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Multi-phonon proton transfer pathway in a
molecular organic ferroelectric crystal†

Matthew T. O. Okenyi, a Laura E. Ratcliff*a and Aron Walsh *ab

While the majority of ferroelectrics research has been focused on inorganic ceramics, molecular

ferroelectrics can also combine large spontaneous polarization with high Curie temperatures. However,

the microscopic mechanism of their ferroelectric switching is not fully understood. We explore proton

tautomerism in the prototypical case of croconic acid, C5O5H2. In order to determine how efficiently

ferroelectricity in croconic acid is described in terms of its G-point phonon modes, the minimum energy

path between its structural ground states is approximated by projection onto reduced basis sets formed

from subsets of these modes. The potential energy curve along the minimum energy path was found to

be sensitive to the order of proton transfer, which requires a large subset (\8) of the modes to be

approximated accurately. Our findings suggest rules for the construction of effective Hamiltonians to

describe proton transfer ferroelectrics.

1 Introduction

A ferroelectric is a material that exhibits a spontaneous, switch-
able electric polarization. Since polarization switching is the
crucial function, the microscopic mechanism by which this
switching occurs holds important scientific interest. This topic
has been researched both experimentally1–4 and theoretically5–7

over the course of many decades for many systems.
Different theoretical approaches have been used to provide

insights into ferroelectrics. Before the development of ab initio
methods like density functional theory (DFT),8,9 polarization
reversal processes were modelled using continuum methods
such as the Landau–Ginzburg theory,10 from which models for
domain nucleation and growth could be derived.5,11 More
recently, DFT has been used to model the atomic structure of
defect-free ferroelectric crystals;12 and the atomic structure and
properties of domain walls,13 which is outside the realm of
applicability of continuum models. It has also been used to
calculate the parameter values of effective Hamiltonian
models14 constructed in order to simulate large systems beyond
the reach of first-principles methods.15,16

The microscopic switching mechanism of organic ferroelectrics
such as potassium dihydrogen phosphate and triglycine sul-
phate is characterised by proton transfer between molecular

units. Croconic acid (CRCA) is another member of this
category.17,18 The motion of protons parallel and perpendicular
to the polar axis, and consequent electronic rearrangement are
understood to induce the observed polarization in CRCA.18 Like
many proton transfer ferroelectrics, however, it is less thermally
stable than inorganic ferroelectrics such as lead zirconate
titanate and polymer ferroelectrics such as polyvinylidene
fluoride. The relative ease of practical experimentation and
potential application to future devices might explain why, upon
surveying the literature, more progress has been made toward
explaining switching mechanisms in the latter types of
ferroelectrics19,20 than in proton transfer ferroelectrics.

In previous work, the degrees of freedom for an effective
Hamiltonian for barium titanate were constructed by projecting
the unstable phonon modes of the crystal onto individual unit
cells.21 This effective Hamiltonian successfully described the
phase transition sequence of the material. On the other hand,
a similar effective Hamiltonian for the proton transfer ferro-
electric potassium dihydrogen phosphate (KDP) used its
unstable gamma point mode to derive the degrees of
freedom22 but significantly overestimated KDP’s phase transi-
tion temperature and predicted a second order phase transi-
tion, rather than the weakly first order transition that is
experimentally observed.22

In this study, the possibility of describing the ferroelectricity
of the proton transfer ferroelectric croconic acid (CRCA) by
selecting the correct subset of its phonon modes was considered.
The minimum energy path (MEP) for polarization switching in
CRCA has been calculated with the nudged elastic band
method23 in previous work,24 and found to involve pairwise
transfer of protons. Any reduced basis of atomic displacements
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that can be used to describe ferroelectricity in CRCA must at
least be able to express the MEP. Therefore, the ability of the
phonon modes of CRCA to efficiently describe ferroelectricity in
CRCA was assessed by using these modes as a basis in which to
approximate the MEP.

The following analysis bears similarities with previous
work20 which decomposed polar distortions of two other proton
transfer ferroelectrics 1-cyclobutene-1,2-dicarboxylic acid and
2-phenylmalondialdehyde. Both analyses seek to conceptualise
the collective atomic distortions that give rise to ferroelectricity
in proton transfer ferroelectrics. On the other hand, the authors
of ref. 20 decompose the polar distortions of these materials
into three different types of atomic distortion instead of the
spectra of the materials’ G-point phonon modes.

2 Methods

The ground-state crystal structure of CRCA has the Pca21 space
group, which is polar. The initial crystal structure of CRCA was
taken from entry 147324 of the Cambridge Crystallographic
Data Centre and was obtained from X-ray diffraction.25 As a
starting point, we linearly interpolate a path between the two
orientation states, where the direction of polarization is
reversed. The mid-point is a non-polar structure that has the
space group Pbcm. Equivalently, it is the minimal supergroup
from which the Pca21 structure is obtained through the
smallest atomic displacements, i.e. Pbcm-CRCA would be its
prototype phase, as defined by Aizu.26 We take the Pbcm structure
to approximate the hypothetical paraelectric phase, which CRCA
would reach if it did not thermally decompose at T E 450 K.17

Firstly, we optimise the crystal structures separately under
the constraints of the Pca21 and Pbcm symmetry elements. The
total energy and forces were calculated from plane-wave DFT as
implemented in the Quantum Espresso27,28 and Abinit29 soft-
ware packages. To determine whether dispersion corrections to
the exchange–correlation energy functional would give a more

accurate description of the potential energy surface, geometry
optimizations were performed with two different dispersion-
corrected functionals: DFT-D330 (Abinit’s implementation) and
vdW-DF231 (Quantum Espresso’s implementation). The normal
modes were calculated at the G point by finite differences with
the Phonopy package.32 Further computational details are
given in the Appendix.

3 Results
3.1 Crystal structure

The optimised structure of the Pca21 phase can be compared to
the results of neutron scattering experiments.33 The unit cell
dimensions, OH/O� � �H bond lengths and angles are presented
in Table 1. We distinguish between ‘hinge’ protons and
‘terrace’ protons whose associated OH� � �O triplets are oriented
parallel to the [001] and [%110] directions, respectively. The hinge
and terrace triplets are indicated in Fig. 1 as O(5)–H(6)–O(8)
and O(20)–H(8)–O(14), respectively.

The vdW-DF2 functional gave lattice parameters of a similar
overall accuracy to DFT-D3, while uncorrected PBE gave much
larger errors for the a and b parameters but a smaller error for
the c parameter. This is consistent with earlier results;33

dispersion interactions between pleated layers of CRCA binds
these layers together.

vdW-DF2 also gave the most accurate bond lengths and
angles; however these parameters were also well reproduced
by the uncorrected functional. This may be explained by the
fact that strong hydrogen bonds (i.e. those possessing donor-
hydrogen-acceptor angles (+DHA) B 1801) exist between the
C5O5H2 molecules in CRCA. Such bonds are understood to
contain a smaller dispersive element than that of weak hydrogen
bonds, which generally have +DHA substantially smaller than
1801.34

As vdW-DF2 gave the most accurately optimized structure
overall, it was used for the subsequent calculations of the

Table 1 Comparison between calculated parameters of the crystal structure of croconic acid relaxed with dispersion corrections (DFT-D3, vdW-DF2)
and without. The Hermann–Mauguin symbols refer to the space groups to which the crystal was constrained during unit cell optimisation. The error is
given with respect to the result calculated from low temperature neutron diffraction measurements.a The convention adopted in the literature,a which
refers to protons of OH� � �O triples oriented parallel to [001] as ‘hinge’ protons and those of triples oriented parallel to [%110] as ‘terrace’ protons is used.
yhinge and yterrace refer to angles of the corresponding triples

Pca21 Pbcm

GGA-PBE + DFT-D3 GGA-PBE vdW-DF2

Expt.a vdW-DF2Result Error Result Error Result Error

a (bohr, %) 16.44 0.94 17.20 5.60 16.63 2.13 16.29 16.62
b (bohr, %) 10.00 3.82 10.87 12.88 9.81 1.89 9.63 9.70
c (bohr, %) 20.44 0.89 20.62 0.03 20.98 1.71 20.63 20.32

l(OH)hinge (bohr, %) 1.96 2.91 1.95 2.16 1.92 0.98 1.90 2.33
l(O� � �H)hinge (bohr, %) 2.87 5.39 2.95 2.72 3.12 2.82 3.03 2.33
l(OH)terrace (bohr, %) 1.95 2.83 1.94 1.93 1.92 1.02 1.90 2.31
l(O� � �H)terrace (bohr, %) 2.87 5.74 2.97 2.46 3.09 1.34 3.04 2.31

yhinge (deg., deg.) 167.2 0.9 167.2 0.9 167.4 0.7 168.1 169.4
yterrace (deg., deg.) 174.1 1.9 172.9 0.7 172.0 0.2 172.2 180.0

a S. Mukhopadhyay et al., Chemical Physics, 2013, 427, 95–100.
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dynamical matrix at G and the minimum energy path. For the
calculation of the Born effective charge (BEC) tensor, a structure
found by Pbcm symmetry-constrained relaxation of CRCA with
the uncorrected PBE functional was used. The accurate bond
lengths and angles predicted by this functional implied that the
electronic rearrangement induced by atomic displacement that
contributes to the BEC tensor would also be accurately predicted.
Further details are given in the Appendix.

3.2 Vibrational structure

A complete listing of the normal modes of Pbcm-CRCA, including
irreducible representations, is given in the ESI.† As there are
N = 48 atoms in the unit cell, there are 144 (3N) phonon branches.
Referring to these modes by their associated Pbcm symmetry
labels would be ambiguous; therefore, in the following we refer
to each mode by its index when the modes are arranged in order
of ascending frequency. Modes 0–6 are imaginary, while modes
7–9 are acoustic (zero frequency) translations. The remaining
modes are stable with positive frequencies.

3.3 The minimum energy path

The minimum energy path for ferroelectric switching in CRCA
has been calculated according to the nudged elastic band
algorithm in previous work24 which used the same vdW-
DF231 exchange–correlation functional employed here. This
calculation was reproduced in the present work in order to
determine how efficiently the G-point phonon modes approx-
imate this path. The result of this calculation is illustrated in
Fig. 3. The energy barrier associated with this path is 0.045 eV
per proton. The 12% difference relative to the corresponding
value calculated in the prior work24 (0.051 eV per proton) could
be due to the different unit cell dimensions used in the present

work. Nevertheless, the MEPs calculated in both works involve
the transfer of the 8 protons in the unit cell of CRCA in 4
successive pairs.

Approximations to the minimum energy switching path
were made by repeatedly projecting it onto a reduced basis
comprised of a varying number (Nmodes) of G-point phonon
modes. The order in which modes were added to the basis was
found by forward-selection so that the most important modes
were added first. Specifically, the algorithm involved the following
steps. For Nmodes = 1,. . .,3Natom:

1. Calculate the error in approximating the MEP
according to

eMEP Nmodesð Þ �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1

3NimageNatom

X
an

xanðNmodesÞ � xanðMEPÞð Þ2
s

(1)

where xan is the position of atom a in NEB image n after
separately adding each of the remaining modes to the basis.

2. Add the mode which gives the smallest eMEP value, and
remove it from the set of remaining modes.

3. If Nmodes o 3Natom, increment Nmodes by 1 and return to
step 1, else terminate.

The energy along approximations to the MEP found by
adding modes to the basis in the order described above was
evaluated. The results of these calculations are illustrated in
Fig. 3 which plots the potential energy against a coordinate, l,
normalised between �1 and +1, that quantifies the location of
an atomic configuration on a line in 3Natom-dimensional configu-
ration space between the two orientation states. Precisely, l is
defined as

l � 2 X� Xð�Þ
� �

� DX
DXj j � 1 (2)

for an atomic configuration X) (Xai is the coordinate i of atom a’s
position), and where DX � X(+) � X(�) is the atomic displacement
between the ‘positive’ and ‘negative’ orientation states. After
8 modes were added to the basis, the qualitative shape of the
MEP potential energy curve (PEC) was reproduced. Modes that
were added subsequently led to a downward shift of the entire
PEC as the basis for approximating the MEP became more
complete. Adding modes in order of ascending o2, for example,
instead of determining the order of mode inclusion using the
method described above would have led to PECs that do not
approach the MEP PEC in a continuous way for Nmodes t 120.
This contrast is illustrated in Fig. 2.

3.4 Proton transfer extent and the minimum energy path

An explanation of how the PECs of approximations to the MEP
improved for Nmodes r 8 was sought. As described in previous
work24 and reproduced here, the MEP of ferroelectric switching
in CRCA involves successive pairwise transfer of protons.
Crucially, the protons of CRCA transfer in a well-defined order
which is only accurately reproduced with 8 modes in the basis.
This is illustrated in Fig. 4 which plots the mean absolute error

Fig. 1 A view down the a-axis of croconic acid, after Pbcm-constrained
relaxation of the atomic positions and cell dimensions. Carbon, oxygen
and hydrogen atoms are coloured brown, red and white respectively. The
atoms that comprise the terrace (O(20), H(8), O(14)) and hinge (O(5), H(6),
O(8)) OH� � �O triples are labelled.
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in proton transfer extent defined as

ePTE Nmodesð Þ � 1

NprotonsNimage

X
pn

dlðnÞp ðNmodesÞ � dlðnÞp ðMEPÞ
��� ���

(3)

where

dlðnÞp ðNmodesÞ �
l
ðnÞ
ðOdonorH

ðpÞÞðNmodesÞ � l
ðnÞ
ðOacceptorHðpÞÞ

ðNmodesÞ
2

(4)

is the extent of transfer of proton p in image n of the MEP when
approximated by Nmodes modes.

It can be seen in the figure that between Nmodes = 1 and 8,
ePTE drops significantly by 88% to a small plateau, at which
point the qualitative shape of the MEP PEC is recaptured. The
configuration of hydroxyl bond lengths appears to be a critical
determinant of the potential energy of the crystal.

Fig. 3 shows that the MEP PEC features a local minimum at
its centre; the structure at l = 0 is metastable. An analysis of the
contributions to the potential energy for each image in the MEP
suggests that this state is stabilised by electrostatic interactions
in the system. This analysis is illustrated in Fig. 5 which
plots the electrostatic (Hartree plus ionic) and non-electrostatic
contributions to total energy for each MEP image. The figure
shows a drop in electrostatic energy at the centre of the MEP

Fig. 2 The error in approximating the minimum energy path for ferro-
electric switching with G-point phonon modes added in an order deter-
mined by a forward selection procedure described in Section 3.3. The
corresponding error found by adding the modes in order of ascending o2

is added for comparison.

Fig. 3 The potential energy curve along approximations to the minimum
energy switching path between states with opposite polarization (l � 1).
These vary in the number of phonon modes (Nmodes) in the approximation
basis of the structural transformation.

Fig. 4 The mean absolute error in proton transfer extent, as defined in
eqn (3), incurred by approximating the minimum energy path for ferro-
electric switching in croconic acid by a finite number of phonon modes,
Nmodes.

Fig. 5 A plot of the ‘electrostatic’ (i.e. Hartree energy plus ionic inter-
action energy) and ‘non-electrostatic’ (i.e. total energy minus electrostatic
contribution) contributions to the total energy at each point on the
minimum energy path, relative to their values at l = �1.
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which is evidently greater than the increase in non-electrostatic
contribution to the total energy for that image.

The Born effective charge (BEC) tensors of each H ion in
CRCA has a large anomalous component i.e. the proportion of
its value beyond the formal charge of the ion. This is shown in
Table 2, that reports the norms of the BEC tensor associated
with H ion displacements along the three coordinate axes i.e.ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiP

i

Za
imð Þ2

r
for ion a, displacement direction m. The configu-

ration of hydroxyl bond lengths in CRCA, therefore, has a
significant effect on the electrostatic energy, stabilising the
l = 0 structure, as well as affecting the coordination of valence
electrons in the ions surrounding the hydroxyl bonds.

4 Conclusion

The analysis of the phonon modes of a crystal structure can often
be used to describe mechanisms of the structural phase transitions
for a given material. While this is well established to the specific
cases of inorganic perovskite ferroelectrics, this study has demon-
strated that the mechanism of field-induced polarization switching
in croconic acid – and, likely, in other proton transfer ferroelectrics
– is not efficiently expressed in terms of its phonon modes.

As described in Section 1, the successful effective Hamiltonian
for barium titanate15 constructed its degrees of freedom by project-
ing the three unstable modes of the crystal onto individual unit
cells, and also including strain. We have shown, however, that the
shape of the potential energy curve along the minimum energy
switching path of CRCA is sensitive to the precise order of proton
transfer, and that the proton transfer mechanism requires at least 8
modes to be approximated accurately enough for the resulting
potential energy curve to be qualitatively similar in shape to that of
the ideal path. If the construction of an effective Hamiltonian
similar to ref. 15 were attempted, at least this many modes would
need to be projected onto individual unit cells to construct the
degrees of freedom, leading to an impractical number of polyno-
mial terms to fit. A basis for atomic displacements that allows
individual atoms to move independently, instead of collectively
within a unit cell, would be more suitable for the description of
ferroelectricity in a proton transfer ferroelectric.

Computational details

For the ground state DFT calculations, an SCF convergence
tolerance of 10�10 Ry per ion on the total energy was used. A

cutoff of 200 Ry and Monkhorst–Pack mesh of (3, 3, 2) was
sufficient to converge the ground state energy within a tolerance
of 8.0 � 10�4 Ry per ion, and atomic forces to within a tolerance
of 4.0 � 10�5 Ry per bohr. Ultrasoft pseudopotentials35,36 were
used to approximate the core electrons. Dispersion-corrected
functionals31,37 were used as described in Section 3.

In order to compute the non-analytical term correction38 to
the dynamical matrix at G the Born effective charge tensor was
calculated according to density functional perturbation
theory38 as implemented in Abinit. Following the structure
optimisation, the Kohn–Sham wavefunctions from the Pbcm
structure were recalculated with an SCF convergence condition
of the absolute difference between the squared residual of the
Kohn–Sham potential at successive SCF iterations falling below
a threshold of 10�18 Ha2. The first order wavefunctions with
respect to perturbations of atomic positions were calculated
with an SCF convergence tolerance on the squared (effective)
potential residual of 10�8 Ha2. The potential energy surface
calculations were supported by custom scripts to generate
distorted atomic configurations and post-process the resulting
Quantum Espresso output files.
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