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terions induced attraction
between DNA polyelectrolytes

Xu Chen, Er-Qiang Chen and Shuang Yang *

In this paper we study the electrostatic attraction between two parallel rodlike DNA polyelectrolytes

induced by neutralizing multivalent counterions at the zero temperature limit. The counterions crystallize

on the charged surfaces of DNA so that we can handle the system by using the Wigner crystal lattice

model. We derived the 3D ground state configuration of counterions with minimized energy by use of

the gradient descent method, and calculated the interaction between two DNA cylinders with divalent or

trivalent counterions when they approach. The results show that the complex ground state configuration

of counterions plays a key role in determining the caused attraction. The counterions form three-

dimensional Wigner crystals on each cylinder at large separation. When the cylinders are brought

together, some counterion lines will move towards the inner region and lead to strong attraction. The

calculated interaction from our model is in good agreement with the simulation result, however, the

single particle approximation considerably overestimates the attraction.
1 Introduction

Electrostatic interactions play a fundamental role in deter-
mining the complex structure and dynamics of DNA molecules
in aqueous solution due to their highly charged nature.1–5 The
positively charged counterions experience strong electrostatic
attractions to the backbone of the chains, and the Manning
condensation of counterions on the surface of DNA should be
taken into account.6 In the presence of monovalent cations, the
force between DNA strands is repulsive. However, condensed
multivalent ions may reverse the repulsion to attraction
between DNA cylinders. This attraction is based solely on elec-
trostatic interactions. A variety of experiments7–12 and computer
simulations13–19 have observed attraction between like-charged
cylindrical macroions in the presence of multivalent counter-
ions. Quantitative determination of counterion mediated
interactions is believed to be the key in understanding
phenomena including DNA condensation and packaging inside
viral capsids,3,20,21 and the formation of charged biopolymer
bundles22 such as F-actin, microtubules and tobacco mosaic
virus.23

The electrostatic interactions between two objects can be
well described using the mean-eld Poisson–Boltzmann (PB)
theory24 for monovalent counterions, which always predict
repulsion between two parallel DNA cylinders due to the weak
correlation between ions (the weak coupling regime). Based on
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the PB theory, quantities of work have been done to include the
factors not considered. Modied Poisson–Boltzmann (MPB)
theory can in part consider the interionic correlations.25

Besides, the ion hydration and polarization process are also of
great importance, which is captured by the 3-MPB theory
introduced by Gavryushov.26,27 However, the mean-eld level
description will break down if the correlation between ions
becomes important.28,29 The importance of correlation effect of
ions can be quantied by the dened coupling constant X ¼
2pq3lB

2s [ 1,30 where the q, s denote the valency of counter-
ions, and the surface charge density of macroions, respectively.
lB is the Bjerrum length given by lB ¼ e2/4p3kBT, which denotes
the distance at which two elementary charges interact with
thermal energy kBT. 3 ¼ 3r30 is the dielectric constant with 30 the
vacuum permittivity and 3r the relative dielectric constant (3r z
80 for water). In the strong coupling limit (X [ 0) counterions
form strongly correlated layers, which may be the origin of the
like-charged attraction.31

Amount of models have attempted to explain the origin of
this attractive force between rodlike DNA polyelectrolyte.22 One
mechanism is the covalence-like binding.32,33 Another one is
that the attraction results from longitudinal counterion density
uctuations and correlations between condensed counterions,
and the high temperature Gaussian approximation in 1D
models can be used to calculate the force.13,32,34–39

On the other hand, Levin et al. pointed out that the structural
correlations in positions of condensed counterions on the two
cylinders is responsible for the attraction.2 This structural
correlation mechanism works in strong-coupling (SC) limit of X
/ N. In this case the energy of electrostatic repulsion between
counterions conned at the DNA surface become sufficiently
This journal is © The Royal Society of Chemistry 2020
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large, and the counterions may form quasicrystalline ordering,
the so called Wigner crystals, which is the ground state
conguration of the system at temperature T ¼ 0.22 When
brought two walls together, the counterions of two Wigner
crystals on these two highly charged walls correlate themselves
to minimize the electrostatic energy. Rouzina and Bloomeld
applied the idea of counterions ordering to the problem of DNA
condensation in terms of a modied calculation of forces
between at surfaces.40 The structure of 2D Wigner crystal in
planar geometry41,42 as well as the attraction between two plates
has been thoroughly studied at low43 or high temperatures.44,45

For DNA cylinders, when distance between them is small the
condensed ions on the surface of cylinders arrange themselves
in a staggered conguration.2,46–48 In this situation, counterions
on one DNA cylinder will interlock with correlation holes
(spaces between condensed counterions)49 on the other DNA
cylinder and two cylinders attract each other.48

Furthermore, Netz et al. suggested a strong coupling mech-
anism of like-charge attraction and put forward an asymptotic
SC theory for electrostatic correlations in highly coupled
system.30,50,51 Their theory presents a systematic treatment of
correlations in SC regime that employs a virial expansion in
terms of 1/X. The leading SC behavior comes from a single-
particle contribution in the potential of charged wall by omit-
ting the repulsive interaction between the counterions and
other higher order many body effects. The single particle
approximation are further employed to describe the attractive
interaction between two like-charged cylinders.51–54 However, it
was found that the validity of this approximation is restricted to
rather thin cylinders.54

In order to predict the correct interaction between DNAs in
the limit of X/N (or T ¼ 0), the key issue is what the energy-
minimizing arrangement of counterions is. Different from
planar cases, the complexity of DNA system originates from
the spatial curvature effect of cylinders, which means that
a 3D structure of ground state must be considered.55 This
ground state conguration of counterions around the
cylinder is depended strongly on the size of cylinder and the
valency of counterions.56,57 This effect can be quantitatively
described by the geometric parameter gz ¼ q/(lR), where the l,
R denotes the line charge density of cylinder and the radius of
cylinder,58 respectively. Most of theoretical descriptions for
two cylinders are usually under the assumption that gz is large
enough, which means the reductive radius of the cylinders is
rather small so that the cylinder can be treated as a needle.57

With this approximation, the ground state of counterion
lattice can be simplied to 1D line model,37,59,60 or 2D
coplanar model,58 to quantify the interaction between like-
charged cylinders. Even for the less restricted 2D model,
which believes that the ground state lattice of counterions can
be seen as two coplanar lines on the inner side and outer side
of cylinders, the result is only valid when gz > 1.5.58 However,
for B-DNA, which usually has a radius of 10 Å and charge
density of 0.59 e Å�1,22 the gz is 0.34 for divalent counterions
and 0.51 for trivalent counterions, which means that an
accurate description for DNA condensation must account for
nite size effect of DNA.
This journal is © The Royal Society of Chemistry 2020
To nd the ground state conguration of two-DNA system is
a formidable task because of the rather complicated possible
arrangement. Even for the simplest case of two thin charged
cylinders in contact, Arnold and Holm's calculation have shown
that the ground state of counterion lattice form a quasi-
crystalline at pattern in the plane spanned by the two cylin-
ders. For gz > 3.45 the counterions are lined up in the gap
between two cylinders. Then for 1.175 < gz < 3.45 it is a 2D
coplanar conguration, in which some part of counterions
resides between two cylinders with interlocking pattern while
others are located on the outer surfaces.58 For thick DNA
cylinders with smaller gz, the ground state conguration of
counterions is a complex deformed hexagonal Wigner
lattice,55,61 which has never been rigorously analyzed. The
difficulty of dealing with the interaction between DNA cylinders
comes from the lack of precise description for the ground state
lattices of thick cylinders. For an isolate cylinder with the shape
and charge density similar to a DNA molecule, the ground state
(T ¼ 0) of counterions should be a 3D Wigner lattice22 and it is
the starting point to investigate the interaction between cylin-
ders at nite temperature. More importantly, when two DNA
cylinders approach to each other, the cylinder Wigner lattice
will be deformed in a complicated way. Solis and de la Cruz
found that the multivalent counterions condensed to the
cylinders exhibit a strong transversal polarization instead of on-
plane conguration.56 Using Molecular Dynamic (MD) simula-
tion, Kuron et al. and Deserno et al. found that when like-
charged cylinders are close to each other, the counterions has
a azimuthal distribution around each cylinder axis and they
tend to concentrate in the intervening region of two cylin-
ders.16,19 As the counterions in the intervening region are
attracted by both two cylinders, they usually have lower elec-
trostatic energy. Besides, when the helix strand structure of
discrete cylinder charges is taken into account, the spatial
distribution of counterions are more complex and leads to
important corrections.53,62,63 Although these results highlights
the azimuthal distribution of counterions at nite temperature,
we believe that the deformation of 3D Wigner crystal structure
at ground state is also crucial for the attractive interaction
between charged cylinders, which has not yet been studied
previously.

In this paper, we consider the attraction induced by bivalent
or trivalent counterions between two parallel DNA cylinders by
use of Wigner Crystal model corresponding to T ¼ 0. It is
probably a good approximation that the attractive force between
DNAs arises from the structure of the ground state.31 Therefore,
the Wigner crystal model provides the best way to estimate
accurately the upper attraction energy due to counterion
correlation. We focus on the precise ground state congura-
tions of two DNA cylinders with multivalent counterions, and
quantitatively calculate the attractive interaction between
cylinders as the function of DNA distance for the rst time. The
organization of this paper is as follows. We introduce our model
and give the calculation method of energy and force rstly in
Section 2. Then in Section 3 we will analyze the complex 3D
Wigner lattice structure of counterions for a single cylinder with
low gz. Based on this result, the ground state conguration for
RSC Adv., 2020, 10, 1890–1900 | 1891

http://creativecommons.org/licenses/by-nc/3.0/
http://creativecommons.org/licenses/by-nc/3.0/
https://doi.org/10.1039/c9ra09694a


RSC Advances Paper

O
pe

n 
A

cc
es

s 
A

rt
ic

le
. P

ub
lis

he
d 

on
 0

9 
Ja

nu
ar

y 
20

20
. D

ow
nl

oa
de

d 
on

 1
/3

1/
20

26
 7

:4
4:

35
 A

M
. 

 T
hi

s 
ar

tic
le

 is
 li

ce
ns

ed
 u

nd
er

 a
 C

re
at

iv
e 

C
om

m
on

s 
A

ttr
ib

ut
io

n-
N

on
C

om
m

er
ci

al
 3

.0
 U

np
or

te
d 

L
ic

en
ce

.
View Article Online
two DNA cylinders will be further calculated by using gradient
descent method. The electrostatic interaction and force
between them are then obtained. We will further compare our
calculation with that both using MD simulation and using the
single particle approximation in SC theory. The results show
that for DNA–DNA system, the deformed Wigner lattice is
crucial to determine the attraction induced by multivalent
counterions. We conclude in Section 4. Our goal is twofold. One
is to provide a general model and calculation method for
dealing with 3D ground state structure of counterions, and the
other is to obtain the precise attraction due to electrostatic
correlation for DNA systems. Therefore, our study may provides
a deeper insight into the behavior of electrostatic interactions.
2 Models and methods
2.1 Models of DNAs and counterions

Our system consists of two DNAmolecules (stiff polyelectrolytes
chains) with counterions only. Each individual DNA molecule is
modeled as a hard-core cylinder with negative charges.19,54,58

The two identical cylinders of radius R1 are parallel and oriented
along the z-axis. Also they are innitely long of length. The
negative charges are assumed to be uniformly distributed on
the surfaces of both cylinders. The counterions are modeled as
positively charged hard spheres of radius R2. Since our target is
to gure out the ground state conguration (strong coupling
limit of X / N under T ¼ 0) of counterions, we assume all
counterions collapse on and contact with the charged surface,
and the validity of this model has been proved by Šamaj et al.44,45

Note that the electrostatic properties of a uniformly charged
sphere is equivalent to a charged point. For simplicity, in the
following we will use R ¼ R1 + R2 to equivalently substitute the
radius of each cylinder and treat each counterion as a point
charge, as shown in Fig. 1(a). Then the size effect of counterions
is included in parameter R, which means increasing counterion
radius will increase the effective radius of cylinder and thus
slightly decrease the interaction between cylinders and coun-
terions. This nite size effect might further cause uneven
counterion distribution around the cylinder and then affect the
Fig. 1 For the ground state with T ¼ 0, all the counterions collapse on
the DNA surface. (a) The DNA cylinder has radius of R1 and the
counterion has radius of R2. The uniformly charged counterion (hard
sphere) can be seen as a point charge and is located on the surface of
an effective cylinder (represented by dash line) with radius of R ¼ R1 +
R2. (b) Schematic top view of the equivalent two-DNA system. The
circles represent the effective cylinders and black dots represent the
counterions. The surface-to-surface distance of two cylinders is
represented by D.

1892 | RSC Adv., 2020, 10, 1890–1900
interaction between cylinders in nite temperature,64 however,
we will omit this effect in ground state system. Furthermore, we
assume that the valency of charged counterions is +q and each
DNA cylinder has a linear charge density of l (in units of
elementary charge). In terms of the overall electroneutrality
condition, the number of counterions per unit length for each
cylinder is l/q. Namely, the average distance between two
adjacent counterions in z direction is l0 ¼ q/l. The surface-to-
surface distance of two cylinders is D (see Fig. 1(b)).

In this study, we aim at the calculation of DNA–DNA attrac-
tive interaction by use of Wigner crystal model. Although the
real system is quite complicated,65 we will make some approx-
imations here in order to isolate the Coulomb interaction and
highlight the importance of counterion-correlation induced
attraction. The van der Waals force, hydration force and the
entropy of mobile counterions will be omitted because the
electrostatic interaction is the origin of attraction in DNA
condensation. Also we ignore the dielectric inhomogeneity
effect and set the relative dielectric constant to 3r z 80 for
simplication, although in real DNA system the dielectric
constant of water is far larger than the hydrocarbon.54
2.2 The ground state for a single DNA cylinder

Before handling two cylinder system, we consider one single
cylinder rstly and give a simple argument about the charac-
teristic of counterions' ground state conguration. If the
charged cylinder is thin enough or the charge density is low, so
that the average lateral distance between counterions l0 ¼ q/l
satises l0 [ R and the separation in z-axis of counterions is
dominant. The counterions will be evenly distributed on both
sides of cylinder cross section of y¼ 0 to minimize the repulsion
between counterions. The adjacent counterions also try to keep
away from each other, which leads to a zig-zag conguration of
ions in x–z plane with y ¼ 0 as depicted in Fig. 2(a). In this
situation, the distance a between one ion and its nearest
neighboring ion is given by

a ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðq=lÞ2 þ 4R2

q
:

In order to preserve the stability of that zig-zag conguration,
the distance between two neighboring ions on the same side

may be not smaller than R, i.e. 2qlS
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðq=lÞ2 þ 4R2

q
; which

means gz $ 2
ffiffiffi
3

p
=3 ¼ 1:15: Once gz < 1.15, the z direction

separation will not be the leading factor of spacing between
adjoining ions. This structure may break down and more
complex ground state will be formed. For two parallel thin
cylinders, the counterions will form a two-dimensional
coplanar congurations with interlocking patterns along the
inner and outer sides as we mentioned previously, which has
been thoroughly studied by Arnold and Holm.58

With the increase of cylinder radius, the curvature will
decrease and the surface tends to be like a plane. For a DNA-like
cylinder, the ground state of counterion lattice will resemble 2D
hexagonal Wigner lattice structure on this surface rather than
the zig-zag lattice.57 The ground state conguration of cylinder
This journal is © The Royal Society of Chemistry 2020
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Fig. 2 (a) Schematic representation of the ground state in thin cylinder
limit. The distance of adjoining counterions in z direction q/l should be
larger than the diameter of the cylinder 2R. (b) Schematic represen-
tation of cylinder Wigner structure. The distance between one ion and
its nearest ions is represented by a, the vertical distance of two adja-
cent helix lines is

ffiffiffi
3

p
a=2 to fulfill the hexagonal structure. The helix

angle is represented by q here. (c) The formation of cylinder Wigner
structure. The hexagonal lattice marked with dash lines can be seen in
either plane or cylinder structure. The basic unit of cylinder Wigner
crystal is the helix marked with solid lines.

Fig. 3 (a) All counterions are assumed to be on the lines parallel to the
cylinder axis, and all the counterion lines on the cylinder surface are
assumed to have the same line charge density. (b) The counterion lines
have a tendency to move close to the intervening region between two
cylinders when the cylinders are approaching.
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Wigner structure is shown in Fig. 2(b), which can be seen as
rolling of plane Wigner crystal structure as depicted in Fig. 2(c).
Here, the basic pattern of the cylinder Wigner crystal is the
circular helix consisting of close packing ions, which has also
been veried in previous simulation study.55 As the basic
composition of this structure is the helices, we assume that
there are m close packing helical counterion lines and the helix
angle of each line is q. The lattice can be seen as hexagonal
structure in a plane so that each ion has 6 nearby ions at
distance a. With this arrangement, we can derive that the
vertical distance between two nearby helix lines or nearby loops

is
ffiffiffi
3

p
a=2; as shown in Fig. 2(b). Combining with these param-

eters and the electroneutrality condition, the geometry of
ground state lattice of counterions can be determined.

For each helix line per round, it moves 2pR tan q in z-
direction (the helix pitch). So in the normal direction of helix
lines it moves 2pR tan q � cos q ¼ 2pR sin q. At the same time,

the distance in this direction should also be equal tom� ffiffiffi
3

p
a=2

(m is an integer), that is to say, it is them times of the hexagonal
lattice spacing. Then we have one relationship

1

a
¼

ffiffiffi
3

p
m

4pR sin q
: (1)

For each counterion located in the lattice, it occupies the

area of
ffiffiffi
3

p
a2=2 and has charge of q, leading to the surface
This journal is © The Royal Society of Chemistry 2020
charge density of r ¼ 2
ffiffiffi
3

p
q=3a2: Meanwhile, the value should

be equal to the surface charge density of the cylinder r ¼ l/2pR
according to the electroneutrality condition,

1

a
¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
3

p
l

4pqR

s
: (2)

From eqn (1) and (2), we have

m

sin q
¼

ffiffiffiffiffiffiffiffiffiffiffiffi
4pRlffiffiffi

3
p

q

s
: (3)

The lattice parameter a can further be calculated with eqn
(2). Then q can be calculated with a given number of helix lines
m, and the position of each ion can be obtained.

All the above equations are valid based on the assumption
that the cylinder surface curvature is small enough that it can be
regarded as a plane. Apparently, this assumption will deviate
from the reality with the decreasing of cylinder radius (i.e., the
increasing of gz). To satisfy the assumption, the distance
between nearby ions a should be shorter than the diameter of

cylinder. As a crude estimation we conclude gz\
ffiffiffi
3

p
=p ¼ 0:55:

2.3 The grand state structures of two DNA cylinders

Now we consider two DNA cylinders system with low gz value.
We need to determine the stable ground state conguration of
counterions on each separation. However, to get a precise lattice
structure is a tough task. In this section, we use the periodicity
on z-direction and assume that the lattice of counterions is
idealized to counterion lines, which will simplify the problem
signicantly. All the counterions attached to a cylinder is
assumed to be on a nite number of counterion lines that
parallel to the z-axis, as depicted with Fig. 3(a). Firstly, all the
counterion lines are assumed to have the same line charge
density of q/l0. We note that here l0 is a parameter representing
the lateral distance along z-axis between two adjacent counter-
ions on each line, and it is related to the linear charge density l.
In fact this approximation does not bring much deviation to the
nal result, which will be discussed later in Section 3.4. For each
line, the counterion lattice of neighboring lines is relatively
shied in z-direction. The parallel lines form an inter-locking
pattern to ensure the minimized repulsion between
RSC Adv., 2020, 10, 1890–1900 | 1893
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counterions. The total number of counterion lines should be
suitable to make sure that the counterions lattice is close to the
hexagonal Wigner structure in order to minimize the total
energy. In this section, we set the cylinders to have a line charge
density of 0.59 e Å�1 and radius of 10 Å, neutralized by +2 ions,
which mimics B-DNA molecules neutralized by +2 ions. In this
case, the lattice ts the hexagonal lattice very well if the number
of counterions lines equals to 8.

When the two cylinders approach, the counterions attached on
cylinder surface tend to condense in the intervening region
between two cylinders attributing to the strong attraction from
another cylinder. Here, we abstract this process into the move-
ment of counterion lines, as depicted in Fig. 3(b). The line charge
density of each counterion line keeps constant during the move-
ment, whereas theWigner lattice will be deformed. For the sake of
convenience for two cylinder system (Fig. 1(b)), we set that the z-
axis of coordinate is the axis of cylinder 1 and the x-axis across the
cores of two cylinders. The core of cylinder 1 is centered at the
origin, and the core of cylinders 2 is at the point (D + 2R, 0, 0).

In order to determine the equilibrium azimuthal distribution
of counterion lines, we investigate how the counterions on one
cylinder affect the electrostatic potential on the surface of
another cylinder. We calculated the electrostatic potential on
cylinder 1 as a function of the position (denoted as azimuthal
angle f) under the effect of cylinder 2 without or with uniformly
attached counterions. This potential for cylinder 2 with coun-
terions is of course z-dependent and we choose the z position
with lowest energy. Here we only give a typical example. The
electrostatic potentialF at the point f¼ 0 (that is the closest one
to the surface of cylinder 2) is set as zero point of potential on the
surface of cylinder 1. The potentials for two different cases
without or with counterions on cylinder 2 are depicted in Fig. 4(a)
and (b), respectively. For both situations, the potential near the
inner side is lower than that of the outer side, indicating the
attraction from both cylinders. However, the dependence of
circular potential gradient on position f is different. Compared
with the pure charged cylinder Fig. 4(a), the counterions on
Fig. 4 Electrostatic potential curves F on cylinder 1 produced by the
field of cylinder 2 as a function of position f. (a) The cylinder 2 has
uniform distributed charges without counterions. (b) The charged
cylinder 2 has collapsed counterions on its surface. The red ‘+’
represents the position with the angle of f and V is the unit volt. Two
different surface-to-surface distances D ¼ 1 Å (red lines) and D ¼ 10 Å
(blue lines) are considered.

1894 | RSC Adv., 2020, 10, 1890–1900
cylinder 2 will decrease the potential considerably. Besides,
a plateau of potential can be seen when f is between 60� and 300�

as shown in Fig. 4(b). More importantly, the potential decreases
rapidly with increasing the separation if the counterions exist on
cylinder 2. This phenomenon may originate from the overall
neutralization effect of cylinder and counterions. When cylinder
1 is far away from cylinder 2, the detailed counterions lattice
structure will have tiny inuence on the potential. The electro-
static interaction from counterions almost compensate on that
from pure charged cylinder 2 due to the electroneutrality condi-
tion. Therefore, it is believed that the counterion lines will
concentrate on the intervening region of cylinders only when they
are close enough, but this deformation is quite short-ranged.

Next, we will investigate how the lattice deform when two
cylinders approach. For some counterion line i of cylinder 1, its
total electric energy per unit length can be written as

Ei ¼ Ec
i1 þ Ec

i2 þ
Xn
jsi

Eion
ij þ

Xn
a

E ion
ia (4)

where the four parts represent the energy between the i-th line
with cylinder 1, with cylinder 2, with other ions of cylinder 1, and
with ions of cylinder 2, respectively, and n represents the total
number of counterion lines on each cylinder. The rst part can be
omitted because the line is attached to the cylinder and its value
is a constant. Note that l/nq ¼ 1/l0 is the number of counterions
per unit length of each line. The second part can be written as

Ec
i2 ¼

qFi

l0

¼ l2

4p3n
ln
�
5R2 þ 4RDþ D2 � 2R cos fið2R� DÞ�

(5)

The interaction energy per unit length between any two lines
can be generally written as

Eion ¼ 1

l0

XN
k

q2

4p3
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
l2 þ zk2

p (6)

where the l represents the distance between any two lines in the
x–y plane, and zk represents the displacement of k-th ion of one
line in z-direction relative to the given ion on another line. The l
value for different situations can then be derived from simple
geometrical condition.

The interaction between lines i and j (i s j) on the same
cylinder can be written as

Eion
ij ¼ ql

4p3n

XN
k

�
2R2

�
1� cos

�
fi � fj

��þ zk
2
��1=2

: (7)

And the interaction between lines i and a on different cylinders
can be written as

Eion
ia ¼ ql

4p3n

XN
k

ð6R2 þ 4RDþ D2 þ 2RðR cosðfi þ faÞ

�ðDþ 2RÞðcos fi þ cos faÞÞ þ zk
2
��1=2

: (8)
This journal is © The Royal Society of Chemistry 2020
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Here fa is the azimuthal angle of line a on another cylinder.
For convenience, we choose f variable for cylinder 2 has
opposite direction to cylinder 1, so that f2¼ 0 correspond to the
direction toward cylinder 1. Then the total energy per unit
length related to counterions is the energy summation over all
the 2n counterion lines as

Eiont ¼
X2n
i

 
Ec

i2 þ
1

2

Xn
jsi

E ion
ij þ 1

2

Xn
a

Eion
ia

!
: (9)

In above formula the prefactor 1/2 accounts for the double
count of the interactions between different lines. For a given D,
the repulsive energy between bare cylinders is a constant, the
minimal energy of the whole system, as well as the equilibrium
distribution of counterion lines, will be reached when Eiont is
minimized. So, for every i we have�

vEiont

vfi

�
¼ 0: (10)

The deduced a set of nonlinear equations can be solved by the
gradient descent method. Gradient descent is a commonly used
rst-order iterative optimization algorithm for nding the
extrema of a function, which is realized by updating the param-
eters {fi} in the opposite direction of the gradient of total energy
function, i.e. VfEiont. Here different extremum may probably be
reached depending on the initial guess of azimuthal angles {fi}.
In order to search for the real minima as well as possible, a sets of
initial inputs of {fi} is given stochastically. Aer iteration calcu-
lation, we found all of them converge to one (or two/three at
most) solution of conguration. Thus the minimal energy is
picked up to be the true ground state energy E*

iont:
Fig. 5 (a) Total energy and force between two cylinders as functions
of separation D. l is 0.59 e Å�1 and R is 1 Å, neutralized by +2 ions. (b)
Some characteristic configurations of counterion lines during the
changing of D from top view. The ions on different lines has different
starting point in z-direction as the figure shows, where the l0 denotes
the distance between two ions on each ion lines.
2.4 The calculation of energy and force

The total energy of the system containing counterions ofWigner
crystal lattice can be written as

EWC ¼ l2e2L

2p3
lnðDþ 2RÞ þ EWC

iont : (11)

where L denotes the length of cylinders and will be further set to
innite. The rst part is the electrostatic interaction between
two bare cylinders in the absence of any counterions. The
second part is the energy related to counterions, and it includes
all the contributions from counterion–cylinders interaction and
counterion–counterion interaction. Based on above result, we
have EWC

iont ¼ LE*
iont:

We will calculate the energy per unit length considering the
periodicity in z-axis. The force per unit length between two
cylinders thus can be further calculated with

F ¼ vðEWC=LÞ
vD

:

Because the counterions tend to condense in the intervening
region between two cylinders, their relative positions in each
cylinder will not be xed when the two cylinders are
This journal is © The Royal Society of Chemistry 2020
approaching. For a given separation D0, one have to nd out the
right arrangement of counterions on the surfaces with
minimum energy E. To get the force between cylinders at D0, an
increment in separation dD should be applied. Then the total
energy at distance D0 and D0 + dD should be minimized
respectively by nding out the two ground states congurations
of counterions, and then the force can be calculated with FD0

¼
(ED0+dD � ED0

)/LdD.
3 Results and discussions
3.1 Counterion line approximation for thin cylinder case

We rstly verify the validity of counterion line approximation for
the thin cylinder case, which has been well studied. In this
section, we assume that the cylinders have a line charge density
of 0.59 e Å�1 and the radius of 1 Å, neutralized by +2 ions. The
geometric parameter gz of this cylinder equals to 3.4, and thus
the ground state conguration of counterions for single cylinder
should be the zig-zag form as Fig. 2(a) shows. Here we assume
RSC Adv., 2020, 10, 1890–1900 | 1895
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that counterions on each cylinder will form two counterion lines,
and the position of these lines is adjustable to minimize the total
electrostatic energy. The relative position of the ions in z-direc-
tion is also variable and we assume the ions on different lines
begin at different z-direction to get the minimal energy.

We calculated the ground state energy as functions of the
surface-to-surface distance D and then the force between these
cylinders, which is depicted in Fig. 5(a). It can be found that the
electrostatic force between cylinders is always attractive, and the
sections of the force diagram is due to the changing of coun-
terion conguration. The position of counterion lines is variable
with the changing of D and Fig. 5(b) shows some characteristic
conguration of counterion lines. Firstly, the counterions is all
concentrated in the intervening region of two cylinders because
of electrostatic attraction. Then, with the increasing of D and
decreasing of the attraction, counterions begin to distribute
either in the intervening region or the outside of two cylinders.
This process is also proposed by Arnold et al.58 Finally, with the
further increasing of D, the counterions will shows a bias
distribution, which is also been observed by Solis et al.56 Thus we
show the validity of the counterion line approximation and then
expand it to DNA-cylinder case.

3.2 The divalent counterions case

We rstly investigated the lattice of counterions of ground state
at different separation D. Here we assume that the cylinders
Fig. 6 Two types of 3D configuration of counterions on different cylinde
adopt the first configure, and part of cylinders tend to move to the interv
(b) Type 2: all the counterion lines tend to evenly distribute and the tw
configuration. It occurs when the two cylinders are far away (here D ¼ 1
lines on z direction. For cylinder 1, alternating counterion lines have z co
counterion lines have z coordinates starting at l0/4 and 3l0/4. Also, the p
distance D.

1896 | RSC Adv., 2020, 10, 1890–1900
have l of 0.59 e Å�1 and R of 10 Å, neutralized by +2 ions, which
mimics B-DNA system. The counterion lines on a single cylinder
surface tend to form a hexagonal structure as we mentioned
before. However, the relative location of ion lines of two cylin-
ders on z-direction is adjustable, which needs to be determined
in terms of eqn (10). We assume the relative position of these
lines in z-direction can take either one from two types of
conguration shown in Fig. 6. The rst one ensures all the ions
far from each other in z-direction, as depicted in Fig. 6(a), and
the second one only make sure that the ions on the two inter-
vening lines are far from each other, as depicted in Fig. 6(b).
Aer comparing the total energy for type 1 and type 2, we found
that the system adopts type 1 conguration when the cylinders
are close enough whereas type 2 will be dominant when the
surface-to-surface distance is large. The transition point of this
two congurations will be discussed later. Fig. 6 also gives the
detailed ground state lattice of counterions. When D is small,
part of the counterion linesmove near to the intervening region,
which agrees well with the circular potential gradient appearing
at short separation we described previously. The previous
simulation result also displayed the similar weak concentration
of counterions in thick cylinder system although the system was
studied at limit temperature.16 When D is large, all ion lines
distribute almost uniformly around the cylinders, originating
from the rapid decreasing of the potential gradient at large
surface-to-surface distance. The two lines in the inner part
rs from side view and top view. (a) Type 1: the counterion lines tend to
ening region. It occurs when the two cylinders are close (here D ¼ 1 Å).
o lines in the inner part with closest distance adopt the interlocking
0 Å). Different colored symbols have different positions of counterion
ordinates starting at 0 and l0/2, respectively. For cylinder 2, alternating
ositions with azimuthal variable f ¼ 0 for cylinder 1 and 2 have closest

This journal is © The Royal Society of Chemistry 2020
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Fig. 7 (a) Total energy of two-cylinder system as functions of sepa-
ration D at different line number n. l is 0.59 e Å�1 and R is 10 Å,
neutralized by +2 ions. The lattice of n¼ 8 has theminimal energy, and
the transition point of two configurations occurs at D¼ 5.1 Å. (b) Force
between two cylinders derived from the energy of n ¼ 8. Actual force
is representedwith red line, and an abrupt jump can be seen due to the
crossing of the energy–distance curves.
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having closest distance adopt the interlocking conguration to
decrease the repulsion between counterions.

With the above method, we calculated the ground state
energy as functions of the surface-to-surface distance D at
different numbers of counterion lines n. Then the force between
Fig. 8 (a) Total energy of the two-cylinder system neutralized by triva
transition point of two configurations is D ¼ 3.9 Å. (b) Force between t
change can be identified. (c) Comparison of the force derived from the d
simulation results19 and the experimental result11 at large distance. The sin

This journal is © The Royal Society of Chemistry 2020
cylinders can be calculated with adding the repulsive interac-
tion between two pure charged cylinders to eqn (9). The results
are depicted in Fig. 7. From Fig. 7(a) we found that the case of n
¼ 8 always has minimal energy and there is a transition point
for conguration of counterions at around 5.1 Å. With solved
ground state the attractive force between cylinders can be
calculated, as shown in Fig. 7(b). Interestingly, the force shows
an abrupt jump due to the existence of the transition point,
which means a sudden decreasing of force liking a rst order
phase transition.
3.3 The trivalent counterions case

We also calculated the energy and force with the trivalent
counterions. The total electrostatic energy and force are
depicted in Fig. 8. For +3 counterions, the optimal congura-
tion of counterion lattice with minimal energy corresponds to
n ¼ 6, which is also close to the hexagonal Wigner lattice at
large separation. The force curve (Fig. 8(b)) shows a similar
shape with the divalent system but with a stronger attraction
and a transition point at lower separation. In Fig. 8(c) we
compare the force (red curve) we calculated using the coun-
terion line approximation with the experimental result11

(green square) and the simulation result19 (black circles) and
at room temperature. The experimental attraction is slightly
higher than our theory, however, it still shows a good tting
with our result. The simulation result shows a repulsion
between cylinders when D is small. This repulsion can be
attributed to the entropy of ions in nite temperature or the
hydration force due to reconguration of water. We have
omitted the hydration force in our theory because the attrac-
tion leading to DNA condensation originate from the electro-
static interaction.66 It can be seen that our result on ground
state ts the simulation very well when D is large enough. The
hydration force has a characteristic distance of 2.5–3.5 Å,20

which means that at larger separation distance, the hydration
force and the short-ranged entropic contribution is weaken,
showing that the nite temperature modication effect is
possibly minor to the long range attractive force induced by
trivalent counterions correlations.
lent counterions. The minimal energy is always with n ¼ 6, and the
wo cylinders. Actual force is represented with red line, and an abrupt
ifferent methods. The counterion line approximation fits well with the
gle particle approximation54 greatly deviates from the simulation result.

RSC Adv., 2020, 10, 1890–1900 | 1897
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As mentioned in introduction part, at strong coupling limit
one can use the single particle approximation, in which case
only the contributions from the interaction of individual
counterions with charged cylinders are considered.54 For like-
charged plates, the approximation may work well when both
the correlation between counterions is strong and the surface
separation is smaller than the lateral distance between ions.67

Here, we apply the single particle approximation to our cylinder
system, and compare it with our calculation and the simulation
result. In terms of the approximation the SC force per unit
length can be obtained as54

F

L
¼ �l2e2

2p3

3Rþ D

ð2Rþ DÞðRþ DÞ : (12)

The result using single particle approximation is depicted in
Fig. 8(c) with blue line. It can be seen that the single particle
approximation considerably overestimate the attraction force.
The validation of single particle approximation requires strong
correlation and short separation limit. The strong correlation
condition is satised in the zero temperature situation, where X
/ N. However, the small separation condition is hard to
achieve as the counterions can move around the cylinder
surface. In Kanduč et al.'s work, these conditions are satised
when D is small enough and all counterions distribute in the
inner region of the cylinder.54 However, the approximation of
concentrated counterions on intervening region is only valid for
gz > 4.2, which corresponds to quite thin cylinders. All coun-
terions tend to distribute in the intervening region of two
cylinders. In this case the distance between counterions and
cylinders is much smaller than the averaged lateral distance
between counterions, and the single particle approximation can
be applied. As we mentioned before, when cylinder size
increases, the ground state lattice of counterions is not two ion
lines in the inner side, but a hexagonal Wigner lattice with
slight deformation. This variation of the lattice is due to the
rapid reduction of attraction between one cylinder and the
counterions on the other cylinder for large cylinder size, and the
repulsion between counterions tend to form a hexagonal lattice.
In other words, the counterions in thick cylinder system
distribute more evenly around the cylinders while in thin
cylinders they are denser in the intervening region. This
phenomenon has been observed in simulation,16 where the
counterion distribution around the thinner cylinder shows
a sharper azimuthal distribution function at nite temperature.
For DNA we nd that gz¼ 0.51 or 0.34 when attached by +3 or +2
counterions, respectively, which is beyond the range of thin
cylinder assumption. Therefore, the single particle approxima-
tion beaks out for DNA-like thick cylinder system. Conse-
quently, our method can theoretically handle thick cylinders,
which is an important complementary to the single particle
approximation.
Fig. 9 (a) Top view of the configuration of counterion lines whenD¼ 1
Å. The lines in the inner side with larger markers have higher line
charge density than others and the ratio linr /l

out
r is 1.8. (b) The force

between cylinders under different assumption. The black line is from
the constant lr as Section 2.3 explains, and the red dot is from the
variable lr in Section 3.4. The two results agree well with each other.
3.4 The case with different line charge density

The results above are under the assumption that each coun-
terion line has the same line charge density lr. However, this
1898 | RSC Adv., 2020, 10, 1890–1900
assumption may deviate from the real energy-minimizing
congurations due to the deformation of lattice for small
surface-to-surface distance of cylinders. In this section, we will
release this assumption and investigate how the nal force will
be affected. Before the calculation, we note that the electric
potential in Fig. 4(b) shows the rapidly reduced potential
gradient as the f increasing. Hence the accumulation of coun-
terions will mainly happen in the intervening region of cylin-
ders. Furthermore, Fig. 6(a) shows that even for very closed
cylinders only part of lines are attracted to the inner side, while
other lines are not affected signicantly. So we assume that only
one counterion line on each cylinder near the intervening
region has higher line charge density linr than other lines loutr to
represent the accumulation effect of counterions. In this section
the system is the same as Section 2.3 and the cylinders are
neutralized by divalent counterions. The positions of coun-
terion lines are all free to move around the surface of cylinders.
For a given separation, we calculated the ground state energies
with different line charge density ratio linr /l

out
r varying from 1 to

3, and then choose the ratio with minimal energy as equilib-
rium value.

Fig. 9(a) gives the ground state conguration of counterion
lines when the two cylinders are very close (D ¼ 1 Å), in which
case the optimal ratio is linr /l

out
r ¼ 1.8. All the lines on each
This journal is © The Royal Society of Chemistry 2020
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cylinder are close to evenly distribute, but the space between the
line of f ¼ 0 with higher charge density and its adjacent lines is
larger than others, resulting from the stronger repulsion of
higher linr . Compared with the case of uniform line charge
density (linr /l

out
r ¼ 1), the two lines with higher lr are located on

the opposing surfaces of f ¼ 0 and form an inter-locking
pattern, rather than the conguration with a little azimuthal
bias as Fig. 6(a). With the ground state conguration and
energy, the calculated force between cylinders is depicted as red
dots in Fig. 9(b). It should be noticed that the force calculated
with variable lr quite agrees with the result in Section 2.3 (black
curve in Fig. 9(b)), which is derived from the equal charge
density assumption for all counterion lines. At small distance,
the minimizing energy ratio between the value from the black
curve to the red dots is a little larger than 1. With increasing D,
the ratio approaches to 1 gradually. Despite the complexity of
counterion conguration, our result indicates that the uniform
counterion-line charge density assumption in Section 2.3
indeed gives rather accurate prediction. Therefore, we believe
that our method of calculating the interaction between cylin-
ders in Section 2.3 is applicable to the accumulation effect of
counterions between two cylinders.

4 Conclusions

We have calculated the electrostatic interaction between two
DNA cylinders with multivalent counterions in the low
temperature limit of T ¼ 0 based on Wigner crystal model. The
non-uniform spatial distribution effect of counterions are
investigated in detail. Since DNA can be considered as are thick
enough charged cylinders, we argued that the ground state
lattice of counterions should be deformed hexagonal Wigner
structures. We calculated the interactions between two DNA
cylinders with divalent or trivalent counterions. To reveal the
complex deformation of counterions lattices when two cylinders
approach, we assume that the counterions can be considered as
parallel ion lines in z-direction with the same line charge
density. Then we solved the optimized congurations of coun-
terion lines at given separation, which is important to deter-
mine the interaction between two cylinders. We nd that when
the cylinders are close, the ion lines near the intervening region
of two cylinders tend to be attracted by another cylinder and
move close to the inner side, while the other counterion lines
distribute evenly around the cylinder. Furthermore, we have
calculated the force between two cylinders. The force between
two DNAs with trivalent counterions calculated from our model
is in good agreement with the simulation result even though the
simulation deals with room temperature. At the same time, the
single particle approximation largely overestimates the attrac-
tion and it is not suitable for a real DNA-like system. In addi-
tion, we have veried the validity of the assumption that all the
counterion lines have the same charge density. Either the
movement of lines or the changing of counterion line charge
density can be a good model to describe the deformation of
lattice and the condensation of ions in the inner space. With
these methods, for the rst time we can theoretically describe
the precise attraction between thick cylinders at T ¼ 0.
This journal is © The Royal Society of Chemistry 2020
In our analysis, we have successfully developed a method to
handle the variation of counterion lattice on the cylinder
surfaces. With simplifying the lattice of ions to parallel ion lines
based on the periodicity, the complexity due to the degree of
freedom of ion lattice will be largely decreased, so that the
minimal energy and the ground state conguration can then be
obtained through the gradient descendent strategy. The calcu-
lated results are helpful to understand the formation of DNA
bundles.22 This method can apply to other two cylinders system
including F-actin, microtubules, and tobacco mosaic virus only
by using different cylinder size. It also might be easily extended
to other systems, such as cylinder-plane system, which is
a typical model for DNA-membrane interaction. It is noted that
all our analysis is based on the zero-temperature approxima-
tion, which means that all counterions are collapse on the
charged surfaces. The entropic contribution of the ions is totally
ignored, whereas it is predominant and causes repulsion when
the cylinders are close enough at nite temperature. The
previous work44,45 has derived the concentration prole of
counterions between two charged plates by considering the
displacement of ions around their ground state positions at
nite temperature, and has calculated the interaction between
plates using contact theorem. Therefore, the ground state
conguration in our work provides a solid foundation for
investigating the interaction between cylinders at nite
temperature in future.
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60 L. Šamaj and E. Trizac, Eur. Phys. J. E: So Matter Biol. Phys.,

2011, 34, 20.
61 J. P. Mallarino, G. Téllez and E. Trizac, Mol. Phys., 2015, 113,

2409–2427.
62 A. A. Kornyshev and S. Leikin, Phys. Rev. Lett., 2001, 86, 3666–

3669.
63 E. Allahyarov, G. Gompper and H. Löwen, Phys. Rev. E, 2004,
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