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In this comment, the thermodynamic analysis of the stability of nanobubbles is discussed in reference to the

recent paper by Manning (G. S. Manning, On the Thermodynamic Stability of Bubbles,Immiscible Droplets,

and Cavities, Phys. Chem. Chem. Phys., 2020, 22, 17523–17531). It is argued that Manning’s critcism on the

classical Epstein–Plesset model of bubble stability is unwarranted, and that the Young–Laplace-equation

must be understood as a fundamental law of the pressure difference across a curved interface regardless of

the reaction of the gas in the bubble. Consequently, the internal pressure and the radius of a bubble are

inherently linked, so that the net force considered in Manning’s stability analysis does not exist.

Recently in this journal, Manning1 presented a paper ‘‘On the
thermodynamic stability of bubbles, immiscible droplets, and
cavities’’ where he concluded that the Epstein–Plesset model of
bubble dissolution is inapplicable and claimed to give a direct
proof that nanobubbles are unstable if the surface tension is
assumed independent of sphere radius. These conclusions were
described as representing ‘‘a sharper understanding of the Laplace
equation and the physics underlying it’’. We find Manning’s
analysis and his interpretation of the Young–Laplace equation
misleading and, therefore, wish to submit the following comments.

First, we would like to emphasize that Manning’s stability
analysis1 has very little to do with the Epstein–Plesset model,2

which deals with dissolution of gas from a bubble to the
surrounding liquid. The Epstein–Plesset model is a diffusion
calculation and does not take a stand on bubble stability
criteria. Results similar to Epstein and Plesset were obtained
by Lunggren and Eriksson,3 who made calculations related
more specifically to nanosized bubbles.

Manning1 analyses the stability of a bubble from which no
gas escapes. This, of course, rules out the applicability of the
Epstein–Plesset diffusion model, which predicts stable bubbles
when assuming zero gas solvability. Manning’s1 argument is
that, since the pressure gradient is discontinuous across the
gas–liquid interface, the concentration gradient cannot be
continuous, and, therefore, Henry’s law does not relate the
internal gas pressure of a bubble to the dissolved gas concen-
tration just outside the bubble. However, such an assumption
is not necessary for the calculations by Epstein and Plesset or

Ljunggren and Eriksson. Rather, the assumption is that the
system is in chemical equilibrium, i.e. ‘‘Full contact equili-
brium prevails and the chemical potentials are the same every-
where’’, as stated by Ljunggren and Eriksson.3

A theoretical framework of a bubble in chemical equilibrium
was given by Ward et al.4 In order to derive equations for the
bubble behaviour, four different chemical potentials must be
considered. These are the chemical potential of water outside
the bubble (m1

0), vapour pressure inside the bubble (m1
00),

dissolved gas concentration outside the bubble (m2
0) and pure

gas pressure inside the bubble (m2
00). These four chemical

potentials can be derived from the standard chemical poten-
tials of the water (m0

1(PN,T)) and gas (m0
2(P0,T)):

m1
0 = m0

1(PN,T) + n1
0( p0 � pN) (1)

m2
0 ¼ m02 P0;Tð Þ þ kT ln

c0

c0
(2)

m1
0 0 ¼ m01 P1;Tð Þ þ kT ln

p1
0 0

p1
(3)

m2
0 0 ¼ m02 P0;Tð Þ þ kT ln

p2
0 0

p0
(4)

With n1
0 = molar volume of the water, p0 = pressure outside the

bubble, pN = water vapour pressure in the bulk liquid defined at the
planar interface at the pressure p0, c0 = dissolved gas concentration
in the bulk solution, co = saturated gas dissolution concentration,
p1
00 = vapour pressure inside the bubble and p2

00 = gas pressure
inside the bubble. Note, that there are errors in the paper by Ward4

in these equations.
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In chemical equilibrium, chemical potential of the water
and vapour must be equal. Chemical potential of the vapour
inside the bubble reduces to the Kelvin factor Z (eqn (5)).
Moreover, the chemical potential of the gas phase is the same
inside and outside the bubble (eqn (6)).

m1
0 ¼ m1

0 0 ¼ð Þp1
0 0

p1
¼ e

u1
0
p0�p1ð Þ
kT ¼ Z (5)

m2
0 ¼ m2

0 0 ¼ð Þc
0

c0
¼ p2

0 0

p0
(6)

The total pressure inside the bubble is the sum of vapour
pressure and gas pressure:

p00 ¼ p1
0 0 þ p2

0 0 ¼ p1Zþ
c0

c0
p0 (7)

According to Laplace–Young equation, the pressure inside
the bubble depends on the surface tension s and bubble radius
r:

p00 � p0 ¼
2s
r

(8)

By substituting the internal pressure by the individual terms of
vapour pressure and gas pressure, given above, the equilibrium
radius (re) for a bubble can be presented as

2s
r
þ p0 ¼ p1Zþ

c0

c0
p0 ¼ð Þre ¼

2s

p1Zþ
c0

c0
p0 � p0

(9)

Solving eqn (9) shows that the range of re is such that in water at
atmospheric pressure, re = 250 mm at c0/c0 = 1. The equili-
brium is unstable, so that bubbles larger than re grow and those
smaller than re dissolve. No solution exists below c0/c0 = 0.9939.
Accordingly, under normal temperature and pressure (NTP),
nanobubbles cannot be in thermodynamic equilibrium with
water. Only at a high supersaturation and a high pressure, can
suspended nanobubbles prevail according to this theory. The
limiting radius of eqn (9), without the vapour pressure term,
can be deduced, also from the classical theory by Epstein–
Plesset2. Consequently, the present theoretical prediction is
that nanobubbles in natural conditions are inherently
unstable. In eqn (9), Henry’s law is applied only to relate the
saturated gas solution concentration co to the external pressure.

Our second comment concerns the fundamental under-
standing of the Young–Laplace equation. Manning1 refers to
the basic thermodynamic derivation of the Young–Laplace
equation. However, there exists also a mechanical
derivation,5,6 the implications of which need to be understood.
The normal stress balance for fluids meeting at an interface is

DP = r�ñ = g�H = g(1/R1 + 1/R2) (10)

where ñ is the unit normal pointing to the surface, H is the
mean curvature, R1 and R2 are the principal radii of curvature,
and g is the surface tension. For a bubble, DP = Pb � Pw, i.e., the
difference between gas pressure in the bubble Pb and liquid
pressure outside the bubble Pw, and R1 = R2 equals the bubble

radius R. The Young–Laplace equation for a bubble then
follows as

DP = 2g/R (11)

It is noteworthy that this derivation does not involve any
changes in volume. Thus, eqn (11) is widely applicable, for
example, to a bubble containing incompressible gas. According
to the mechanical derivation, the Young–Laplace equation
simply represents a statement that the pressure 2g/R is exerted
by the liquid to the bubble.

As pointed out above, the mechanical derivation of Young–
Laplace equation has nothing to do with how the gas in a
bubble behaves. Accordingly, the force exerted by the gas in the
bubble to the liquid is not an active force that could affect
the realization of eqn (11) in any way. It is a reaction force for the
radial surface tensional force exerted on the bubble.

By the third law of Newton’s classical mechanics, all forces
occur in pairs such that, if one object exerts a force on another
object, then the second object exerts an equal and opposite
reaction force on the first.7 However, the terms ‘action’ and
‘reaction’ have the misleading suggestion of causality. It is,
therefore, easy to think of the second force as being there
because of the first, and even happening some time after the
first. This is incorrect; the forces are simultaneous, and are
there for the same reason.8

An essential ingredient of Manning’s1 analysis is ‘‘the net
force exerted by the surroundings of a bubble, including the
surface, on the interior of the bubble’’. Of that concept, he
writes: ‘‘If this net force is directed inwards, the bubble shrinks.
If it is directed outwards, the bubble expands. If it vanishes, the
bubble is in a state of mechanical equilibrium. The Laplace
equation, eqn (6), is the condition for vanishing net force. From
this condition, we recognize that the net zero force is the
resultant of two competing tendencies.’’ As pointed out above,
this way of thinking is misleading. The action force and the
reaction force are inherently linked and simultaneous, even in
a dynamic situation. Therefore, no such net force, as postulated
by Manning,1 can exist.

For the same reason, ‘‘an arbitrary constant pressure differ-
ence, independent of R’’, used by Manning1 in the derivation of
the stability condition, is an inappropriate concept. The pres-
sure difference cannot be arbitrary, because it is set by eqn (11)
exactly at all times.

Manning1 presents his eqn (2) for the change in the
Helmholtz free energy F as

dF = �PwdVw � PbdVb + g(R) dA (12)

Since1 dVw = �dVb, eqn (3) becomes

dF = �DPdVb + g(R)dA (13)

This results in Manning’s eqn (4)

dF/dR = �4pR2DP + 8pRg(R) (14)

and, upon second derivation, in a stability criterion (Manning’s
eqn (8))
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g(R) � R (dg/dR) o 0 (15)

As discussed above, the pressure exerted by the liquid to the
bubble and the pressure exerted by the bubble to the liquid
represent a pair of an action force and a reaction force, and they
are there for the same reason. That reason is the surface free
energy of the spherical gas–liquid interface. This free energy
must be taken into account in the thermodynamic equations
such as eqn (12). Physically, the situation related to an action
force and a reaction force is symmetric, so that the surface free
energy change of a bubble can be described either by the work
done in changing the surface area, or the work done in
changing the gas phase. Simple derivation shows that these
terms are g(R)dA = 8pRg(R) and �PbdVb = �8pRg(R). Thus, they
are equal and opposite as they should, being works done by a
pair of an action and a reaction force. The critical point here is
that, in the thermodynamic equations of this system, the sur-
face free energy change of a bubble must be taken into account
only once.

Manning’s1 eqn (2), i.e. our eqn (12) above, includes both
the term g(R)dA and the term �PbdVb, as if they were separate
free energies. This represents double-counting of the surface
free energy of the bubble. A way to demonstrate this error is to
insert eqn (11) into eqn (14), giving dF/dR = 0. This suggests
that the free energy of a volume of liquid including a bubble is
independent of the size of the bubble. Clearly, this cannot be
correct.

When the erroneous second term on the right hand side of
eqn (12) is removed, the variable �DP will change to the
variable Pw, and the stability criterion in eqn (15) changes to

PwR + g(R) + R(dg/dR) 4 0 (16)

Noting that dg/dR for a bubble should be positive,9,10 eqn (16)
indicates that the bubbles, as considered by Manning,1 are
always stable at a positive external pressure. This contradicts
Manning’s1 result and renders the analysis, based on the
detailed dependence of g on R, meaningless.

Notwithstanding the criticism above, we agree with
Manning1 in his assertion that the ‘‘Laplace Pressure Bubble
Catastrophe’’ has no physical basis. A high pressure inside a
bubble cannot logically be the cause of dissolving it, because in
that case the pressure should decrease when the gas in the
bubble dissolves and the bubble gets smaller while, according
to the Young–Laplace equation, the pressure then increases.
The bubble stability problem must be solved by considering the
thermodynamics of a complete liquid, gas, vapour system while
properly treating the free energy of the interface, and

considering the energy barriers that may lead to metastable
nanobubbles.11
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