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Fcc vs. hcp competition in colloidal hard-sphere
nucleation: on their relative stability, interfacial
free energy and nucleation rate

Ignacio Sanchez-Burgos, a Eduardo Sanz, b Carlos Vega b and
Jorge R. Espinosa *a

Hard-sphere crystallization has been widely investigated over the last six decades by means of colloidal

suspensions and numerical methods. However, some aspects of its nucleation behaviour are still under

debate. Here, we provide a detailed computational characterisation of the polymorphic nucleation

competition between the face-centered cubic (fcc) and the hexagonal-close packed (hcp) hard-sphere

crystal phases. By means of several state-of-the-art simulation techniques, we evaluate the melting

pressure, chemical potential difference, interfacial free energy and nucleation rate of these two

polymorphs, as well as of a random stacking mixture of both crystals. Our results highlight that, despite

the fact that both polymorphs have very similar stability, the interfacial free energy of the hcp phase could

be marginally higher than that of the fcc solid, which in consequence, mildly decreases its propensity to

nucleate from the liquid compared to the fcc phase. Moreover, we analyse the abundance of each

polymorph in grown crystals from different types of inserted nuclei: fcc, hcp and stacking disordered fcc/

hcp seeds, as well as from those spontaneously emerged from brute force simulations. We find that post-

critical crystals fundamentally grow maintaining the polymorphic structure of the critical nucleus, at least

until moderately large sizes, since the only crystallographic orientation that allows stacking close-packed

disorder is the fcc (111) plane, or equivalently the hcp (0001) one. Taken together, our results contribute

with one more piece to the intricate puzzle of colloidal hard-sphere crystallization.

I. Introduction

The formation of a crystalline embryo within a metastable fluid is
an activated process that requires the surmounting of a free
energy barrier.1,2 A subtle interplay between the nucleus inter-
facial free energy, its size, and the chemical potential difference
between the emerging crystal and the surrounding metastable
liquid, critically controls the appearance, and consecutive growth
or dissolution of the rising nuclei.3 However, most of these
magnitudes, that regulate the ephemeral stability of the nuclei,
are hardly accessible through standard experimental setups.4

Moreover, the sizes of the critical nuclei, those capable to drive
the phase transition, are usually rather small and exhibit fast
growth after their emergence, which on top of their stochastic
nature, make extremely challenging their direct observation.5–8

Nonetheless, impressive efforts to detect the in situ formation of

crystalline embryos with atomistic resolution, as recently per-
formed for NaCl nanocrystals9 or prenucleating clusters of
metal–organics frameworks10 are continuously ramping up.

On the other hand, colloidal science is enormously contri-
buting in advancing our understanding on the governing
principles in liquid-crystal nucleation.4,11–15 Colloids, besides
displaying a wide range of fascinating and technological
applications,16,17 and behaving as tunable building blocks in
self-assembly materials,18,19 represent one of the few systems in
which the evolution of the nuclei can be directly monitored
from the surrounding fluid.5,8 Because of their slow motion
and large particle size, typically of the order of a few hundreds
of nanometers, colloidal suspensions are well suited systems to
unveil the mechanisms by which crystalline clusters induce the
liquid-to-solid transition.8,20–22 Moreover, real imaging of
colloidal particles can provide useful insights on the cluster
critical sizes, incubation times, or size and shape evolution
of the different emerging nuclei.5,23 However, different experi-
mental challenges such as avoiding heterogeneous nucleation
from the sample container24, accurately controlling the colloidal
packing fraction of the systems25, or obtaining density matched
suspensions,26,27 hamper the execution of these experiments.
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A very appealing alternative strategy to complement our
molecular and thermodynamic understanding on nucleation
and crystallization phenomena are computer simulations.28–32

Pioneering landmark studies such as those of Alder and
Wainwright33, Hoover and Ree34 or Barker and Henderson35

were crucial in our understanding of hard-spheres and its
fluid–solid transition. Molecular simulations, besides being
highly suitable to fit the typical sizes and timescales of the
rising nuclei, can provide invaluable information on the shape,
composition, structure, and subsequent growth of the
clusters.36–40 Moreover, crucial thermodynamic aspects that
are not experimentally accessible, such as nucleation free energy
barriers, kinetic pre-factors, chemical potential differences, or
cluster interfacial free energies, can be conveniently estimated
from molecular simulations.28,30,41,42 Outstanding information
about these key magnitudes on the homogeneous crystallization
of colloidal hard-spheres,28–30,37,43 water,44–52 alloys,53,54

Argon42,55,56 or even electrolytic aqueous solutions39,40,57 have
been provided through molecular simulations. Remarkably,
more recently a huge effort on expanding our knowledge on
heterogeneous nucleation of colloidal particles,24,38,58–61 but also
of water,50,62–64 as well as on crystal growth prevention through
antifreeze surfaces65–68 is being devoted.

However, despite the fact that multiple approaches and
successful numerical methods69–73 proposed over the last
six decades have led to important advances on the field,
yet some significant discrepancies on specific system
magnitudes respect to the experimental predictions (e.g., the
homogeneous nucleation rate of hard-spheres at moderate
supersaturation4,11–13,74,75) or the limitations of certain
theoretical frameworks, persist unresolved.76 For instance, the
validity of the Classical Nucleation Theory (CNT)77,78 to
successfully describe nucleation in widely diverse scenarios is
still a matter of debate.76,79–81 While a considerable body of
literature supports its applicability to provide fair predictions
on the nucleation behaviour of many substances,82–85 as for the
case of hard-spheres,29,55,86 other substantial studies have
pointed out its limitations when describing certain specific
systems87–90 (even for hard-spheres81), or when assuming
different approximations (i.e., the capillary approximation: the fact
that the surface tension of a planar interface is roughly the same as
that of the clusters).91 In that respect, the nucleation mechanisms
of certain ‘so-called’ simple fluids such as hard-sphere colloidal
particles,36,74,81,92 water,44,93–95 or Lennard-Jones fluids96,97 remain
yet hotly debated.

On top of the aforementioned considerations to reach a
consensus on crystal nucleation, certain substances also
present an additional challenge: different crystal polymorphs
that tightly compete for nucleating from the same metastable
fluid. The most common liquid-to-crystal phase transition on
Earth, ice nucleation, presents two competing ice polymorphs,
ice Ic and Ih, which evenly compete for driving crystallization at
normal pressure.98–101 Even though both polymorphs present
highly similar stability102, and despite ice Ih is the thermo-
dynamically most stable phase below 0 Celsius degrees at
ambient pressure103, the formation of the critical nuclei and

their growth, is mediated by a stacking disordered mixture of
ice Ic and Ih (Isd).95,99,102 In a similar way, at about 2000 bar, ice I
and III equally compete in stability and propensity to
nucleate,104,105 although between these two polymorphs ice
stacking mixtures cannot be attained. But polymorphic
competition is not at all an exclusive feature of water, also
in colloidal suspensions of oppositely charged colloids106,
different crystal polymorphs with positionally-charge order
and disorder tightly play to nucleate from the same metastable
fluid at moderate temperature and high pressure.89,107

Additionally, in Lennard-Jones supercooled fluids, it has been
shown how polymorphic selection can be finely tuned in order
to promote either body-centered cubic (bcc) or face-centered-
cubic (fcc) crystallization.97 Moreover, it has been found that
fcc crystallites also present a notable abundance of hexagonal-
closed packed (hcp) clusters.108

In hard-sphere colloids, it has been extensively studied the
relative stability of fcc vs. hcp crystals, concluding that the
difference in their free energy is almost negligible, being the
fcc phase marginally more stable than the hcp one.109–115 This
consensus has entailed a considerable volume of free energy
calculations109,113,116 over more than two decades. Nonetheless,
little is known about their relative interfacial free energies, or
their ability to nucleate from the same metastable fluid (i.e.,
nucleation rate). The scarce available data suggests that
nucleation at high packing fraction might be mediated by both
polymorphs, since both were found present in small critical
nuclei36,74 and post-critical crystallites.117 In this work, we aim
to narrow down this gap by characterizing in detail the most
relevant thermodynamic and kinetic magnitudes controlling
their polymorphic competition, such as their chemical
potential difference (i.e., relative stability), the interfacial free
energy of their different crystal faces, and the nucleation rate of the
two different competing polymorphs as well as that of stacking
disordered nuclei of both phases. Moreover, we investigate the
abundance of each polymorph in grown crystallites over a wide
range of supersaturation conditions. Overall, our work contributes
to clarify the intricate relation between these two highly similar
close-packed phases on colloidal hard-sphere crystallization.

II. Results
A. Fcc and hcp melting pressure and relative stability

To model hard-sphere (HS) colloids, we employ the Pseudo-hard-
sphere (PHS) continuous potential proposed by Jover et al.118 which
quantitatively reproduces many properties of the HS phase beha-
viour such as the melting pressure,119 equation of state,118 diffusion
coefficient,120 surface tension121 and nucleation rate among many
others.86 The expression for the PHS potential is given by:

uPHS ¼
lr

lr
la

� �la

eR
s
r

� �lr
� s

r

� �la� �
þ eR; if ro

lr
la

� �
s

0; if r � lr
la

� �
s

8>>>><
>>>>:

:

(1)
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where the diameter of the hard-sphere particles is represented by s,
la =49 and lr = 50 are the exponents of the attractive and repulsive
terms respectively, eR accounts for the energy shift of the pseudo
hard-sphere interaction and r is the distance between two PHS
particles. The main advantage of the PHS potential is that it
conveniently enables the use of efficient and parallel standard
Molecular Dynamics (MD) simulation packages, such as
LAMMPS122 or GROMACS123, to perform hard-sphere simulations.
However, to correctly describe the phase behaviour of standard HS,
temperature needs to be fixed at T* = 1.5.118 Here, we employ
reduced units as follows: reduced temperature is defined as T* =
kBT/eR, reduced pressure as p* = ps3/kBT, reduced density as r* = (N/
V)s3, and the unit of time as t = s2/6DL, where DL is the liquid
diffusion coefficient at each corresponding state, s our unit of
distance (and the molecular diameter of the hard-spheres), and kBT
our unit of energy. For PHS simulations, in the practice, one can
also use the parameters for the Lennard-Jones potential for Argon
(i.e., s = 3.405 Å, eR/kB = 119.87 K, m = 6.63 � 10�26 kg and T =
179.81 K) and then convert the output of the MD simulation
package from real to reduced units.

We evaluate the melting pressure (in reduced units) of the
fcc and hcp crystal phases with the fluid by means of Direct
Coexistence (DC) simulations.124,125 To accurately compute the
melting pressure, we perform DC simulations of different
system sizes to account for possible finite-size effects (see
Fig. 1(a)). We find that for moderately small system sizes
(o6000 HS particles including both phases), the melting
pressure of the hcp phase is slightly lower than that of fcc
crystals (see Table 1). However, when we extrapolate our results
to infinitely large system sizes (1/Ntot - 0), the melting
pressure of both phases is the same within the uncertainty of

our calculations (see Fig. 1(b) and Table 1). We also compare
our estimations of p�melting (using LAMMPS122 and the NpzT

anisotropic ensemble with the barostat only applied in the z
direction) with those computed by some of us119 for the fcc
phase using GROMACS123 and both the anisotropic NpT
ensemble in all directions (up triangles) and only in the z
direction (i.e., the perpendicular direction to the fluid–solid
interface, down triangles). In all cases, the same p�melting is

predicted in the thermodynamic limit (independently of the
chosen ensemble or MD package). Given that a finite-size
scaling study of the fcc phase was already reported in
ref. 119, here we only perform the finite-size study for the hcp
phase. For both crystal phases we find that smaller system sizes
tend to stabilize the solid respect to the fluid, and thus,
underestimate the melting pressure.

Furthermore, we compute the melting pressure for a close-
packed crystal with stacking fcc/hcp disorder in which AB or
ABC stacking is randomly alternated along the fcc (111) crystal
orientation (see Fig. 1(a), bottom). In this solid, hybrid stacking is
reached by periodically and randomly alternating after an initial
given hexagonal close-packed 2-dimensional layer (say A), a
consecutive layer of one of the two other possible stacking
planes (randomly selected, say B or C), along the (111) orientation.
This process is repeated successively until we get a large enough
crystal. In this way, the obtained stacking disordered solid will
approximately contain half fcc-like and half hcp-like particles.
Before placing the stacking disordered crystal in contact with
the fluid, we verify by means of the %q4 local order parameter126,
(which will be further explained later in Section IIB), that the
amount of fcc-like vs. hcp-like particles in the hybrid crystal are

Fig. 1 (a) Snapshots of direct coexistence (DC) simulations of a fcc crystal (top), hcp crystal (middle), and a stacking disordered hcp/fcc mixture (bottom)
with a liquid at p* = 11.65. Fcc-like particles are coloured in black, hcp-like in orange, and liquid-like in grey. To discriminate between different particle
environments, we employ the %q4– %q6 local order parameter proposed by Lechner and Dellago126 as it will be further explained in Sections IIB and D.
(b) Melting pressure of the different crystal phases as a function of the inverse of the total number of particles in our DC simulations. Note that in the initial
configuration of our DC simulations half of the HS particles correspond to the crystal phase and the other half to the fluid one. Filled orange circles
represent the obtained values with hcp crystal slabs for different system sizes, black squares those using fcc-like slabs, and the green triangle for a
stacking disordered crystal slab of randomly alternated fcc and hcp layers along the fcc (111) crystallographic orientation as shown in (a) bottom. Empty
symbols account for the linearly extrapolated melting pressure at infinitely large system size of the pure fcc (black) and hcp (orange) crystals. The fcc
melting pressures with the fluid reported by Espinosa et al.119 for the PHS potential evaluated for different system sizes and simulation ensembles are also
included.
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commensurate. Then, we perform DC simulations for a moder-
ately large solid of B2750 crystal particles in coexistence with
B2750 fluid particles. We recover the same p�melting (green triangle)

within the uncertainty as those obtained for the pure fcc and hcp
crystals, being this result in agreement with free energy
calculations of Woodcock for hybrid structures of the unit
stacking type –ABCAB–.114 Since the difference in the melting
pressure between pure fcc and hcp crystals in the thermodynamic
limit is below our uncertainty (o1/1000), and we have already
recovered the same p�melting (within the error) for a moderately large

stacking hcp/fcc crystal, we assume that for arbitrarily large
randomly stacked crystals the same rule will hold. Nevertheless,
we note that it would be interesting, if possible (due to the
extremely small differences in stability), to elucidate whether the
melting pressure of the stacking mixture is in between both pure
crystals, or even slightly more stable than them due to further
entropic stabilization caused by the randomly stacking layering.
However, resolving those minor differences in stability are out of
the scope of our work due their negligible role in determining the
nucleation and crystallization scenario in hard-sphere colloids.

Even though DC simulations cannot achieve the required
level of accuracy to unequivocally discriminate whether fcc
crystals are marginally more stable than hcp ones, we can fairly
argue that the continuous PHS potential for colloidal hard-
spheres also recovers the very similar stability of both
polymorphs widely investigated in pure HS by means of free
energy calculations.109–115 The reported free energy difference
for pure HS between both polymorphs is so small (o1/1000)112,
that even considering that this would be also the case for the
PHS model118, its implications on the polymorphic nucleation
competition of these two crystals would be still much
smaller than the current uncertainty of the rare-event methods
ordinarily used to predict nucleation barriers and nucleation
rates.55,69–73 Therefore, for our purpose, the B0.1% uncertainty
in DC simulations is acceptable. We also note that the most
accepted melting pressure for pure HS is p* = 11.567.127

Therefore, even small, there is a slight difference in the
predicted melting pressure through the PHS potential
( p* = 11.66) compared to that of pure HS.

To compute the relative stability of the different solids with
the fluid, and also among them, as a function of pressure
(the magnitude which controls the degree of metastability in
the HS fluid), we evaluate the equation of state (EOS) of the
fluid and of the different crystal polymorphs (see Fig. 2). We
find that both fcc and hcp crystals, as well as the stacking
mixture of both of them, show a remarkably similar EOS. Given
that the melting pressure of the three crystal solids and their
equation of state is the same within the uncertainty of our
calculations (B0.1%), when performing thermodynamic
integration127 to compute the chemical potential difference
between each solid and the fluid, Dm, we obtain a single curve
where the three solids overlap within their uncertainty (Fig. 2
inset). To carry out the thermodynamic integration of the three
polymorphs we consider the following melting pressures:
11.666 for the fcc crystal, 11.653 for the hcp phase, and
11.65 for the stacking disordered fcc/hcp mixture (being the
uncertainty in the determination of all of them B0.01 p* as
indicated in Fig. 1(b) and Table 1. Our results of Dm clearly
demonstrate the negligible stability difference along pressure
between hcp and fcc phases (Fig. 2 inset), as previously
highlighted by multiple free energy calculations for conventional
hard-spheres.109–115

B. Interfacial free energy of fcc and hcp crystal phases

Since the chemical potential difference to drive crystallization
in fcc and hcp crystals is remarkably alike, we now focus on the
interfacial free energy (g) of both phases. To that end, we
employ the mold integration (MI) method121,128 to evaluate g

Table 1 Melting pressure and system size details of our direct coexistence
simulations for the fcc, hcp and for a stacking disordered crystal slab of
randomly alternated hcp and fcc layers (Fig. 1(a), bottom). The extrapolated
pressure of our DC simulations to infinitely large system size is also
included. Please note that while the section of our DC simulation box
remains constant over time, the long side z (for which we provide its initial
value after quick equilibration) varies over time to accommodate the
desired pressure (NpzT barostat). The z axis is perpendicular to the fluid–
solid interface which is parallel to the x, y plane. Moreover, for the hcp DC
simulations, please note that the angles between x and y box sides
correspond to 60 and 120 degrees

Crystal phase Ntotal Box dimensions (x, y, z)/s p�melting

fcc 8000 15.7 � 15.7 � 33.2 11.666(20)
fcc 39 304 26.7 � 26.7 � 56.9 11.666(10)
fcc N - N — 11.666(10)
hcp 2916 9.6 � 9.6 � 34.1 11.602(20)
hcp 5808 12.1 � 12.1 � 46 11.625(10)
hcp 23 328 19.8 � 19.8 � 69.3 11.645(10)
hcp 42 592 24.5 � 24.5 � 84.6 11.650(10)
hcp N - N — 11.653(10)
Stacking mixture 5324 12.2 � 9.9 � 45 11.650(10)

Fig. 2 Equation of state (in packing fraction f = r*(p/6) for the fluid (blue),
fcc phase (black), hcp (orange) and for a stacking disordered crystal of
randomly alternated fcc and hcp layers along the fcc (111) crystallographic
orientation (green). Inset: Chemical potential difference (Dm) between the
different crystal phases and the fluid as a function of pressure (in reduced
units). The same colour code of the main figure is applied in the inset.
Please note that, within the uncertainty, the three Dm curves overlap into a
single one despite considering the slightly different melting pressure of
each solid phase (o0.1%) along the thermodynamic integration.
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for several different crystallographic orientations of both solids.
This technique allows the direct calculation of g between the
solid and its melt by reversibly computing the free energy work
needed to induce the formation of a thin crystal slab at
coexistence conditions (in our case at the melting pressure).
The Gibbs free energy work, DG, to reversibly form the slab
from the fluid can be directly related to the interfacial free
energy as:

DG = 2Ag; (2)

where 2A refers to the area of the two interfaces that the crystal
slab exposes to the fluid. The formation of the crystal slab is
induced by switching on an attractive interaction between the
mold of potential energy wells and the fluid particles. The wells
are placed at the equilibrium particle positions of the crystal
(fcc or hcp) plane of interest at coexistence conditions. By
gradually switching on the interaction between the potential
wells and the fluid particles, we directly compute the required
free energy work DG to induce the slab. Within this method, g is
computed as follows:

gðrwÞ ¼
1

2A
emNwð Þ �

ðem
0

de NfwðeÞh iNpxT

� �
(3)

where Nw is the total number of wells in the mold, and hNfw(e)i
is the average number of filled wells through a NpxT simulation
for potential wells of e depth (the barostat in the simulation is
only applied in the perpendicular direction to the crystal–fluid
interface). The method consists on performing a thermo-
dynamic integration along the path in which the depth of the
potential mold wells is gradually increased to a maximum value
of em. The integral of eqn (3) must be reversible, and to ensure
its reversibility, the crystal structure induced by the mold must
quickly melt when the interaction between the potential wells

and the fluid is switched off. To that end, the thermodynamic
integration has to be performed at well radii (rw) that are wider
than the optimal one, ro

w, at which the crystal slab is fully
formed, and thus, its stability does no longer depend on the
mold–fluid interactions. In practice, g(rw) can be estimated for
several values of rw 4 ro

w, and then, be extrapolated to ro
w, which

is the well radius that provides the correct value of g. In that
respect, the uncertainty in g fundamentally comes from the
statistical error to determine the optimal ro

w. For a detailed
explanation of how to identify ro

w and the associated uncertainty
in g for a given system, please see ref. 121.

We evaluate the interfacial free energy for the (100), (110)
and (111) fcc crystal faces, and for the (0001), (11%20) and (10%10)
hcp planes. Note that the fcc (111) and hcp (0001) crystal
orientations are equivalent. In Fig. 3(a), we plot the value of g
for different crystal orientations of both polymorphs (fcc in
black and hcp in orange) as a function of rw. Filled symbols
represent our g(rw) estimations using eqn (3) at rw values in
which the thermodynamic integration is reversible, and empty
symbols depict the value of g linearly extrapolated to the
optimal ro

w in which the free energy work of creating the crystal
slab is fully recovered. In Table 2, we report the obtained values
of g at ro

w for the different studied crystal orientations as well as
the employed system sizes. To ensure that our estimations of g
were not affected by significant finite-size effects, we perform
calculations for the fcc (111) plane with a system size approxi-
mately two times larger (orange squares with black borders)
than those typically used for the rest of the planes, obtaining
within the uncertainty, the same value of g that we found when
using a regular system size (Fig. 3(a) and Table 2). As it can be
noticed, our results for the fcc (100), (110) and (111) (or hcp
(0001)) are in reasonable agreement with previous
estimations.129–133 However, to the best of our knowledge, for

Fig. 3 (a) Interfacial free energy for a planar fluid–solid interface as a function of rw for different fcc (black) and hcp (orange) crystal orientations
computed through the Mold Integration method.121 Filled symbols indicate the values of g obtained at rw values where the thermodynamic integration
was performed (i.e., the formation of the slab is reversible), while empty ones account for the linearly extrapolated values of g to ro

w, where the crystal slab
is fully formed, and thus, the exact required free energy work to create the slab is reached. Please note that since the (111) fcc and (0001) hcp planes are
equivalent, a single calculation for both crystal orientations has been performed. Additionally, for this crystal orientation we perform calculations for two
system sizes: 5880 HS particles (down orange triangles with black borders) and 11 760 HS (orange squares with black borders). (b) Averaged g (for planar
fluid–solid interfaces) of the different crystal orientations computed in (a) for each polymorph at coexistence conditions (empty circles). For the fcc
crystal (black), we plot the mean of the (100), (110) and (111) g values, while for the hcp (orange) the g average of the (11 %20), (10%10) and (0001) planes. Filled
circles depict the interfacial free energy of the inserted fcc (black), hcp (orange) and stacking disordered (green) spherical clusters of our Seeding
simulations.
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the (11%20) and (10%10) hcp planes there is no available data.
We note that the anisotropy of the different crystal faces of both
polymorphs is rather modest. Nonetheless, the (11%20) plane of
the hcp crystal shows a slightly higher g than any of those found
for the fcc polymorph. This marginally higher surface tension
of the hcp crystal could slightly lower its propensity to nucleate
from the fluid compared to that of the fcc phase as it will be
shown in the following section.

Next, we apply the Seeding technique85,134,135 to explore
what Classical Nucleation Theory77,78 in combination with
computer simulations can teach us about the polymorphic fcc
vs. hcp competition in hard-spheres, as well as on the inter-
facial free energy of both solids. To that aim, we embed
spherical crystal seeds of both polymorphs, ranging from
B200 to B95 000 particles into metastable HS fluids of about
15–25 times larger than the size of the inserted clusters.
Clusters with spherical shape are inserted since that geometry
is the one that better optimises the surface/volume ratio of a
cluster, and hence, minimises the interfacial free energy
penalty that can destabilise it. Moreover, in ref. 102 and 136
it has been shown how when performing Seeding simulations
with cubic crystal seeds, they rapidly equilibrate into spherical
shapes before even growing or melting, thus, supporting our
choice of spherical shapes. We quantify the number of particles
in the critical clusters (Nc) by means of the %q4–%q6 local order
parameter proposed by Lechner and Dellago126 using the mis-
labelling criterion.55,137 We determine the optimal %q4 and %q6

thresholds as a function of pressure with the mislabelling
criterion as shown in ref. 107 to distinguish among fluid-like
and solid-like particles (%q6), and to discriminate between
fcc-like and hcp-like solid particles (%q4). The optimal %q6 and
%q4 thresholds as a function of pressure are described by
the following linear equations: %q6t,fcc = 0.133 + 0.01819p* for
distinguishing between fcc-like and fluid-like particles, %q6t,hcp =
0.14883 + 0.014595p* for hcp-like and fluid-like particles and
%q6t,sm = 0.1667 + 0.01392p* for distinguishing between stacking
disordered fcc/hcp-like and fluid-like particles, where larger %q6,t

values than those given in the fits account for solid-like
particles and lower ones for liquid-like particles. The %q4

threshold for discriminating between fcc-like and hcp-like

particles is: %q4t = 0.09019 + 0.002906p*, where %q4t values greater
than those given in the fit indicate fcc-like environment and
lower values than %q4t hcp-like one. These thresholds have been
optimized for a pressure range between p* = 11.65 and p* = 17.
The cut-off distance for computing both %q4 and %q6 parameters
and identifying the biggest solid cluster has been 1.35s.
We note that for distinguishing fcc-like and hcp-like particles,
the %w4 parameter can be also employed, however, this
parameter cannot be successfully used to discriminate between
hcp-like and liquid-like particles126, therefore, we choose a
combination of the %q4–%q6 parameters to identify the number
and type of solid-like particles in our Seeding simulations and
to distinguish fcc from hcp solids.

In Table 3, we report the number of particles of the critical
cluster (Nc) of each polymorph, as well as those obtained for the
stacking disordered fcc/hcp nuclei. For the different inserted
clusters, we determine the pressure at which they become
critical p�c

� 	
, that is when the probability (out of ten independent

trajectories) of growing or shrinking is roughly the same.
By means of the CNT expression for the interfacial free energy
of a spherical cluster, we estimate g as:

g ¼ 3Ncrs
2jDmj3

32p

� �1=3

(4)

where r�s is the number solid density at the pressure at which
the cluster becomes critical, and Dm the chemical potential
difference between the crystal and the fluid at the same
conditions. Given that the dependence of r�s and Dm as a
function of pressure for the three solids has been already
evaluated in Fig. 2, we can now conveniently estimate g for all
the different clusters.

In Fig. 3b, we show the obtained g values for the different
cluster sizes of each polymorph and those of stacking
disordered fcc/hcp clusters. For both polymorphs (and the
stacking mixture), the interfacial free energy moderately
increases with pressure. However, the estimated g from our
Seeding simulations cannot be ascribed to any specific crystal
orientation rather than to a curved interface which contains
different contributions of distinct crystal orientations. This

Table 2 Interfacial free energy (in kBT/s2) of several different crystal orientations of each polymorph evaluated by means of the Mold Integration
technique121 at the liquid-crystal coexistence pressure. The system sizes of the different crystal orientation calculations were the following: fcc (100):
3136 HS particles, 98 potential wells and 10.968 � 10.968 s�2 box cross-section area; fcc (110): 5120 HS particles, 98 potential wells and 15.515 � 11.044
s�2 box cross-section area; fcc (111) and hcp (0001): medium size; 5880 HS particles, 168 potential wells and 15.509 � 11.512 s�2 box cross-section area,
and large size: 11 760 HS particles, 336 potential wells, and 15.509� 23.025 s�2 box cross-section area (since g is the same within the uncertainty for both
system sizes – 0.553(6) for the medium system size and 0.555(6) for the large one – the provided value in the table is an average of both system sizes);
hcp (11 %20): 4860 HS particles, 108 potential wells and 17.269 � 10.855 s�2 box cross-section area; hcp (10%10): 2430 HS particles, 120 potential wells
(arranged in two layers) and 11.078 � 10.855 s�2 box cross-section area. Notice that previous estimations were obtained for the standard HS potential,
whereas the results of this work have been obtained for the pseudo-hard-sphere continuous potential (PHS). However, we do not expect significant
differences between these two potential models

fcc (100) fcc (110) fcc (111) and hcp (0001) hcp (11%20) hcp (10%10)

This work 0.586(6) 0.572(7) 0.554(6) 0.597(6) 0.586(6)
Davidchack (2010)129 0.582(2) 0.559(2) 0.542(3) — —
Benjamin et al. (2015)130 0.596(6) 0.577(4) 0.556(3) — —
Schmitz et al. (2015)131 0.581(3) 0.559(1) 0.544(8) — —
Bültman et al. (2020)132 0.591(11) — — — —
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behaviour of g with pressure was already known for the fcc
crystal phase,29,55,86,138 and it has also been recently reported
for oppositely charged colloidal hard-spheres.107 We find that
at high pressure (i.e., p* 4 14), the interfacial free energy of
both polymorphs is rather similar (within the uncertainty of
our calculations), however, at low pressure (i.e., p* o 13), g is
slightly lower for fcc clusters. Even though these results might
be biased by the employed local order parameter, the qualita-
tive prediction that fcc clusters might show lower g than hcp
ones, is in agreement with our observations at coexistence
conditions for different crystal planes with the Mold Integration
method.121 In fact, a linear extrapolation to coexistence of the
predicted g by the largest clusters of both polymorphs reasonably
agrees with the averaged estimation of the different crystal
planes of each polymorph by Mold Integration (Fig. 3(b)),
evidencing the reliability of the chosen local order parameter
and the mislabelling criterion.55,137 On the other hand, when the
inserted clusters present stacking disordered fcc/hcp layering
(green triangles), the interfacial free energy is roughly in between
those of pure fcc and hcp clusters. Given that Dm is highly similar
in both polymorphs, the slightly lower g of fcc clusters reduces
the required size, or number of particles in the critical cluster,
needed to overcome the nucleation free energy barrier as shown
in Table 3. Interestingly, it can be also noticed how the slope of g

vs. pressure moderately decreases in the high pressure regime
for both polymorphs, although the large uncertainty in those
estimations on top of the impossibility of performing
Seeding simulations at higher pressures, avoids the accurate
determination of g in this regime. Nevertheless, we note that
when linearly fitting and extrapolating our g values as a function
of pressure, we recover the brute force nucleation rates
computed at very high pressure (p* 4 17), therefore, suggesting
that g is likely to monotonically augment with pressure (rather
than having a maximum) at least up to p* o 18.5. That would
indicate that the free energy barrier for nucleation is different
from zero even when nucleation is found in brute force
simulations, suggesting that the free energy barrier is finite
and small, so that it is accessible via thermal fluctuations.

C. Nucleation competition of hcp and fcc crystal polymorphs

In the previous sections, we have analysed the different factors
that critically control the propensity of a system to nucleate: Dm
and g. Now, by means of the Classical Nucleation
framework,77,78 we evaluate the nucleation rate J, the number
of critical nuclei per unit of time and volume, of the different
crystal phases. The CNT expression for J is:

J ¼ rl
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Dmj j= 6pkBTNcð Þ

p
fþ exp �DGc= kBTð Þð Þ (5)

Table 3 Value of the number of particles of the critical cluster (Nc), liquid packing fraction (fl) and pressure p�c ¼ pcs3
�
kBTð Þ

� 	
at which clusters were

found critical, reduced liquid r�l
� 	

and solid r�s
� 	

densities at such pressure (where r* = (N/V)s3), chemical potential difference between the solid and the

fluid (Dm* = Dm/(kBT)) at those conditions, interfacial free energy of the cluster (g* = g/(kBT/s2)), nucleation free energy barrier

DG�c ¼ DGc= kBTð Þ ¼ NcDm�=2
� 	

, attachment rate (f+* = f+/(6DL/s2), being DL the diffusion coefficient of the fluid particles in bulk at the given conditions,

and 6DL/s2 the required time for a particle to diffuse its molecular diameter), and decimal logarithm of the nucleation rate (log10[J/(6DL/s5)]) for fcc, hcp
and stacking disordered fcc/hcp crystalline clusters of our Seeding simulations

Nc fl p�c r�l r�s Dm* g* DG�c f+* log10 J

fcc
232 0.5213 14.895 0.996 1.104 �0.321 0.653 37.21 2277 �14.87
322 0.5184 14.52 0.990 1.098 �0.285 0.644 45.85 1472 �18.91
426 0.5169 14.337 0.987 1.094 �0.267 0.662 56.89 2704.6 �23.52
573 0.5145 14.03 0.983 1.089 �0.237 0.647 67.97 3548 �28.31
690 0.5133 13.882 0.980 1.086 �0.223 0.645 76.85 5494 �32.03
918 0.5113 13.645 0.976 1.081 �0.199 0.633 91.54 6842.5 �38.40
1124 0.5105 13.558 0.975 1.079 �0.191 0.648 107.25 3089 �45.62
4070 0.5045 12.865 0.963 1.065 �0.122 0.628 247.53 4299 �106.79
7700 0.5023 12.628 0.959 1.060 �0.098 0.622 376.07 7550 �162.55
12 092 0.5012 12.50 0.957 1.057 �0.085 0.625 511.98 9501 �221.61
31 595 0.4988 12.253 0.953 1.051 �0.059 0.603 939.02 21 085 �407.01
95 520 0.4971 12.068 0.949 1.047 �0.040 0.5916 1932.58 79 700 �838.25

hcp
266 0.5208 14.834 0.995 1.103 �0.316 0.673 42.00 2687 �16.92
453 0.5164 14.272 0.986 1.093 �0.262 0.662 59.28 3813 �24.43
642 0.5144 14.023 0.982 1.088 �0.237 0.672 76.23 4054 �31.86
857 0.5123 13.765 0.978 1.083 �0.212 0.660 90.94 5480 �38.20
1005 0.5116 13.679 0.977 1.082 �0.204 0.667 102.39 5439 �43.23
1750 0.5084 13.306 0.971 1.074 �0.167 0.654 145.98 8935 �62.11
2546 0.5067 13.111 0.968 1.070 �0.147 0.653 187.63 7715 �80.37
4830 0.5043 12.85 0.963 1.065 �0.121 0.663 292.73 9553 �126.11
9739 0.5018 12.57 0.958 1.058 �0.093 0.639 452.55 12 985 �195.59
34 194 0.4988 12.245 0.953 1.051 �0.060 0.623 1023.40 33 886 �443.47
72 578 0.4975 12.115 0.950 1.048 �0.047 0.621 1689.32 50 675 �732.71

Stacking disordered mixture
799 0.5133 13.89 0.980 1.086 �0.224 0.683 89.68 3253 �37.86
1577 0.5088 13.35 0.972 1.075 �0.171 0.649 135.00 6941 �57.42
2199 0.5072 13.17 0.969 1.071 �0.153 0.647 168.54 6324 �72.12
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where DGc/(kBT) is the nucleation free energy barrier

DGc ¼
NcDm
2

� �
and f+ is the frequency of particle attach-

ment/detachment to the critical cluster, which can be
computed as28:

f þ ¼ NðtÞ �Ncð Þ2

2t

* +
(6)

being N(t) the number of particles of a cluster around the top of
the free energy barrier at a given time t. To determine f+, we
perform 10 independent short trajectories at the pressure at
which each cluster was found critical avoiding substantial
growth or shrinkage to ensure that the cluster remains critical
along the whole trajectory, and then we apply eqn (6).
In Table 3, we provide the obtained values for the different
magnitudes needed to compute J by means of eqn (5), as well as
the decimal logarithm of the nucleation rate. Moreover, in
Fig. 4, we plot our Seeding estimations of J for both polymorphs
as a function of the liquid packing fraction (fl). The fcc
nucleation rates (black squares) are marginally higher than
those from hcp clusters (orange ones), and widely similar to
those of stacking disordered clusters (green squares). In fact,
the uncertainties of all of them partially overlap, although it
consistently seems that J is slightly higher for fcc clusters than
for hcp ones along the studied supersaturation conditions.
We also find a remarkable agreement between our Seeding
estimations (slightly better for fcc rates) and brute force
simulations (cyan diamonds) at high liquid packing fraction,
which highlights once again, the validity of the Classical
Nucleation Theory to describe hard-sphere nucleation.29,55,86

Moreover, a very good agreement with previous Umbrella
Sampling28,30 and Forward Flux Sampling calculations30 of
pure HS is achieved, exhibiting again the reliability of the
chosen local order parameter126 and the mislabelling
criterion55,137 within the Seeding framework. Nucleation rates
considering hydrodynamic effects for the Weeks–Chandler–
Andersen (WCA) model139 at moderate140 and very high141

pressure are also depicted in Fig. 4, the former obtained by
means of Seeding (of fcc clusters) simulations, and the later
through Brute force simulations. Both calculations are in
reasonable agreement with our predictions and the rest of
previous J estimations, therefore, evidencing the minor effect
of hydrodynamics in HS crystal nucleation. Nonetheless, the
significant discrepancy with experimental nucleation rates at
moderate liquid packing fractions (blue symbols)11–13 still
persists (although in ref. 24 a possible justification which could
explain the discrepancy has been proposed).

D. Polymorphic characterisation of the emerged crystals

Nucleation is a key step in the crystallization process, however,
when several polymorphs are possible, different complex
scenarios may arise.142 A well-known example is the Ostwald
step rule143 proposed in 1897 (and later reexamined by Stranski
and Totomanow144), where it was postulated that the crystal
phase that nucleates from the fluid needs not be the one that is

thermodynamically most stable, but the one with the lowest
free energy barrier. An opposite behaviour recently reported by
us, is parasitic crystallization107, in which the nucleating phase
is the thermodynamically most stable one, but the post-critical
crystal growth occurs through an out-of-equilibrium process
by which a different (metastable) parasitic phase from the
nucleating one and/or the most stable one, grows from the
critical nucleus. These different possible intricate crystal-
lization scenarios highlight how polymorphic competition
can also take place beyond the nucleus formation. In this
section, we elucidate the structure of the grown crystals from
our simulations (under different supersaturation conditions) to
characterise the interplay between fcc and hcp polymorphs in
post-critical crystallization.

First, we analyse the structure of the emerged crystals from
the different orientations studied by means of the Mold
Integration method in Section IIB. From MI simulations at
rw o ro

w, where stable crystal slabs were already formed, we set a
marginally higher pressure than the melting one, and we
simulate until the full system crystallizes. To discriminate
between fcc-like and hcp-like particles, we employ the %q4 order
parameter126 within the mislabelling scheme (as detailed in
Section IIB).55,107,137 We find that among all the studied crystal
faces, the fcc (111) (or equivalently hcp (0001)) plane is the only
crystal face that enables stacking disordered growth of both
polymorphs (see Fig. 5(a)) as suggested in ref. 145 and 146.
In contrast, the rest of the crystal orientations only grow as
the phase that they belong to. Moreover, when increasing
supersaturation (i.e., p* B 15), the abundance of crystal
defects slightly increases, but still the predominant polymorph

Fig. 4 Decimal logarithm of the nucleation rate for different crystal
polymorphs (fcc, hcp and for a stacking disordered mixture of fcc and
hcp) as a function of the liquid packing fraction. Our Seeding results and
brute force nucleation rates for the PHS model118 are depicted by
filled squares and cyan diamonds respectively. Continuous lines indicate
CNT-like fits for our Seeding results, as explained in ref. 137, and dashed
lines account for the uncertainty (statistical + systematic) of our Seeding
calculations. Umbrella, Forward Flux Sampling and brute force nucleation
rates (maroon empty symbols) for standard HS are also included.28,30

Moreover, computational nucleation rates considering hydrodynamic
effects are also plotted (purple empty symbols).140,141 Blue symbols
indicate experimental nucleation rates from different authors.11–13
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is that of the crystal from which it grows except for the fcc
(111) plane.

We also evaluate the composition of the post-critical crystals
from our Seeding and Brute force simulations. The average
composition (in percentage) of fcc-like (black) vs. hcp-like
(orange) particles of the grown crystals is shown in Fig. 5(b).
When fcc clusters are inserted, the predominant polymorph of
the post-critical crystals, almost independently of the chosen
pressure, is the fcc phase. Similarly, when hcp clusters are
introduced, the prevailing phase is also that of the inserted
seed. These results clearly support our observations of growth
from a planar interface, in which we find that only common fcc
and hcp planes, as the (111) or the (0001) respectively, can
promote indistinctly growth of fcc or hcp crystals (Fig. 5(a)).
Furthermore, stacking disordered fcc/hcp clusters (with
approximately a 50 : 50 abundance of each polymorph) post-
critically expand with an equivalent composition of both

phases, supporting also our previous observations of growth
from a planar interface. Please note that this analysis has been
performed discounting the initial composition of the inserted
clusters, and only considering maximum crystal sizes that have
not percolated yet through the periodic boundary conditions of
the simulation box.

Additionally, we elucidate the crystal composition of 30
independent unbiased brute force trajectories at p* = 16.75
starting from an homogeneous fluid. Given that the critical
nuclei at these conditions are rather small (Nc o 40 particles),
and both polymorph structures are very similar, we cannot
unequivocally identify the critical nucleus structure (it is not
even clear if the attempt to label a solid cluster with less than 40
particles as fcc or hcp makes any physical sense). However,
when analysing the post-critical crystals (of about 16 000 HS
particles), we observe a similar abundance in average of both
polymorphs, although with slightly higher abundance of the fcc

Fig. 5 (a) Snapshots of Mold Integration simulations at rw = 0.25s and p* = 11.7 for different fcc and hcp crystal orientations (as indicated above of each
system) right after emerging the crystal slab (left), and after crystallizing the whole system (right). Liquid-like particles are coloured in grey, fcc-like ones in
black, and hcp-like ones in orange. The particle labelling is performed through the %q4 and %q6 local order parameter126 as shown in Fig. 6. (b) Average
composition (in percentage) of fcc-like and hcp-like particles in post-critical crystallites grown from fcc, hcp, stacking disordered hcp/fcc crystal seeds
and brute force simulations. The analysis of the Seeding simulations has been performed to all post-critical crystals grown from critical clusters found
from p* = 12.5 to p* = 15. Note that the analysis has been completed discounting the initial composition of the inserted clusters, and only considering
maximum post-critical crystal sizes that have not percolated yet through the periodic boundary conditions of the simulation box. The brute force analysis
was performed for 30 independent trajectories at p* = 16.75. Green error bars indicate the typical uncertainty of the local order parameter when
identifying particles near the crystal–fluid interface. Note that the average composition refers to the mean polymorphic composition of the crystals rather
than the probability of growing one pure crystal phase or the other from the critical nuclei. (c) Probability distribution function of the fcc abundance (in %)
of the grown post-critical crystals (described in (b)) of hcp (orange), fcc (black) and stacking disordered fcc/hcp (green) from Seeding simulations, as well
as from brute force simulations at p* = 16.75 (blue). Note that crystals %hcp abundance is just (1-%fcc abundance).
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phase (Fig. 5b). These observations are in agreement with light-
scattering measurements of hard-sphere colloidal crystals in
which stacking close-packed planes with a high degree of
randomness were found.146,147 Nonetheless, the composition
distribution of these (spontaneously emerged) crystals is much
wider than those developed from our Seeding simulations
(Fig. 5c). Even though the average composition of the 30
independent trajectories points to a similar abundance of
both phases, the polymorphic distribution analysis shows
crystallites with highly predominant fcc composition (higher
than 75%), as well as with very low (o25%), or intermediate fcc
abundance. From the 30 brute force simulations, 10 crystallites
exhibited more than 75% fcc composition, 6 crystals had more
than 475% hcp composition (or o25% fcc), and 14 showed
intermediate abundance ranged from 25 to 75%. These results
(which are also reflected through a mild maximum in
probability at high fcc composition (Fig. 5c) on top of our

observations that crystals predominantly grow as they nucleate
(Fig. 5a and b), qualitatively agree with the fact that the
obtained fcc nucleation rate is slightly higher than that of the
hcp phase (Fig. 4), due to the fcc marginally lower liquid-crystal
interfacial free energy (Fig. 3).

Interestingly, when identifying the polymorphic composi-
tion of the crystals by means of the %q4 order parameter, we find
that the inserted fcc clusters of our Seeding simulations, just
after very short equilibration and before even growing, already
display a thin hcp-like layer along their surface (Fig. 6(a)). This
is a very striking result, since according to Mold Integration and
Seeding simulations, the interfacial free energy of hcp crystals
could be slightly higher (or at least similar) than that of fcc
ones. Therefore, there is no free energy gain for the cluster
when arranging their interfacial particles into a hcp-like
organization. On the contrary, when performing the same
analysis for inserted hcp clusters, we find that, before growing,

Fig. 6 (a) Left: %q4– %q6 plot of the initial configuration (after very short equilibration) of a Seeding trajectory with a fcc cluster of 690 particles embedded in
fluid of 18 824 HS particles (brown), for a bulk hcp crystal (orange), a bulk fcc crystal (black) and a bulk liquid phase (blue) at p* = 13.88. The horizontal and
vertical dotted lines depict the optimal %q6 and %q4 thresholds, respectively, according to the mislabelling criterion55,137 at that pressure. The %q6 threshold
distinguishes between bulk fluid and bulk solid-like particles, while the %q4 threshold between particles of the two crystal polymorphs. Right: Snapshot of
the initial Seeding configuration described before. Fcc-like particles are depicted in black, hcp-like ones in orange, and liquid-like ones in grey (and with a
reduced size to improve the visualization of the cluster) according to the %q4– %q6 plot on the left. (b) Left: %q4– %q6 plot for the initial configuration (after very
short equilibration) of a Seeding trajectory with a hcp cluster of 642 particles embedded in fluid of 30 857 HS particles (cyan), for a bulk hcp crystal
(orange), a bulk fcc crystal (black) and a bulk liquid phase (blue) at p* = 14.02. The horizontal and vertical dotted lines depict the optimal %q6 and %q4

thresholds, respectively, according to the mislabelling criterion at that pressure. Right: Snapshot of the initial Seeding configuration described in (b) left.
The same colour code employed in (a) right applies here, although following the %q4– %q6 mislabelling criterion shown in (b) left.
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all their particles are correctly labelled as hcp-like ones
(Fig. 6(b)). To better understand this behaviour, in Fig. 6 we
plot the %q4–%q6 maps for two Seeding simulations (with an initial
fcc cluster in (a) and with a hcp cluster in (b)) along the maps of
a bulk liquid phase (blue), a bulk fcc phase (black) and a bulk
hcp crystal (orange) at the same conditions of each Seeding
simulation. Moreover, an horizontal dotted line depicts the %q6

threshold between bulk fluid and bulk solid-like particles and
a vertical dotted line accounts for the %q4 threshold between the
two crystal polymorphs. The threshold values were tuned
according to the mislabeling criterion55,137 at the corres-
ponding thermodynamic conditions of each system: p* =
13.88 in (a) and p* = 14.02 in (b).

It can be clearly noted that while for the hcp Seeding
simulation the %q4–%q6 cloud mainly lies over the bulk liquid
cloud and partially over the hcp one, in the fcc Seeding
simulation, a great fraction of the interfacial points of the
cloud connecting the fcc-like particles and the liquid-like ones
lies over the hcp region (Fig. 6(a)). This incorrect labelling of
the interfacial particles as hcp-like ones, that independently
occurs of the chosen %q6 threshold and system pressure (since
the relative position of the three bulk phases %q6�%q4 clouds is
always similar), may lead to wrong conclusions on the structure
of the outermost layer of the critical nuclei.54,108,148 However, as
we demonstrate here (and previously for the emergence of ice
0 from ice I nuclei in supercooled water, see Electronic
Supplementary Information (ESI) of ref. 149), the hcp-like
coating of the clusters is an artifact of the order parameter
when dealing with fluid–fcc interfaces. The spurious labeling of
interfacial particles as ‘hcp’ is likely contributing to moderately
increase the number of hcp-like particles identified in the
polymorphic analysis composition of the post-critical crystals
shown in Fig. 5. Nonetheless, that proportion of possibly
mislabelled particles is reasonably small, as indicated by the
green error bars, since the considered crystals were large, and
therefore, their volume/surface ratio as well. We also note that
the drawback of ascribing interfacial particles to either a liquid
phase or different crystal phases is a general feature of any local
order parameter (i.e., %q4, %q6, %w4 or %w6,), however, different
cut-off choices, spherical harmonic orders, or normalization
factors may lead to distinct positioning of the point clouds
leading to more sensitive (or more spurious) identification of
the interfacial particles (see ESI of ref. 149).

III. Conclusions

In this work we investigate the differences and similarities
between the fcc and hcp crystal structures in colloidal hard-
spheres. To that end, we perform MD simulations of the PHS
model118, a continuous potential for hard-spheres that
accurately reproduces their phase behaviour,86,118–121 while
conveniently enabling the use of standard and parallel MD
simulation packages.122,123 We evaluate the melting pressure
and the chemical potential difference between both
polymorphs and a stacking disordered mixture of both of them

with the liquid, finding that within the uncertainty of our
simulations, the three solids present highly similar stability
with respect to the liquid. Moreover, the equation of state of
the three crystals is remarkably alike. We also compute the
liquid–solid interfacial free energy for different crystal orienta-
tions of both polymorphs at coexistence conditions by means of
the Mold Integration method.121 Even though the crystal
anisotropy of g for the different studied orientations is modest
(lower than 10%), the hcp (11%20) plane shows a moderately
higher interfacial free energy than any other fcc crystal face,
leading to a slightly higher g average of the different hcp crystal
planes studied over those of the fcc phase.

Alternatively, by means of the Seeding technique,85,134,135 we
evaluate the interfacial free energy for spherical nuclei of both
polymorphs. Despite being g almost identical for both crystals,
as found at coexistence, we consistently obtain marginally
higher values of g for hcp clusters than for fcc ones, being such
difference more evident for huge cluster sizes (i.e., 430 000
particles). Furthermore, a linear extrapolation of the g values
obtained from our Seeding simulations of large clusters
(41000 particles), fairly agrees with our predictions at
coexistence conditions using the Mold Integration method.
This fact directly demonstrates that CNT77,78 can successfully
describe the nucleation behaviour of colloidal hard-spheres
when a reasonable order parameter (in our case the %q4–%q6

parameter within the mislabelling scheme) is employed to
determine the size of the critical nuclei. In addition to our
pure crystal Seeding simulations, we also compute the inter-
facial free energy for clusters with a stacking disordered fcc/hcp
structure, finding that their g values are roughly in between and
very similar to those of fcc and hcp nuclei.

This very modest higher g of hcp clusters leads to slightly
lower nucleation rates for hcp nuclei compared to those of fcc.
Similarly as in g, stacking disordered fcc/hcp clusters present
roughly intermediate nucleation rates between both pure
polymorphs. Importantly, we find a remarkable agreement
between the predicted Seeding nucleation rates with those
obtained from brute force simulations at high pressure, being
the fcc nucleation rates in marginally better agreement with
those from brute force. This is a second robust confirmation
that Classical Nucleation Theory can provide a fair description
of hard-spheres nucleation, on top of the fact that we also
recover the independently predicted interfacial free energies of
the two polymorphs at coexistence conditions with our Seeding
simulations. Also, we can conclude that hcp nucleation rates
cannot either explain the discrepancy between computational
and experimental homogeneous nucleation rates in colloidal
hard-spheres.4,24,26,27,74,75,140,150–152

Furthermore, we elucidate the polymorphic composition of
post-critical grown crystals within a wide range of conditions.
The only crystal orientation that indistinctly enables fcc or hcp
growth is the (111) fcc plane or the (0001) hcp one, which are
equivalent, and permit stacking layering of both phases.
The impossibility of growing one phase from the other,
except through this crystal orientation, possibly explains our
observation of the growth of the same polymorph that initially
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nucleates. We quantify the relative composition of post-critical
crystallites emerged from fcc, hcp and stacking disordered
nuclei, finding that grown crystals mainly maintain the initial
structure of the critical nuclei. Also, for crystallized systems
from brute force simulations at high supersaturation, we
perform the same analysis concluding that a huge distribution
of different polymorphic compositions can be achieved.
Nonetheless a higher number of crystallites with governing
fcc composition (475% fcc) are found compared to crystals
with predominant hcp composition (475% hcp). These results
indicate, according to our crystal growth analysis from different
types of nuclei, that the propensity of fcc crystals to nucleate
could be slightly higher than those of hcp clusters, as our
Seeding simulations indicate, and was previously suggested30,
being this fact a consequence of the very modest lower g
average that fcc crystals show respect to those of hcp.

Finally, we perform an analysis of the structure of the
interface of the Seeding clusters. We find that local order
parameters tuned to label particles in a bulk-like environment
can lead to incorrect conclusions regarding the structure of the
interface. More specifically, the order parameters used in this
work tend to spuriously label interfacial particles as hcp-like.
This observation serves as a warning to studies where
conclusions are drawn from the liquid–solid interfacial structure,
or from very small crystal clusters, using the same kind of order
parameters employed in this work. On the whole, our study
contributes to elucidate the polymorphic competition between
two almost twin crystal phases in hard-sphere nucleation.

Conflicts of interest

There are no conflicts to declare.

Acknowledgements

We would like to dedicate this paper to the memory of three
scientists that passed away recently, and played a key role in
our understanding of hard-spheres, including the fluid–solid
transition. Berni Alder who invented MD and showed the first
evidence of the fluid–solid transition of HS by using computer
simulations, Francis H. Ree who performed free energy calculations
to show that there was a pressure at which the chemical potential
of both phases was identical (in collaboration with Bill Hoover)
and to Douglas Henderson who developed a perturbation
theory for simple liquids as Ar, using the structure and thermo-
dynamic properties of hard spheres. This project has received
funding from the Oppenheimer Research Fellowship of the
University of Cambridge. J. R. E. also acknowledges funding
from the Roger Ekins Research Fellowship of Emmanuel
College. I. S.-B. acknowledges funding from the Oppenheimer
Fellowship, Derek Brewer scholarship of Emmanuel College
and EPSRC Doctoral Training Programme studentship,
number EP/T517847/1. This work has been performed using
resources provided by the Cambridge Tier-2 system operated by
the University of Cambridge Research Computing Service

(http://www.hpc.cam.ac.uk) funded by EPSRC Tier-2 capital
grant EP/P020259/1. C. V and E. S acknowledge funding
from Grant PID2019-105898GB-C21 of the MEC and by project
FI-2020-2-0031 of the RES.

References

1 K. F. Kelton, Crystal Nucleation in Liquids and Glasses,
Academic, Boston, 1991.

2 G. Debenedetti, Metastable liquids: Concepts and Principles,
Princeton University Press, 1996.

3 G. C. Sosso, J. Chen, S. J. Cox, M. Fitzner, P. Pedevilla and
A. Zen, et al., Crystal nucleation in liquids: Open questions
and future challenges in molecular dynamics simulations,
Chem. Rev., 2016, 116(12), 7078–7116.

4 T. Palberg, Crystallization kinetics of colloidal model sus-
pensions: Recent achievements and new perspectives,
J. Phys.: Condens. Matter, 2014, 26(33), 333101.

5 U. Gasser, E. R. Weeks, A. Schofield, N. Pusey and
D. A. Weitz, Real-space imaging of nucleation and growth
in colloidal crystallization, Science, 2001, 292, 258.

6 A. J. Amaya and B. E. Wyslouzil, Ice nucleation rates near
B225 K, J. Chem. Phys., 2018, 148(8), 084501.

7 A. Manka, H. Pathak, S. Tanimura, J. Wolk, R. Strey and
B. E. Wyslouzil, Freezing water in no man’s land, Phys.
Chem. Chem. Phys., 2012, 14, 4505–4516.

8 F. Ziese, G. Maret and U. Gasser, Heterogeneous nucleation
and crystal growth on curved surfaces observed by real-space
imaging, J. Phys.: Condens. Matter, 2013, 25(37), 375105.

9 T. Nakamuro, M. Sakakibara, H. Nada, K. Harano and
E. Nakamura, Capturing the moment of emergence of
crystal nucleus from disorder, J. Am. Chem. Soc., 2021,
143(4), 1763–1767.

10 J. Xing, L. Schweighauser, S. Okada, K. Harano and
E. Nakamura, Atomistic structures and dynamics of pre-
nucleation clusters in mof-2 and mof-5 syntheses, Nat.
Commun., 2019, 10(1), 1–9.

11 J. L. Harland and W. van Megen, Crystallization kinetics of
suspensions of hard colloidal spheres, Phys. Rev. E: Stat.,
Nonlinear, Soft Matter Phys., 1997, 55, 3054.

12 C. Sinn, A. Heymann, A. Stipp and T. Palberg, Solidifica-
tion kinetics of hard-sphere colloidal suspensions, in
Trends in Colloid and Interface Science XV, Springer, 2001,
pp. 266–275.

13 K. Schätzel and B. J. Ackerson, Density fluctuations during
crystallization of colloids, Phys. Rev. E: Stat. Phys., Plasmas,
Fluids, Relat. Interdiscip. Top., 1993, 48(5), 3766.

14 P. N. Pusey and W. van Megen, Phase behaviour of con-
centrated suspensions of nearly hard colloidal spheres,
Nature, 1986, 320(27), 340.

15 C. P. Royall, W. C. K. Poon and E. R. Weeks, In search of
colloidal hard spheres, Soft Matter, 2013, 9(1), 17–27.

16 R. Blaak, M. A. Miller and J. P. Hansen, Reversible gelation
and dynamical arrest of dipolar colloids, Europhys. Lett.,
2007, 78, 26002.

Paper PCCP

O
pe

n 
A

cc
es

s 
A

rt
ic

le
. P

ub
lis

he
d 

on
 1

3 
A

ug
us

t 2
02

1.
 D

ow
nl

oa
de

d 
on

 6
/1

3/
20

26
 5

:2
4:

07
 P

M
. 

 T
hi

s 
ar

tic
le

 is
 li

ce
ns

ed
 u

nd
er

 a
 C

re
at

iv
e 

C
om

m
on

s 
A

ttr
ib

ut
io

n 
3.

0 
U

np
or

te
d 

L
ic

en
ce

.
View Article Online

http://www.hpc.cam.ac.uk
http://creativecommons.org/licenses/by/3.0/
http://creativecommons.org/licenses/by/3.0/
https://doi.org/10.1039/d1cp01784e


This journal is © the Owner Societies 2021 Phys. Chem. Chem. Phys., 2021, 23, 19611–19626 |  19623

17 M. E. Leunissen, C. G. Christova, A. P. Hynninen, C. Royall,
A. I. Campbell and A. Imhof, et al., Ionic colloidal crystals
of oppositely charged particles, Nature, 2005, 437, 235.

18 Z. Zhang and S. C. Glotzer, Self-assembly of patchy parti-
cles, Nano Lett., 2004, 4(8), 1407–1413.

19 I. C. Pons-Siepermann and S. C. Glotzer, Design of patchy
particles using quaternary self-assembled monolayers, ACS
Nano, 2012, 6(5), 3919–3924.

20 R. Besseling, E. R. Weeks, A. B. Schofield and
W. C. K. Poon, Three-dimensional imaging of colloidal
glasses under shear, Phys. Rev. Lett., 2007, 99, 028301.

21 E. R. Weeks, J. C. Crocker, A. C. Levitt, A. Schofield and
D. A. Weitz, Three-dimensional direct imaging of struc-
tural relaxation near the colloidal glass transition, Science,
2000, 287, 627.

22 J. Savage and A. Dinsmore, Experimental evidence for two-
step nucleation in colloidal crystallization, Phys. Rev. Lett.,
2009, 102(19), 198302.

23 Z. Wang, F. Wang, Y. Peng, Z. Zheng and Y. Han, Imaging
the homogeneous nucleation during the melting of super-
heated colloidal crystals, Science, 2012, 338(6103), 87–90.

24 J. R. Espinosa, C. Vega, C. Valeriani, D. Frenkel and
E. Sanz, Heterogeneous versus homogeneous crystal
nucleation of hard spheres, Soft Matter, 2019, 15(47),
9625–9631.

25 P. N. Pusey and W. van Megen, Phase behaviour of con-
centrated suspensions of nearly hard colloidal spheres,
Nature, 1986, 320, 340.

26 N. Wood, J. Russo, F. Turci and C. P. Royall, Coupling of
sedimentation and liquid structure: Influence on hard
sphere nucleation, J. Chem. Phys., 2018, 149(20), 204506.

27 J. Russo, A. C. Maggs, D. Bonn and H. Tanaka, The inter-
play of sedimentation and crystallization in hard-sphere
suspensions, Soft Matter, 2013, 9(30), 7369–7383.

28 S. Auer and D. Frenkel, Prediction of absolute crystal-
nucleation rate in hard-sphere colloids, Nature, 2001,
409, 1020.

29 D. Richard and T. Speck, Crystallization of hard spheres
revisited. II. Thermodynamic modeling, nucleation work, and
the surface of tension, J. Chem. Phys., 2018, 148(22), 224102.

30 L. Filion, M. Hermes, R. Ni and M. Dijkstra, Crystal nuclea-
tion of hard spheres using molecular dynamics, umbrella
sampling, and forward flux sampling: A comparison of
simulation techniques, J. Chem. Phys., 2010, 133(24), 244115.

31 C. Valeriani, E. Sanz and D. Frenkel, Rate of homogeneous
crystal nucleation in molten NaCl, J. Chem. Phys., 2005,
122, 194501.

32 W. G. Hoover and C. G. Hoover, From hard spheres and
cubes to nonequilibrium maps with thirty-some years of
thermostatted molecular dynamics, J. Chem. Phys., 2020,
153(7), 070901.

33 B. J. Alder and T. E. Wainwright, Phase transition for a
hard sphere system, J. Chem. Phys., 1957, 27(5), 1208–1209.

34 W. G. Hoover and F. H. Ree, Melting transition and
communal entropy for hard spheres, J. Chem. Phys.,
1968, 49(8), 3609–3617.

35 J. A. Barker and D. Henderson, What is ‘‘liquid’’? under-
standing the states of matter, Rev. Mod. Phys., 1976,
48(4), 587.

36 J. Russo and H. Tanaka, The microscopic pathway to
crystallization in supercooled liquids, Sci. Rep., 2012, 2, 505.

37 T. Schilling, S. Dorosz, H. J. Schöpe and G. Opletal,
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