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Quantitative measurement of charge accumulation
along a quasi-one-dimensional W5O14 nanowire
during electron field emission†
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Marco Beleggiae and Rafal E. Dunin-Borkowskia

We use an electron holographic method to determine the charge distribution along a quasi-one-dimen-

sional W5O14 nanowire during in situ field emission in a transmission electron microscope. The results

show that the continuous charge distribution along the nanowire is not linear, but that there is an

additional accumulation of charge at its apex. An analytical expression for this additional contribution to

the charge distribution is proposed and its effect on the field enhancement factor and emission current is

discussed.

1 Introduction

Field emission is important for many applications, including
the development of coherent electron sources for electron
microscopy.1,2 There has been interest in using nanotubes,
nanocones and nanowires as field emitters, as a result of the
enhanced field strength at their high aspect ratio tips.3–6 The
field enhancement factor, which provides a measure of how
much stronger the electric field is at the apex of an emitter
than the applied field, is a crucial parameter that describes
field emission characteristics.7 A quantitative understanding
of the factors that determine the enhancement factor of a field
emitter is essential for providing deeper insights into the field
emission process. Several analytical approaches8–10 have been
proposed to predict field enhancement factors. However, they
typically require assumptions about the shape of the emitter,
as well as a knowledge of the distance between its apex and
the counter-electrode. The charge distribution along a field
emitter is often assumed to follow a line charge model

(LCM),9,11–13 in which the line charge density is constant,
linear or nonlinear,10 depending on the shape of the equipo-
tential surface around the emitter, i.e., on its geometrical
shape. However, the validity of such assumptions is rarely
based on direct experimental evidence. The spatially-resolved
measurement of charge distributions along such nano-
structures is therefore essential in order to validate the LCM,
measure the enhancement factors of field emitters that have
realistic shapes and provide guidelines for the synthesis, devel-
opment and optimisation of novel field emitters.

Here, we use off-axis electron holography to measure the
charge distribution along a one-dimensional W5O14 nanowire
that is subjected to an external electrical bias in situ in a trans-
mission electron microscope (TEM). We find that, as a result
of the nearly cylindrical shape with a large aspect ratio of the
nanowire, additional charges accumulate at its apex, with the
charge distribution varying nonlinearly with distance. A linear
charge density model is therefore inadequate to describe the
charge distribution along the length of such a nanowire, in
particular close to its apex.

In order to model the charge distribution and accurately fit
the experimental data, we propose an empirical expression for
a nonlinear correction to the charge density, which has been
inspired by the use of discrete charges to approximate the con-
tinuous charge density along a cylindrical needle.14 The influ-
ence of this nonlinear term on the field enhancement factor
and emission properties of the nanowire is considered by
assuming the standard geometry10 of a smooth axially-sym-
metric emitter mounted perpendicularly on a conducting
plane in the presence of an electric field that is asymptotically
uniform and parallel to the emitter axis. We discuss the depen-
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dence of the field enhancement factor and emission current
on the shape of the wire, which is determined by the ratio
between the linear and additional contributions to the charge
distribution. We compare these predictions with our measure-
ments of field emission performed in situ in the TEM.

2 Experimental methods

Off-axis electron holography15,16 is an interferometric tech-
nique, which is based on the superposition of an object wave
that travels through a region of interest in the TEM with a
reference wave that travels through a nearby region of vacuum,
in order to form an interference pattern in the image plane,
from which the phase and amplitude of the object electron
wavefunction can be retrieved. The technique has been used to
map long-range electric and magnetic fields.17 However, care
is required in such experiments if the reference wave is per-
turbed by fringing fields that originate from the sample
itself.18

In the absence of magnetic fields and assuming that dyna-
mical diffraction in the specimen can be neglected, the phase
of the object wave can be written in the form:

φðx; yÞ ¼ CE

ðþ1

�1
ðVQðx; y; zÞ þ VMIPðx; y; zÞÞdz; ð1Þ

where z is the axis parallel to the incident electron beam direc-
tion, VQ and VMIP are the contributions to the electrostatic
potential from induced charges resulting from the presence of
an applied electrical bias and from the mean inner potential
(MIP) of the specimen,19 respectively, and CE is an interaction
constant that takes a value of 6.53 × 106 rad (V m)−1 for 300
keV electrons. The (cumulative) projected charge distribution
in the specimen can be obtained from the Laplacian of a
recorded phase image by making use of either one of the fol-
lowing two formulations based on Gauss’ law:20,21

QC ¼ � ε0
CE

ð ð
C
∇2φðx; yÞ dxdy

¼ � ε0
CE

þ
@C

∇φðxðlÞ; yðlÞÞ � nðxðlÞ; yðlÞÞdl ;
ð2Þ

where ε0 is the vacuum permittivity, C is a chosen region of
integration, ∇2 is a two-dimensional Laplacian operator, ∇ is a
two-dimensional gradient operator, QC is the total charge
present in a Gaussian volume of space that is defined by an
infinite cylinder (along the z axis) of which C is a cross-section,
∂C is the boundary of the integration region C, l is a curvilinear
coordinate along ∂C and n is the outward normal to it.
The MIP contribution to a recorded phase image typically
has to be removed before performing such a calculation, as
it can introduce “artificial” charges at the positions of speci-
men edges, interfaces and thickness gradients, even though its
contribution to the total charge in an entire specimen is
always zero.22 The Laplacian approach has been applied
successfully to measure charge distributions in a variety of
specimens.20,21,23,24

3 Results

W5O14 nanowires, which are promising field emitters,25–27

were synthesised to have lengths of several tens of μm, widths
of ∼60–100 nm, quasi-rectangular cross-sections and sharp
ends, as shown in the form of a low-magnification scanning
electron microscopy (SEM) image in Fig. 1a. We measured the
charge distribution along an individual electrically-biased
W5O14 nanowire with a length of 10 μm and a width of 80 nm,
which was mounted in a scanning tunnelling microscopy
(STM)-TEM holder from Nanofactory Instruments28 and exam-
ined in an FEI Titan 60–300 TEM operated at 300 kV. The
nanowire was mounted on the fixed side of the holder, while
an electrochemically-sharpened W wire was used as the
counter-electrode on the movable side. The separation
between the apex of the nanowire and the counter-electrode

Fig. 1 Experimental electrical biasing setup: (a) Low magnification SEM
image of W5O14 nanowires and two higher magnification images of indi-
vidual nanowires in longitudinal and cross-sectional viewing directions;
(b) bright-field TEM image showing the geometry of the setup for char-
acterising an electrically-biased W5O14 nanowire, with a red rectangle
showing the region studied using off-axis electron holography; (c and d)
representative electron optical phase image and corresponding phase
contour map of the W5O14 nanowire shown in (b) examined under an
applied electrical bias of 150 V. The outline of the nanowire is marked by
a red line in (c) and (d). The phase contour spacing in (d) is 8π radians.
The mean inner potential contribution to the phase was not removed in
(c) and (d).
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was set to be approximately 1.5 μm, as shown in Fig. 1b. The
nanowire was found to be contaminated slightly by an approxi-
mately 10 nm-thick amorphous layer (see Fig. S1 in the ESI†).
Fig. 1c and d show a representative phase image and a corres-
ponding phase contour map recorded with the nanowire elec-
trically biased at 150 V. The phase contours in Fig. 1d are
asymmetrical with respect to the nanowire axis, primarily due
to the influence of the perturbed reference wave,29 as the
strong electric field of the nanowire penetrates into vacuum
and affects the vacuum reference wave.

3.1 Field emission current

In order to study electron field emission from the nanowire
in situ in the TEM, the current was monitored as a function of
applied voltage. The measured current–voltage dependence
(I–V curve) is plotted in Fig. 2. The emission current was
observed to fluctuate after the onset of field emission at
approximately 148 V. The magnitudes of these fluctuations are
shown in the form of error bars in Fig. 2. At each voltage, the
emission current was measured for up to 1 s collecting at every
0.05 s (i.e., 20 data points in total). The fluctuations in measured
current were not observed to be associated with corresponding
fluctuations in electrostatic potential or electric field. Indeed,
no double exposure (i.e., Moiré) effects30,31 were observed in
electron holograms recorded using 6 s exposure times,
whether or not the nanowire was field emitting. In addition to
the instabilities, the emission current started to drop at an
applied bias of 180 V and stopped completely at 188 V (see the
ESI† for further details). The inset to Fig. 2 shows a so-called
Fowler–Nordheim (F–N) plot. Between 148 and 180 V, there is

an approximately linear relationship between
1
V

and ln
I
V2 , in

agreement with the Fowler–Nordheim theory of electron field
emission.7 The field enhancement factor can be estimated
from the F–N plot to be approximately 350. If the onset voltage
for field emission is assumed to be 148 V, then the local elec-
tric field can be inferred to be 4.90 V nm−1 (see the ESI† for
further details).

3.2 Cumulative charge profiles

Applied-bias-dependent cumulative charge profiles along the
nanowire were evaluated from the total electron phase shift
measured at each applied bias voltage by using eqn (2) (see the
ESI† for a discussion of the influence of the MIP contribution
to the phase on the evaluation of the cumulative charge). The
integration region around the nanowire, which is marked by a
red rectangle in the top panel of Fig. 3, was allowed to shrink
in the direction indicated by the red arrow to determine the
cumulative charge along the nanowire. The cumulative charge
profiles along the nanowire for different applied bias voltages
from its apex are shown in the main panel of Fig. 3.

The total charge in the selected region (the red rectangle
marked in Fig. 3), i.e., the value at y = 0 nm in the chosen
reference system, increases linearly with applied bias voltage,
as shown in the inset to Fig. 3. This measurement allows the
capacitance of this part of the nanowire to be determined to
be 8.78 ± 0.04 aF. The fact that the cumulative charge changes
in a quasi-parabolic manner as the width of the integration
region is decreased suggests that the charge density along the
nanowire is approximately linear. However, Fig. 4a shows that
the experimental cumulative charge profile (red) deviates sig-

Fig. 2 Field emission current I measured in situ in the TEM as a function
of applied bias voltage V for the W5O14 nanowire (blue). The red dot-dashed
line shows an exponential profile fitted to the data between 130 and 180 V.

The inset shows a corresponding F–N plot (blue), with ln
I

V2
plotted as a

function of
1
V

determined from the measured I–V data. The red dot-

dashed line in the inset shows a linear fit to values between 148 and 180 V.

Fig. 3 Cumulative charge profiles along the W5O14 nanowire measured
from electron optical phase images for applied bias voltages of 130 to
186 V. The top panel shows the MIP contribution to the phase (recorded
in the absence of an applied electrical bias), with the integration region
marked. The y-axis points to the right. The origin is chosen to be at the
left edge of the image. The inset shows the total charge in the chosen
region of the nanowire plotted as a function of applied bias voltage (red
squares) and a linear fit to these values (blue line).
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nificantly from the parabolic trend (blue) approximately
300 nm from the apex of the nanowire. In Fig. 4a, a best quad-
ratic fit to the cumulative charge profile for an applied electri-
cal bias voltage of 150 V was determined from values measured
more than 300 nm from the apex of the nanowire. This result
shows directly that there is an accumulation of charge at the
apex of the nanowire in the presence of an applied electrical
bias. Note that the presence of crystallographic facets or edges
is expected to have an influence on the charge distribution at
the edges of the nanowire. However, it is not straightforward
to identify their contributions in the present study, both
because of the limited spatial resolution of approximately
5 nm and because of the mean inner potential contribution to
the recorded phase images (see the ESI† for details).

4 Theoretical analysis

In previous experimental studies of biased carbon nanotubes20

and sharp metallic needles,32,33 it was shown that a linear or
constant charge density distribution is associated with a tip
shape, whose equipotential surface is similar to that of a para-

boloid or ellipsoid of rotation. Such shapes are markedly
different from that of the present nanowire, which has a larger
aspect ratio and can be described more closely as a cylinder on
the assumption of rotational symmetry.

A similar accumulation of charge to that observed here has
been thoroughly discussed in a series of didactic papers about
the equilibrium charge distribution along a conducting
needle.14,34,35 These works have highlighted the influence of
the detailed shape of the needle on the charge distribution
along it.

In particular, Griffiths and Li,14 inspired by the treatment
of a finite cylinder by Smythe,36 proposed an empirical analyti-
cal expression for the charge density in a needle. Based on
their work and by limiting our considerations to the tip of the
nanowire, we propose that the line charge density λ in our
nanowire takes approximately the following form, which com-
prises a constant term C, a linear term Dy and a divergent

term
B

ðA� yÞ1=3
that corresponds to the “fundamental term” in

Smythe’s expansion:36

λðyÞ ¼ C þ Dyþ B

ðA� yÞ1=3
; ð3Þ

where A, B, C and D are fitting parameters. The cumulative
charge QC(y) can then be calculated by integrating the line
charge density along the length of the nanowire and imposing
the condition that the charge is zero at the tip and beyond.

QCðyÞ ¼ � 1
2
Að2C þ ADÞ þ Cyþ 1

2
Dy2 � 3

2
BðA� yÞ2=3: ð4Þ

Eqn (4) fits our experimental measurements very well, as
shown in Fig. 4a for an applied bias voltage of 150 V (see
Fig. S3 and Table S1 in the ESI† for details of the fits to all the
experimental measurements). The corresponding line charge
density along the nanowire, which can be plotted by using the
best-fitting parameters as shown in Fig. 4b, reveals the diver-
gence of charge density at its apex.

Although the close fit provides strong evidence for the val-
idity of eqn (4), we are not able to provide values of the fitting
parameters for the full length of the nanowire due to the
limited field of view in the recorded holograms. In order to
infer this information from the present measurements and to
assess the relative weights of the linear and additional contri-
butions to the field enhancement factor, we assume here the
standard geometry of a line charge distribution that protrudes
perpendicular to a conducting plane in the presence of an
electric field that is asymptotically uniform and parallel to the
direction of the line charge.9–11 For a linear charge distri-
bution, the surface that corresponds to V = 0 has the shape of
a hemi-ellipsoid and is suitable for representing the surface of
a field emitter that has such a shape. We used a similar pro-
cedure here to assess the effect on the field enhancement
factor of adding a nonlinear term (i.e., the divergent term in
eqn (3)) to a linear charge distribution. Satisfyingly, the
additional nonlinear term changes the shape of the equipoten-

Fig. 4 Fitting of cumulative charge profile based on a nonlinear line
charge model: (a) Comparison between experimentally measured cumu-
lative charge profile (black) and best fits based on a nonlinear line charge
model described by eqn (3) (red) and a 2nd order polynomial fit (blue); (b)
line charge density along the nanowire obtained from the best-fitting para-
meters based on eqn (3). The nanowire was electrically biased at 150 V.
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tial surface from an elongated ellipsoid to a rounded cylinder
(see the ESI† for further details).

4.1 Field enhancement factor and emission current

We now assume that the length of the line charge is equal to
that of the nanowire (i.e., A = 9.4 µm) and that the charge
density vanishes at the conducting plane (i.e., λ(0) = 0). We
express the remaining parameters in terms of the total charge
in the linear contribution, qlin, as well as the additional (i.e.,
nonlinear) term, qtip. The expression for the line charge
density in eqn (3) becomes:

λðyÞ ¼ �2
qtip
A

þ 2
qtip

A2=3ðA� yÞ1=3
þ 2qlin

y
A2

: ð5Þ

The electrostatic potential and electric field can then be cal-
culated based on image charge theory. Here, we fix the radius
of the nanowire at its base (in this case, 40 nm). We are left
with the ratio between the linear and nonlinear terms (taking
qtip = 1) as a free parameter, which affects the overall shape of
the nanowire. Once this is fixed, the knowledge of the electric
field at any position on the surface of the nanowire allows us
to calculate the field enhancement factor and, upon further
integration, the emission current from the Fowler–Nordheim
expression (see the ESI† for further details).

The results are shown in Fig. 5a–c, where attention is
focused on the region around the tip where emission takes
place, in the form of two-dimensional maps of the magnitude
of the electric field for ratios between the linear and nonlinear

terms of 4, 5 and 6, respectively. In each case, the black area
represents the shape of the tip and the transition from a
smoother to a sharper tip is evidenced by the radius at the
basis. The maximum value at the apex gives the field enhance-
ment factor, as shown in Fig. 5d–f, which illustrate more quan-
titatively the trend of the electric field along the axis from the
apex. The field enhancement factor is approximately 340 when
the ratio is 5, which is close to the experimental estimate of
∼350. Fig. 5g–i show the calculated emission current plotted
as a function of the applied bias voltage for the above ratios
(see the ESI† for details about the field emission calculations).
Despite the use of several assumptions and the relative simpli-
city of the model, it is encouraging that the result for a ratio of
5 is in good agreement with our experimental measurements
(Fig. 2).

5 Conclusions

In summary, off-axis electron holography has been used to
determine the cumulative charge distribution along a W5O14

nanowire with 5 nm spatial resolution during in situ field
emission carried out in the transmission electron microscope.
Analysis of the data using analytical modelling reveals that a
linear charge density model requires an additional nonlinear
term to describe the accumulation of charge at the apex of the
nanowire as a result of its elongated cylindrical shape. This
additional nonlinear term can be described by an empirical
expression, which corresponds to the “fundamental term” in
an expansion by Smythe for the charge distribution in a cylin-
der.36 This analytical model provides good agreement with
experimental values for the projected electrostatic potential
and is used to calculate the field enhancement factor and
emission current. The introduction of Smythe’s term provides
an extra degree of freedom which is able to improve, with
respect to other analytical models, the correspondence
between shape and emission properties of nanowires and
could prove extremely valuable for the development of novel
nanomaterial-based emitters for use as ultra-high brightness
electron sources.

6 Experimental details
6.1 Sample synthesis

Quasi-one-dimensional W5O14 nanowires were synthesised by
the “iodine transport” method.25 The starting material con-
sisted of 352.7 mg of WO3 powder (Sigma Aldrich, 99.99%),
37.5 mg of Ni (metal foil) and 567 mg of iodine (1–3 mm
beads, Sigma Aldrich, 99.7%). WO3 was used as the source of
tungsten and oxygen, while Ni was added as a growth promo-
ter. Evacuated (4 × 10−6 mbar) and sealed quartz ampoules
were inserted into a two-zone furnace for 500 hours. The
material was transported from 860 °C to 736 °C. The mor-
phologies of the nanowires were examined using scanning
electron microscopy (SEM).

Fig. 5 Simulations based on a nonlinear charge density model: (a)–(c)
Electric field maps in the central slice. The black shadow marks the apex
of the nanowire (the rest of the nanowire is not shown); (d)–(f ) field
enhancement factors along the axis of the nanowire (indicated by a red
arrow in (a)); (g)–(i) field emission current for ratios between the linear
and nonlinear contributions of 4, 5 and 6, respectively. A ratio of 5 deli-
vers the most satisfying agreement with the experiments.
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6.2 Off-axis electron holography

Off-axis electron holograms were acquired with a direct elec-
tron detection Gatan K2-IS camera using an exposure time of
6 s. The interference fringe spacing was 2.4 nm (5.4 pixels),
resulting in a spatial resolution of approximately 5 nm in
reconstructed phase images. The width of the interference
region was approximately 2 μm. Holograms were acquired
from the apex of an individual nanowire for a range of applied
bias voltages (between 0 and 188 V). Reference holograms were
recorded from vacuum after shifting the specimen by at least
50 μm without applying a bias voltage. Reconstruction of holo-
grams was performed using a standard Fourier-transform-
based approach in Holoworks software (Holowerk LLC).
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