus to
exchange spin at the hyperfine frequency. In the absence of a
magnetic field this frequency corresponds to the 21 cm hydro-
gen line at f0 E 1.42 GHz.

A magnetic field parallel to the dissociation axis does not
affect to first order the hyperfine coherences resulting from the
photodissociation |0, 0ic 2 |1, 0ic. However, the presence of a
magnetic field perpendicular to the pumping direction modi-
fies the hyperfine oscillation and induces a net precession of
the spins. Taking the direction of magnetic field as the quanti-
zation axis, the evolution of |c1i can be written in the form

(ignoring a global phase factor and small amplitude terms of
order gHB/o0):

cðtÞ1
�� �

¼ 1

2
e�ioþt 1; 1j i

0

c þ e�io�t 1;�1j i
0

c � is
ffiffiffi
2
p

0; 0j i
0

c

h i
; (3)

where t is the time after the photodissociating pulse, the
apostrophe distinguishes the quantization axis and the angular
frequencies are given by the Breit–Rabi formula:

o� � o0 � gHBþ
gHB
o0

� �2

; (4)

In the above equation, o0 = 2pf0, gH E 2p � 1.4 MHz G�1 is the
gyromagnetic ratio of total angular momentum for atomic H, B
is the magnetic field, and we have ignored the small nuclear
gyromagnetic Landé factor. Information about the magnetic
field can be deduced by monitoring the hyperfine dynamical
evolution of the electron spin. In the case of H this is most
easily performed with an inductive pickup coil, which measures
the time-dependent ensemble magnetization, determined to a
good approximation by the hydrogen electron spin.

Spin decoherence in SPH limits the performance of the
magnetometer. The spin decay mechanism originates from
depolarizing collisions of H with the particles in the ensemble,
which include the photofragments and their secondary side-
products from chemical reactions, as well as the parent mole-
cules in the case of partial photodissociation (see ref. 21 and
references therein). The impact of collisions to spin-relaxation
depends on the density, the conditions of photolysis, and the
halide species and a corresponding optimization should be
performed according to the requirements for magnetometry.
This optimization may involve compromising the SPH density
in order to achieve larger coherence times as discussed in ref.
21.

Experiment
Experimental setup

We performed an experiment with a DC magnetic field to
demonstrate the magnetometer operation. The experimental
setup is based on the one described in ref. 20. Briefly, a
circularly polarized 150 ps laser pulse at 213 nm was focused
inside a cell filled with 2 bar of high purity (99.9%) HCl, as
shown in Fig. 1a. A 4 mm long coil, 4.5 turns, radius of 1 mm
and oriented with its axis along the laser pulse propagation,
was employed to measure the time-dependent electron magne-
tization of the SPH atoms. The pickup coil signal was amplified
by an RF amplifier and was recorded by a fast-sampling
oscilloscope. The time-constant associated with the induction
detector was much smaller than the sampling time, so that the
recorded signal was directly proportional to the time derivative
of the magnetic flux.

The pumping laser beam was weakly focused to a spot of
approximately 100 mm in diameter, located at the center of the
coil. For the energy of the laser pulse (3 mJ), the realized
intensities were sufficient to dissociate only a small fraction
(about 2%) of the HCl molecules inside the beam volume per
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pulse. Taking into account the HCl absorption cross section
and the photodissociation efficiency we estimate an average
SPH density of 1018 cm�3 over the coil volume.23 Even though
this is about 2% of the parent molecule density, it is more than
three orders of magnitude higher than the densities in alkali-
metal atomic magnetometers.12 For this proof of principle
experiment, we traded off SPH density for increased coherence
times, as the spin-relaxation cross section for H–H and H–Cl
collisions is much larger than that for H–HCl collisions.

We operated the magnetometer in an unshielded environ-
ment. This made the pick-up coil and the cables susceptible to
electromagnetic interference, originating mainly from dis-
charges in the laser unit. We filtered this noise by subtracting
two consecutive measurements acquired with opposite spin
orientations in the SPH ensemble. For this, the helicity of the
dissociating laser pulse was reversed every laser shot, using a
photoelastic modulator (PEM) and an appropriate electronic
circuit to phase lock the low frequency laser emission rate with
the higher PEM modulation frequency.23

A static transverse magnetic field was applied using two
permanent round magnets (Neodymium grade N42, 10 mm
diameter and 2 mm thickness) placed astride the measurement
region with their magnetization vectors aligned. The magnets
were attached on translation stages, which allowed us to
control their separation. This way, a homogeneous, precisely
tunable magnetic field, ranging from 10 G to 150 G was applied.
A Hall probe was used to calibrate the magnetic field versus
magnet separation at low fields, while at higher fields the field
was estimated from extrapolation.

Results

The measured signals, averaged over 50 repetitions, and the
corresponding Fourier transforms for various magnetic fields

are shown in Fig. 2. The photodissociation pulse occurs at time
t = 0. After a fast transient, which decays at sub-ns timescales,
the oscillating signal reflects the H hyperfine coherences
damped by collisions. For zero magnetic field (B = 0) a single
frequency at f0 appears in the Fourier spectrum. A non-zero
magnetic field, transverse to the pumping-axis, modifies the
frequency of hyperfine coherence and two Fourier peaks appear
in the signal, which can be found from eqn (4).

Notice that the heights of the two Fourier peaks A+ and A�
in Fig. 2, which correspond to the frequencies given by 4,
become more unequal with larger B field, and their ratio is
given by:

A�/A+ = (o�/o+) � tan2(y) (5)

Eqn (5) has two factors: the ratio of frequencies o�/o+, due to
the frequency dependence of coil detection; and the tan2(y)
term, which is the ratio of the square of the projections of the
initially prepared state onto the states of the system that beat at
o� and o+. The angle y of the tan2(y) term is given by tan(2y) =
1/B̃, where B = B̃/Bc, and Bc = 50.7 mT is the critical field for H
atoms.24 Eqn (5) then becomes:

A�=Aþ ¼ o�=oþð Þ � 2 ~B 2 þ 1� 2 ~B
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
~B 2 þ 1

p	 

(6)

Note that for B̃ = 0, A�/A+ = 1, whereas when B̃ tends to
infinity, the A� peak vanishes, and the ratio A�/A+ tends to 0.

In Fig. 3 the measured frequencies are plotted versus the
applied magnetic field as quantified from an independent
calibration with the Hall probe. The peak frequencies were
found using an algorithm which fits a Lorentzian curve to the
three consecutive points with the highest amplitudes in the
discrete Fourier transform.23 The agreement between the fre-
quency peaks and the prediction of eqn (4) is excellent within
the measurement resolution, demonstrating that the magnetic

Fig. 1 (a) Experimental setup schematic for the proof of principle demonstration of the magnetometer. A 150 ps, circularly-polarized laser pulse (red
arrow), is focused inside a high density HCl gas cell. A pickup inductive-coil, with its axis parallel to the pumping direction, monitors the ensemble
magnetization, while a magnetic field (green arrow) perpendicular to the coil and pumping light is applied; (b) proposed configuration for sensitive
detection of time varying magnetic fields. Compared to (a) the detection axis is perpendicular to both the magnetic field and the light pulse.
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field can be estimated from the Fourier peaks. By repeating the
measurement multiple times we estimate that the frequency
statistical uncertainty (standard deviation) was around 40 kHz
corresponding to approximately 30 mG sensitivity after
50 iterations. In this case, the sensitivity was limited by the
poor resolution in Fourier transform, the electronic noise from
an unoptimized electric circuitry and from discharge noise
originating from pumping the photodissociating laser.

Extension to time-dependent
magnetometry

The magnetometer that relies on the frequency content of
Fourier power spectrum is not appropriate for characterizing
a time-varying field. For such an estimation, the phase evolu-
tion of the signal should also be taken into account. In
addition, high resolution detection requires first-order sensi-
tivity to the magnetic field. The configuration that satisfies

these conditions is shown in Fig. 1b: the dissociation/pumping
axis, the magnetic field direction and the detection axis are all
perpendicular to each other. With this scheme, the signal E
(electromotive force in the detection coil) at time t after the
optical pumping can be approximated to be (see 7 for details):

EðtÞ ¼ Go0NmBNSPHe
�t=T2 sin gH

ðt
0

Bðt 0Þdt 0
� �

sin o0tð Þ; (7)

where G is a geometrical factor that relates the magnetic field
from the spins to the flux in the region of the coil, N is the
number of turns per unit length of the coil, mB is the Bohr
magneton, NSPH the number of SPH atoms in the detection
region, and T2 is the hyperfine coherence time. The above
equation is an approximation in the limit where the magnetic
field evolves much slower compared to the hyperfine frequency
and when o0 c (1/T2, gHB). It also assumes an inductor
detection time constant much shorter than the hyperfine
period and neglects dipolar-interactions between the hydrogen

Fig. 3 Measured hyperfine frequencies versus B, and predictions of eqn (2) (Df1s E 40 kHz, smaller than the size of the points).

Fig. 2 Measured signal in the time domain (left) and the corresponding amplitude of Fourier transform (right) for different values of magnetic fields.
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spins. It can be seen that the information about the magnetic
field appears as amplitude modulation of the carrier wave at
the hyperfine frequency o0. As a result, the evolution of
magnetic fields at timescales longer than 1/o0 should be
faithfully captured with the proposed magnetometer as long
as it is completed before significant spin-depolarization occurs.

Simulations

In Fig. 4 we show the results of simulations for time-varying
magnetic waveforms: (a) is for cosine waves at 1 MHz and
100 MHz, while (b) is for Gaussian magnetic pulses with
durations (Gaussian RMS width) of 1 and 5 ns, centered at
30 ns after the pumping pulse. The same magnetic field
amplitude (maximum value) was considered for all the cases.
In all the simulations the depolarization time was taken to be
0.75 ms. The magnetic field was estimated by first demodulating
the signal at frequency o0 and then taking the time derivative of
the demodulation output. For the demodulation we implemen-
ted a simple low pass filter, where the signal was multiplied by
cos(o0t) and the resultant was integrated over a single period
2p/f0. Subfigures (a) and (b) are plotted in the same (arbitrary)
units for comparison. The response in the two cosine waves in
(a) is similar despite a two orders of magnitude difference in
frequencies. In (b) the retrieved Gaussian pulses (dotted blue
lines) approximate well the actual Gaussian waveforms (red
lines). In sub-figure (c), the response to a cosinusoidal mag-
netic field is plotted as a function of frequency. Here, the
response is taken to be the maximum oscillation amplitude
in the readout signal; in the examined frequency range, this
maximum occurs at timescales much shorter than the decay time
and is therefore not affected by the decay. The magnetometer
bandwidth, defined as the frequency where the response has
decreased by a factor of two, is approximately 450 MHz.

Noise sources and sensitivity limit

The detection of magnetic fields is fundamentally limited by
the spin-projection noise,11 originating from the Heisenberg
uncertainty for spins. Considering the experimental setup
shown in Fig. 1b, the effect of spin noise on the magnetometer
depends on the magnetic waveform. We consider a magnetic
field of the form: BðtÞ ¼ B0KðtÞ, where B0 signifies the

amplitude of magnetic field to be estimated from the magnet-
ometer signal and K is an arbitrary function of time t assumed
to be known. By adopting a w2 minimization, it can be shown
(see 8) that the spin-projection noise limit for a single measure-
ment run is given by:

dB0
2 ¼ 2

NSPH

Ð Tm

0

Ð Tm

0 dtdt 0e� tþt 0ð Þ=T2 e�jt�t
0 j=T2

Ð t
0KðxÞdx

Ð t 0
0 Kðx0Þdx0

gH
Ð Tm

0 dte�2t=T2
Ð t
0KðxÞdx

� �2h i2 ;

(8)

where Tm is the measurement time after the photodissociation.
For concreteness we consider the case of a cosinusoidal signal
(K ¼ cosot, where o is the angular frequency) and the condi-
tions described above: SPH density 1018 cm�3, measurement
volume (100mm)2 � 1 mm = 10 nl and T2 E 100 ns. Such a
projection-noise-limited magnetometer presents sensitivity on
the order of a few nanoTesla after measurement time of 1 ns.
For Tm B T2 the sensitivity is better than 200 pT per pulse; in
this case, with a pulse repetition rate of 1 MHz, the projected

sensitivity becomes better than 200 fT

 ffiffiffiffiffiffiffi

Hz
p

.
The magnetometer is also inflicted from thermal and quan-

tum fluctuations in the detection coil and associated electric
circuit. The impact of this noise source depends on the
geometric arrangement of the spin-ensemble and the pick-up
inductor. Furthermore, for non-spherical measurement
volumes the dipolar interactions between the spins impair
the magnetometer operation. We defer the consideration of
these issues to a later study.

Outlook

The presented magnetometer is amenable for miniaturization.
The measurement lengthscale, determined by the size of the
photodissociation beam, can be readily adapted to the sub-
micrometer region. Due to the high densities that can be
achieved, the number of polarized atoms remains sufficient
for high sensitivities even with such small measurement
regions. Employing large spin-polarized density also relaxes
the requirements on the induction coil. Unless high sensitiv-
ities are pursued or the measurement is performed from a very

Fig. 4 Numerical simulation assuming atomic spin decay time 0.75 ms, for the detection geometry in Fig. 1b. (a) B(t) = B0 cos(2pft), where B0 = 100 mG

and f = 1 MHz (blue dashed line) or f = 100 MHz (red solid line). (b) BðtÞ ¼ B0e
�

t�t0ð Þ2
Dt2 , where Dt = 1 ns and 5 ns, t0 = 30 ns and B0 = 100 mG. (c) Frequency

response of the magnetometer (normalized to DC response).
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small region, moderate coil quality factor and room-
temperature, standard electric circuitry should be adequate to
detect the response of the polarized spins to the magnetic field.
Another attractive feature is the large dynamic range and the
capacity to operate in relatively high magnetic field back-
grounds. The upper detection limit Bl is set by the condition
gHBl { o0, which for SPH corresponds to Bl in the hundreds of
Gauss range.

Contrary to the conventional alkali-metal atomic magnet-
ometers, the proposed scheme does not rely on a magnetic reso-
nance condition. Therefore the detection bandwidth is not
determined by the decoherence rate, but only from the hyperfine
frequency. In the new scheme the spin-state preparation results
from a single-step mechanism (photodissociation of the parent
molecule) and does not involve several excitation cycles or the
application of magnetic pulses to create coherences. Unlike magne-
tometry with nitrogen-vacancy centers in diamond, the dense spin
ensemble does not suffer from inhomogeneous broadening and
high sensitivities can be achieved without the use of dynamic
decoupling techniques. This approach can be applied to different
alkali-metal halides with larger hyperfine splittings. For instance,
operation with Cs instead of H will extend the range of application
to the sub-ns regime.

This fast and atomic magnetometer can be improved further
in time resolution and detection sensitivity, by replacing the
pickup coil with optical detection (via Faraday rotation), as in
conventional atomic magnetometers. This is not practical for H
atoms, for which there are only transitions in the VUV. How-
ever, polarized atomic photofragments with high atomic num-
ber can have convenient probe transitions in the UV, visible, or
IR, and can have hyperfine beating frequencies of around
10 GHz (e.g. Cs atoms), thus bringing fast magnetometry down
to the 100 ps timescales. A magnetometer with such capabil-
ities holds great promise for characterizing fast magnetization
dynamics in chemical processes, including biologically relevant
pathways, as well as in materials science and technology.

Conflicts of interest

There are no conflicts to declare.

Appendix A: time evolution

In the presence of a magnetic field B (which can be time
varying), the SPH evolves according to the Hamiltonian (we
neglect for the moment the relaxation):

Ĥ ¼ o0Ŝ � Îþ
gsmB

�h
B � Ŝ ¼ Ĥ0 þ

gsmB
�h

B � Ŝz (9)

where Î is the dimensionless nuclear spin operator, o0 is the
hyperfine frequency of H, mB is the Bohr magneton, gs E 2 is
the electron spin g-factor, Ĥ0 is the Hamiltonian for hyperfine
interaction expressed in (angular) frequency units. In the above
equation, we neglected the coupling of the magnetic field to
nuclear spin, as this is three orders of magnitude smaller than
the coupling to the electron spin.

For clarity we write the Hamiltonian in the coupled (sub-
script c) and uncoupled (subscript u) basis taking z (the
magnetic field direction) as the quantization axis:

Ĥu ¼

o0

4
þ gHB 0 0 0

0 �o0

4
� gHB

o0

2
0

0
o0

2
�o0

4
þ gHB 0

0 0 0
o0

4
� gHB

0
BBBBBBBBBBB@

1
CCCCCCCCCCCA

Ĥc ¼

o0

4
þ gHB 0 0 0

0
o0

4
0 gHB

0 0
o0

4
� gHB 0

0 gHB 0 �3o0

4

0
BBBBBBBBBBBB@

1
CCCCCCCCCCCCA
;

where gH = gsmB/2h� is the gyromagnetic ratio of atomic H. The
above matrices are expressed in a basis with the following
ordering:

Uncoupled basis: ms ¼ 1=2;mI ¼ 1=2j if ;

ms ¼ �1=2;mI ¼ 1=2j i;

ms ¼ 1=2;mI ¼ �1=2j i;

ms ¼ �1=2;mI ¼ �1=2j ig;

Coupled basis: F ¼ 1;mF ¼ 1j i;f

F ¼ 1;mF ¼ 0j i;

F ¼ 1;mF ¼ �1j i;

F ¼ 0;mF ¼ 0j ig;

(10)

where F is the total spin (sum of electronic and nuclear
spin) quantum number, ms, mI and mF are respectively the
electronic, nuclear and total spin projection along the quanti-
zation axis.

Transformation of an arbitrary operator Ô or state vector |ci
from one basis to the other can be performed according to the
following rules:

Ôc ¼ T cu � Ôu � T cu
�1;

Ôu ¼ T cu
�1 � Ôc � T cu;

jcic ¼ T cujciu;

jciu ¼ T cu
�1jcic;

(11)
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T cu ¼

1 0 0 0

0
1ffiffiffi
2
p 1ffiffiffi

2
p 0

0 0 0 1

0 � 1ffiffiffi
2
p 1ffiffiffi

2
p 0

0
BBBBBBBBB@

1
CCCCCCCCCA
: (12)

The hydrohalide photo-dissociation occurs with a sub-
nanosecond laser pulse and optical pumping effectively trans-
fers angular momentum from light to the electronic spin,
leaving the nuclear spin degrees of freedom in their thermal
(completely unpolarized) state. Following the above basis order-
ing, after optical pumping half of the polarized H atoms are in
the quantum state (expressed as a column vector):

where the subscript y denotes that the quantization axis for
spin projections was taken in the y direction (if no axis sub-
script appears it is implicitly assumed that the quantization
axis is in the z direction), T is the transpose operation, s is the

helicity of the pumping light pulse and R̂x is the rotation
matrix around the x-axis applied to the uncoupled basis (two
spins, each of spin 1/2):

R̂x ¼ e�iŜx
p
2 � e�iŜx

p
2: (14)

The other half of the polarized H atoms are in the state:

For the observable
dŜx

dt
the contribution to signal of atoms initially

at state |c(0)i0 is a factor of gHB/o0 smaller than the contribution of
atoms initially at |c(0)i1. In the case of gHB/o0 { 1, the magneto-
meter signal is mainly determined by the atoms initially at |c(0)i1.

For static magnetic field, Schrödinger equation can be
solved in a straightforward manner:

i
@

@t
jcðtÞi ¼ ĤjcðtÞi ) jcðtÞi ¼ e�iĤtjcð0Þi (16)

where |c(t)i is the wavefunction at time t after optical pumping. For
|c(0)i = |c(0)i1 the wavefunction at time t in the coupled basis is:

where: ~o ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
o0

2 þ 4gH2B2
p

.
In the general case of a time varying magnetic field the

Schrödinger equation cannot be solved analytically, as
the Hamiltonian does not commute with itself at different
times. For an approximate analytical solution it is con-
venient to work in the interaction picture (denoted by the B
symbol):

@

@t
j~cðtÞi ¼ �i ~̂V j~cðtÞi; (18)

where ~̂V is the Hamiltonian describing the magnetic field
coupling to the atoms:

~̂VðtÞ ¼ eiĤ0t gsmBBŜz

� �
e�iĤ0t

¼ gHBðtÞ

1 0 0 0

0 � cosðo0tÞ i sinðo0tÞ 0

0 �i sinðo0tÞ cosðo0tÞ 0

0 0 0 �1

0
BBBBBB@

1
CCCCCCA:

(19)

In the last equation ~̂V is expressed in the uncoupled basis.
The solution of eqn (18) can be expressed in the form of the

Magnus series.25 For magnetic fields that change slowly with
respect to the hyperfine frequency so that:ðt

0

Bðt 0Þeio0t
0
dt 0 �

ðt
0

Bðt 0Þdt 0 (20)

jcð0Þi0 ¼ c0j i ¼
1; 0; 0; 0ð ÞTu;y ������!R̂x � 1;0;0;0ð ÞT 1

2
;�i

2
;�i

2
;�1

2

� �T

u

�!T cu 1

2
;�i

2
;�1

2
; 0

� �T

c

; s ¼ 1

0; 0; 0; 1ð ÞTu;y ������!R̂x � 0;0;0;1ð ÞT �1
2
;�i

2
;�i

2
;
1

2

� �T

u

�!T cu �1
2
;�i

2
;
1

2
; 0

� �T

c

; s ¼ �1

8>>>><
>>>>:

; (13)

cð0Þj i1¼ c1j i ¼
0; 0; 1; 0ð ÞTu;y ������!R̂x � 0;0;1;0ð ÞT �i

2
;�1

2
;
1

2
;�i

2

� �T

u

�!T cu �i
2
; 0;�i

2
;
1ffiffiffi
2
p

� �T

c

; s ¼ 1

0; 1; 0; 0ð ÞTu;y ������!R̂x � 0;1;0;0ð ÞT �i
2
;
1

2
;�1

2
;�i

2

� �T

u

�!T cu �i
2
; 0;�i

2
;� 1ffiffiffi

2
p

� �T

c

; s ¼ �1

8>>>><
>>>>:

: (15)

jcðtÞi1 ¼ �1
2
ie�i

o0
4
þgHB

� �
t;�is

ffiffiffi
2
p

gHBe
i
o0
4
t sin

1

2
~ot

� �
~o

;�1
2
ie�i

o0
4
�gHB

� �
t; s

ei
o0
4
t io0 sin

1

2
~ot

� �
þ ~o cos

1

2
~ot

� �� �
ffiffiffi
2
p

~o

0
BB@

1
CCA

T

�� 1

2
iei

1
4
o0þ2~oð Þt e�i

o0
2
þgHBþ

1
2

~o
� �

t; 0; e�i
o0
2
�gHBþ

1
2

~o
� �

t; i
ffiffiffi
2
p

s
� �T

;

(17)
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the solution of eqn (18) can be approximated by keeping only
the first term in Magnus expansion. In this case:

j~cðtÞi � exp �i
ðt
0

~̂Vðt 0Þdt 0
� �

jcð0Þi; (21)

and the observable (taking into account the condition (20)) can be
written as:

d

dt
h~cðtÞjeiĤ0tŜxe

�iĤ0tj~cðtÞi

� s
d

dt
� 1

2
sin gH

ðt
0

Bðt 0Þdt 0
� �

cosðo0tÞ
� �

� �so0

2
� sin gH

ðt
0

Bðt 0Þdt 0
� �

sinðo0tÞ:

(22)

The last approximation holds for gHB { o0.
The condition stated in 20 implies that the magnetic field

does not induce hyperfine transitions and the magnetic
field can be treated as a perturbation to the energies of the
hyperfine levels. Then, for small magnetic fields (gHB { o0) the
Hamiltonian for H atoms (hyperfine levels with F = 0 and F = 1)
can be approximated to be (as before the magnetic field
direction is taken to be the quantization axis):

Ĥ E Ĥ0 + gHB(t)(Ŝz + Îz). (23)

This Hamiltonian commutes with itself at different times and
the Schrödinger equation can be solved analytically:

jcðtÞi ¼ e
�i
Ð t
0
Ĥðt 0Þdt 0 jcð0Þi (24)

Decay

The evolution of spins is also affected by relaxation processes
leading to non-Hamiltonian dynamics. We model these by
introducing a decay term in the density matrix equation:

dr
dt
¼ i½r;H	 � 1

T2
ðr� reqÞ; (25)

where 1/T2 is the decay rate, and req corresponds to the state
towards which the decay processes drive the system. We take
this quantum state to be the completely unpolarized state,
written in the form:

req ¼
1

4
I4�4; (26)

where I4�4 is the 4 � 4 identity matrix. For eqn (25) and (26) to
be valid the population decay (hydrogen atom losses due to
formation of molecules) should be significantly slower com-
pared to (atomic) hydrogen spin-decoherence processes. This
condition is justified in our case.

The density matrix at t = 0 is (z quantization axis the
direction of magnetic field and optical pumping in the y axis):

rð0Þ ¼ 1

2
jc0ihc0j þ

1

2
jc1ihc1j !

1

4
s
i
4

0 0

�si
4

1

4
0 0

0 0
1

4
s
i
4

0 0 �si
4

1

4

0
BBBBBBBBBBBBB@

1
CCCCCCCCCCCCCA

u

! 1

4

1 s
iffiffiffi
2
p 0 �s iffiffiffi

2
p

�s iffiffiffi
2
p 1 s

iffiffiffi
2
p 0

0 �s iffiffiffi
2
p 1 �s iffiffiffi

2
p

s
iffiffiffi
2
p 0 s

iffiffiffi
2
p 1

0
BBBBBBBBBBBBB@

1
CCCCCCCCCCCCCA

c

:

(27)

An analytical solution to the density matrix equation can be
found for a static magnetic field or for an arbitrary field when
the Hamiltonian can be approximated by eqn (23). In the
experimentally relevant limit of o0 c (1/T2, gHB) the signal is
(keeping lowest order terms in the harmonic amplitudes):

dŜx

dt

* +
ðtÞ ¼ Tr

dr
dt
Ŝx

� �
� �s1

4
e�t=T2

� sin gH

ðt
0

Bðt 0Þdt 0
� �

sinðo0tÞ:

(28)

Eqn (25) and (26) implies spin-damping occurs (at equal
rate) for both electron and nuclear spin of H. However, the
results derived here are general for the relevant approximations
(o0 c (1/T2, gHB)) and condition (20). For instance, eqn (28) is
reproduced also for decay mechanisms that relax only the
electronic spin:

dr
dt
¼ i½r;H	 � 4

3T2
ðŜ2 � r� Ŝ � rŜÞ: (29)

Appendix B: spin-projection noise

In the following we will need to know the multi-time correlation

dŜx

dt
ðtÞdŜx

dt
ðt 0Þ

* +
; (30)

where we take

d

dt
Ŝx ¼ i Ĥ; Ŝx

� �
� 1

T2
Ŝx (31)

The last term (not derived from first principles) was introduced
to account for the spin decay. We assume that the evolution of
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the density matrix r is given by eqn (25) (though the results
are the same – within the relevant approximations – for the
evolution described in eqn (29)).

The multi-time correlation can be written operationally in
the form:

dŜx

dt
ðtÞdŜx

dt
ðt 0Þ

* +
¼ Tr

dŜx

dt
Ûðt; t 0Þ dŜx

dt
rðt 0Þ

 !" #( )
; (32)

where U(t, t0) is the evolution operator of the density matrix
from time t0 to t (t 4 t0), and r(t0) is the density matrix at time t0:
r(t0) = U(t0, 0)r(0). The evolution operator U cannot be written in
the form of a matrix and is not associative. The evolved state

Ûðt; t 0Þ dŜx

dt
rðt 0Þ

 !
can be found from the general solution of

eqn (25) taking
dŜx

dt
rðt 0Þ as the initial condition for the density

matrix. For quantum noise analysis we can take the magnetic
field to be zero in the calculation of the multi-time correlation,
since quantum noise affects considerably magnetometry only at
low fields. When o0T2 c 1, it can be found that:

dŜx

dt
ðtÞdŜx

dt
ðt 0Þ

* +
¼ 1

8
o2e�jt�t

0 j=T2 cos o0ðt� t 0Þ½ 	: (33)

In order to find what is the magnetic field uncertainty due
to spin-projection noise, we have to specify a method for

estimating the magnetic field from the detected signal
dŜx

dt
ðtÞ.

Taking into account eqn (28), one way to do this (appropriate
for arbitrary magnetic waveforms) is from considering the
‘‘quasi-instantaneous’’ amplitude of the frequency component
at the hyperfine frequency:

xðnThfÞ ¼
1

Thf

ððnþ1ÞThf

nThf

dŜx

dt
ðtÞ sinðo0tÞdt; (34)

where Thf = 2p/o0 is the period of hyperfine oscillation and n is
an integer number. We assume that the magnetic field can be
written in the form: BðtÞ ¼ B0KðtÞ, where K is a known (but
other than this an arbitrary), time-dependent function. Spin-
projection noise creates an uncertainty in the estimation of B0.

We consider the case where the functions KðtÞ and e�t/T2

evolve in time much slower compared to sin(o0t) and can
therefore be considered constant during the hyperfine period.
Effectively this is the situation for o0T2 c 1 and the condition
stated in 20. Then, the quasi-amplitude of the sine wave at
hyperfine frequency is (we ignore the – irrelevant for noise
purposes – �s factor in the signal in eqn (28)):

1

Thf

ððnþ1ÞThf

nThf

dŜx

dt
ðtÞsinðo0tÞdt�

1

8
o0e

�nThf=T2 sin gHB0

ðnThf

0

Kðt 0Þdt 0
� �

�1
8
o0e

�nThf=T2gHB0

ðnThf

0

Kðt 0Þdt 0;

(35)

where the last approximation holds for small magnetic fields.

The magnetic field B0 can be estimated by minimizing with
respect to the parameter B0 the w2 function:

w2 ¼
XM
n¼0

1

8
o0e

�nThf=T2gHB0

ðnThf

0

Kðt 0Þdt 0 � xðnThfÞ
� �2

; (36)

where MThf is the total measurement time. The above equation
can be viewed as a curve fitting problem with unknown para-
meter B0 for a noisy signal. The solution to the curve fitting
problem is:

B0 ¼

PM
n¼0

xðnThfÞe�nThf=T2
Ð nThf

0 Kðt 0Þdt 0

gH
PK
n¼0

1

8
o0e�2nThf=T2

Ð nThf

0 Kðt 0Þdt 0
	 
2; (37)

and the estimation uncertainty in B0 due to the spin-projection
noise is:

dB0
2 ¼

PM
n0¼0

PM
n¼0

xðnThfÞxðn0ThfÞh ie�ðnþn0ÞThf=T2
Ð nThf

0 Kðt 0Þdt 0
Ð n0Thf

0 Kðt 00Þdt 00

gH2
PK
n¼0

1

8
o0e�2nThf=T2

Ð nThf

0 Kðt 0Þdt 0
	 
2� �2 :

(38)

From eqn (33) and (34) we find (in the limit of o0 c g):

hxðnThfÞxðn0ThfÞi ¼
1

32
o0

2e� ðn�n
0Þj jThf=T2 ; (39)

so that:

dB0
2 ¼ 2

Ð Tm

0

Ð Tm

0 dtdt 0e� tþt 0ð Þ=T2 e� t�t 0j j=T2
Ð t
0Kðx0Þdx0

Ð t 0
0 KðxÞdx

gH
Ð Tm

0
dte�2t=T2

Ð t
0
KðxÞdx

� �2h i2 ;

(40)

where Tm is the measurement time for a single run of the
experiment.

The above derivation applies to a measurement a single
H atom. For NSPH independent (absence of spin-squeezing)
H atoms the uncertainty in magnetic field estimation is:

dB0
2 ¼ 2

NSPH

Ð Tm

0

Ð Tm

0 dtdt 0e� tþt 0ð Þ=T2 e� t�t 0j j=T2
Ð t
0Kðx0Þdx0

Ð t 0
0 KðxÞdx

gH
Ð Tm

0 dte�2t=T2
Ð t
0KðxÞdx

� �2h i2 :

(41)
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