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Selection rule for Raman spectra of two-dimensional
materials using circularly-polarized vortex light

Riichiro Saito, *a Muhammad Shoufie Ukhtary, ab Sake Wang a and
Nguyen Tuan Hung c

Conservation of spin and orbital angular momenta of circularly-polarized vortex light is discussed for Raman

spectra of two-dimensional materials. We first show the selection rule for optical absorption of two-

dimensional materials as a function of the spin and orbital angular momentum of incident vortex light. In the

case of two-dimensional materials, the Raman tensor for the incident vortex light does not change the

symmetry of the phonon mode. Furthermore, the Raman active modes are classified by either ‘‘helicity-

changing’’ or ‘‘helicity-conserved’’ Raman modes, in which the scattered photon of circularly polarized light

either changes or does not change the helicity of the light, respectively. We show tables of selection rules for

the Raman active modes of two-dimensional materials with 2, 3, 4, and 6 rotational symmetry for vortex light.

1 Introduction

Vortex light is an electro-magnetic wave (EM) with an orbital
angular momentum. Vortex light has received a lot of attention
due to its potential applications in areas such as quantum
information protocols and optical communications.1,2 In 1966,
Kogelnik and Li derived the Laguerre–Gaussian mode of the vortex
light by solving the paraxial Helmholtz equation in which the
amplitude of the EM changes slowly compared with the wave-
length as the wave propagates.3 The amplitude of the cth Laguerre-
Gaussian mode has an azimuthal phase shift term, exp(icj), where
j is the azimuthal angle in the cylindrical coordinate and the
integer c is called the topological charge. The corresponding vortex
light has an orbital angular momentum ch�.4 In this paper, we
discuss the conservation law of angular momentum in the Raman
scattering of two-dimensional (2D) materials.

For vortex light, we have another freedom of spin-angular-
momentum �h� depending on the left-handed (+h�) or right-
handed (�h�) circularly polarized light, or the helicity of the
photon (�1), which was observed experimentally by Beth in
1936.5 Since the spin and orbital angular momenta are related
to the amplitude and the phase of EM, respectively, the spin
and orbital angular momenta of light are independent of each
other. In previous work, we have shown the conservation law of
spin-angular-momentum of circularly polarized light in the

Raman spectroscopy for 2D materials that have rotational
symmetry.6 We have shown that the inelastically scattered light
either changes or conserves the helicity of the incident photon,
which depends on the Raman-active phonon mode and the
rotational symmetry of 2D materials. The prediction of the
helicity-changing Raman mode is consistent with the analysis
of the Raman tensor and the Raman measurement using
circularly polarized light for graphene (6-fold),7 TaP or LaAlSi
(4-fold),8,9 transition-metal dichalcogenides (TMDs) (3-fold),10

and ReS2 (2-fold)11 2D materials. In this paper, we consider the
angular momentum of the vortex light for discussing the
selection rule for Raman active modes of 2D materials.
Although we do not evaluate the Raman intensity, we discuss
the selection rule for Raman spectra by using the incident
vortex light.

Raman spectroscopy has been frequently used as a non-
contact characterization technique for low-dimensional materi-
als such as carbon nanotubes and 2D materials under ambient
conditions, that is, room temperature and atmospheric
pressure.12,13 Chen et al. observed Raman spectra of 2D MoS2

by using circularly-polarized light.10 They showed that the
scattered light by the in-plane E0-symmetry phonon changes
the helicity of the incident circularly-polarized light as is known
as helicity-changing Raman spectra, while the scattered light by

the out-of-plane A
0
1-symmetry phonon does not change the

helicity (helicity-conserved Raman spectra). Occurrence of the
helicity-changing Raman spectra is simply understood by the
Raman tensor for a given phonon mode using the Jones vector
of circularly-polarized light.6

Tatsumi et al. have discussed the helicity-changing Raman
spectra using the conservation law of angular momentum in
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the Raman scattering process.6 They have predicted several
helicity-changing Raman active modes of 2D materials with 2,
3, 4, or 6 fold rotational symmetry around the axis perpendicular to
the 2D material, which is consistent with the calculated resonant-
Raman spectra14 and the experiments.7,10 In the first-order Raman
process, we have three Raman sub-processes (see Fig. 1): (1) optical
absorption of an incident photon, (2) a phonon emission by the
photo-excited electron, and (3) a photon emission as the inelastic-
scattered light. Each sub-process is given by the matrix elements of
electron–photon (1, 3) and electron–phonon (2) interactions. When
a 2D material has an N-fold rotational symmetry and when the n-th
phonon has an Nn-fold rotational symmetry, the electron–photon
and electron–phonon matrix elements have the optical selection
rules by the N-fold and Nn-fold rotational symmetry, respectively,
whose products give the conservation law of angular momentum
of the materials.6 This concept can be extended to the angular
momentum of the vortex light, which is the motivation of the
present paper.

Ishii et al.15 discussed the optical selection rule for optical
absorption of the vortex light for monolayer MoS2 with a 3-fold
rotational symmetry, in which they showed that the orbital
angular momentum gives the valley-dependent selection rule at
the K and K0 points in the hexagonal Brillouin zone. Li et al.16

discussed the Raman scattering of 3D cubic material using the
vortex light in which they assumed that orbital angular momentum
is not coupled with the materials but that the Raman tensor
changed the form as a function of the orbital angular momentum
which results in the appearance of a new Raman-active mode as a
function of orbital angular momentum in the case of 3D materials.
Here we explain that the shape of the Raman tensor does not
change for vortex light in the case of 2D materials.

The organization of the paper is as follows. In Section 2, we
discuss how to obtain the conservation of angular momentum.
In Section 3, we show the selection rules of electron–photon
and electron–phonon matrix elements in the Raman scattering.
In Section 4, we calculate the conservation law in Raman
scattering for two-dimensional materials with 2, 3, 4, and 6
rotational symmetry. In Section 5, the main results of the

conservation law are tabulated, followed by discussion and
summary.

2 Conservation law of angular
momentum

Here, we consider a 2D material that has N-fold rotational
symmetry around the z axis perpendicular to the material in the
xy plane. Hereafter, we consider the case where the incident
and scattered light propagates in the directions of �z and +z,
respectively. Let us define the rotation operator around the z
axis with an angle a = 2p/N as follows:

UðaÞ ¼ exp �iaLz

�h

� �
; (1)

where Lz� �ih�q/qj is the z component of the angular momentum
operator in a cylindrical coordinate. Since the Hamiltonian H is
commutable with U(a), [H, U(a)] = 0, any wavefunction of H, |mi,
is also an eigenfunction of U(a), that is, U(a)|mi = C|mi. Using the
facts that {U(a)}N is a 2p rotation and that CN = 1, the eigenvalues
of U(a) are expressed by,

U(a)|mi = exp(�ima)|mi, (m = 0, 1, 2, . . ., N � 1) (2)

When we consider the cylindrical coordinate, the eigenfunction
of Lz is given by exp(imj) whose eigenvalue is mh�. When we
multiply U(a) by exp(imj), we get

UðaÞ expðimjÞ ¼ expfimðj� aÞg

¼ expð�imaÞ expðimjÞ;
(3)

which means that exp(imj) is an eigenfunction of U(a) for the
eigenvalue of exp(�ima). Thus it is reasonable for us to call mh�
a pseudo angular momentum though the definition is valid
only for a discrete rotational angle.

Let us consider how to rotate a matrix element, hm0|O|mi
by U(a) for an interaction operator Ô which has an N0-fold
rotational symmetry. In general, the value of N0 is smaller than
N. However, if O does not depend on j, N0 becomes infinite. In
this case, we can select as N0 = N. When we operate U(a) on O,
the variable j in O is changed to j + a. If the O has a j
dependence as exp(imOj), we obtain

O(j + a) = exp(�imOa)O(j), (4)

where an integer mO is taken from mO = 0, 1, . . ., N0 � 1 which
satisfies O(j + 2p) = O(j).

When we apply U(a) to O(j), we get

U(a)O(j) = O(j + a)U(j) = exp(�imOa)O(j)U(a), (5)

from which we obtain the unitary transformation of O(j) as follows

U(a)OU�1(a) = exp(�imOa)O. (6)

Using eqn (2) and (6), when we rotate the matrix element,
hm0|O|mi, we get

hm0|U�1(a)U(a)OU�1(a)U(a)|mi
= exp{i(�m + m0 � mO)a}hm0|O|mi. (7)

Fig. 1 Illustration of the Raman process. The first-order Raman process
for emitting a phonon consists of (1) optical absorption from the m to m0

electronic state by electron–photon interaction, (2) the photo-excited
electron emits a phonon by the electron–phonon interaction with transition
from the m0 to m00 state, and (3) the photo-excited electron recombines with
a hole by emitting the scattered photon by the electron–phonon interaction
with transition from the m00 to m state.12,18
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It is noted that O generally has a lower symmetry than H and
that a in U(a) should be selected for the N0-fold rotational
symmetry. Here we assume that N0 is a divisor of N. If the
matrix elements of O have an N0-fold rotational symmetry, the
exp i(m � m0 + mO)a should be unity, in which m and m0 (or mO)
are integers from 0 to N0 � 1. Otherwise, by integration of the
matrix elements over the j from 0 to 2p, the integration would
give zero. From this fact, we get the conservation law of angular
momentum as follows

m0 � m � mO = N0p, (8)

where p is any integer. Eqn (8) is understood by the con-
servation law of angular momentum for the operator O.

In the next section we consider the selection rule for
electron–photon and electron–phonon matrix elements using
eqn (8).

3 Selection rule of the matrix element
3.1 Electron–photon matrix element

The electron–photon matrix element Mopt is given by time-
dependent perturbation theory as follows17

Mopt ¼
ie�h

me
m0 As

‘ � r
�� ��m� �

; (9)

where me is the mass of an electron and As
c is the vector

potential of the light. For the Laguerre–Gaussian mode of the
vortex light, the vector potential in the cylindrical coordinate is
given by15

As
‘ ðr;j; zÞ ¼ esA

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2p!

pðpþ j‘jÞ!

s
w0

wðzÞ

ffiffiffi
2
p

r

wðzÞ

 !j‘j
Lj‘jp

2r2

w2ðzÞ

� �

� exp � r2

w2ðzÞ

� �
exp i‘j� iotþ ikzð Þ

� esA f ðr; zÞ exp i‘jð Þ;

(10)

where c, p, z, r, L|c|
p , w0, and w(z) denote, respectively, orbital

angular momentum, the radial index, propagation direction (z)
and radial direction (r) in the cylindrical coordinate, the
Laguerre polynomial function, the beam waist and the beam
width function. esA is the unit vector for the amplitude of light,
which is known as the Jones vector,

esA ¼
1ffiffiffi
2
p 1

is

� �
; (11)

where s = +1 and s = �1 denote the spin-angular momentum of
the light, and correspond to the left-handed and right-handed
circularly polarized light (LCP and RCP), respectively. The
function f (r, z) in eqn (10) is defined as the remaining part of
As
c except for the factors of esA and exp(icj). We will use the fact

that the f (r, z) does not contain j.
The optical transition is allowed when Mopt a 0, while the

transition is forbidden when Mopt = 0. When we multiply

U�1(a)U(a) in eqn (9), we obtain the following expression, by
putting eqn (10) into eqn (9).

Mopt ¼ m0 exp i‘jð Þf ðr; zÞesA � r
�� ��m� �

;

¼ m0j exp i‘jð Þf ðr; zÞU�1ðaÞ
�
�UðaÞesAU�1ðaÞ �UðaÞrU�1ðaÞUðaÞ mj

�
;

(12)

where r corresponds to O in eqn (7). Since f (r, z) does not contain
j, and since esA is commutable6 with U(a), that is, U(a)esAU

�1(a) = esA,
the left-most U�1(a) in eqn (12) applies to the product of the
functions, hm0|exp(icj) from the right as follows

hm0| exp(icj)U�1(a) = exp{i(m0 � c)a}hm0| exp(icj). (13)

In eqn (13), we use eqn (3) for exp(icj) as follows,

U(a) exp(icj) = exp(�ica) exp(icj). (14)

For the inner product of esA�{U(a)rU�1(a)}, we get as follows,6

esA � UðaÞrU�1ðaÞ
� 	

¼ 1ffiffiffi
2
p 1 �isð Þ

cos a � sin a

sin a cos a

 ! @

@x

@

@y

0
BBB@

1
CCCA

¼ 1ffiffiffi
2
p ðcos a� is sin aÞ @

@x

�
�isðcos a� is sin aÞ @

@y

�

¼ 1ffiffiffi
2
p expð�isaÞ @

@x
� is

@

@y

� �

¼ expð�isaÞðesA � rÞ; (15)

where we use the relation that exp(�isa) = cosa� issina, for s =�1.
Using eqn (10), (12), (13) and (15), eqn (12) becomes

Mopt = exp{i(m0 � m � s � c)a}hm0|As
c�r|mi. (16)

Since eqn (9) and (12) are identical, we get the following
selection rule for the vortex light from eqn (16)

m0 � m � s � c = Np, (17)

where p is any integer. In particular, if eqn (17) does not satisfy,
Mopt should be zero. It is important to note that both s and c
can be either a positive or negative integer. Although we have
the expression of �s � c, we have any combination of s and c
with a positive or negative integer.

3.2 Electron–phonon matrix element

The electron–phonon matrix element Mep is given by

Mep = hm00|An�rV|m0i, (18)

where An and rV denote, respectively, the amplitude of the n-th
phonon mode and deformation potential. Tatsumi et al. give
the selection rule for Mep,6 which is common for the Raman
spectra for non-vortex light as follows.

m00 � m0 = �mph
n + Nnp2, (19)
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where p2 is any integer, mph
n is an angular momentum of the

n-th phonon, and Nn is an integer for the Nn-th rotational
symmetry for the n-th phonon. For example, in a TMD which
has a three-fold rotational symmetry and thus N = 3, Tatsumi
et al. gave Nn = N = 3 or Nn = 1 for the A

0
1 and the E0 Raman active

modes, respectively.6

It is important to comment on the treatment of the Nn. A
phonon eigen-mode at the G point in the Brillouin zone
belongs to the irreducible representation of the point group
of the unit cell. For the Raman active modes, the phonon
oscillation behaves as a quadratic function for the irreducible
representation such as x2 � y2 or xy from which we can make the
Raman tensor. The linear combination of these functions can be
an eigenfunction of U(a) for N (not Nn) rotational symmetry. For
example, the E0 mode (x2 � y2, xy) of TMD, which was given by
Nn = 1 and mph

n = 0,6 can be expressed by Nn = N = 3 and mph
n = �2.

In fact, when we multiply U(a) with a = 2p/3 by (x2 � y2 � i2xy),
we get

U
2p
3

� �
x2 � y2 � i2xy

 �

¼ exp �4pi
3

� �
x2 � y2 � i2xy

 �

: (20)

Eqn (20) means that the phonon amplitude for the E0 mode is
expressed by the linear combination of eigenstate of U(a) with
mph
n = �2. Since we have several possible mph

n for one phonon
mode, we need to consider eqn (19) for each value of mph

n .
We think that the new expression of mph

n is reasonable for
ci a 0, though both expressions give almost the same results
for ci = 0. In order to avoid any confusion between the notations
by Tatsumi et al. and those in the present paper, we keep using
eqn (19) but hereafter we set Nn = N and we use the new
value of mph

n .

3.3 Raman process

In Fig. 1, we illustrate the first-order Raman process for emitting a
phonon which consists of (1) optical absorption from the m to m0

electronic states by the electron–photon interaction, (2) the photo-
excited electron emits a phonon by the electron–phonon interaction
with transition from the m0 to m00 state, and (3) the photo-excited
electron recombines with a hole by emitting the scattered photon by
the electro–phonon interaction with transition from the m00 to m
state.12,18 For (1) and (2), the optical selection rules of eqn (17)
and (19) are applied, respectively, to get the selection rule for
each sub-process.

For the absorption sub-process (1), we get the conservation
rule from eqn (17)

m0 � m = si + ci + Np1, ( p1 = 0, �1, �2,. . .), (21)

where si and ci denote the spin and orbital quantum numbers
of the incident light, respectively. For the phonon emission
sub-process (2), we get the conservation rule from eqn (19)

m00 � m0 = �mph
n + Nnp2, ( p2 = 0, �1, �2,. . .). (22)

For the optical transition to the bottom of the conduction band,
since the m00 state is a virtual state that is given by a linear
combination of excited states in perturbation theory, we usually
approximate as m00 = m0. However, it is noted that we can take

many possible values of m00 in eqn (22) in the selection rule,
since the intermediate state for m00 is a virtual state. For the
scattered photon emission sub-process (3), the matrix element
is the complex conjugate of that for absorption. Then, we get
the conservation rule without c from eqn (17) as follows

m � m00 = �ss + Np3, ( p3 = 0, �1, �2,. . .), (23)

where ss denotes the spin quantum numbers of the scattered
light. Here, we assume that the scattered light does not have
orbital angular momentum. The assumption is reasonable
since the generation of the angular momentum in vortex light
does not come from the dipole transition of electron but from
some optical techniques such as spiral phase plate19 etc. By
adding each side of eqn (21)–(23), we get the conservation rule
for the Raman process as follows;

ss � si � ci = �mph
n + Nnp, ( p = 0, �1, �2,. . .)

(24)

where we adopt Nn = N as discussed in Section 3.2. Since
eqn (24) does not contain m, m0 and m00, the final result does
not depend on the quantum number of the wavefunction. This
does not mean that the optical selection rule for Raman
scattering does not contain the information of wavefunction.
When one of the three matrix elements in the Raman process
becomes zero by eqn (21)–(23), the Raman-scattering amplitude
becomes zero. Thus, we need to consider each optical selection
rule for the Raman process. When we put ci = 0, the conservation
rule should correspond to the case of non-vortex light that we
obtained in previous work except for eqn (22).6

4 Examples of MoS2 and graphene

Let us show examples of the selection rule for the Raman active
modes of 2D materials with N = 2, 3, 4, 6 rotational symmetry.
First, we discuss the transition-metal dichalcogenides, MoS2

(N = 3) since the effect of rotational symmetry works not only
for the Raman tensor but also the selection rule for optical
absorption.

4.1 Valley polarization effect in MoS2 with ci a 0 (N = 3)

The monolayer, MoS2, has a three-fold rotational symmetry
(N = 3). It is known that the valley polarization effect for optical
absorption occurs for circularly polarized light, in which the
optical absorption occurs for LCP (RCP) light at the K (K0) point
in the hexagonal Brillouin zone.20–27 We note here that the
label of either K or K0 points in the hexagonal Brillouin zone can
be determined by the valley polarization effect in which we
define the K (K0) point by optical absorption of the LCP (RCP)
light. The valley polarization corresponds to the case in eqn (21)

m0 � m = (si + ci) + 3p1 ( p1 = 0, �1, �2,. . .), (25)

in which the value of m (m0) is the eigenvalues of the 3-fold
rotational symmetry for the valence (conduction) band that
depends on the K or K0 valleys. It is noted that the values of m
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(m0) give an opposite sign between K and K0 valleys because of
time-reversal symmetry.

In Fig. 2, we show the valence and conduction bands near
the K and K0 points that are split into the spin-up (red) and
spin-down (blue) sub-bands by spin–orbit interactions. At the K
and K0 points, the valence band consists of the dx2–y2 + 2itdxy

orbital of a Mo atom in which t is the valley index (t = +1 for the
K point and t = �1 for the K0 point).28 The corresponding m
value is 2t. The conduction band consists of dz2 with m = 0 at
both the K and K0 points. It is noted that the phase factor,
exp(ik�R), of the Bloch wavefunction at k = K(K0) point does not
change the shape by operating C3 (a = 2p/3) rotation to R, that
is, exp(ik�(C3R)) = exp(ik�R). Only the atomic orbitals at each R
are rotated 2p/3 around C3R by the C3 rotation.

The half-integer values of mj for each subband in Fig. 2 are
given by summing m and �1/2 (for up (+) and down (�) spin) by
spin–orbit interactions. The dipole optical transition occurs
from the valence band to the conduction band with keeping the
spin direction unchanged, which gives Dmj = �2(2) for the K(K0)
points. Since Dmj = �2(2) is equivalent to Dmj = 1(�1) in the
3-fold rotational symmetry by adopting non-zero p1 in eqn (25),
the left-hand side of eqn (25) can be written as follows:

Dm � m0 �m ¼
þ1 ðK pointÞ

�1 ðK 0 pointÞ

(
: (26)

In Table 1, we show either K or K0 point at which the optical
absorption occurs by showing the possible p1 values in eqn (25).
The data in Table 1 are consistent with the results shown in
Table 1 by Ishii et al. though they did not show the derivation of
the results.15 When we consider a non-vortex light (ci = 0), p1 = 0
satisfies eqn (25) as Dm = si, which is the origin of the valley
polarization effect. When ci = �1 and si = 1 (LCP), eqn (25) is
not satisfied for any p1 for Dm = �1 (the K0 point). On the other

hand, for Dm = 1 (the K point), p1 = 1 satisfies eqn (25) when ci =
�1 and si = �1. This means that only RCP with ci = �1 is
absorbed at the K point (not the K0 point) and that there is no
optical absorption for LCP with ci = �1. Similarly, when ci = +1,
only LCP is absorbed at the K0 point and there is no optical
absorption for RCP.

Thus, the optical absorption always occurs for any ci as
shown in Table 1, which makes it difficult to observe the optical
absorption at one valley for ci = 3p � 1 (p is an integer). Since
the conduction band is split by spin–orbit interactions, the
lowest conduction band is spin-polarized whose direction is
opposite for the K and K0 points. Thus, if we can measure the
spin of photo-excited carrier excited by the light with the
excitation energy at the energy gap (or A exciton), we can
observe whether the optical absorption occurs at the K and K0

points for a given ci.

4.2 Raman selection rule of MoS2

From eqn (24), let us obtain the selection rule for Raman
spectra. In MoS2, there are two Raman-active modes, that is,
the out-of-plane chalcogen (OC) mode and the in-plane metal
and chalcogen (IMC) mode which belong to A1g and E2g

irreducible representation of D3h, respectively. As is discussed
in Section 3.2, we adopt Nn = N for both the OC and IMC modes.
The value of mph

n for the OC mode is 0 while mph
n of the IMC

mode is �2.
When we discuss the Raman selection rule of the resonant

Raman spectra by vortex light for 2D materials, we can use the
following three rules: (1) conservation of angular momentum
(eqn (24)), (2) optical absorption selection rule (eqn (21)) and (3)
either helicity-conserved (si = ss) or helicity-changing (si = �ss)
Raman mode. The reason why we can use rule (3) even for the
vortex light is that the symmetry of the Raman tensor does not
change even though we consider the function of r = (x2 + y2)1/2

in the vector potential A, eqn (10). Here we consider the
geometry of the incident (scattered) light in the direction
of �z (+z), any function of r is invariant for a rotation around
the z axis and thus the symmetry for the function of r belongs
the A1g symmetry. Thus, any product of (1) phonon wavefunc-
tion in an irreducible representation and (2) the function of r in
the A1g irreducible representation does not change the symme-
try of the phonon wavefunction. As a result, the fact of either
helicity-conserved (si = ss) or helicity-changing (si = �ss)
Raman mode does not change even for ci a 0. In the case
of 3D material, on the other hand, since the cylindrical variable
r = (x2 + y2)1/2 does not belong to A1g that usually belongs

Fig. 2 The valley polarization appears in MoS2 in which the optical
absorption selectively occurs for the left-handed (or right-handed) circularly
polarized light (LCP s+, or RCP s�) at the K (or K0) point in the hexagonal
Brillouin zone. At the K (t = +1) and K0 (t = �1) points, the valence band
consists of the dx2–y2 + 2itdxy orbitals of Mo whose m values are +2 and �2,
respectively. The conduction band consists of dz2 with m = 0 at both the K and
K0 points. Furthermore, the valence band and conduction band are split into
two spin-dependent subbands with mj values by spin–orbit interactions.
Optical dipole transition occurs between the same spin subbands with
Dmj = 82 which is equivalent to Dmj = �1 in the 3-fold rotational symmetry
with a non-zero p1 value in eqn (25).

Table 1 Selection rule of optical absorption of MoS2 for vortex light. K and
K0 denote that the absorption occurs at the K and K0 points for LCP or RCP.
Corresponding values of p1 in eqn (25) are also listed. The symbol ‘‘—’’
denotes optically forbidden

ci �3 �2 �1 0 1 2 3

LCP (si = + 1) K K0 — K K0 — K
p1 1 0 — 0 �1 — �1
RCP (si = �1) K0 — K K0 — K K0

p1 1 — 1 0 — 0 �1
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to r = (x2 + y2 + z2)1/2 in 3D, the shape of Raman tensor depends
on c, which was discussed by Li et al.16

In the case of Raman spectra by non-vortex light, Chen et al.
observed that the IMC mode (x2 � y2, xy, mph

IMC = �2) is the
helicity-changing Raman mode (Ds � si � ss = �2) while the
OC mode (x2 + y2, mph

OC = 0) is helicity-conserved Raman mode
(Ds = 0), which is consistent in the case of ci = 0 and the above
values of Nn and mph

n in eqn (24).6

In Table 2, we list the selection rule of 2D MoS2 for Raman
spectra of the OC and IMC modes using LCP or RCP light. For a
given ci, si is the possible incident LCP (si = 1) or RCP (si = �1)
light that give Raman scattering. When we put the values of
Nn = 3, ss = si and mph

OC = 0 for the OC mode in eqn (23), we get
�ci = 3p. Thus, the Raman signal for OC can be observed only
for ci = 3p. When we put the values of Nn = 3, ss = �si and
mph

IMC = �2 for the IMC mode in eqn (23), we get �2si � ci =
�2 + 3p. For ci = 1, since si = 1, we do not have a solution for p.
Similarly, for ci = �1, since si = �1, we do not have a solution
for p, either. Thus, we expect that the Raman signal might
appear only when ci is a multiple of 3 as listed in Table 2.

4.3 Raman selection rule for graphene (N = 6)

In the case of graphene (N = 6), the first-order Raman mode is
the G band with E2g symmetry (x2 � y2, xy, mph

G = �2) of the D6h

point group.6 The helicity-resolved Raman intensity of the G
band is calculated14 and is observed experimentally7 as the
helicity-changing Raman mode si =�ss for non-vortex, incident
light. In the case of graphene, since there is no energy gap at
the K (K0) point, we cannot use the selection rule of optical
absorption at the high-symmetry K (K0) points. Furthermore,
since the optical transition from the p to p* bands occurs for
the atomic dipole moment of the 2pz orbitals between the
nearest-neighbor carbon atoms,29 we cannot obtain the value
of Dm for the optical absorption at a general k. Thus, we
generally expect optical absorption for any ci.

When we put in eqn (24) ss � si = �2 and mph
G = �2, we get,

�2 � ci = �2 + 6p (27)

In the case of ci = 0, we have a solution p = 0 in eqn (27). When
ci is an odd number, we do not have a solution of p in eqn (27)
and thus we do not expect a Raman signal of the G band for odd
numbers of ci. For ci = 2, if ss � si = �2, we have a solution of
p = �1 and mph

G = + 2 in eqn (27), which correspond to the
helicity changing Raman scattering from LCP to RCP. For
ci = �2, if ss � si = +2, we have a solution of p = +1 and

mph
G = �2 in eqn (27), which correspond to the helicity changing

Raman scattering from RCP to LCP.
In Table 3, we show the possible si for observing the G band

Raman spectra. When ci = 6p, we get Raman spectra of the G
band for both the LCP and RCP incident light. When ci = 6p + 2
(or 6p � 2), we get Raman spectra of the G band for LCP (RCP)
incident light.

4.4 Raman selection rule for 2D black phosphorus (N = 2)

2D black phosphorus has a rotational symmetry with N = 2.30,31

The observed Raman active modes are two Ag (x2 or y2) and one
B1g (xy).32 Although there are no published experimental results
for helicity-dependent Raman spectra for black phosphorus, we
used the theoretical result by Tatsumi et al.6 in which both the
Ag and B1g with N = 2 and Nn = 2 show the helicity-changing
Raman spectra for ci = 0, which is consistent with the shape of
the Raman tensor. It is noted here that the Raman tensor for Ag

(x2) consists of both helicity-changing and helicity-conserved
Raman spectra since the Raman tensor for x2 can be expressed
by the sum of x2 � y2 and x2 + y2, respectively. On the other
hand, the Raman tensor for B1g (xy) has only the helicity-
changing Raman spectra. As we discussed in the case of
graphene, we get mph

n = 0 for both the Ag (x2 or y2) and B1g

(xy) modes for Nn = N = 2.
The symmetry of the wavefunction of black phosphorus,

which consists of the P 3pz orbitals, at the top of the valence band
at the G point in the Brillouin zone is G2

+ (B1g, xy) irreducible
representation of D2h, while that the bottom of the conduction
band belongs to G4

� (B3u, x).33 Since the product of B1g � B3u is
B2u, (x2y), the dipole transition occurs by linear polarization in
the direction of y, (B2u) at the G point in the Brillouin zone.
Furthermore, since the linear polarization of y is given by
subtracting LCP (x + iy) from RCP (x � iy), the optical transition
is allowed for both LCP and RCP light. Thus, we assumed that
m0 � m = �1 for si = �1 which satisfies eqn (21) with ci = 0. In
Table 4 we show ss for the Ag or B2g modes. When ci is an odd
number, optical absorption for si = �1 does not occur. When ci is
an even number, the helicity changing Raman spectra is observed
for both the LCP and RCP light. The results in Table 4 are similar to
those of Table 3 except for ss(Ag) that consists of both LCP and RCP.

4.5 Raman selection rule for TaP or LaAlSi (N = 4)

Finally, let us discuss 2D materials with four-fold rotational
symmetry (D4h, N = 4). Although some Weyl semi-metals such as
TaP8 or LaAlSi9 show four-fold rotational symmetry, 2D materials
of TaP or LaAlSi have not been obtained yet. The optical absorption

Table 2 Raman selection rule of 2D MoS2 for vortex light. For a given ci, si

is the possible incident LCP (si = 1) and RCP (si = 1) where optical
absorption occurs. For each si = 1 or �1, ss becomes either helicity-
conserved or helicity-changing scattered circularly polarized light for the
OC and IMC phonon modes, respectively. We expect that Raman signal
might appear only when ci is a multiple of 3

ci �3 �2 �1 0 1 2 3

si �1 +1 �1 �1 +1 �1 �1
ss(OC) �1 — — �1 — — �1
ss(IMC) 81 — — 81 — — 81

Table 3 Raman selection rule of graphene for vortex light. When ci = 6p,
we get Raman spectra of the G band for both the LCP and RCP incident
light. When ci = 6p + 2 (or 6p � 2), we get Raman spectra of the G band for
LCP (RCP) incident light. For odd numbers of ci, although we expect
optical absorption, we do not expect G band Raman signal

ci �4 �3 �2 �1 0 1 2 3 4

si +1 — �1 — �1 — +1 — �1
ss(G) �1 — +1 — 81 — �1 — +1
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of TaP and LaAlSi occurs at the Weyl nodes whose position is not at
a high-symmetry point in the Brillouin zone. Thus, we do not expect
the selection rule for optical absorption. For the D4h symmetry, B1g

(x2 � y2) and B2g (xy) modes mph
B1g
¼ �1; mph

B2g
¼ �1

� 
are helicity-

changing Raman modes while A1g (x2 + y2, mph
A1g
¼ 0) is the helicity-

conserved Raman mode, which are quadratic functions of x and y
for Nn = N = 4. In order to satisfy eqn (22) for the B1g (B2g) or A1g

modes, m00 � m0 has a component of m00 � m0 = �1 or m00 � m0 = 0
for mph = �1 or 0, respectively. Such a situation is possible in the
case that the m00 state is a virtual state that is expressed by a linear
combination of the excited states.

In Table 5, we list ss for the A1g, B1g, and B2g modes for a given
incident circularly polarized light (si) which satisfies eqn (24). As
shown in Table 5, helicity-conserved A1g Raman spectra can be
observed for ci = 4p, while helicity-changing B1g or B2g Raman
spectra can be observed for odd numbers of ci. It is important to
note that the B1g or B2g Raman spectra by non-vortex light (ci = 0) are
experimentally observed for 3D TaP8 or 3D LaAlSi9 which are
comparable with the A1g Raman spectra. It is not consistent with
the results for B1g or B2g with ci = 0 in Table 5. The reason for this
inconsistency may come from the fact that the electron wavefunc-
tions of the initial, intermediate and scattered states are not eigen
function of D4h since the optical transition occurs at the not-high-
symmetry k point. Thus, several values of m are possible for the
original wavefunction. Thus, we could not use the present result for
2D TaP or 2D LaAlSi Wyle semimetals.

5 Discussion and summary

In this paper, we have shown the selection rule for Raman spectra
by using circularly-polarized vortex light for 2D materials with

N-fold (N = 2, 3, 4, and 6) rotational symmetry which is listed in
Tables 2–5. In Table 6, we list the possible orbital angular
momentum c in the N fold rotational symmetry for given spin
angular momentum of (1) incident light si to have an optical
absorption, (2) scattered light ss for helicity-conserved Raman
mode (A) and helicity-exchanging Raman modes (E, B). When we
compare the possible c values for si, the possible c values depend
on the sign of si for N = 3 and 6, while not for N = 2 and 4.
Possible c values for ss are the same as those for si for N = 2 and
6, while not for N = 3 and 4. Possible c values for ss are the same
as Np for N = 2 and 3 while not for N = 4 and 6. Thus for all four
cases of N, the possible c values have a behaviour independent of
one another.

In order to get the results shown in the tables and the
conservation rule of eqn (24), we need the following conditions:
(1) the wavefunction of the initial, intermediate and final states
should be an eigenfunction of N-fold rotation, (2) the electronic
wavefunction is sufficiently delocalized in the 2D materials
compared with the wavelength of light, and (3) the Raman
tensor does not change shape in the presence of vortex light,
which we will discuss below.

In the case of MoS2, since the wavefunctions at the K and K0

valley are eigenfunctions of Lz, valley polarization occurs, which
gives non-trivial selection rules for vortex light as shown in Table 2.
For most cases of 2D materials, however, since the optical absorp-
tion occurs at not high-symmetry k points such as the case of
graphene or TaP, we do not expect the selection rule for the optical
absorption matrix element. As a result, the selection rule of eqn (24)
does not work perfectly. Nevertheless, in the case of graphene, since
the optical absorption occurs near the K and K0 points, the selection
rule should be observed partially. It would be interesting to find 2D
semiconductor materials whose optical absorption occurs at the
high-symmetry k points. When we see the character tables of the
point group, since the basis functions for C3h and C6 are expressed
by either (x + iy)p or (x� iy)p, (p = 0, 1, 2) which are eigenfunctions of
Lz, the optical selection rule for the vortex light would be interesting
for such 2D materials.

When we obtain the selection rule of the optical absorption
matrix element in eqn (21), we do not use the dipole approximation.

Table 4 Raman selection rule of 2D black phosphorus for vortex light.
Here we consider helicity-conserved Ag and helicity-changing B2g modes.
When ci is an odd number, optical absorption for si = �1 does not occur.
When ci is an even number, the helicity changing Raman spectra are
observed for both LCP (si = +1) and RCP (si = �1). The label of (+1, �1)
denotes that the both helicity-changing and helicity-conserved Raman
spectra are observed

ci �2 �1 0 1 2

si �1 — �1 — �1
ss(B2g) 81 — 81 — 81
ss(Ag) (+1, �1) — (+1, �1) — (+1, �1)

Table 5 Selection rule for Raman spectra of N = 4 2D materials for vortex
light. Here we consider the A1g and B1g (or B2g) modes for ss which are,
respectively, helicity-conserved and helicity-changing modes. Helicity-
conserved A1g Raman spectra can be observed for ci = 4p, while
helicity-changing B1g or B2g Raman spectra can be observed for odd
numbers of ci

ci �4 �3 �2 �1 0 1 2 3 4

si �1 �1 — �1 �1 �1 — �1 �1
ss(A1g) �1 — — — �1 — — — �1
ss(B1g) — 81 — 81 — 81 — 81 —
ss(B2g) — 81 — 81 — 81 — 81 —

Table 6 In the N rotational symmetry, possible values of orbital angular
momentum of vector light c are listed for spin angular momentum s for
the incident light that gives optical absorption si, and for Raman scattered
light ss with helicity-conserved phonon modes (A, ss = si) and helicity-
changing modes (E and B, ss = �si). p is an integer

N si

ss ss

A E, B

2 c = 2p c = 2pa c = 2p
3 Any cb c = 3p c = 3p
4 c a 4p + 2 c = 4p c = 2p � 1
6 c = 2pc Noned c = 2p

a A1g for N = 2 shows both the helicity-conserving and helicity-changing
modes. b Only si = 1 is possible for c = 3p + 1 and only si =�1 is possible
for c = 3p � 1. si = �1 is possible for c = 3p. c Only si = 1 is possible for
c = 6p + 2 and only si = �1 is possible for c = 6p � 2. si = �1 is possible
for c = 6p. d In graphene, there is no A mode.
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In the dipole approximation, we take the vector potential out of the
matrix element by assuming that the vector potential changes very
slowly compared with the spatial change of the wavefunction. In
this case, the effect of the factor exp(�ica) of the vortex light would
not appear in eqn (21). Since the typical diameter of vortex light is in
the order of the wavelength, we require condition (2) as shown
above. It is important to note that the present selection rule cannot
be used for a molecule since the molecular wavefunction is localized
in the molecule.

In the case of 2D materials, since r ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
x2 þ y2

p
in the vector

potential (eqn (10)) does not change by rotation around the z
axis, the symmetry of the Raman tensor for vector light does not
change even when we consider the vector potential for the
vortex light as we discuss in Section 3.2. The shape of the
Raman tensor will not change even for multi-layer 2D materials
as long as the thickness is much smaller than the wavelength of
the light. In this case, the phonon eigenmodes can be separated
into either the in-plane of out-of-plane mode.

We hope that the selection rule will be observed experimentally
for 2D materials which satisfy the above conditions.
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