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The increasing demand for nanoscale magnetic devices requires development of 3D magnetic nano-

structures. In this regard, focused electron beam induced deposition (FEBID) is a technique of choice for

direct-writing of complex nano-architectures with applications in nanomagnetism, magnon spintronics,

and superconducting electronics. However, intrinsic properties of nanomagnets are often poorly known

and can hardly be assessed by local optical probe techniques. Here, an original spatially resolved

approach is demonstrated for spin-wave spectroscopy of individual circular magnetic elements with

sample volumes down to about 10−3 μm3. The key component of the setup is a coplanar waveguide

whose microsized central part is placed over a movable substrate with well-separated CoFe-FEBID nano-

disks which exhibit standing spin-wave resonances. The circular symmetry of the disks allows for the

deduction of the saturation magnetization and the exchange stiffness of the material using an analytical

theory. A good correspondence between the results of analytical calculations and micromagnetic simu-

lations is revealed, indicating a validity of the used analytical model going beyond the initial thin-disk

approximation used in the theoretical derivation. The presented approach is especially valuable for the

characterization of direct-write magnetic elements opening new horizons for 3D nanomagnetism and

magnonics.

1 Introduction

Patterned nanomagnets have traditionally been two-dimen-
sional planar structures. Recent work, however, is expanding
nanomagnetism into the third dimension.1–3 This expansion
is triggered by the development of advanced synthesis
methods4,5 and the discovery of novel geometry- and topology-
induced effects.6 Among the various nanofabrication tech-
niques, focused electron beam-induced deposition (FEBID)
has unique advantages for 3D nanomagnetism,2,3,7

magnonics8,9 and superconducting electronics of the fluxonic
type10,11 as the magnetic properties of direct-write structures
can be varied by selecting a writing strategy and beam para-
meters,5 as well as via post-growth irradiation of structures
with ions12–14 and electrons.15 In the context of superconduc-
tivity, hybrid ferromagnet/superconductor structures are used
for the manipulation of magnetic flux quanta16,17 and provide
access to investigations of odd-frequency spin-triplet
superconductivity.18,19 In the domain of magnonics, FEBID
allows for the realization of 3D magnonic crystals20–22 and
magnonic conduits with graded refractive index.23 However,
the magnetic parameters of individual nanoelements are often
poorly known and can hardly be assessed by local optical
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probe techniques, such as Brillouin light scattering (BLS)24

and magneto-optical Kerr microscopy,25 having a spatial
resolution limit of about 300 nm. For resolving the magnetiza-
tion dynamics at GHz frequencies on the length scale of a few
tens of nm more sophisticated techniques are required. For
instance, near-field BLS allows for imaging the edge mode
dynamics with a resolution of about 50 nm (ref. 26) and X-ray
microscopy provides dynamic magnetization imaging with a
resolution as fine as 30 nm.27,28 At the same time, so far only
few BLS studies are based on near-field optics while for X-ray
imaging large-scale facilities are required. Therefore, the devel-
opment of easy-to-use experimental techniques for the deduc-
tion of magnetic properties of individual nanoelements is of
crucial importance.

Ferromagnetic resonance (FMR) is the method of choice for
a quantitative analysis of saturation magnetization, magnetic
anisotropy, dipolar interactions, relaxation of magnetization,
and the structural quality and (in)homogeneity of magnetic
materials.29–32 However, the sensitivity of FMR is often not
high enough for the detection of signals from individual mag-
netic nanoelements. The sensitivity of the cavity-based FMR is
estimated as ≃1010 spins and it can reach 108–109 spins for its
broadband strip-line counterpart.33 In order to compensate for
poor signal-to noise ratio (SNR), usually many magnetic
elements are arranged in arrays.34,35 However, in case of
ensemble measurements the signal analysis is often compli-
cated by interactions between the individual elements and by
the distribution in their sizes and properties. This is why a
number of alternative FMR-based approaches have been intro-
duced for studying magnetization dynamics in single nano-
magnets, see e.g. ref. 36, 37 and 38. Among these approaches,
FMR force microscopy (FMRFM)39–42,66 and microresonator-
based FMR (MRFMR)43,44 have a high sensitivity of ≃106 spins
and allow for probing ≃100 nm-large samples or areas of thin
films.41,44,45 However, separate resonators are needed for each
individual sample in MRFMR, and a quantitative analysis of
the material parameters by FMRFM is not straightforward
when the size of the magnetic tip becomes comparable with
the size of the sample.

An ultrahigh sensitivity of FMR measurements reached by
using a microwave interferometer has been demonstrated to
allow for resolving uniform-mode FMR signals from down to
100 nm-diameter, 5 nm-thick single nanodots.37 However, this
technique is quite delicate and it requires the sample to be inte-
grated into the sensing unit as it is grown directly on top of a
coplanar waveguide. It should be stressed that the compo-
sitional and magnetic properties of FEBID structures fabricated
on metallic and insulating substrates can be different since
their deposition is dependent on the yield of secondary elec-
trons and the diffusion of precursor molecules.5 Furthermore,
this issue is also crucial for magnetic materials for which the
choice of the substrate and the quality of its surface is decisive
for the quality and magnetic properties of the sample, such as
e.g. YIG thin films on gadolinium gallium garnet substrates.42,46

An alternative approach to achieve large filling factors and
high coupling efficiencies is to use microwave strip-lines

whose active parts are narrow and short in conjunction with
samples themselves being used as resonators. A small width of
the strip-line allows for larger local microwave fields and,
hence, higher microwave power-to-field conversion efficien-
cies.47 A short length of the narrow, sensitive part of the strip-
line allows for spatially-resolved microwave measurements.
Due to the confinement of spin waves various resonant modes
appear in nanoelements.48 However, an analytical description
of the magnetization dynamics in elements of arbitrary shape
is barely feasible, and spin-wave eigenfrequencies can be calcu-
lated explicitly only in the few cases of simplest (e.g. circular)
symmetry.49 In particular, higher-order modes of spin-wave
excitations in circular elements with radii of few hundreds nm
are dipole-exchange spin waves with wavelengths λ ≃ 50 nm.
Such spin waves are appreciably influenced by the exchange
interaction and are, in particular, objects of current investi-
gations in nanomagnonics50 aiming at the operation with fast,
exchange-dominated spin waves.27,51,52

Here, we demonstrate spatially resolved spin-wave spec-
troscopy for the assessment of magnetic properties of individ-
ual circular magnetic elements with radii down to 100 nm.
Employing a coplanar waveguide whose 2 × 4 μm2-large active
part is placed over a movable substrate with well-separated cir-
cular magnetic nanoelements we detect standing spin-wave
resonances from individual 40 nm-thick CoFe-FEBID nano-
disks. These are the smallest magnetic elements successfully
probed in the presence of a uniform microwave field so far. In
addition to the main resonance peak, we distinguish up to
9 higher-order spin-wave excitation modes and deduce the sat-
uration magnetization and the exchange stiffness of individual
elements with high precision by using an analytical theory.
The presented approach can be applied to any magnetic
material. However, it is especially valuable for the fast on-chip
characterization of individual magnetic nanoelements fabri-
cated by FEBID whose strongest advantage is the capability of
3D nanofabrication with potential for nanoscale magnetic
devices and 3D magnonic networks.

2 Experimental section
2.1 Investigated system

The experimental geometry is shown in Fig. 1(a). The samples
are circular Co–Fe nanodisks with a thickness L of 40 nm and
a radius R which varies from 100 to 1000 nm, fabricated by
focused electron beam induced deposition (FEBID), employing
HCo3Fe(CO)12 as precursor gas. The content of [Co + Fe] is
about 83 at% in the largest disk and it decreases to about
60 at% in the smallest disk. The rest is carbon and oxygen
as remainders from the precursor.53 Scanning electron
microscopy images of the three smaller nanodisks are shown
in Fig. 1(b) and an atomic force microscopy image of the nano-
disk with R = 100 nm is presented in Fig. 1(c).54 The spin-wave
excitations in the nanodisks were studied by placing the sub-
strate with the samples in close contact face-to-face to another
substrate on which a coplanar waveguide was prepared by
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e-beam lithography and covered with a 5 nm-thick insulating
TiO2 layer. The substrate with the antenna was firmly attached
to a high-frequency sample holder, while an exact positioning
of the individual nanodisks under the sensitive (central) part
of the antenna was achieved by using a high precision piezo
stage. The standing spin-wave spectroscopy measurements
were done at room temperature at a fixed frequency of f = 9.85
GHz with magnetic field directed perpendicular to the plane
of the nanodisks. The measurements were done in a field-
sweep mode, with a modulation of the magnetic field ΔH of 5
Oe and phase-sensitive recording of the derivative of the
absorbed microwave power with respect to magnetic field.

2.2 Fabrication of nanomagnets

The samples were fabricated by FEBID in a high-resolution
dual-beam scanning electron microscope (SEM: FEI Nova
NanoLab 600). FEBID represents the process by which a
metal–organic precursor gas, in this case HCo3Fe(CO)12,

53

adsorbed on a substrate surface, is dissociated in the focus of
the electron beam into a permanent deposit and volatile com-
ponents.5 Deposition occurs only where the beam focus dwells
for a longer time (typically 500 ns up to several ms) on a given
point on the substrate surface in accordance with a pre-
defined pattern. In addition to the high resolution, which is
down to 10 nm laterally and 1 nm vertically for the precursor
gas used here, FEBID is capable of creating binary and ternary

alloy systems and complex 3D nano-architectures.3,5,7,17,55 The
precursor was injected into the SEM through a capillary with
an inner diameter of 0.5 mm. The distance capillary-surface
was about 100 μm and the tilting angle of the injector was 50°.
The crucible temperature of the gas injection system was
65 °C. The disks were grown in the high-resolution deposition
mode with 5 keV beam energy, 1.6 nA beam current, 20 nm
pitch, and 1 μs dwell time. The beam was scanning in a ser-
pentine fashion. On both sides of the nanodisk row, a few 10 ×
10 μm2 insulating TiO2-FEBID 50 nm-high pads were deposited
as spacers for mechanical protection of the nanodisks.

2.3 Compositional analysis

The elemental composition in the largest disk with R =
1000 nm is about 83 at% [Co + Fe], 10 at% [O] and 7 at% [C],
as inferred from energy-dispersive X-ray (EDX) spectroscopy.
The EDX test area was 100 × 100 nm2, and the EDX parameters
were 5 kV and 1.6 nA. Here, the beam energy determines the
effective thickness of the layer being analyzed, which is
approximately 45 nm, thus a minor part of the counts for
oxygen should be attributed to the topmost SiO2 layer on top
of the Si substrate. The penetration of the electrons into the
film was calculated by the simulation program CASINO. This
corresponds to approximately 90% of the electron beam
energy being dissipated in the nanodisks. The material compo-
sition was calculated taking ZAF (atomic number, absorbtion,

Fig. 1 Investigated system. (a) Experimental geometry. A substrate with a series of 40 nm-thick circular CoFe-FEBID nanodisks is placed face-to-
face to a gold coplanar waveguide for spin-wave excitation in the normal-to-disk-plane magnetic field H. The substrate with the nanodisks is
mounted onto a movable stage that allows for their precise positioning under the 4 μm-long and 2 μm-wide central conductor of the waveguide for
detection of spin-wave resonances in each of the nanodisks. (b) Scanning electron microscopy images of three nanodisks with radii R = 100, 150,
and 200 nm. (c) Atomic force microscopy image of the smallest nanodisk (R = 100 nm) with a cross-sectional line scan in the inset. (d) Upper panel:
Sketch of the microwave field Hmw lines exciting spin waves in the adjacent nanodisk. Lower part: Scanning electron microscopy image of the inner
part of the coplanar waveguide with the Klopfenstein tapered impedance matching sections. The dashed lines indicate the location of the nanodisk
row symbolized by white solid circles.
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and fluorescence) and background corrections into account.
The software used to analyze the material composition of the
samples was EDAX’s Genesis Spectrum v.5.11. The statistical
error in elemental composition is 5%, as depicted by the error
bars in Fig. 3(d).

2.4 Microstructural characterization

A previous microstructural investigation of the Co–Fe deposits
by transmission electron microscopy revealed that they consist
of a dominating bcc Co3Fe phase mixed with a minor amount
of FeCo2O4 spinel oxide phase with nanograins of about 5 nm
diameter.54 The thickness of all nanodisks was L = 40 ± 1 nm
while their radii R were 100, 150, 200, 300, 400, 500, 700, and
1000 nm. The deposited nanodisks were arranged in a row,
with a nanodisk center-to-center distance of 5 μm. This dis-
tances was selected to avoid the dipolar coupling between the
nanodisks and to avoid the detection of resonance signals
from nanodisks which are not immediately under the coplanar
waveguide. For high-resolution characterization of the fabri-
cated nanodisks, atomic force microscopy (AFM) under
ambient conditions in the noncontact, dynamic force mode
was used. The cantilever tip was shaped like a polygon-based
pyramid, with a tip radius of less than 7 nm (Nanosensors
PPP-NCLR), so that convolution effects due to the finite tip
radius can be neglected. A root-mean-square surface rough-
ness of less than 0.2 nm over a scan field encompassing the
entire nanodisk surface area was inferred from the AFM
inspection. Around all nanodisks, within about a 20 nm-wide
area, an up to 3 nm-thick co-deposit layer has been revealed.
This layer is non-magnetic and it appears as a consequence of
the finite emission cone of secondary electrons in the FEBID
process.

2.5 Coplanar waveguide

Ferromagnetic resonance measurements were performed in
the flip-chip geometry in which the substrate with the nano-
magnets was placed face-to-face to the substrate containing a
coplanar waveguide prepared by e-beam lithography from an
Au film. The 55 nm-thick Au film was prepared by dc magne-
tron sputtering onto a Si/SiO2 substrate with a pre-sputtered
5 nm-thick Cr buffer layer. The thickness of the SiO2 layer was
200 nm. In the sputtering process, the substrate temperature
was T = 22 °C, the growth rates were 0.055 nm s−1 and 0.25 nm
s−1, and the Ar pressures were 2 × 10−3 mbar and 7 × 10−3

mbar for the Cr an Au layers, respectively. Spin-wave reso-
nances were excited and detected by the sensitive central part
of the waveguide, as illustrated in Fig. 1(d). The width of the
signal and ground conductors of the coplanar waveguide was
w = 2 μm and 1 μm, respectively, while the gap between them
amounted to g = 200 nm, resulting in a microwave impedance
Z of about 90 Ω at 9.85 GHz. The 2 μm-wide central conductor
of the coplanar waveguide ensures that the nanodisks with R <
1000 nm are excited in the presence of a uniform microwave
field. The impedance of the antenna was matched to the Z0 =
50 Ω impedance of the transmission line by two Klopfenstein
tapers47 designed for keeping the magnitude of the microwave

power reflection coefficient below 0.05 at frequencies f > 1
GHz. The central part of the antenna was covered with a 5 nm-
thick TiO2 FEBID layer for electrical insulation of the antenna
from the samples. The fine positioning of individual nano-
disks under the sensitive part of the antenna was achieved by
using a Tritor 38 3D translational stage allowing for a spatial
positioning accuracy of 1 nm. Micrometer-sized alignment
marks, seen under an optical microscope, were used for posi-
tioning of the samples.

2.6 Ferromagnetic resonance measurements

The spin-wave spectroscopy measurements were done at a
fixed frequency of f = 9.85 GHz with magnetic field directed
perpendicular to the plane of the nanodisks. The misalign-
ment error of the field angle was less than 0.1°. The high-fre-
quency ac stimulus was provided by a continuous wave micro-
wave generator and the transmitted microwave signal was
detected by a signal analyzer. The measurements were done in
a field-sweep mode, with a modulation of the magnetic field
ΔH of 5 Oe, field modulation frequency of 15 Hz, and a phase-
sensitive recording of the derivative of the absorbed microwave
power. This allowed for an increase of the measurement sensi-
tivity by up to about two orders of magnitude in comparison
with the standard detection regime in which a fixed external
field H is applied and the frequency is swept without modu-
lation. The coplanar waveguide antenna allows for measure-
ments in a broad range of microwave frequencies. However, in
this work we performed measurements at a fixed frequency as
this was sufficient for the performed analysis. For a microwave
power of 10 mW the amplitude of the magnetic field produced
at a distance of 25 nm from the antenna is estimated as 40 Oe.
Before measurements, all samples were saturated in an out-of-
plane field of 20 kOe. A distinctive feature of the described
here methodology is that the CPW and the sample are located
on different substrates. This has the following advantages: one
and the same calibrated CPW substrate can be used for
probing different samples and, after the microwave character-
ization, the samples remain available for measurements using
other techniques. These is different from other approaches in
which “nominally identical” samples are used for different
characterization techniques, though identity of such small
nanomagnets is a rather crude assumption.

2.7 Analytical calculations

Standing spin waves appear in nanoelements because of the
quantization of the radial spin-wave vector component due to
the elements’ finite lateral size.56 The spin-wave dispersion
relation for an infinite film has the form ω2 = aH(ωH +
ωMF(kL)),

57 where ωH = γ(H + 2Ak2/Ms), ωM = γ4πMs, γ is the
gyromagnetic ratio, A is the exchange stiffness, Ms is the satur-
ation magnetization of the material, and k is the in-plane wave
vector component. The function F(x) describes the dynamical
dipolar interaction and can be approximated as F(x) = 1 − (1 −
exp(−x))/x. In the case of out-of-plane magnetized circular
disks the excited spin-wave eigenmodes can be described by
Bessel functions of the zeroth order because of the axial sym-
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metry of the samples. The dynamic in-plane magnetization
components are mx, my ∝ J0(kρ), where ρ is the radial coordi-
nate. Assuming that the static disk magnetization does not
depend on the thickness coordinate z, one can use a spin-wave
dispersion equation similar to the one used for infinite films56

ωn
2 ¼ ωHðωH þ ωMFðκnβÞÞ; ð1Þ

where ωn is the frequency of the spin-wave mode with the
quantized radial wave vector kn = κn/R and magnetic field H is
substituted by the effective magnetic field H + Hnn, where Hnn

are the diagonal matrix elements of the static dipolar field
using a complete set of eigenfunctions as defined below, and
β = L/R is the thickness-to-radius aspect ratio of the nanodisk.
The disk aspect ratio β = L/R is small and the dipolar pinning
of the dynamical magnetization at the disk edges is
strong.58,59 This results in the simple relation κn = αn, where αn
is the n-th root of the equation J0(κ) = 0, n = 1, 2, 3, …. The

normalized eigenfunctions ϕnðρÞ ¼
1ffiffiffiffiffiffi
Nn

p J0ðκnρÞ and Nn ¼
1
2
½J02ðκnÞ þ J12ðκnÞ� lead to the following matrix elements Hnn

of the dipolar field

Hnn

4πMs
¼

ð1
0
dxf ðβxÞJ1ðxÞ

ð1
0
dρ ρϕn

2ðρÞJ0ðρxÞ � 1: ð2Þ

2.8 Micromagnetic simulations

The micromagnetic simulations were performed by using the
MuMax3 solver.60 The Ms and A values were extracted from the
best fits of the experimental data to the described analytical
theory. The values reported in Fig. 3(c) and (d) have been used
as the input parameters for the simulations. For all nanodisk
radii the cell size was 2.5 × 2.5 × 2.5 nm3 and the damping
parameter was α = 0.01. The simulations were performed in
two stages, a static one and a dynamic one. At the first stage,
an equilibrium magnetic configuration of the system was
reached by relaxing a random magnetic configuration for each
value of the out-of-plane bias field H from a given set.
Subsequently, magnetization precession was excited by apply-
ing a small spatially uniform in-plane microwave field h ∝
sin c(2πfcut(t − t0)), where fcut = 40 GHz is the cut-off frequency
and t0 = 0.5 ns is the time delay after which the sinc function
reaches its maximum. The dynamic response of the system
has been recorded with the sampling interval equal to 1.25 ns.
Finally, a fast Fourier transform was used to extract the nor-
malized frequency spectra and the magnetization profiles at
the resonance frequencies of the standing spin waves.61

3 Results and discussion

Fig. 2(a) and (b) present the experimentally measured spin-
wave resonance spectra as a function of the out-of-plane mag-
netic field for the disks of different radii. For all nanodisk
radii, the main resonance peak is observed at the largest field
(e.g., for the nanodisk with R = 1000 nm at 14 kOe) and it

corresponds to the lowest spin-wave mode number n = 1, as
will be detailed below. In addition to the main resonance peak
there are several well-defined resonance peaks at smaller
fields. The magnitude of the peaks monotonically decreases
with increase of the mode number. As the disk radius
decreases, the spin-wave spectra shift towards lower fields and
the distance between the neighboring resonances increases.

Importantly, it was possible to detect the signal even for the
smallest disk with a radius of only 100 nm. In previous
studies, arrays consisting of 106–107 identical disks were inves-
tigated using conventional FMR spectroscopy to reach the
required sensitivity. In our experiment, for the smallest nano-
disk the signal-to-noise ratio (SNR) is about 2. Nevertheless,
two spin-wave peaks are observable at the positions predicted
by the analytical theory to be introduced in what follows. For a
larger nanodisk with R = 150 nm, the SNR increases to about 5
and four spin-wave peaks can be clearly distinguished. The
SNR continues to noticeably increase as the disk radius R
increases, and more and more standing spin-wave modes
become visible. For instance, the largest number of modes
(9 modes) can be identified for the disk with R = 500 nm, as
illustrated in Fig. 2(c). From the measured spin-wave spectra,
for each mode n and disk radius R, the resonance fields Hres

were deduced at fields at which the power absorption deriva-
tive turns into zero, which is equivalent to the definition of
Hres from at the absorbed power maxima in Fig. 2(c). The
deduced dependences of the spin-wave resonance fields Hres

on the mode number n for different nanodisk radii are pre-
sented in Fig. 3(a).

Standing spin waves appear in nanoelements because of
the quantization of the radial spin-wave vector component due
to the elements’ finite lateral size.56 To describe analytically
the field values at which the spin-wave resonance appear, we
consider azimuthally symmetric spin waves in a thin cylindri-
cal ferromagnetic disk of thickness L and radius R saturated in
the out-of-plane direction by the biasing magnetic field H, see
the inset in Fig. 2(c). In the case of out-of-plane magnetized
circular disks the excited spin-wave eigenmodes can be
described by Bessel functions of the zeroth order because of
the axial symmetry of the samples.56 For details on the analyti-
cal calculations we refer to the Methods section. The radial
profiles of the first nine spin-wave modes are illustrated in
Fig. 2(d).

Fitting of the experimental dependences Hres(n) in Fig. 3(a)
with the use of the theoretical model allows for the deduction
of the saturation magnetization Ms and the exchange stiffness
A for all individual nanodisks (see Fig. 3(b) and (c)). In
Fig. 3(a), solid lines are fits to the analytical theory with the
magnetization Ms and the exchanged constant A varied as
fitting parameters, as reported in Fig. 3(b) and (c), and the
gyromagnetic ratio γ/2π = 3.05 MHz Oe−1.62 We note that the
location of the main resonance peak is largely determined by
Ms and the demagnetizing factor of the sample. The value of A
only weakly affects the position of the main resonance peak,
however, it strongly affects the positions of the higher order
peaks. The deduced Ms and A values suggest that in contrast to
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samples prepared by electron-beam lithography, Ms of the
nanoelements fabricated by FEBID significantly depends on
the elements’ lateral dimensions, and even for the largest
nanodisk with R = 1000 nm, the deduced Ms and A values are
by about 35% and 10% smaller than the respective values for
Co3Fe thin films.63

Having deduced the saturation magnetization and the
exchange constant for disks with radii down to 100 nm we now
turn to a discussion of the obtained results. We believe that
the decrease of Ms with decrease of the disk radius is a conse-
quence of the employed writing strategy in the FEBID process.
This underlines the importance of the characterization
described here for as-fabricated FEBID samples. Namely, in
the FEBID process, each nanodisk was defined as a circular
polygon in which the number of points for the beam to dwell
is proportional to the square of the nanodisk radius. The
writing of the 40 nm-thick nanodisks required a few thousands
passes of the electron beam. Accordingly, given that the point-
to-point distance (pitch) for all nanodisks was kept constant, a
complete rastering of the beam over the smaller disks occurred
faster as compared to the larger disks. Because of the finite
time needed for the precursor gas to replenish in the vicinity
of the sample, the smaller disks were written in the depleted-
precursor regime, which results in an increase of the carbon

and oxygen content at the expense of cobalt and iron. A cross-
over from the deposition of samples in the depleted-precursor
mode (deposition mode I) to an almost precursor depletion-
free mode (deposition mode II) with increase of the disk size
is illustrated by the yellow-to-blue background color gradient
in Fig. 3(b)–(d). We note that a decrease of Ms with decrease of
the size of Co-FEBID nanospheres grown on cantilever tips was
also attributed to a decrease of the metal content in the
smaller spheres.64

Specifically, for the samples investigated here, the [Co + Fe]
content in the nanodisks has been found to decrease from
about 83 at% for the largest disk to about 58 at% for the smal-
lest disk while the [C + O] content increased from about 17
at% to about 42 at%, see Fig. 3(d). Remarkably, the deduced
Ms values in Fig. 3(b) correlate rather well with the [Co + Fe]
content in Fig. 3(d) which suggests that the reduction of Ms in
the samples can be attributed to the reduction of the content
of the magnetic Co and Fe in the sample volume. By employ-
ing a different writing strategy in which the electron beam was
“parked” for 10 ms outside of the structure after each pass to
allow the precursor to replenish, Ms values close to 1350 emu
cm−3 have been deduced for a reference set of samples regard-
less of the nanodisk size. Meanwhile, the deduced values of
A(R), despite following qualitatively the behavior of Ms(R), are

Fig. 2 Spin-wave resonance spectra. (a) and (b) Experimentally measured spin-wave resonance spectra at 9.85 GHz for a series of 40 nm-thick
CoFe-FEBID disks with different radii, as indicated. Black lines are averages of 50 neighboring points. Multiplication factors for the signals with
respect to the 1 μm disk measurement are labeled close to the data. (c) Field dependence of the microwave power absorption (symbols) for the disk
with a radius of 500 nm. At least nine spin-wave resonance modes can be identified, as labeled close to the peaks. Inset: Geometry used in the
analytical theory. (d) Radial profiles of the first nine standing spin-wave modes described by the zeroth-order Bessel functions.
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decreasing by only about 10% with decrease of the disk radius.
In Fig. 3(c), the deduced A value for the nanodisk with R =
100 nm is not shown because only two modes were observed
for this sample, that results in a relatively large error in the
determination of the exchange stiffness.

Fig. 4(a) illustrates the accuracy of the fits of the experi-
mental dependences Hres(n) to the analytical theory using the
same values of Ms and A as in Fig. 3(b) and (c) in comparison
with the curves for different A values. Solid lines in Fig. 4(a)
correspond to the best-fit A values in Fig. 3(c) while dashed
lines pertain to A values that are smaller or larger than the
best-fit ones by 10%. As follows from the fits, the accuracy of
the deduction of A strongly increases with reduction of the
nanodisk radius. This is a consequence of the increasing role
of the exchange interaction affecting the spin-wave dynamics
in smaller nanodisks. In addition, the exchange interaction
more strongly influences higher-order spin-wave modes. This
can be understood as a consequence of the spin-wave wave-
length reduction with increase of n and the associated cross-
over from the regime of dipolar spin waves at larger R and
smaller n (with spin-wave wavelengths λ ≃ 1 μm) to the regime
of dipole-exchange spin waves at smaller R and larger n (with λ

≲ 100 nm). This crossover is indicated by the background
color gradient in Fig. 3(a). Specifically, in our measurements
the shortest wavelengths were detected for the disks with R =
200 nm and 300 nm. The mode numbers n = 7 and n = 9, 10

detected for R = 200 nm and R = 300 nm, respectively, corres-
pond to effective spin-wave wavelengths of λ ≃ R/n ≈ 30 nm
whose properties are determined by both, the dipolar and
exchange interactions.

The reliability of the magnetic parameters deduced from
the analytical theory was additionally examined by means of
micromagnetic simulations. The simulations were done using
MuMax3 60 for four nanodisks with radii of 150, 200, 300, and
500 nm. The simulation results are presented in Fig. 4(b),
where the simulated Hres values as a function of the spin-wave
mode number n fit well the experimentally measured ones.
The disagreement between the simulated and the experi-
mentally measured Hres values does not exceed 3%. This
means that the used analytical theory is reliable in the whole
range of aspect ratios β = L/R of up to 0.4 and it can be applied
for the deduction of the saturation magnetization and the
exchange stiffness for nanomagnets of cylindrical shape.
Remarkably, the good correspondence between the results of
analytical calculations and micromagnetic simulations indi-
cates a validity of the used analytical model going beyond the
initial approximation L ≪ R used in the theoretical deri-
vation.56 Once Ms and A are deduced, they can be further used
as input parameters for simulations (see ESI Note 1, Fig. S1
and Movie 1†) which allow one to predict the response of the
nanodisks at essentially higher frequencies than 9.85 GHz
used just as an exemplary FMR frequency in our experiment.

Fig. 3 (a) Dependence of the resonance field Hres on the spin-wave mode number n. Symbols are experimental data. Solid lines are fits to the
analytical theory with the magnetization Ms and the exchanged constant A varied as fitting parameters, as reported in panels (b) and (c), and the
gyromagnetic ratio γ/2π = 3.05 MHz Oe−1. The background color gradient designates a crossover from the regime of dipolar spin waves at larger R
and smaller n to the regime of dipole-exchange spin waves at smaller R and larger n. (d) Metal content in the nanodisks as inferred from energy-dis-
persive X-ray spectroscopy. The lines in (b), (c) and (d) are guides for the eye. The background color in (b), (c), and (d) indicates a crossover from the
deposition of samples in a depleted-precursor mode (deposition mode I, yellow) to an almost precursor depletion-free mode (deposition mode II,
blue) as the disk size increases.
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Turning to the general importance of the obtained results,
it is worth noting that a particular advantage of the employed
standing spin-wave resonance technique in comparison with
conventional magnetometry is that it is not necessary to know
the mass of the sample for the deduction of its Ms. The knowl-
edge of the geometrical dimensions of the sample is
sufficient. This is, in particular, important in the case of
samples fabricated by FEBID since the density of the deposits
may vary depending on the deposition parameters and post-
growth treatments such as annealing and irradiation with
ions and electrons.15 Also, such an important parameter as
the exchange stiffness can be deduced from fits of the experi-
mental data to the analytical theory. In return, the deduced
saturation magnetization and the exchange stiffness can be
used as input parameters for simulations of more complex 3D
nanoarchitectures.3,5,7,55 This is especially fortunate, because
various complex geometries with lateral feature sizes down to
10 nm can be fabricated by FEBID, but no analytical theory is
available for their description despite the few cases of sim-
plest symmetries. In this way, due to the available analytical
description allowing for precise deduction of Ms and A, circu-
lar nanodisks can be used as standard reference samples for
the verification of micromagnetic simulations which, in turn,
allow for modeling the magnetization dynamics in complex-
shaped direct-write nanostructures for 3D nanomagnetism
and magnon spintronics. In addition, the capability of FEBID
to deposit magnetic layers with pre-defined properties onto
conventional microwave circuits17 makes it a valuable fabrica-
tion tool for nanomagnonics requiring microwave-to-magnon
transducers for excitation and detection of phase-coherent
exchange magnons with λ below 50 nm.52 Finally, a modified
version of the described microwave detection approach could
be useful in studies of low electrical signal spin torque
oscillators.65

4 Conclusions

In summary, we have demonstrated spin-wave spectroscopy of
individual circular magnetic elements with radii down to
100 nm and total volumes down to 10−3 μm3. These are the
smallest magnetic elements successfully probed in the pres-
ence of a uniform microwave field so far. The novelty of the
presented methodology consists in the combination of
spatially resolved spin-wave spectroscopy of individual mag-
netic elements with inductive probing using a uniform micro-
wave field. In our approach the sample itself is acting as a
multi-mode resonator, which is distinct from previous FMR
works dealing with arrays of a large number of elements or
probing of single nanoelements in the presence of non-
uniform fields by using microresonator-based FMR. We have
illustrated the use of standing spin waves as magneto-dyna-
mical probes of nanodisks fabricated by FEBID and exhibit-
ing a decrease of Ms with decrease of the disk radius because
of a reduction of the metal content with decrease of the
elements’ sizes. Up to 9 higher-order modes of spin-wave
resonances have been observed and effective spin-wave wave-
lengths down to 30 nm have been detected. The two key
ingredients of the described approach are the tapered copla-
nar waveguide and the circular symmetry of the nanodisks
allowing the samples themselves to act as nanoresonators.
Furthermore, the circular symmetry of the nanodisks has
allowed for the deduction of the saturation magnetization
and the exchange stiffness of the material with high precision
using an analytical theory. The deduced values have been
used as input parameters for micromagnetic simulations
which allowed us to reproduce the experimentally measured
resonance fields with an accuracy better than 3% and, hence,
can be used for modeling the magnetodynamic response of
complex-shaped magnetic nanoelements for which no

Fig. 4 (a) Fits of the experimental spin wave resonance spectra for the disks with different radii using the same values of Ms and A as in Fig. 3, but
also for different A values. Solid lines correspond to the best-fit A values in Fig. 3(c) while dashed lines pertain to A values that are smaller or larger
than the best-fit ones by 10%. (b) Comparison of the experimental and simulated resonance fields Hres for a series of samples and resonance modes.
Micromagnetic simulations were performed using MuMax3, with the saturation magnetization Ms and the exchange stiffness A as parameters
deduced from the fits of the experimental data to the analytical theory in Fig. 3.
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analytical description is available. The good correspondence
between the results of analytical calculations and micromag-
netic simulations indicates a validity of the used analytical
model going beyond the initial thin-disk approximation used
in the theoretical derivation. In all, while the developed
methodology can be applied to any magnetic material, it is
especially valuable for the characterization of building blocks
of direct-write nano-architectures for 3D nanomagnetism and
magnonics.
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