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Spatial dimensionality and the binding of small
clusters†

L. W. Bruch

The effect of spatial dimensionality D on the near-threshold binding of small clusters of identical

particles is shown. Estimates of the threshold coupling constants for 2 and N bosons are given for D

equal to 1 to 5 and the relation to conditions for the Efimov effect is discussed. Variational trial functions

for 4 identical spin-1
2 fermions in D = 2 are given.

I. Introduction

Helium atoms provide extreme examples of quantum effects in
the binding of small atomic clusters. For 4He, the dimer,1,2 the
ground-state trimer,3,4 and the Efimov state of the excited
trimer5 have been detected in experiments with atomic beams.
The corresponding clusters 3He2 and 3He3 of 3He are not self-
bound. One direction of research has been to follow the (possible)
binding in larger clusters.6–8

On the other hand, one may study the relation of the stability of
small clusters relative to such self-bound many-body liquids as
liquid 4He (N-bosons) and liquid 3He (N-fermions). This turns out
to be strongly dependent on the spatial dimension9–11 (integer) D,
as is further discussed here in Section II for N-boson thresholds.
Related ideas of corresponding states have been used for families
of pair potentials in the inert gases,12 for the effects of quantum
mechanics on the gas–liquid critical point,13 and for the evolution
of the ground state of a many-body system from gas to liquid to
solid as a function of the quantum parameter.9,11 The information
for the many-fermion system is more limited. There has been a
demonstration of dimerization for 4-fermions near the dimer
threshold in two dimensions (D = 2).14 In Section III, an extension
of the spin algebra for 4 identical spin-12 fermions15 to D = 2 is given
and the relation to estimates based on 2-body thresholds16,17 is
discussed.

Throughout this paper, atoms of mass m are assumed to
interact via central pair potentials. Quantitative results in
Section II are given for threshold coupling constants for the
Lennard-Jones (12,6) potential,

f(r) = 4e[(s/r)12 � (s/r)6], (1)

with energy minimum e and length scale s. The coupling constant is
defined to be K = 4mes2/h�2 which is related to the de Boer parameter
L* by L� ¼ 4p

� ffiffiffiffi
K
p

. This potential is often used as a near-realistic
model in corresponding states scalings.11,13 Formulation of phase
diagrams or critical point parameters as a function of K enables
extrapolations and interpolations when estimating the effects of the
changes in effective potential that occur in transferring from D = 3
to an adsorbed monolayer.

Efimov states for three atoms arise for 4He3 ref. 5 and in
observations of trapped atoms.18 There are19,20 very weakly self-
bound nominally 2D phases of 3He that have been modeled as
many-fermion bound states.21,22 While the present paper treats
systems of identical particles, it is important to note theoretical
treatments of cluster of unequal masses that demonstrate the
Efimov effect23 may occur in other dimensions.24–27

The organization of this paper is as follows: Section II
contains the treatment of 2 and N identical spin-0 bosons
and Section III reports results for 4 identical spin-1

2 fermions.
Section IV contains conclusions.

II. Two and N bosons

Efimov23 showed that for coupling constants in a very narrow
range close to the dimer threshold there is a series of loosely
bound excited trimer states. His construction, for three spatial
dimensions (D = 3), showed that the threshold coupling con-
stant for the ground state trimer is less than that for the dimer.
Lim et al.28 demonstrated the existence of a very weakly bound
(ca. 1 mK) excited state of 4He3 and later calculations5 con-
firmed that the excited state does depend on coupling constant
as predicted by Efimov. However, although the Efimov effect of
three identical bosons does not occur in two spatial dimensions
(D = 2), there does exist a weakly bound trimer excited state near
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the dimer threshold29,30 and universality conditions apply for
finite range potentials.30,31

It is noteworthy that a variational calculation of the N-boson
threshold coupling constant coincides with the dimer thresh-
old in D = 29 and D = 1.10 Studies in fractional dimension D̃
show27,30 that the Efimov effect occurs only for 2.3 o D̃ o 3.8.
Here, variational estimates32 of the 2-boson and N-boson
threshold will be given for dimension D = 1, 2, 3, 4, 5. The pair
potential is the LJ(12,6) model of eqn (1) and the N-boson
variational trial function has the Jastrow form

C0;J ¼
Y
io j

f rij
� �

; (2)

with factors f of the form

f (r) = exp[�(b/r)s]; (3)

the length scale b and the power s are variational parameters.
A cluster expansion of the trial energy Et for N bosons in the
D-dimensional volume O gives a low density estimate:

Et ¼
1

2

N

O

ð
dDr fðrÞf ðrÞ2 þ �h2

m
ðrf Þ2

� �
þ . . . (4)

subject to ð
dDr f ðrÞ2 � 1
� 	









o1: (5)

The integral in eqn (4) also appears in the expectation value for
the dimer trial energy but using a trial function c(r) subject to a
different boundary condition than f (r). The form used here is

c(r) = f (r)/rZ, (6)

where Z depends on D and the angular momentum; it is chosen
to make the large-r asymptote of c match to the subdominant
solution to the zero energy two-body Schrödinger equation.
Upper bounds on the threshold coupling constants for 2 and N
bosons are obtained by locating the coupling constant K that
makes the corresponding r-integrals equal zero after optimization
of b and s. With these trial functions, the integrals are done
analytically in terms of G-functions.32 More generally this condi-
tion may also be satisfied by integrating a two-body zero-energy
Schrödinger equation, but in the cases where that has been done,
the results from the variational calculation are within 0.1% of
those of the numerical integrations. Results are shown for the 2
(S – wave) and N-boson thresholds for D = 1 to 5 in Table 1.
Additionally the thresholds for dimers with 1 and 2 units of
angular momentum (‘‘P’’ and ‘‘D’’) in 2 and 3 dimensions are
given in Table 2, where it may be seen that the simple correlation
factor eqn (3) gives a fine approximation.

It is remarkable that the 2 and N-boson threshold are
identical in D = 1 and 2 and that the difference increases for
higher dimension. Although the N-boson values are based on
the Jastrow trial function, there is no example showing that this
fails to locate the threshold in D = 2. A search for the Efimov
effect for 3 identical bosons in D = 2, which would have
demonstrated a failure of the Jastrow form in D = 2, was
unsuccessful29 and later work27,30 reinforced the conclusion

that the effect is absent in D = 2 and also showed it is absent for
D = 4. Thus the results for D = 4 and 5 in Table 1 show that
another mechanism must be acting to separate the 2 and N
boson thresholds there.

III. Binding of four identical fermions

Quantum statistics effects, arising from the requirement of
antisymmetric total wave functions, lead to more complex analyses
for identical spin-1

2 fermions.14,15,33,34 For two such particles, the
spatial component of the ground state wave function can be the
same as for bosons of the same mass, with the antisymmetry
arising from the spin component. Already for three and four
fermions, the mixing of space and spin components introduces
enough complexity that there are few systematic studies available
for four fermions.14,34 Bounds on the ground state energy using
2-body comparison problems, the Hall-Post inequalities,16,17 pro-
vide some indirect information. Here results for 4-fermions in
D = 3 are extended to D = 2 (a Cartesian x–y plane) and a
comparison is given to results for Hooke’s law oscillators.

Jacobi coordinates for 4 identical particles are

R ¼ r1 þ r2 þ r3 þ r4ð Þ=4

u ¼ 1

2
r1 þ r2ð Þ � 1

2
r3 þ r4ð Þ

v ¼ r1 � r2

w ¼ r3 � r4

(7)

The states of total spin S for 4 spin-1
2 fermions are one of

S = 2 (degeneracy 5), three of S = 1 (each of degeneracy 3) and
two of S = 0 (each non-degenerate). The total wave function for

Table 1 Variational estimates of threshold coupling constants K2 and KN

for the 2 (L = 0,S-wave) and many-boson ground states with the Lennard-
Jones (12,6) pair potential in D dimensions. Z is the power law for the dimer
trial function

D Z K2 KN

1 0 22.368 22.368a

2 0 14.753bc 14.753c

3 1 22.368 8.676d

4 2 31.54 4.16
5 3 42.23 1.218

a Krotscheck et al.10 b Using14 Z = 1/2 leads to K2 = 17.96, and does not
give a bound 3He2, for which K C 16.6. c Miller and Nosanow9 and
Cabral33 give for the Schrödinger solution K2 = KN = 14.744. d Schrödinger
solutions are K2 = 22.362 and KN = 8.6725.

Table 2 Dimer threshold coupling constants for the Lennard-Jones(12,6)
pair potential for states with 1 (‘‘P’’) and 2 (‘‘D’’) units of orbital angular
momentum, using the dimer trial functions of eqn (7)

D ZP KP ZD KD

2 1 31.54a 2 54.35
3 2 42.23b 3 68.23b

a Schrödinger solution33 gives 31.516. b Schrödinger solutions35 give
42.2 and 68.2, respectively.
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S = 2 is a product of space and spin factors, but for S = 1 and
S = 0 the total wave function is a sum of factored pieces.
The requirements imposed by antisymmetry of the total wave
function have been given elsewhere.15 For D = 3, trial wave
functions based on the Jastrow product eqn (2) and factors with
0 (S = 2), 1 (S = 1) and 2 or 0 (S = 0) units of orbital angular
momentum have been given.15

Analytical results for the 4-body problem using the Hooke’s
law pair potential,

F ¼
X
io j

1

2
k ri � rj
� �2

; (8)

are known in terms of normal modes. The internal Jacobi coordi-

nates u, v, w all have oscillator frequencies o4 ¼
ffiffiffiffiffiffiffiffiffiffiffiffi
4k=m

p
, while the

frequency for a dimer of reduced mass m is o2 ¼
ffiffiffiffiffiffiffiffi
k=m

p
. The (Hall)

lower bounds15,16 in terms of the ground state and first odd parity
excited state energies of two-body problems with effective mass m,
E0(2,m) and E1(2,m) are

E0(4f,S = 2) Z 6E1(2,m) = 3h�o4[1 + (D/2)]. (9)

E0(4f,S = 1) Z 2[E0(2,m) + 2E1(2,m)] = h�o4[2 + (3D/2)]. (10)

E0(4f,S = 0) Z 3[E0(2,m) + E1(2,m)] = h�o4[(3/2)(D + 1)]. (11)

The final equalities in these equations are the values obtained
for Hooke’s law oscillators in D-dimensions. The analytic
solution for Hooke’s law oscillators achieves the lower bounds
in D = 3 for S = 2 and S = 1 but not for S = 0. For the 3-fermion
cases, the corresponding lower bounds are achieved15 for

both S ¼ 3

2
and S ¼ 1

2
. The lower bound for 4 bosons,

E0(4b) Z 6E0(2,m) is also achieved.16

In extending the results15 to D = 2, two difficulties arise: (1)
the spatial component of the S = 2 trial function is a determi-
nant that does not adapt to D = 2. (2) The spatial factors of
nonzero angular momentum in D = 3 are given in terms of a
real component of the spherical harmonics but that does not
arise in D = 2. Resolutions to both difficulties are given here.

To begin a resolution of (1), a totally antisymmetric spatial
wave function factor F2 for the S = 2 case is constructed with 4
factors of the internal Jacobi coordinates. It is, for Cartesian
components of the Jacobi coordinates a to d chosen to be x or y
of D = 2,

F2ðab; gdÞ ¼ uaub vgwd þ vdwg
� �

� tatb �2ugud þ 2sgsd
� �

� sasb 2ugud � 2tgtd
� �

;

(12)

with sa = (va + wa)/2 and ta = (va � wa)/2. However this is not an
angular momentum eigenstate. The two trial functions

C(0,F) = [F2(xy,xx) � F2(xy,yy)]C0, J (13)

C(4,F) = [F2(xx,xy) + F2(yy,xy)]C0. J (14)

are totally antisymmetric wavefunctions that are eigenfunctions
of Lz

2 (Lz is the z-component of total angular moment) with
eigenvalues cz

2h�2, for cz = 0 and 2, respectively.

The resolution of (2) for D = 2 needed for cz a 0, which also
applies in adapting trial functions presented for D = 3, is to
form the combination

C(cz) = [czh� + Lz]C(cz
2,F), (15)

which is an antisymmetric trial function with Lz eigenvalue czh�.
C(cz

2,F) for D = 2 is given in eqn (14). Although this trial
function is formally complex, expectation values reduce to
real-number calculations, e.g.,

(C(cz),HC(cz)) = 2cz
2h�2(C(cz

2,F),HC(cz
2,F)) (16)

for a Hamiltonian H that commutes with Lz. Then the wave
functions of eqn (13) and (14) lead to variational estimates
E(4f,S = 2)t = 7h�o4 for the Hooke’s law model and do not achieve
the lower bound 6h�o4 of eqn (9). To summarize, the lower
bound for S = 2 is achieved for D Z 3 and for S = 1 is achieved
for D Z 2, but the lower bound for S = 0 is not achieved for
either D = 3 or D = 2; in fact, E0(4f,S = 0) = h�o4[(3D/2) + 2]. The
general inequalities are satisfied in these cases though.

There is limited computational experience with such fermion
trial functions. Lim and co-workers34 treated the S = 0 case of
3He4 in D = 3 and found no self-binding. They did find that the
L = 2 configuration seemed to be closer to binding than the L = 0
configuration and interpreted this difference as arising from
wave function nodes that occur as a function of angle rather
than as a function of radius. A similar phenomenon happens35

for 3 boson in D = 3. Vranjeŝ and Kilić14 treated the S = 0, L = 0
case in D = 2 and found dimerization (2 S = 0 dimers) for 3He
parameters, but not a self-bound configuration of 3He4. That
result is consistent with the conclusion of Miller and Nosanow9

that the threshold for many-fermion self-binding is significantly
larger than the dimer threshold.

It is not known what if any connection there is between
these results and the dimerization observed for trapped
atoms.36 The corresponding question in nuclear physics, the
stability of the tetra-neutron, remains unsettled.37

IV. Conclusions

The merging of threshold coupling constants for 2 and N
bosons in D = 1 and D = 2 correlates with the absence of the
Efimov effect there. However the Efimov effect is absent also for
D = 4 and D = 5 while the 2 and N boson threshold coupling
constants are well-separated there. Whether this contrast is
coincidental is not known. It may be clarified with extensions of
the construction originally used by Efimov23 to demonstrate the
existence of long-range effective interactions.

Hooke’s law springs have provided many examples where
the Hall-Post lower bounds on the ground state energies of
few-body systems are attained. The 4-fermion system in D = 2
and D = 3 provides cases where the lower bound is not attained.
More systematic studies using group theoretic constraints for
few-fermion systems near threshold appear to be warranted,
especially as there is a self-bound state of 3He on graphite that
has a very low areal density.19,22
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W. Schöllkopf, D. Bressanini, A. Czasch, J. B. Williams,
K. Ullmann-Pfleger, L. Ph. H. Schmidt, M. S. Schöffler, R. E.
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