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harides on equilibrium swelling of
thermo-responsive gels†

A. D. Drozdov * and J. deClaville Christiansen

Mechanical and optical properties of thermo-responsive (TR) gels change drastically at their volume phase

transition temperature. As the critical temperature is strongly affected by the presence of small amounts of

additives in aqueous solutions, TR gels can be employed as sensors for detection and recognition of

multiple analytes (from specific ions to hazardous biochemicals to pathogenic proteins) and actuators for

biomedical applications. A simplified mean-field model is developed for equilibrium swelling of TR gels in

aqueous solutions of additives. Its advantage is that the model involves a relatively small (compared with

the conventional approaches) number of material constants and accounts for changes in the thermo-

mechanical response at transition from the swollen to collapsed state. The ability of the model to

describe experimental swelling diagrams and to predict the influence of additives on the equilibrium

degree of swelling and the volume phase transition temperature of TR gels is confirmed by comparison

of observations on poly(N-isopropylacrylamide) gel in aqueous solutions of saccharides (glucose,

sucrose and galactose) with results of numerical analysis.
1 Introduction

Hydrogels are three-dimensional networks of polymer chains
bridged by covalent and/or physical junctions. Thermo-
responsive (TR) gels form a special group of hydrogels whose
equilibrium degree of swelling, as well as mechanical and
optical properties are strongly affected by temperature.1 Equi-
librium and transient swelling of TR gels in various solvents and
their mixtures has recently attracted substantial attention due
to a wide area of potential applications of these materials in
technology2 and medicine.3

Two types of TR hydrogels are conventionally distinguished.
Gels of the LCST (low critical solution temperature)-type swell
noticeably in water at temperatures T below their volume phase
transition temperature Tc and shrink (collapse) at temperatures
above Tc.4 Gels of the UCST (upper critical solution
temperature)-type immersed into water shrink at temperatures
below Tc and swell at T > Tc.5 Pronounced changes in degree of
swelling Q at the critical temperature Tc are accompanied by
morphological transformations of TR gels (a homogeneous
micro-structure of a swollen gel becomes strongly inhomoge-
neous in the collapsed state due to phase separation into
polymer-poor and polymer-rich domains).6

Temperature is not the only trigger causing abrupt changes
in degree of swelling of TR hydrogels. Similar changes are
Aalborg University, Fibigerstraede 16,
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observed when relatively small amounts of additives (starch,7

saccharides,8 phenols,9 inorganic salts,10 surfactants,11 oligo-
mers12) are dissolved in water. The ability of TR gels to recognize
host molecules make them suitable for applications as chemical
and biochemical sensors.13 Development of hydrogel-based
sensors for analytical, chemical and biomedical applications
has recently become a focus of attention.14–17 Design of high-
speed sensors with robust responsiveness to additives and
optimization of their properties require adequate models for
the thermo-mechanical behavior of TR gels in aqueous
solutions.

Conventional models for swelling of TR gels in water are
grounded on the Flory–Rehner concept18 that presumes the
specic Helmholtz free energy of a gel J to consist of three
parts: (i) the specic free energy of water not interacting with
the polymer network J1, (ii) the specic strain energy of the
network not interacting with water J2, and (iii) the specic
energy of interaction between water molecules and segments of
chains Jint. In the Flory–Rehner theory, the function Jint is
adopted in the form

Jint ¼ kBT0(Cf ln ff + cCffn), (1)

where kB is the Boltzmann constant, Cf stands for concentration
of uid phase (number of water molecules per unit volume in
the initial state of a gel), ff and fn are volume fractions of uid
(water) and solid (polymer network) phases in the actual state,
and c is the Flory–Huggins (FH) parameter. The rst term in
eqn (1) characterizes the entropy and the other term describes
the enthalpy of mixing of water molecules and segments of
RSC Adv., 2020, 10, 30723–30733 | 30723
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chains. As the analysis focuses on a narrow interval of temper-
atures near Tc, the actual temperature T is replaced with a xed
temperature T0 in the thermodynamic factor kBT.

When the FH parameter c is treated as a function of
temperature T only, this approach results in rather poor
agreement with experimental swelling diagrams.19 To improve
the quality of tting, this coefficient is traditionally replaced
with an effective FH parameter ceff, which is presumed to
depend on two arguments, T and fn. Adopting an analytical
expression for ceff (as a polynomial20 or rational21 function of fn

with temperature-dependent coefficients), an acceptable
agreement can be reached between experimental data and
results of simulation.

Two shortcomings of this approach are to be mentioned: (i)
observations22,23 show that the volume phase transition
temperature Tc is a characteristic parameter for a TR gel (this
temperature is practically unaffected by preparation conditions
and volume fractions of monomers and cross-linker in a pre-gel
solution). However, the model (1) does not involve Tc as
a parameter and does not permit it to be determined in simu-
lation. Another approach to the description of swelling of TR
gels was suggested in ref. 24 and 25. It is based on the Landau
theory of phase transition and allow Tc to be found by tting
equilibrium swelling diagrams. (ii) Experimental data26,27

demonstrate that the elastic moduli of TR gels increase strongly
(by an order of magnitude) at temperatures above Tc. This
growth (driven by aggregation of hydrophobic segments into
clusters that serve as physical junctions between chains in the
network23) is disregarded in the models based on eqn (1). An
explicit account for the evolution of shear moduli of TR gels
with temperature was performed in ref. 28 and 29.

To study equilibrium swelling of a TR gel in a mixture of two
solvents (solvent-1 and solvent-2), the Flory–Rehner concept is
generalized by including all terms describing interactions
between segments of chains and solvent-1 and solvent-2 mole-
cules into eqn (1). The following expression is adopted for the
specic free energy Jint:30,31

Jint ¼ kBT0[(C1 ln f1 + C2 ln f2) + (c13C1fn + c23C2fn +

c12C1f2)], (2)

where C1, C2 denote concentrations of cosolvents, f1, f2 are
their volume fractions in the gel, and c13, c23, c12 stand for the
FH parameters.

Observations in equilibrium swelling tests are reproduced
poorly when the coefficients cij are treated as functions of
temperature T only.32 To ameliorate the accuracy of tting, three
approaches were suggested: (i) introduction of prescribed
dependencies of the coefficients cij on volume fractions of
constituents,33 (ii) extension of eqn (2) to account for size and
shape of solvent molecules and segments of chains, as well as
for attractive and repulsive interactions between them,34 and
(iii) inclusion of higher-order terms with respect to f1, f2, fn

into eqn (2).35 Although these renements improve the quality
of matching experimental data, they lead to a strong increase in
the number of adjustable parameters, which makes
30724 | RSC Adv., 2020, 10, 30723–30733
questionable the ability of the models to predict the thermo-
mechanical behavior of TR gels in mixtures of solvents.

The objective of this study is threefold: (i) to develop a model
with a reasonably small number of material constants for
equilibrium swelling of TR gels in aqueous solutions of addi-
tives that accounts for changes in the micro-structure of the
polymer network and its elastic moduli at transition from the
swollen to collapsed state and allows the critical temperature Tc
to be determined explicitly, (ii) to nd adjustable parameters in
the governing equations by matching equilibrium swelling
diagrams on covalently cross-linked poly(N-iso-
propylacrylamide) (PNIPA) gel in water and aqueous solutions
of glucose, galactose and sucrose at various temperatures and
molar fractions of saccharides, (iii) to verify the ability of the
model to predict observations by comparing results of simula-
tion with experimental data in independent tests.

We focus on equilibrium swelling of LCST-type covalently
cross-linked thermo-responsive gels in aqueous solutions with
relatively low volume fractions of additives (below the concen-
tration at which reentrant swelling starts36). Analysis of the
physical mechanisms for the co-solvency and co-nonsolvency
phenomena in TR gels in mixed solvents37 is beyond the
scope of this work. Unlike previous studies, we do not conne
ourselves to the response of TR gels at a xed temperature.
Temperature T and volume fraction of additive in the bath
f2

bath are treated as independent parameters. This allows the
critical temperature Tc(f2

bath) and the critical concentration of
additive f2c

bath(T) to be predicted at which the volume phase
transition occurs.

A strong decay in the equilibrium degree of swelling at the
critical temperature Tc for a TR gel in pure water is conven-
tionally explained by pronounced changes in the effective
hydrophilicity of chains involving hydrophilic and hydrophobic
segments.38,39 At temperatures below Tc, each hydrophobic
segment is surrounded by a cage-like structure formed by water
molecules bridged by hydrogen bonds.40 When temperature
grows, clustered water molecules are destabilized by thermal
uctuations. Breakage of cages formed by water molecules
induces agglomeration of hydrophobic segments and formation
of hydrophobic aggregates from which water molecules are
expelled. At temperatures above Tc, most cages are broken, and
the structure of a TR gel becomes inhomogeneous: it consists of
a number of deswollen hydrophobic aggregates bridged by
hydrophilic segments and separated by nano-channels in which
water molecules are located.41

The similarity between the equilibrium swelling diagrams on
TR gels in pure water, Q(T), and in aqueous solution of additives
at a xed temperature, Q(fbath), see Fig. 1 below, can be
explained by the same mechanism of destabilization of cage-
like structures surrounding hydrophobic segments. In
swelling tests with increasing temperature, breakage of cages is
induced by thermal uctuations, whereas in experiments with
growing concentration of additives, it is caused by complexation
of additives with water molecules (formation of molecular
complexes linked by hydrogen bonds).42 When water molecules
leave the cage-like structures around hydrophobic segments to
form complexes with molecules of additives, these structures
This journal is © The Royal Society of Chemistry 2020
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Fig. 1 (A) Degree of swelling Q versus temperature T. (B–D) Degree of swelling Q versus volume fraction of saccharides in the bath f2
bath.

Circles: experimental data8 on PNIPA gel in pure water (A) and in aqueous solutions of glucose (B), galactose (C) and sucrose (D) at temperature T
¼ 20 �C. Solid lines: results of simulation.
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are destroyed. As a result, the “naked” segments aggregate into
hydrophobic clusters, the polymer chains dehydrate, and the
network collapses.43–45

The novelty of our study consists in the following: (i) a model
is developed for the mechanical response and equilibrium
swelling of TR gels in aqueous solutions of additives. Unlike the
conventional approach, we do not introduce phenomenological
dependencies of the FH parameters cij on volume fractions of
polymer chains or cosolvent molecules. A pronounced decay in
degree of swelling when temperatures and/or concentration of
additives exceed their critical values is described by taking into
account an increase in the elastic modulus of a gel caused by
aggregation of hydrophobic segments. (ii) An advantage of the
model is that it involves a small number of material constants
with transparent physical meaning. In particular, to describe
equilibrium swelling of a TR gel in an aqueous solution of an
additive, only one extra coefficient is introduced in the gov-
erning equations. This allows the model to be applied not only
for the description of experimental data, but also for prediction
of equilibrium swelling diagrams on TR gels (see Fig. 3 and 4
This journal is © The Royal Society of Chemistry 2020
below). (iii) Adjustable parameters are determined by tting
observations on PNIPA gel is aqueous solutions of saccharides.
Application of TR gels with boronic acid derivatives for
continuous glucose monitoring has recently attracted notice-
able attention.46,47 The proposed approach can be helpful for the
development of insulin-regulatory systems as interactions
between glucose molecules and segments of PNIPA chains are
conventionally disregarded in their analysis.

The exposition is organized as follows. Equilibrium swelling
of TR gels in pure water is discussed in Section 2. The model is
extended in Section 3 for the analysis of swelling in solutions of
additives. The governing equations are veried in Section 4,
where results of simulation are compared with experimental
data. Concluding remarks are formulated in Section 5. A detailed
derivation of the governing equations is provided in ESI.†

2 Swelling of TR gels in pure water

A TR gel is modeled as a two-phase medium composed of solid
(an equivalent polymer network) and uid (water) constituents.
RSC Adv., 2020, 10, 30723–30733 | 30725
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Fig. 2 Degree of swelling Q versus temperature T. Circles: experimental data8 on PNIPA gel in aqueous solutions of glucose with volume
fractions f2

bath ¼ 0.031 (A), 0.122 (B) and 0.188 (C). Solid lines: predictions of the model.
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The solid and uid phases are treated as immiscible (mass
exchange between the phases is disregarded) interpenetrating
(any elementary volume contains both phases) continua.

The initial conguration of a gel coincides with that of an
undeformed dry specimen at some temperature T0 < Tc.
Adopting the affinity hypothesis, we suppose that macro-
deformation of a gel coincides with deformation of its poly-
mer network. Transformation of the initial conguration into
the actual conguration at an arbitrary temperature T is
described by the deformation gradient F. Disregarding ther-
mally induced volume expansion, we write the molecular
incompressibility condition in the form

det F ¼ 1 + Cfv, (3)

where Cf denotes concentration of water molecules (number of
molecules per unit volume in the initial state), and v stands for
the characteristic volume of a molecule. Eqn (3) means that
volume deformation of a gel is driven by changes in water
content only.
30726 | RSC Adv., 2020, 10, 30723–30733
The polymer network involves two components. The rst
network with covalent bonds is build under cross-linking
polymerization of a pre-gel solution. The other network with
physical junctions is formed at temperatures T > Tc due to
aggregation of hydrophobic segments belonging to different
chains. Disregarding the viscoelastic phenomena, we treat both
networks as permanent.

For the covalently cross-linked network, transformation of
the initial state into the reference (stress-free) state is described
by the deformation gradient f1. Presuming the network to be
isotropic, we set

f1 ¼ f 1

1
3
I; f1 ¼ 1þQ0; (4)

where I is the unit tensor, Q0 ¼ Cf0v, and Cf0 stands for
concentration of water in the reference state.

Keeping in mind that all water molecules are expelled from
hydrophobic aggregates, we suppose that the reference state of
the network with physical bonds coincides with the initial (dry)
state of the gel.
This journal is © The Royal Society of Chemistry 2020
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Fig. 3 (A) Degree of swellingQ versus volume fraction of glucose in the bath f2
bath. Symbols: predictions of the model for PNIPA gel in aqueous

solution of glucose at various temperatures T �C. (B) The ratio of masses R ¼M(f2
bath)/M(0) of a gel sample versus volume fraction of glucose in

the bath f2
bath. Solid line: predictions of the model for PNIPA gel in aqueous solution of glucose at temperature T ¼ 25 �C. Circles: experimental

data.64
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Applying the multiplicative decomposition formula, we nd
the deformation gradients for elastic deformation of the
networks

Fð1Þ
e ¼ f

�1
3

1 F;Fð2Þ
e ¼ F

and the corresponding Cauchy–Green tensors for elastic
deformation

Bð1Þ
e ¼ f

�2
3

1 B;Bð2Þ
e ¼ B: (5)

Here B ¼ F$FT is the Cauchy–Green tensor for macro-
deformation, the dot denotes inner product, and T stands for
transpose.

The Helmholtz free energy (per unit volume in the initial
state) J equals the sum of the specic energies of uid and
solid constituents not interacting with each other and the
energy of their interaction,
Fig. 4 (A) Degree of swelling Q versus temperature T. Symbols: predict
various volume fractions f2

bath. (B) Volume phase transition temperatu
predictions of the model. Symbols: experimental data (B – ref. 65, C –

This journal is © The Royal Society of Chemistry 2020
J ¼ J1 + J2 + Jint, (6)

where J1 is the specic energy of water molecules not inter-
acting with segments of chains, J2 is the specic energy of
polymer chains not interacting with water, and Jint is the
specic energy of mixing of water molecules with segments of
chains.

The specic energy of water reads

J1 ¼ m0Cf, (7)

where m0 denotes chemical potential of water molecules not
interacting with the polymer network.

The specic energy of the polymer network (consisting of two
parts with chemical and physical bonds) is given by

J2 ¼
X2

m¼1

Wm

�
Ie1

ðmÞ; Ie2
ðmÞ; Ie3

ðmÞ
�
; (8)
ions of the model for PNIPA gel in aqueous solutions of glucose with
re Tc versus volume fraction of glucose in the bath f2

bath. Solid line:
ref. 66).

RSC Adv., 2020, 10, 30723–30733 | 30727
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where the specic mechanical energyWm stored in chains of the
mth network depends on principal invariants Ie1

(m),Ie2
(m),Ie3

(m)

of the corresponding Cauchy–Green tensor for elastic defor-
mation Be

(m). For deniteness, the neo-Hookean formulas are
accepted for the strain energy densities of polymer networks
with covalent and physical bonds,

Wm ¼ 1

2
Gm

h�
Ie1

ðmÞ � 3
�
� ln Ie3

ðmÞ
i
; ðm ¼ 1; 2Þ; (9)

where G1 and G2 stand for the shear moduli. More sophisticated
expressions for the functionsWm were developed and veried by
comparison with observations in ref. 48 and 49.

Conning ourselves to the analysis of swelling in a rather
narrow interval of temperatures near the volume phase transi-
tion temperature Tc, we treat the modulus G1 of the covalently
cross-linked network as a constant. The modulus G2 of the
network with physical bonds vanishes below Tc and grows with
the difference T � Tc above the volume phase transition
temperature. The following relation is adopted for the function
G2(T):

G2ðTÞ ¼ 0;

ðT\TcÞ;G2ðTÞ ¼ G2

h
1� exp

�
�b2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
T � Tc

p �i
; ðT $TcÞ;

(10)

where �G2 and b2 are adjustable parameters. The ability of eqn
(10) to describe observations is conrmed in Fig. S-1,† where
experimental data50 are reported on the temperature-induced

increase in the Young's modulus E ¼ 3
2
ðG1 þ G2Þ of PNIPA gel

in water and NaCl solution together with their t by eqn (10)
with the material parameters listed in Table S-1.†

Introducing an order parameter

h ¼ |T � Tc|
1
2 (11)

for the volume phase transition in a TR gel, we present eqn (10)
in the form

dG2

dh
¼ b2ðG2 � G2Þ;G2ð0Þ ¼ 0: (12)

Bearing in mind that G2 is proportional to concentration of
physical bonds (aggregates from which molecules of water are
expelled) that bridge polymer chains in the network above Tc,
eqn (12) can be treated as a simple kinetic relation for aggre-
gation of hydrophobic segments. More sophisticated relations
for the kinetics of aggregation were discussed in ref. 51 and 52.

The specic energy of mixing of water molecules with
segments of chains is adopted in the Flory–Huggins form (1),
where ff and fn are given by

ff ¼
Cfv

1þ Cfv
;fn ¼

1

1þ Cfv
: (13)

The following expression is accepted for the FH parameter c:

c ¼ c0 + c1T(T < Tc), c ¼ cmax(T > Tc), (14)
30728 | RSC Adv., 2020, 10, 30723–30733
where T and Tc are measured in �C, and the coefficients c0, c1,
cmax obey the continuity condition

cmax ¼ c0 + c1Tc. (15)

Eqn (14) means that breakage of cage-like structures formed
by water molecules surrounding hydrophobic segments leads to
an increase in the effective hydrophobicity of chains (charac-
terized by the parameter c) at temperatures T below Tc. When T
exceeds the volume phase transition temperature Tc, further
growth of c is prohibited by formation of aggregates of hydro-
phobic segments.

Applying the free energy imbalance inequality, we nd that
under equilibrium swelling of a TR gel, its degree of swelling Q
¼ Cfv obeys the nonlinear equation

ln
Q

1þQ
þ 1

1þQ
þ c

ð1þQÞ2 þ
g1

1þQ

"�
1þQ

1þQ0

�2
3 � 1

#

þ g2

1þQ

h
ð1þQÞ

2
3 � 1

i
¼ 0; (16)

where

gm ¼ Gmv

kBT0

ðm ¼ 1; 2Þ

stand for the dimensionless shear moduli. Derivation of eqn
(16) is given in Appendix A (ESI).†

Eqn (16) together with eqn (14) for the Flory–Huggins
parameter c and eqn (10) for the shear modulus G2 provides
governing relations for the equilibrium degree of swelling Q at
an arbitrary temperature T. These equations involve seven
adjustable parameters: (i) g1 stands for the dimensionless shear
modulus of the polymer network with covalent bonds, (ii) Q0

denotes degree of swelling of a gel in its stress-free state, (iii) c0,
c1 characterize temperature-induced changes in the FH
parameter c below the critical temperature Tc, (iv) cmax is the FH
parameter above the volume phase transition temperature, and
(v) �G2, b2 describe the kinetics of aggregation of hydrophobic
segments of chains above the critical temperature. Given
material constants, the critical temperature Tc is found from
eqn (15).

To conrm the ability of the model to describe equilibrium
swelling diagrams, we t experimental data53 on PNIPA gel
prepared by irradiation cross-linking of an aqueous solution of
NIPA chains with the irradiation dose G ¼ 20 kGy. Observations
in equilibrium water uptake tests are depicted in Fig. S-2A.† The
data are matched by means of a two-step procedure. At the rst
step, observations below Tc (where g2¼ 0) are tted. We set Q0¼
12.81 (which means that the reference state coincides with the
as-prepared state54), determine c from eqn (16), and approxi-
mate the experimental dependence c(T) by means of eqn (14),
where c0 and c1 are calculated by the least-squares technique.
The dimensionless elastic modulus g1 is found from the
condition of the best-t of the dependence c(T). The coefficient
cmax is determined from eqn (15). At the other step, the data
This journal is © The Royal Society of Chemistry 2020
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above Tc are matched by means of two parameters, b2 and �g2,
with �g2 ¼ �G2v/(kBT0).

Fig. S-2A† demonstrates good agreement between the obser-
vations and results of simulation with the material constants
listed in Table S-2.† Fig. S-2B† shows that eqn (14) describes
correctly an increase in c with temperature below the critical
temperature Tc. An advantage of the governing eqn (10), (14) and
(16) compared with previous models for swelling of TR gels (see,
for example,55,56 where similar observations are approximated) is
that it correctly describes equilibrium swelling diagrams by
means of a rather limited set of adjustable parameters.
3 Swelling of TR gels in solutions of
additives

Our aim now is to describe how degree of swelling of TR gels is
affected by the presence of additives in aqueous solutions.

Experimental data show that volume phase transition in a TR
gel immersed in water occurs at a critical temperature Tc which
is practically independent of preparation conditions and
concentrations of monomers and cross-linkers.22 This observa-
tion serves as a basis for treatment of Tc as a parameter char-
acterizing the transition point, see eqn (12), and the function (9)
(proportional to the difference T � Tc) as the order parameter h
for volume phase transition.

Under swelling of a TR gel in a mixture of water with another
solvent, the temperature Tc is strongly affected by the chemistry
and concentration of the cosolvent. As Tc cannot be used as
a criterion for the volume phase transition, three questions
arise: (i) which parameter can replace Tc as a measure for coil-
to-globule transition in polymer chains, (ii) how to express the
order parameter h (that describes the kinetics of aggregation of
hydrophobic segments) in terms of this quantity, and (iii) how
to dene c in eqn (16) in order to account for the inuence of
cosolvents or additives. The main requirement for appropriate
answers to these questions is that they should result in eqn (10),
(14) and (16) when volume fraction of additives in the bath
f2

bath vanishes.
We introduce the coefficient cmax as a criterion for the

volume phase transition in TR gels in binary mixtures. In other
words, we suppose that some “equivalent” FH parameter ceq

exists (treated as a function of temperature, volume fraction of
additive in the gel, etc.) such that

ceq < cmax

when the gel is in the swollen state, and

ceq $ cmax

when it is in the collapsed state.
It follows from eqn (14) that ceq ¼ c0 + c1T for a TR gel in

pure water. This equality together with eqn (15) implies that
when a TR gel collapses in pure water,

T � Tc ¼ 1

c1

�
ceq � cmax

�
:

This journal is © The Royal Society of Chemistry 2020
Combining this equality with eqn (11), we introduce the order
parameter h by the formula

h ¼ |ceq � cmax|
1
2: (17)

According to eqn (12), the shear modulus G2 of the polymer
network with physical bonds obeys the differential equation

dG2

dh
¼ bðG2 � G2Þ;G2ð0Þ ¼ 0 (18)

with b ¼ b2=
ffiffiffiffiffi
c1

p
. The solution of eqn (18) reads

G2 ¼ 0;
�
ceq\cmax

�
;

G2 ¼ G2

	
1� exp

��b
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ceq � cmax

p �

;
�
ceq $cmax

�
:

(19)

Eqn (19) means that G2 vanishes when a gel is in the swollen
state, and the modulus grows (due to aggregation of hydro-
phobic segments) with h when the gel is in the collapsed
state.

To derive an expression for ceq of a TR gel in an aqueous
solution, we transform eqn (2) for the specic energy of inter-
action between segments of chains and molecules of solvent-1
(water) and solvent-2 (additives). Bearing in mind that

fn ¼
1

1þ ðC1 þ C2Þv;f1 ¼
C1v

1þ ðC1 þ C2Þv;f2 ¼
C2v

1þ ðC1 þ C2Þv
(20)

and setting

Cf ¼ C1 þ C2;41 ¼
C1

Cf

;42 ¼
C2

Cf

; (21)

we nd from eqn (2) that

Jint ¼ kBT0Cf

�
ln

Cfv

1þ Cfv
þ c1341 þ c2342 � c124142

1þ Cfv

þð41 ln 41 þ 42 ln 42 þ c124142Þ
�
: (22)

Measurements of concentration of additives in PNIPA gels
immersed in aqueous solutions of saccharides7,8 reveal that the
partitioning coefficient

P ¼ 42

f2
bath

(23)

is very close to unity when these gels are in the swollen state.
Setting P ¼ 1 (the validity of this assumption will be examined
in what follows), which means that

41 ¼ f1
bath;42 ¼ f2

bath; (24)

we nd from eqn (22) that

Jint ¼ kBT0Cf

�
ln

Cfv

1þ Cfv
þ c*

1þ Cfv
þ �

f1
bath ln f1

bath

þ f2
bath ln f2

bath þ c12f1
bathf2

bath
��

(25)

with
RSC Adv., 2020, 10, 30723–30733 | 30729
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c* ¼ c13f1
bath + c23f2

bath � c12f1
bathf2

bath. (26)

When a TR gel is in the swollen state, and the specic energy
of interaction between segments of chains and solvent-1 and
solvent-2 molecules is given by eqn (25), its equilibrium degree
of swelling Q obeys the equation

ln
Q

1þQ
þ 1

1þQ
þ c*

ð1þQÞ2 þ
g1

1þQ

"�
1þQ

1þQ0

�2
3 � 1

#
¼ 0:

(27)

Derivation of eqn (27) in provided in Appendix B (ESI).†
Comparison of eqn (16) and (27) implies that under condi-

tion (24), the equilibrium degree of swelling Q of a TR gel in an
aqueous solution of additives obeys eqn (16), where c is given by
an extension of eqn (14),

c ¼ ceq(ceq < cmax), c ¼ cmax(ceq > cmax), (28)

and ceq is determined by eqn (26). Eqn (26) was rst proposed
for the analysis of dilute solutions of copolymers in ref. 57. It
was applied to the analysis of equilibrium swelling of covalently
cross-linked poly(propylene glycol) gels in organic solvents in
ref. 58.

It follows from eqn (26) that

ceq ¼ c13(1 � f2
bath) + c23f2

bath � c12f2
bath(1 � f2

bath).

At small volume fractions of additives in an aqueous solu-
tion, f2

bath � 1, this relation is simplied

ceq ¼ c13(1 � f2
bath) + (c23 � c12)f2

bath. (29)

The coefficient c13 in eqn (29) describes interactions
between water molecules and segments of chains. This quantity
coincides with the FH parameter c in eqn (1), and its depen-
dence on temperature T is given by eqn (14).

The coefficient c12 accounts for interactions between water
molecules and molecules of an additive. Although this param-
eter depends slightly on temperature,59 we disregard this
dependence, as an appropriate activation energy is lower (by at
least an order of magnitude) than the enthalpy characterizing
the effect of T on c13 (see Fig. S-3,†where experimental data60 on
aqueous solutions of glucose and sucrose are presented).

Observations on equilibrium swelling of PNIPA gels in water/
ethanol and water/methanol mixtures20,61,62 show that at high
concentrations of cosolvents, Q becomes independent of temper-
ature, which implies that c23 is temperature-independent for these
additives. This conclusion is explained in ref. 63 by the fact that
intensity of thermal uctuations in the interval of temperatures
under investigation (between 0 �C and Tc) is insufficient to activate
oscillations of heavy alcohol molecules (their molecular mass
exceeds that of water by several times) and to induce breakage of
cage-like structures formed by these molecules around hydro-
phobic segments of chains. The same argument can be applied to
the saccharides under consideration as their molecular mass
exceeds mass of water molecules by an order of magnitude.
30730 | RSC Adv., 2020, 10, 30723–30733
Based on this reasoning, we disregard the effect of temper-
ature on c12 and c23, and nd from eqn (14) and (28) that

ceq ¼ (c0 + c1T)(1 � f2
bath) + Kf2

bath, (30)

where

K ¼ c23 � c12. (31)

It follows from eqn (30) that K is the only extra constant
required to describe equilibrium swelling of a TR gel in an
aqueous solution of additives. The other material constants are
determined by tting observations in water uptake tests at
various temperatures.

Combination of eqn (28) and (30) results in the formula for
the volume phase transition temperature Tc of a TR gel in an
aqueous solution

Tc ¼ 1

c1

�
cmax � Kf2

bath

1� f2
bath

� c0

�
: (32)

It follows from eqn (32) that Tc increases with volume fraction of
additives in the bath f2

bath at cmax > K and decreases at cmax <
K.

The governing eqn (16), (19), (28), (30) together with eqn (32)
for the critical temperature Tc express the unknown parameters
Q and Tc in terms of the volume fraction of additives in the bath
f2

bath. These relations are based on the assumption (24) that
volume fractions of additives in the bath and in the uid phase
of the gel coincide. Eqn (24) is conrmed by observations7,8 on
PNIPA gels in aqueous solutions of saccharides with relatively
low concentrations of additives at which the gels remain in the
swollen state. Our aim now is to prove that condition (24) is
fullled, and the partition coefficient P is close to unity (inde-
pendently of the type of additive) when degree of swelling Q is
sufficiently large.

For this purpose, we study equilibrium swelling of a TR gel
with the energy of interaction between segments of chains and
molecules of solvent-1 and solvent-2 described by eqn (2). A
detailed derivation of the governing equations for this gel is
provided in Appendix C (ESI).† Under the condition that the
volume fraction of additives in the bath f2

bath is small
compared with unity, our analysis implies that the partition
coefficient P reads

P ¼ exp

�
c0 þ c1T � K

1þQ

�
: (33)

It follows from eqn (33) that P is close to unity (which implies
that the model (16), (19), (28) and (30) coincides with the
conventional relations for swelling of a TR gel in a binary
solvent) when the equilibrium degree of swelling Q is suffi-
ciently large, that is below the volume phase transition
temperature Tc.
4 Fitting of observations

To demonstrate the ability of the model to describe equilibrium
swelling diagrams on TR gels in aqueous solutions of
This journal is © The Royal Society of Chemistry 2020
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saccharides and to predict changes in degree of swelling Q and
critical temperature Tc induced by an increase in volume frac-
tion of additives in the bath, we study observations in swelling
tests on PNIPA gel in solutions of monosaccharides (D-glucose
and D-galactose) and disaccharide (sucrose).

The gel is prepared by free radical cross-linking polymeri-
zation (24 h at 5 �C) of an aqueous solution of N-iso-
propylacrylamide (NIPA) monomers (0.7 M) by using N,N0-
methylenebis(acrylamide) (BIS, 7.0 mM) as a cross-linker,
ammonium persulfate (APS) as an initiator, and N0,N0,N0,N0-
tetramethylethylenediamine (TEMED) as an accelerator.8

We begin with tting experimental data in equilibrium
swelling tests on PNIPA gel in pure water (Fig. 1A). First,
observations at temperatures T < Tc are approximated by using
the universal coefficients c0, c1 reported in Table S-2.† Param-
eters Q0 and g1 are found from the best-t condition for the
experimental dependence c(T) below Tc. The coefficient cmax is
determined from measurements of Tc. The quantities b2 and �g2
are found by matching the experimental data above Tc.
Adjustable parameters in the governing equations are deter-
mined by the method of nonlinear regression from the condi-
tion of minimum for the function

P
(Qexp � Qsim)

2,

where summation is conducted over all experimental points,
Qexp stands for the degree of swelling measured in tests, and
Qsim is calculated from solution of eqn (10), (14) and (16) by the
Newton–Raphson algorithm. Fig. 1A demonstrates good agree-
ment between the data and results of simulation with the
material constants listed in Table S-3.†

We proceed with tting equilibrium swelling diagrams in
aqueous solutions of glucose, galactose and sucrose at T¼ 20 �C
(Fig. 1B, C and D). Each set of data is approximated separately
by means of the only parameter K. Given a volume phase tran-
sition temperature Tc for PNIPA gel in an aqueous solution of
additive with volume fraction f2

bath, this coefficient is calcu-
lated from eqn (32). The best-t values of K are collected in
Table S-4.†

To examine the accuracy of predictions of swelling diagrams,
we present experimental data in equilibrium swelling tests on
PNIPA gel in solutions with three molar fractions of additives
(0.3, 1.2 and 2.0 mol L�1) together with results of simulation
with the material parameters reported in Table S-3 and S-4.†
Observations and results of numerical analysis for swelling tests
on PNIPA gel in solutions of glucose are depicted in Fig. 2.
Similar results for solutions of galactose and sucrose are re-
ported in Fig. S-4 and S-5.† These gures conrm the ability of
the model to predict experimental data.

To evaluate the effect of temperature T on equilibrium
swelling curves, simulation is conducted of the governing
equations for swelling of PNIPA gel in solutions of glucose with
various volume fractions f2

bath at temperatures T ¼ 15, 20, 25,
30 and 32 �C. Results of numerical analysis are reported in
Fig. 3A. This gure shows that the growth of temperature
induces a pronounced shi of the volume phase transition
point to smaller volume fractions of the additive. To conrm
This journal is © The Royal Society of Chemistry 2020
this conclusion, results of the numerical analysis at tempera-
ture T ¼ 25 �C are re-plotted in the dimensionless form in
Fig. 3B together with experimental data64 on PNIPA gel with the
same preparation conditions and a similar composition (the
only difference is in the molar fraction of cross-linker: 18.4 mM
(ref. 64) compared with 7 mM (ref. 8)).

To examine the inuence of volume fraction of additives
f2

bath on swelling diagrams, simulation of the governing
equations is performed for PNIPA gel immersed in solutions of
glucose, galactose and sucrose with f2

bath ranging from 0 to 0.3.
Results of numerical analysis are reported in Fig. 4A (glucose),
Fig. S-6A† (galactose) and Fig. S-7A† (sucrose), where equilib-
rium degree of swelling Q is plotted versus temperature T. These
gures demonstrate that the presence of saccharides in
aqueous solutions leads to a noticeable shi of the critical
temperature Tc to smaller values. The decay in the volume phase
transition temperature Tc with f2

bath is illustrated in Fig. 4B
(glucose), Fig. S-6B† (galactose) and Fig. S-7B† (sucrose), where
predictions of eqn (32) are compared with experimental
data.65–67 Good agreement is demonstrated between predictions
of the model and experimental data for the critical temperature
of PNIPA gel in solutions of glucose and galactose. Slight devi-
ations (less than 2 �C, that is the width of the volume phase
transition interval for PNIPA gel) between the data and results
of simulation in Fig. S-7C† may be explained by the non-
standard technique used in ref. 67 for measurements of Tc.

The coefficient K in Table S-4† can be connected with
hydration number n of additives in aqueous solutions. As the
latter parameter is model-dependent (its value for saccharides is
strongly affected by the method used to nd n experimentally),
two sets of data are reported in Fig. S-8A and S-8B.† In Fig. S-
8A,† K is plotted versus n determined from measurements of
density and sound velocity of aqueous solutions (parameter n is
taken from ref. 68 for glucose and galactose and from ref. 69 for
sucrose). In Fig. S-8B,† the same K is depicted versus n found by
means of terahertz reection spectroscopy.70 In both cases,
linear dependencies are revealed between the K values calcu-
lated by matching swelling diagrams on PNIPA gel in aqueous
solutions of saccharides and their hydration numbers n. To
demonstrate that these dependencies have some physical
meaning, we calculate K for mannose from the graph in Fig. S-
8A,† and apply it to predict (by means of eqn (32)) the effect of
volume fraction of mannose f2

bath on the critical temperature
Tc of PNIPA gel in mannose solution. Results of simulation are
presented in Fig. S-8C† together with experimental data taken
from ref. 65. An acceptable agreement is shown between the
observations and predictions of the model.

Keeping in mind that the hydration number characterizes
interaction between molecules of water and molecules of an
additive, the proportionality between the coefficient K and
hydration number n means that the parameter c12 in eqn (31)
(that accounts for this interaction in the Flory–Rehner model)
plays the key role in the volume phase transition of TR gels. This
conclusion is in accord with the concept of complexation of
cosolvent molecules,43–45 according to which hydration of poly-
mer chains requires formation of cage-like structures of water
molecules surrounding hydrophobic segments. When water
RSC Adv., 2020, 10, 30723–30733 | 30731
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molecules leave these structures to form complexes with
molecules of an additive, the chains dehydrate and collapse.
5 Concluding remarks

A mean-eld model is developed for equilibrium swelling of
thermo-responsive gels in aqueous solutions of additives. Three
issues are worth to be mentioning that distinguish our model
from the conventional approach to swelling of TR gels in binary
mixtures: (i) an increase in the shear modulus of a gel in the
collapsed state (driven by aggregation of hydrophobic segments
into clusters from which solvent molecules are expelled) is
taken into account, see eqn (10) and (19), (ii) the governing
equations allow the volume phase transition temperature Tc to
be determined explicitly as a function of volume fraction of
additive, see eqn (32), and (iii) to reduce the number of
adjustable parameters, the entire set of FH coefficients cij is not
employed in the analysis (although connection (31) is estab-
lished between these quantities and coefficient K in the model).

The model is grounded on the following assumptions: (i)
hydrophobicity of polymer chains in a network is characterized
by the only scalar coefficient ceq. In the swollen state of a gel,
evolution of this quantity with temperature and volume fraction
of additive is governed by semi-phenomenological eqn (30).
Volume phase transition in a TR gel occurs when the equivalent
FH parameter ceq reaches its critical value cmax. (ii) In the
collapsed state, the FH parameter adopts its ultimate value
cmax, and the kinetics of association of hydrophobic segments
into clusters is governed by the order parameter (17). (iii) In the
simplied model, volume fraction of additives in the uid
phase of a gel is presumed to coincide with that in the bath, see
eqn (24). This hypothesis is conrmed by experimental data,
and its accuracy is veried analytically, see eqn (33).

The model for the thermo-mechanical response and equi-
librium swelling of a TR gel in a solution of additives is derived
bymeans of the free energy imbalance inequality (Fig. S-8†). The
governing eqn (16), (19), (28) and (30) involve eight material
constants with transparent physical meaning: (i) g1 stands for
the dimensionless shear modulus of the polymer network with
covalent bonds, (ii) Q0 denotes degree of swelling of a gel in the
stress-free state, (iii) c0, c1 characterize the effect of temperature
on the equivalent FH parameter ceq, (iv) K accounts for evolu-
tion of ceq with volume fraction of additives, (v) cmax is the
ultimate value of the equivalent FH parameter characterizing
volume phase transition in the gel, and (vi) �g2 and b describe the
kinetics of aggregation of hydrophobic segments of chains into
clusters in the collapsed state. The critical temperature Tc is
found from eqn (32).

The coefficients c0, c1 and cmax are treated as “universal,”
which means that their values are determined by chemical
structure of monomers only. Parameters Q0, �g2 and b are
considered as “semi-universal”: these quantities are affected by
the type and concentration of cross-linker, but are independent
of temperature and volume fraction of additives. The coefficient
K is the only parameter that accounts for the chemistry of
additives.
30732 | RSC Adv., 2020, 10, 30723–30733
The model is applied to the analysis of equilibrium swelling
of PNIPA gel in aqueous solutions on saccharides at various
temperatures T. Fig. 1 demonstrates good agreement between
the experimental swelling diagrams and results of simulation.
The ability of the model to predict the effect of temperature on
the equilibrium degree of swelling of PNIPA gel in solutions of
glucose, galactose and sucrose with various concentrations is
conrmed by Fig. 2, 3, S-4 and S-5.† Its ability to predict changes
in the volume phase transition temperature Tc with volume
fraction of saccharides in the bath is illustrated in Fig. 4, S-6–S-
8.†
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