Open Access Article. Published on 11 June 2020. Downloaded on 1/8/2023 5:20:44 PM.
This article is licensed under a Creative Commons Attribution-NonCommercial 3.0 Unported Licence.

Nanoscale
Advances
View Article Online

PAPER

Cite this: Nanoscale Adv., 2020, 2,
3002

View Journal | View Issue

Beyond linearity: bent crystalline copper nanowires
in the small-to-moderate regime
Jacob Martine, Robert Lawitzki, Wenhao Ma, Christopher Everett, Guido Schmitz
and Gábor Csiszár *
Several models can describe the nonlinear response of 1D objects to bending under a concentrated load.
Successive stages consisting of geometrical and, additionally, mechanical non-linearity can be identiﬁed in
moderately large extensions. We provide an explicit bending moment function with terms accounting for
the linearity (Euler–Bernoulli), quasi-linearity, geometrical and ﬁnally, mechanical non-linearity as global
features of a moderately large elastic deformation. We apply our method, also suitable for other metals,
to the experimental data of Cu nanowires (NWs) with an aspect ratio of about 16 under diﬀerent
concentrated loadings. The spatial distribution of strain-hardening/softening along the wire or through
the cross-section is also demonstrated. As a constitutive parameter, the strain-dependent stretch
modulus represents, undoubtedly, changes in the material properties as the deformation progresses. At
the highest load, the Green–Lagrange strain reaches a 12.5% extension with a corresponding ultra-high
strength of about 7.45 GPa at the most strained volume still in the elastic regime. The determined
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stretch modulus indicates a signiﬁcantly lower elastic response with an approximated Young's modulus
(E y 65 GPa) and a third-order elastic constant, C111 y 350 GPa. Surprisingly, these constants suggest
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a 25–35% of that of the bulk counterparts. Ultimately, the method not only provides a quantitative
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description of the bent Cu NWs, but also indicates the robustness of the theory of nonlinear elasticity.

1

Introduction

One-dimensional nanowires (NWs) have gained considerable
attention in the last few decades due to their outstanding
optical, electrical, chemical and mechanical properties and
their potential to be used as building blocks in novel nanotechnological applications such as micro/nano electromechanical systems, photocatalysis, sensing and energy conversion
applications where unique functionalities are required.1–5 With
use of nanowire geometry, integrated chips could utilize the
vertical conguration of NWs in order to increase the device
density, awakening great interest for the application of NWs in
nanoscale electronic/optoelectronic devices.2,6–12 Interconnects
are typical candidates for these purposes. Many kinds of onedimensional (1D) conductive nanomaterials have been intensively investigated in order to nd their long-term stability and
conductivity, such as carbon nanotubes and13 metallic NWs
made out of Mo,14 Ag,15–19 Au,20,21 Pt,22 TiO2 (ref. 5) and last but
not least Cu.23,24 In most cases, Cu as an ideal material has been
found to be the most abundant and cost-eﬀective candidate for
commercial purposes even if there are still challenges with
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surface oxidation or polycrystallinity.23–26 Cu NWs have great
importance as the active component of nanoelectronic devices
due to their high electrical and thermal conductivity. However,
in operation, NWs are subjected to mechanical and electrical
stresses which impact their mechanical properties.20 Generally,
the fabrication of NW-based devices relies on the mechanical
properties of NWs.27 Therefore, the applications of NWs inevitably require a complete understanding of their mechanical
properties.
From experimental perspectives, early studies investigating
Sn whiskers of about 20 mm diameter showed that they exhibited an elastic strain of 2–3%, an order of magnitude higher than
their bulk counterparts28 but still only 10% of the theoretical
prediction.29,30 These ndings encouraged the development of
whisker fabrication technologies as well as theoretical studies
for characterizing the mechanical properties of whiskers.31 As
a result, in the last two decades the development of nanomanipulation techniques based on focus ion beam technology
(FIB-SEM),32 electron microscopy (EM),33 the integration of
micro-electro-mechanical systems (MEMS) into electron
microscopes,34,35 and atomic force microscopy (AFM), enabled
the mechanical characterization of NWs on a new level. For
instance, the AFM-based three-point bending test has been used
for characterizing the elastic modulus of various NWs,
including Ag,36 Si,37 Ge,38 TiSi2,39 NiC,40 SiC,41 SiO2,42 ZnO,43 and
CuO44 and metallic glasses.45 Alternatively, the contact
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resonance method in an AFM, has also become a popular nondestructive method to measure the elastic properties of NWs,
such as ZnO33,46 oxidized Si47 and Si.48 As a benet to the current
experimental potentials, alternatives could reliably support the
scientic achievements in this eld. Furthermore, computational simulations have also provided new insights in the
mechanical behavior of NWs.12,49–54 The investigated NWs have
been consistently shown to exhibit unique physical properties
that are signicantly diﬀerent to their 2D, thin lm, or 3D, bulk
counterparts, probably due to their extremely small physical
size and high surface-to-volume ratio.55–63
From a mechanical perspective, the assumption that materials are linearly elastic is successfully used in many engineering applications. For instance, the strain 3 and stress s
before yielding was derived from the load-displacement curve
obtained from an AFM tip.64 In general, the stress–strain
behavior was found to be more-or-less linear until apparent
yielding or fracture. A previous study also showed that the
modulus derived from a model allowing only bending could
overestimate the strength of the NW by an order of magnitude.37
Zeng et al. investigated theoretically large deections of nanobeams by considering only innitesimal strains and supposed
accordingly both the bulk material and the surface layer as
linearly elastic.65 Yun et al. also described the bending properties of fcc metal NWs proposing a model consisting of an
additional surface stress eﬀect by utilizing only a linear material
response.66 Theoretical and numerical investigation of bending
properties of Cu NWs utilizing a molecular dynamics bending
simulation model in a double clamped beam conguration was
also conducted by employing only geometrical nonlinearity;
however, a nonlinear material response may have described the
deection more realistically.67 In fact, in most cases, the elastic
deformation has been characterized by using a fully linear
(Euler–Bernoulli beam theory) or a partially linear approximation for the description. However, in many modern applications
that involve larger strains, the deformations become inherently
nonlinear (geometrically and mechanically). For example, it has
been found that the mechanical strength of NWs decreases as
the diameter is reduced. Short NWs are less ductile and long Cu
NWs more ductile in bending tests.52 Furthermore, homogeneous isotropic non-linear elastic materials can already be
found in several industrial areas such as pharmaceutical,68
aerospace,69 and food processes70 or microelectronics
industry.71 Therefore, to describe the mechanical aspects of
these materials, appropriate models supported by rigorous
mechanical analysis are needed as they can reveal novel pathways to potential applications.72–76
The mechanical response of a homogeneous isotropic linear
elastic material can fully be characterized by two physical
constants. By contrast, the mechanical response of nonlinear
elastic materials is described by mathematical parameters
which are scalar functions of the deformation.77 There are
several applied approaches to determine the appropriate
parameters appearing in the mathematical models. In practice,
the iterative variation of the constant coeﬃcients in hyperelastic
models has been found to be an appropriate method since the
coeﬃcients can be altered easily as they may be related directly
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to the linear elastic constitutive parameters.77 Therefore, we
consider here a method consisting of nonlinear constitutive
parameters in terms of geometrical and mechanical nonlinearity for homogeneous isotropic elastic materials within
the theoretical framework of nite elasticity, which in principle
provides a complete description of the nonlinear elastic
response of Cu NWs in bending tests as a solid, metallic, nanocrystalline material under diﬀerent concentrated loadings.
The demand for a model that describes accurately the smallto-moderate range of deformation is quintessential in the
application of rubber-like metallic materials. From a scientic
perspective, NWs provide an ideal eld for understanding the
intrinsic mechanical properties of solid materials at the transition between linear and non-linear behavior. Here we report
an advanced, nonlinear bending characterization method of Cu
NWs synthesized via template-assisted electrodeposition from
an aqueous solution. Morphological, structural and compositional investigations are also performed by using scanning
electron microscopy (SEM), transmission electron microscopy
(TEM) and energy-dispersive spectroscopy (STEM-EDX).
Furthermore, a mesoscale technique is employed to determine the mechanical properties of NWs. With the assistance of
a micromanipulator nanoprobe system installed within the
SEM chamber, bending tests are conducted on individual,
focused-ion-beam (FIB) fabricated NWs with a concomitant
recording of the corresponding forces. Based on the deection
curve as a function of the applied forces, the nonlinear stress,
nonlinear strain and, through the constant coeﬃcients implemented in the elastic model, the incremental stretch modulus
are determined numerically. This may also provide the
approximated linear elastic Young's modulus.

2 Material and methods
2.1

Sample preparation

2.1.1 Electrodeposition. To synthesize the Cu NWs, porous
polycarbonate track-etched membranes with nominal pore
sizes of 50 nm and 100 nm from WHATMAN™ (WHA70604701)
were used. The pores were lled via electrodeposition using an
aqueous electrolyte consisting of 0.2 M CuSO4, 0.1 M H3BO3 and
0.1 M H2SO4. The boric acid acted as a buﬀer agent and the
sulfuric acid provided the source of copper ions.78 A 250 nm
thick sputtered gold layer on one side of the membrane served
as a working electrode. The electrodeposition was realized in
a two-electrode electrochemical cell system in which a Cu plate
was used as a counter electrode (anode).
For the TEM investigation, the electrodeposition with
a nominal pore size of 50 nm was conducted at a potential of E
¼ 0.4 V for 3 minutes. Aer the deposition, the membrane was
put into a 10 mL tube and dissolved in 0.7 mL dichloromethane
(CH2Cl2) in an ultrasonic bath at a temperature of 40  C for 3
minutes. In the following step, 0.1 mL of ethanol was added to
CH2Cl2 and, without the dissolved membrane, the wires were
pipetted on a nickel grid with a mesh size of 200 mm provided by
Plano.
For the SEM investigation and the bending tests, the electrodeposition was conducted using a membrane with a nominal
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pore size of 100 nm at a potential of E ¼ 0.4 V for 6 minutes.
Aer the deposition, the membrane was dissolved in CH2Cl2 at
a temperature of 35  C for 30 minutes. As shown in Fig. 1,
a typical SEM micrograph demonstrates the homogeneously
distributed NWs in high density. The average length of the NWs
grown on the sputtered gold layer amounts to 7 mm and the
average diameter to 200 nm.
2.2

Characterization

2.2.1 TEM and EDX. The crystal structure, purity and
morphology of single NWs were analyzed on a Philips CM-200
FEG STEM operated at 200 kV applying bright- and dark-eld
imaging and selected area electron diﬀraction (SAED). The
composition of selected NWs was proven with a super ultra-thin
window energy dispersive X-ray (EDX) detection system by
EDAX.
2.2.2 SEM equipped with a micromanipulator. For the
mechanical characterization of NWs, SEM images were taken
with a FEI Quanta 250 SEM with an acceleration voltage of 30
kV. For conducting the bending tests, NWs from the gold
sputtered layer were initially scratched onto a TEM copper grid
(Plano G2786C). A dual beam FEI SCIOS FIBSEM was used to
transfer single NWs onto pre-fabricated tungsten posts and x
them in place by Pt-deposition. The in situ bending experiments
on the fabricated NWs were performed inside the SEM equipped by a Kleindiek Nanotechnik MM3A-EM Micromanipulator
with an FMT-120 B force measurement tip. SEM images of the
bending response under diﬀerent applied loads were obtained
and analyzed to determine the deection curves (w(x)).

3 Theory
3.1

General framework

With moderately large (<10–12%) or large deformations, the
reference and deformed states can no longer be superposed.
Strain and stress must be dened in both congurations
leading to an Eulerian (current) and Lagrangian (reference)
frame of approach. For linear elasticity theory, the diﬀerence
between Lagrangian and Eulerian variables can be neglected.
On the contrary, for nonlinear elasticity theory, where deformations can be large, we have to confront the diﬃculty that the
balance of stresses is performed in the deformed state, while
the constitutive relation refers to the reference conguration.

Paper
For more details and fundamentals, the readers may refer to
Ogden79 on non-linear elasticity theory.
First, to dene a nonlinear strain tensor, one can make use
of the polar decomposition theorem,80 which states that: the
right and le Cauchy–Green tensor (C and B, respectively) are
functions of the deformation gradient tensor, F, as C ¼ FTF and
B ¼ FFT. B and C have the same eigenvalues and therefore the
principal invariants of the Cauchy–Green tensors B and C can
be formulated similarly. From these basic kinematic quantities
derived as functions of the principal invariants of the Cauchy–
Green tensor, we can dene strain tensors. Some of those
routinely used tensors that combine both Lagrangian and
Eulerian strain tensors are e.g. the Hencky (logarithmic or true)
strain tensor,81 the Biot strain tensor,82 the Green strain tensor83
and the Almansi strain tensor.83 These strain tensors are independent of rotation, and for small elastic deformations, they are
equivalent to the innitesimal strain from the linear elastic
theory.
Similar to the diﬀerent nonlinear strain tensors, one can
dene several stress tensors e.g. the Cauchy stress tensor, or the
1st Piola–Kirchhoﬀ or 2nd Piola–Kirchhoﬀ stress tensor.77 It is
worth noting here that one must be careful with these tensors
because while e.g. the 1st Piola–Kirchhoﬀ stress tensor, which
represents the force per unit area in the reference conguration,
is found suitable for describing stress, this stress tensor is not
generally symmetrical in contrast to the Cauchy stress tensor, s.
On the other hand, the 2nd Piola–Kirchhoﬀ stress tensor, due to
its symmetry, is preferable in, e.g., computational
approaches,84–86 but has no physical meaning. For the sake of
simplicity, we restrict the discussion to the material's homogeneous isotropic hyperelastic properties that is consistent
implicitly with derivatives of a strain-energy density function
that depends only on the deformation gradient F and is zero at
the unstressed state.77
In this study, we use the total Lagrangian formulation, where
the nominal stress P (1st Piola–Kirchhoﬀ stress) and the
material stress S (2nd Piola–Kirchhoﬀ stress) relate forces in the
reference frame and the current frame to areas, dA0, in the
reference conguration, dened as:
df ¼ P  dA0,

(1)

df0 ¼ S  dA0.

(2)

The force in the reference conguration can be deduced
from the current conguration using a suitable mathematical
mapping. Therefore, f0 is only a back-transformed force vector.
It is worth noting here that this is only a mathematical denition. In physical reality the stress tensor can only be measured
in the deformed state. The suitable mapping involves the
deformation gradient tensor as follows:
df ¼ F  df0

(3)

which yields the relationship between S and P as
SEM image of the fabricated copper NWs in high density and
homogeneous distribution.

Fig. 1
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S ¼ F1  P

(4)
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Beside the strong preferences found in computational
approaches, not only can the symmetry of the 2nd Piola–
Kirchhoﬀ tensor be utilized, but it can also be shown to be an
energy-conjugate to the Green–Lagrange strain tensor, E. It is
therefore the standard choice for a constitutive relation.

3.2 Nonlinear elastic deformation – Green–Lagrange strain
tensor
For a complete description of deformation, the chosen material
stress, S, and the Green–Lagrange strain, E, with an incorporated displacement eld, u ¼ (u(x, z), v, w(x)), must be expressed
for the particular sample geometry and the deformation
involved in the deformation process. In this study, the
concentrated load acts at the free end of the one-dimensional,
cylindrical beam (NW) with a typical aspect ratio at or above
16, while the other end can be considered xed. For the bending
experiment, schematically shown in Fig. 2, the following
assumptions are established:
 All material points on an initial cut also align on a plane in
the deformed beam. For a typical beam with an aspect ratio of
length
about
¼ 16  20, the relative amplitude of warping is
diameter
in the order of 103. Therefore, the warped cross-section can be
neglected (3xz y 0).
 Anticlastic deformation is negligible. Uniaxial stress gives
rise to the tri-axial strain state (3yy ¼ 3zz ¼ n/Esxx). With realistic values of about n ¼ 1/3 and syield/E ¼ 103  102, the width
or height of the beam changes up to 0.1–1%. This negligible
change in the cross-sectional dimension has no eﬀect on the
deection curve solution and the major strains/stresses (3yy ¼ 3zz
y 0).
 Changes of the cross-sectional shape and size of the beam
are assumed to be negligible. Therefore, the displacement
vector is a function of the x-coordinate (w ¼ w(x)) only.
 Deformation develops under the assumption of planar
deformation meaning that the y-component of the displacement vector vanishes (v ¼ 0).

Fig. 2

Nanoscale Advances
According to the assumptions made for the bending, the
satisfying u-component (in the x-direction) of the displacement
vector can be dened as a linear function of z as
u(x, z) ¼ uo  q(x)z at any x,

(5)

where the constant term uo is the displacement of the beam axis
(due to axial force) and q(x) denes the rotation of the deformed
cross-section. It can be seen from Fig. 2 that the displacement at
the top side (tensile) of the beam is negative, which explains the
minus sign in the second term in eqn (5).
The deformation gradient tensor, taking into account the
aforementioned assumptions, F, can now be expressed using
the displacement eld given in eqn (5) as

(6)
where 5 sign represents the tensor product and (.)T stands for
the transpose of a matrix. The deformation in non-linear elasticity can be measured by using the Green–Lagrange (G–L)
strain tensor, E, dened in terms of the displacement eld or
the deformation gradient tensor, F, as

(7)
Thus applying eqn (6), the Green–Lagrange strain tensor
yields
The most signicant response derived from bending is the
Exx term in E. There are several perspectives on that issue, Exz ¼
Ezx could also be investigated, but due to the assumptions
established, they play a decisive role only at extremely large
bending angles. Therefore, the theoretical considerations conducted here take only the Exx tensor component into account.

Schematic of the arrangement of the non-linearly deformed, deﬂected beam in terms of the reference frame.
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(8)

To develop this point further, taking the 1st derivative of eqn
(5) with respect to x, (vxu(x, z) ¼ vxuo  vx q(x)z) and assuming
that there is no initial axial force, No (No ¼ 0, so uo ¼ 3o ¼ 0), Exx
yields
1
1
Exx ¼ vx u þ ðvx uÞ2 þ q2
2
2
1
1h
o
¼ vx u  vx qðxÞz þ q2 þ ðvx uo Þ2 þ ðvx qðxÞÞ2 z2
2
2
i
o
 2vx u vx qðxÞz
1
1
¼ q2  vx qðxÞz þ ðvx qðxÞÞ2 z2 :
2
2

(9)

At moderately large/large deformations, the straindisplacement relation must be amended with higher order
terms of the displacement eld. For extremely large deformations (local rotation in the bending test), full non-linearity is
needed. In this study, as shown in eqn (9), the quadratic
approximation in u of the displacement eld is applied.
Consequently, as an additional feature compared to the
elementary beam theory (Euler–Bernoulli), the beam axis also
extends due to the rotation of the deformed cross-section as the
gradient of the axial component of the displacement vector.
At a moderately large deformation, the curvature of the
deected beams must also be developed to a higher level of
approximation. As illustrated in Fig. 3, it is necessary to
consider the initial and deformed conguration of the beam.
Contrary to the Euler–Bernoulli beam theory, which assumes
vxw ¼ q, vxw ¼ tan q is considered instead.
We also need to consider the full non-linearity of the
curvature. By denition, and using the notation illustrated in
Fig. 3, the curvature can be given as a function of the current
length element, s, as
k :¼ vs q ¼ 

vxx 2 w
1 þ ðvx wÞ2

3=2 ¼ vx q vs x;

(10)

Fig. 3 Illustration of the non-linear change of length of the deﬂected
beam axis produced by local rotation.

3006 | Nanoscale Adv., 2020, 2, 3002–3016

where w ¼ w(x) represents the deection function. Since
1
1
 1, vxs yields in the range of
and ðvx wÞ2 ¼
cos q
cos2 q

0 < q < 90 that

1=2
1
¼ 1 þ ðvx wÞ2
:
(11)
cos q

vx s ¼

To conclude, eqn (9) can now be formulated as a function of
the displacement vector component, w(x) and its derivatives as
 2 2
vxx w
1
1 2
vxx 2 w
2
: (12)
Exx ¼ arctan ½vx w þ z 
2  z
2
2
1 þ ðvx wÞ2
|ﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄ{zﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄ}
1 þ ðvx wÞ2
membrane-strain
|ﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄ{zﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄ}
bending-strain

Eqn (12) represents the Exx – Green–Lagrange tensor
component equipped by the full-nonlinearity of the curvature
with a quadratic approximation in u of the displacement eld
(geometrical non-linearity).
3.3

The 1st Piola–Kirchhoﬀ stress tensor

As mentioned before, the 1st Piola–Kirchhoﬀ stress tensor, P,
describes the stress in the reference conguration in a nonsymmetric manner, while the symmetric, but non-physical,
2nd Piola–Kirchhoﬀ stress tensor, S, can be shown to be the
energy-conjugate to the Green–Lagrange strain tensor, E. As
shown in eqn (2)–(4), the S tensor can be given by the product of
the inverse deformation gradient tensor, F1, and the 1st Piola–
Kirchhoﬀ tensor, P. Additionally, in eqn (6) and (8), the relevant
components of the F1 and E tensors are determined. Thus, the
most general constitutive law
Sxx ¼ f(Exx, Exz, Ezx, Ezz)

(13)

with some function f (preferably non-linear) can be formulated.
Assuming that the Exz, Ezx, Ezz terms contribute negligibly, Sxx ¼
f(Exx) is applied. Consequently, Pxx yields


1
1
Pxx ¼ ðF  SÞxx ¼ ð1 þ vx uÞf vx u þ ðvx uÞ2 þ q2 :
(14)
2
2
This equation can now be both geometrically and mechanically non-linear. To expand on this point, let
1
Sxx ¼ fðExx Þ ¼ E1 Exx þ E2 Exx 2 be the quadratic approximation
2
of the relation between the 2nd Piola–Kirchhoﬀ stress and the
Green–Lagrange strain with constant coeﬃcients of E1 and E2. It
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is worth noting here that this assumption for the stress–strain
relation is consistent with the third-order expansion in weakly
nonlinear elasticity in which the strain energy is expanded up to
the third order in the power of the Green–Lagrange strain
tensor. In the view of the third-order expansion, valid for every
incompressible isotropic hyperelastic solid, eqn (14) turns into
the following form aer implementing the quadratic mechanical approximation as
Pxx ¼ ðF  SÞxx
"



1
1 2
2
¼ ð1 þ vx uÞ E1 vx u þ ðvx uÞ þ q
2
2

2 #
1
1
1
þ E2 vx u þ ðvx uÞ2 þ q2
2
2
2


1
1
3
1
¼ E1 q2 þ vx u 1 þ q2 þ ðvx uÞ2 þ ðvx uÞ3
2
2
2
2




1
1 4
1
3
þ E2 q þ vx u q2 þ q4 þ ðvx uÞ2 1 þ q2
2
4
4
2


1
5
1
þ ðvx uÞ3 2 þ q2 þ ðvx uÞ4 þ ðvx uÞ5 :
2
4
4

(15)

Since vxu ¼ 30  vx qz (see the rst derivative of eqn (5) with
respect to x), and keeping only the terms in vxu and q to have Pxx
¼ Pxx(vxu, (vxu)2, q2, vxu q2, (vxu)2 q2, q4, vxu q4) in eqn (15), the
def Ð
bending moment, as given by the denition of M ¼ A Pxx zdA
(where A is dened as the beam cross-section), can also be
determined as

ð
M¼

ð
A

Pxx zdA ¼

where F is the applied concentrated force at the free end of the
beam and L represents the total length of the beam (see
Fig. 2).
In eqn (18), the three distinguishable terms include
diﬀerent aspects with respect to elasticity. The rst term (I),
as a quasi-linear term, contributes to the moment similarly
to E1v 2xx wI as if full linearity would be utilized (Euler–Bernoulli beam theory). In this study, on the contrary, the
curvature is utilized with its full-nonlinear form (quasi-). The
second term (II) contributes to M due to geometrical nonlinearity (quadratic approximation in u of the displacement eld). Finally, the third term (III) contributes in
a mechanical sense to M. It considers the non-linear
response of the material to the strain.
The eqn (18) can also be expressed in terms of the deection
function using the formula given in eqn (10). This provides an
equation for the moment (eqn (18)) that consists of linear and
quadratic functions of the rst and second derivatives of the
deection curve with respect to x. Thus the described theoretical approach can approximate directly the constants E1 and E2
appearing in the mathematical model by employing the
appropriate numerical method. In this study, through the
applied numerical method, one must solve a boundary value
problem by reducing it to the system of an initial value problem
(shooting method).
Furthermore, the tensor component, Pxx, can also be
formulated as the following,

1
3
1
1
1
3
1
dAz E1 30 þ E1 q2 þ E1 30 2 þ 30 E1 q2 þ E2 30 2 þ 30 E2 q2 þ 30 2 E2 q2 þ ð1 þ 30 ÞE2 q4
2
2
2
2
2
4
8
A
|ﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄ{zﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄ}
these terms involving the static moment of inertia vanish after integration







ð
1
3
1 3
1 3
1
þ 3 0 þ q2
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Incorporating the full non-linearity of the curvature dened
in eqn (10), and applying zvx q ¼ zkvxs, eqn (16) yields
ð
ð
ð
3
M ¼ E1 kvx s dAz2 þ E1 k2 vx 2 s dAz3  3E1 30 kvx s dAz2
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ð
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3 2
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þ q þ 30 1 þ q
8
2
A
(17)
Ð
Since A dAz2 ¼ I is the second moment of inertia (R4p/4 for
Ð
circular cross-section), A dAz3 ¼ 0 by symmetry, and by
neglecting 30, eqn (17) nally becomes
M ¼ F ðL  xÞ



1
1
1
¼ E1 kvx sI þ E1 q2 kvx sI þ q2 þ q4 E2 kvx sI ;
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(18)

:

(16)

Pxx ¼



1
1
1
1
kvx s
E1 q2 þ E2 q4  z E1 kvx s þ q2 E1 þ E2 1 þ q2
2
8
2
4


3
1 3 2 2 2
þ q k vx s :
þ z2 E1 k2 vx 2 s þ E2
2
2 4
(19)
To expand the overall description of a strongly non-linearly
deected beam, another important quantier similar to the
Young's modulus in isotropic linear elasticity can be introduced. For this purpose, the incremental stretch modulus is
introduced to study the nonlinear elastic response of an
isotropic hyperelastic material under bending conditions.
The role of this elastic modulus is to reect stiﬀening (or
soening) in a material under strong loading. The gradient of
the 1st Piola–Kirchhoﬀ stress tensor, P, with respect to the
deformation gradient, F, or equivalently, the gradient of P with
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respect to the displacement gradient, F  I, provides the denition of the incremental stretch modulus, Ỹ incr, as
~ incr ¼
Y

vP
:
vðF  IÞ

(20)

Applying eqn (15), the incremental stretch modulus yields its
nal closed form in terms of derivatives of the deection
function as
vPxx
vPxx
¼
vðFxx  1Þ
vðvx uÞ


1
1
¼ E1 ð1 þ vx uÞ2 þ q2 þ vx u þ ðvx uÞ2
2
2




1 1 2
1
2
q þ vx u þ ðvx uÞ þ ð1 þ vx uÞ2 ;
 E1 þ E2
2 2
2
incr
Y~ ¼

(21)

where vxu ¼ zkvxs (see eqn (10) and (11)) and we take into
consideration made in eqn (15) up to the terms of v2xu and q4.
To bring the theoretical considerations to a conclusion, with
the assistance of the determined Exx, Pxx and Ỹ incr, a complete
non-linear description of bending of NWs up to a quadratic
order can be conducted along with experimental deection
curves.

Fig. 4d, the initial point of the deection is dened as the point
where the NW is connected to the W post by Pt glue. In Fig. 4a–f,
the increasing deection indicates the gradually increased
lateral force up to about a maximum force of 1196 nN, where the
nanowire started to deform plastically. At higher applied forces
(F > 1196 nN), residual deformation was detected. Aer each
bending test demonstrated in Fig. 4a–f, the tip was unloaded
and the deection decreased simultaneously while the free end
of the NW moved back to its initial position and restored
completely its original shape without any residual plastic
deformation.
The investigated deections in the load-controlled bending
were conducted under the forces of 365  35 nN, 498  46 nN,
637  52 nN, 782  63 nN and 1196  95 nN. The deection
paths (dots in Fig. 5) are determined by using the middle line
shown schematically in Fig. 4d in a Cartesian coordinate
system. As shown in Fig. 5, with increasing applied force, the
maximum displacement of the wire at the free end reaches

4 Results
4.1

Mechanical bending tests

To determine the deection curves, w(x), referring to the
synthesized individual Cu NW, concentrated lateral forces are
exerted by the micromanipulator at the NW's free end. While
the xed end connected to the W post was stable, the force
measurement tip detected the applied lateral forces during
loadings. The force measurement tip was moved in the direction perpendicular to the NW to apply gradually increasing
lateral force. Furthermore, while applying the lateral force at the
free end, the free end did not slip on the surface of the
measurement tip away from the initial point. This means that
the NW stretches during the experiment (cf. Fig. 2). Fig. 4
illustrates a series of snapshots of SEM images that display the
process of bending of an individual Cu NW with a length of
3.048  0.08 mm and a radius of 110  12 nm. As shown in

Fig. 5 Typical deﬂection paths determined by displacements at points
along the middle line of the NW with an average distance of about
120 nm. The ﬁrst 5 deﬂections were conducted under lateral
concentrated forces ranging from 365 nN to 1196 nN at the free end.
Two additional deﬂections colored by violet and gray refer to those
applied forces (F > 1196 nN) when the NW started to deform plastically.
Additionally, deﬂection curves deﬁned as the nonlinear theoretical
moment functions are shown by color-coded dashed lines after
solving eqn (18) numerically with the experimental data.

Fig. 4 A series of SEM snapshots of a typical synthesized Cu NW under bending by applying concentrated lateral forces perpendicular to it. The
corresponding applied forces are also given in the images. In (a) the NW is under no lateral load, whereas NWs shown in (b)–(f) are under gradually
increased concentrated forces with concomitantly pronounced deﬂection characteristics. Schematics of a coordinate system visualized in (d)
assist to demonstrate the applied method used to determine the deﬂection curves denoted as middle line. The dotted line represents experimental data points with errors of less than 5 nm in the entire range. The scale bar given in (a) also holds true for images shown in (b)–(f).
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Fig. 6 Analysis of the NWs by TEM: (a) inverse polycrystalline SAED diﬀraction pattern of the area represented in (b) and overlaid with the
theoretical rings of FCC Cu (red) and cubic Cu2O (blue); (b) BF image of four NWs and the corresponding EDX map (c) of the copper net intensity;
(d) darkﬁeld image of one NW, where the scattered beam in the [111] direction of Cu2O, as indicated in the inset ﬁgure (DF), was tilted to the
optical axis.

about 250 nm, 370 nm, 520 nm, 620 nm, and 840 nm, respectively, rst in the elastic-, and further in the elasto-plastic/
plastic region as the maximum displacement reaches
1000 nm and 1450 nm. Investigating the tted model curves,
initially, the gradient of the curvature along the wire can be
approximated by a constant, however, at larger applied forces,
the gradient indicates a stronger variation with respect to strain.
Along the wire, towards the free end of the NW, the curvature
seemingly converges to innity. Consistently, curvature of the
investigated deections indicates that in the region closer to the
xation point, the largest bending contribution occurs and with
increasing distance from the clamped end, the bending eﬀect
vanishes.
In order to capture a fully nonlinear (higher order than
quadratic approximation) eﬀects in solids, it is now known that
the fourth-order theory is the minimal model to be considered
in terms of the expansion of the strain energy up to at least the
fourth order of strain.83 In our model, only the third-order
expansion is applied implicitly (see eqn (13)–(21); cf. Sec. 3(b),
p. 8 in ref. 87). As shown in Fig. 5, the color-coded deection
curves, w(x) (dashed lines), determined by solving eqn (18),
verify within 5% error in the entire range of experimental data
that the third-order approximation with the determined E1 and
E2 parameters is adequate in the small-to-moderate regime.
4.2

Morphology, crystalline structure and composition

The morphology of 20 nanowires has been analyzed using TEM.
Their diameter was found to vary in the range of 110  12 nm
(cf. Fig. 6b). The surface of the cylindrical shaped wires is
smooth and the diameter of a single NW varied less than 3 nm
over the total length. The SAED pattern of the region covering
four nanowires represented in Fig. 6b is shown in Fig. 6a. It is
obvious that the NWs are polycrystalline, which is also observed
in the BF images. The grain sizes are in the range of the NWs'
diameter or smaller. The observed reections in the SAED
pattern t well to the FCC reections expected from pure Cu, as
indicated in red color, but there is a small amount of reections
that cannot be described with a FCC structure factor. In order to
nd their origin, the soware package JEMS88 was used to
This journal is © The Royal Society of Chemistry 2020

simulate theoretical diﬀraction patterns that generate those
reections. A very good match was found with cubic copper(I)
oxide (Cu2O), as indicated in blue color in Fig. 6a, which tted
all reections that could not be indexed as FCC Cu. Since the
intensity of Cu2O reections is less, the signal probably originates from a thin shell of Cu2O.
In conrmation, Fig. 6d represents a dark eld (DF) image of
one NW, for which a strong beam scattered in the [111] direction of Cu2O was tilted to the optical axis as indicated by the
inset gure.† From the DF image it becomes clear that the Cu2O
reections originate from a thin shell with a thickness of
(1.7  0.4) nm around the NW. The NWs in Fig. 6b were further
analyzed by EDX (cf. Fig. 6c). Besides Cu, a signal of nickel that
stems from the TEM grid and a weak oxygen signal were
detected by EDX. The amount of oxygen could be quantied as
(1.5  0.3) at% which is very close to what is expected for a thin
shell of Cu2O around the NW. Theoretically, a Cu NW with
a diameter of 98 nm that consists of a Cu2O shell with a thickness of 1.7 nm should contain 2.1 at% oxygen atoms considering the lattice parameters of Cu (0.3615 nm) and Cu2O
(0.426 nm). The Cu2O shell could not be resolved in the EDX
map, and the oxygen signal was homogeneous within the wires
and thus, it can be concluded that the wires are composed of
a pure copper core and a rather thin Cu2O shell.

5 Discussion
5.1

Nonlinear deection

As shown in Fig. 7, through the bending test, the increasing
applied force on NWs with an aspect ratio of about 16 resulted
in specic experimental deection paths (blue dots). From F ¼
365 nN to 1196 nN, the deection does indicate a nonlinear
behavior featured by a maximum displacement at the free end
ranging from about 300 nm to 900 nm, respectively. For
a comparison, shown in Fig. 7a–e, theoretical deection curves
were determined by applying (i) a fully linear approach (Euler–
† In order to minimize the amount of other reections included by the objective
aperture, the smallest available aperture with a diameter of 10 mm was used.
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Fig. 7 Deﬂection paths, w(x), as a function of position (x) along the NW determined by displacements at points (blue dots) through the middle line

with an average distance of about 120 nm. The applied forces are (a) 365 nN, (b) 498 nN, (c) 637 nN, (d) 782 and (e) 1196 nN. At higher applied
forces (>1196 nN), plastic deformation began to occur. Theoretical deﬂection curves employing eqn (18) of nonlinear deﬂection are also plotted
for several perspectives: (i) fully linear appr. (E–B theory; green, dashed line), (ii) linear appr. with fully nonlinear curvature (brown, dashed line), (iii)
quadratic geometrical appr. with fully nonlinear curvature (red, dashed line) and (iv) quadratic geometric and mechanical appr. in addition to fully
nonlinear curvature (black, dashed line). Discrepancies between the shape of curves determined by either fully nonlinear or the somewhat linearnonlinear approaches are clearly distinguishable (for more details, see text in the section ‘Discussion, Nonlinear deﬂection’). As mechanical
properties, the approximated Young's modulus, C11, and the third-order elastic constant, C111, are also shown in the ﬁgures.

Bernoulli theory (E–B), E1v2xxwI, the linearized rst term in eqn
(18); green curve), (ii) a linear appr. (E–B) with a fully nonlinear
curvature consideration (E1kvxsI in eqn (18); brown curve), (iii)
with
an
additional
geometrical
nonlinearity
1 2
(E1 kvx sI þ E1 q kvx sI in eqn (18); red curve) and nally (iv) with
2
a quadratic geometrical and mechanical approximation


1
1
1
(E1 kvx sI þ E1 q2 kvx sI þ q2 þ q4 E2 kvx sI in eqn (18); black
2
2
8
curve). In case of (i)–(iii), shown in Fig. 7, E1 and E2 are derived
from the tting result related to the case (iv). The current
illustrated colored curves show that while the black curve (case
(iv)) approaches accurately the experimental data in the entire
region, the other model predictions match the experimental
data only in the region close to the clamped end. Alternatively,
other mathematical parameters were also used in the tting
procedure, however, in case of (i)–(iii) theoretical predictions
failed to approach the experimental data with a discrepancy
measure of about 85%. Therefore, by utilizing the least-squares
method, no tting parameters were found to be appropriate to
characterize the deection paths in the entire region except
when higher order approximations in both geometry and
mechanics are utilized. With respect to the shape of w(x), E1 and
E2 must be positive and negative, respectively.
In all cases attributed by some kind of linearity, the given
deection paths indicate stiﬀer material properties, whereas in
case of a complete lack of linearity, the response of NWs indicates a relative soening. The larger the exerted force, the larger
the discrepancy between the complete nonlinear and the
somewhat linear descriptions of deection. As shown in Fig. 7,
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the approximated linear equivalent of the Young's modulus
remains constant at about E1 y 65 GPa (Ebulk z 110  128 GPa)
within experimental error, suggesting that at small strains
(<1%), the Cu NW exhibits massively diﬀerent elastic stiﬀness
compared to its 2D or 3D counterparts. At F ¼ 1196 nN, the
relatively higher E1 y 78 GPa indicates that during deection,
close to the yield strength, the deformation became more elastoplastic rather than being only elastic. The production and
interaction of dislocations may cause the material to stiﬀen. As


1 2 1 4
one of the major results, the magnitude of
q þ q E2 kvx sI
2
8
in eqn (18) considerably contributes to the calculated moment,
M. In terms of consistency, we emphasize that the magnitudes
of the tting parameters of E1 and E2 may still depend on the
aspect ratio on which the strength and deformation mechanism
depend (cf. ref. 89).
The impact of reduced dimensions on the mechanical properties of ultra-thin nanomaterials has also been investigated. For
instance, as a core–shell structure, the crystalline cubic silicon
carbide with/without a SiOx shell has shown signicantly diﬀerent
Young's moduli in nanotensile tests.90 Moreover, a study of the
core/shell structure of GaAs(core)/Al2O3(shell) has also indicated
that the elastic modulus of amorphous Al2O3 increases signicantly when the thickness of the layer is smaller than 5 nm.64
Hence, the Young's modulus for the composite core–shell structure changed dramatically under 5 nm. Thus, in order to attain the
most appropriate tting parameters (E1 and E2) for the relevant
deection curves, results attained from TEM and EDX analysis
should also be taken into consideration. Based on ndings
mentioned in the section dealing with morphology, it could be

This journal is © The Royal Society of Chemistry 2020
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conrmed that the NW is almost 100% polycrystalline Cu with
a relatively negligible thin Cu2O shell formation. This shell also
indicates its crystalline structure. Additionally, the bulk Young's
modulus of Cu2O is in the range of E ¼ 120 GPa, which is similar to
that of the pure bulk Cu.91 Therefore, we conclude that the
deection curves with the tting parameters can reliably be related
to the Cu material.
5.2

Green–Lagrange strain, Exx

In Fig. 8a–c, the calculated Green–Lagrange strain (eqn (12)) is
demonstrated in the cases with applied forces of F ¼ 365 nN, F
¼ 637 nN and F ¼ 1196 nN. The middle line of NWs, shown in
the schematic of Fig. 8a–c, which separates the upper (red) and
bottom (blue) parts, is to help emphasize the evolving strain
behavior with respect to the x and z coordinates. In Fig. 8a–c,
strains referring to the upper part of NW (red) are plotted as
a function of z in such a manner to be visualized at discrete
values of z in the range of 10 nm to 60 nm with an increment of
10 nm. At the bottom region (blue), the plot ranges from z ¼
60 nm to 10 nm. At z ¼ 0, where only the membrane strain is

Nanoscale Advances
1
taken into account ( arctan2 ½vx w, cf. eqn (12)), the strain is
2
illustrated by a black solid line. Strain at the highest applied
force (F ¼ 1196 nN) exhibits an enormous relative displacement
of 12.5%, meaning that the elastic regime is almost an order of
magnitude broader compared to that of the bulk counterpart.
On the other hand, this result slightly overcomes earlier ndings referring to the measurement of perfect single-crystalline
Cu NWs, where the elastic limit was determined to be 7.2%.92
This diﬀerence may be due to the fact that polycrystallinity plays
a crucial role in the preferred deformation mode. The seemingly
large amount of strain, however, was also recorded in bent Si
NWs of up to 14% total strain.20
In a bending test, the bending strain and the membrane
strain compete. Irrespective of the applied force, the G–L strain,
Exx, at x ¼ 0 varies only slightly asymmetrically in the range of (i)
0.0061 to +0.0063 (F ¼ 365 nN), (ii) 0.0112 to +0.0117 (F ¼
637 nN) and (iii) 0.0189 to +0.0195 (F ¼ 1196 nN) with
increasing/decreasing z. This contribution is purely the bending
strain, signicantly large in all cases at the clamped end. To
expand on this point further, the overall strain at small,

Fig. 8 (a–c) Green–Lagrange strain, Exx, (d–f) 1st Piola–Kirchhoﬀ stress, Pxx, and (g–i) incremental stretch modulus, Ỹ incr, are plotted in
a consistent way as a function of the position, x, along the NW. Derivations of strain, stress and the stretch modulus are based on the numerically
determined deﬂection curves, w(x), shown in Fig. 7 (black dashed lines). For all demonstrated physical quantities, the recorded forces are F ¼ 365
nN, F ¼ 637 nN and F ¼ 1196 nN. A schematic of the initial arrangement of NWs in the reference frame is also shown. The middle line of the NW
that separates the upper (red) and bottom (blue) parts is to help emphasize the evolving (a–c) strain, (d–f) stress and (g–i) stretch modulus
behavior with respect to the z coordinate. At z ¼ 0, the corresponding physical quantities (a–i) are illustrated by black solid lines. Additionally, in
(g–i), the approximated linear equivalent of the Young's modulus at each force is also illustrated concomitantly with the third-order elastic
constants (E2 ¼ C111) being almost constant at E1 y 65 GPa, irrespective of the applied force.

This journal is © The Royal Society of Chemistry 2020
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increasing x values along the NWs can be characterized by
a convex regime of the membrane strain added to the diminishing bending strain. Aer the convex regime, the strictly
increasing behavior of the membrane strain becomes
decreasing (concave regime) and it develops with a concomitant
reduction of the prevailing bending strain. As a result, as x
approaches the free end of the NWs, the membrane strain
governs the overall strain. Consequently, the regions under the
middle line and closer to the clamped end are still characterized
by compression. However, further from this end, the overall
strain becomes positive (tension) as a function of z. At larger
applied forces, this phenomenon becomes even more
pronounced. On the contrary, the upper region above the
middle line is always characterized by tension.
5.3

First Piola–Kirchhoﬀ stress, Pxx

As a general feature, shown in Fig. 8d–f, the stresses at x ¼ 0 as
a function of the z range only slightly asymmetrically between Pxx ¼
0.41 and + 0.412 GPa at a force of F ¼ 365 nN whereas this range
broadens to that of Pxx ¼ 1.44 and +1.48 GPa at F ¼ 1196 nN.
Additionally, the determined nonlinear stress (Fig. 8f) surprisingly
reaches a relatively high magnitude of Pxx y + 7.45 GPa at F ¼ 1196
nN still in the elastic regime. On the other hand, this result is
slightly higher than that found in an earlier study on perfect singlecrystalline Cu NWs, where the elastic limit was determined to be
about 5.8 GPa.92 This result, however, is consistent with the results
mentioned about the morphology where the grain size is determined to be in the range of the NWs' diameter.
The diﬀerent contributions of both bending and
membrane strain (cf. eqn (12)) to the stress distribution along
the height of the beam causes the zero stress axis to be
shied along the x axis. Thus, the zero stress point initially is
inside the beam boundary, whereas it moves out of the
thickness of the NW as a function of x. This implies an initial
bending-, then later a tension-dominated response developed along the NW. At z ¼ 0, illustrated by a black solid line,
only the membrane stress plays a role. This feature is
consistent with the result of the diminishing contribution of
bending strain with a concomitant developing strain of the
beam axis due to rotation (cf. Fig. 8a–c).
Another surprising phenomenon, shown in Fig. 8a & d, b & e
and c & f pairwise, is that for all three given force levels, the
strain vanishes at a certain position completely with a concomitant reducing stress even though the beam undergoes
a moderately large deformation. As shown in eqn (19), the Pxx
stress function contains additional terms, for instance



1 2
1
q E1 þ E2 1 þ q 2
kvx s, as compared to a stress function
2
4
determined by applying a linear approximation both in geometry and mechanics. Obviously, these types of terms contribute
to the overall stress and additionally account for the nonlinear
phenomena.
5.4

Incremental stretch modulus, Ỹ

incr

The incremental stretch modulus is the nonlinear counterpart
of the quantier of the isotropic linear elastic Young's modulus.
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In a study of the nonlinear elastic response of an isotropic
hyperelastic-like material, Ỹ incr plays a crucial role in reecting
stiﬀening (or soening) in a material as a function of a varying
elastic nonlinear strain. As shown in Fig. 8g–i, the incremental
stretch modulus reects a strongly varying elastic response
along the NW. As a general feature, Ỹ incr decreases with
increasing strain, whereas at small strains, the modulus
approaches, irrespective of the applied concentrated force, to an
approximated Young's modulus, E1 y 65 GPa (except for F ¼
1196 nN). The continuous reduction in the stretch modulus is
the consequence of the third-order polynomial approximation
of the strain energy density function.
The strain energy density, U, limiting the nonlinear features
to the third order, and revisiting the aforementioned relation
for Sxx, gives rise to the equation and relations as


l
UðEÞ ¼
þ m Exx 2 þ ðe þ f ÞExx 3 0
2


l
1
2 þ m ¼ E1 and 3ðe þ f Þ ¼ E2
(22)
2
2
where l, m are the Lamé constants and e, f are the nonlinear
Landau moduli.93 The Lamé constants and the nonlinear
Landau moduli can be expressed in terms of the Young's
modulus, E, and Poisson's ratio, n, or, in terms of the stiﬀness
tensor components as
nE
¼ C12 ;
1  n2

(23)

E
¼ C44 ;
2ð1 þ nÞ

(24)

1
ðC111  C112 Þ and
4

(25)

l¼
l¼

e¼



1
1
C112  C111 :
f ¼
4
3

(26)

Since the system is isotropic, the Cauchy relation 2C44 ¼
C11  C12 is always fullled. Revisiting the assumptions
regarding the negligible change of the cross-sectional
dimensions, the Poisson's ratio can be assumed to be n 
1/3, and the parameters E1 and E2 nally equal E1 ¼ C11 ¼ E
and E2 ¼ C111. The determined coeﬃcients of the linear and
quadratic term in the stress–strain relation, E1 y 65 GPa
(Ebulk z 110  128 GPa) and E2 ¼ 400 to  300 are found to
be proportional to earlier ndings,94,95 where the analyses
provided similar second- and third-order elastic constants as
C11 ¼ 163.6 GPa (ref. 94) and C11 ¼ 169 GPa,95 and C111 ¼
1100 GPa (ref. 94) and C111 ¼ 1271 GPa.95 In both types of
constants, the proportionality is found to be between 2.6 and
4.2.
As the strain develops along the NW with a diminishing
bending and a concomitant governing membrane strain, the
local strain becomes almost purely axial. As a result of E2 < 0,
as the axial tensile deformation becomes larger, the stretch
modulus reduces drastically. Consequently, at the highest
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applied load (F ¼ 1196 nN), close to the very end of the NW,
the approximated 12.5% almost pure axial strain gives rise to
a reduced stretch modulus of about Ỹ incr y 48 GPa. Moreover, the asymmetric range of the stretch modulus as a function of z at a certain x can also be interpreted as a result of the
higher-order approximation as a function of the bending- and
membrane strain. Under compression, the G–L strain is
slightly smaller than that in the tensile zone at the same
distance (z) from the middle line (at a given x). This discrepancy through eqn (21) magnies the asymmetry of Ỹ incr in
terms of the thickness of the red/blue regions. This asymmetry is clearly captured in the sequence of (g) to (i) at all x
values along the NW. At z ¼ 0, illustrated by a black solid line,
the stretch modulus is based on only the membrane stress
and strain.
5.5

Non-linear stress–strain relation

Finally, we focus on the relation between the arising strain
and stress determined along the NW. The corresponding
strain and stress values are plotted in the inset of Fig. 9 for
the applied force of F ¼ 365 nN and in Fig. 9 for F ¼ 1196 nN.
The relation between the stress and strain clearly follows
a nonlinear relation as predicted by eqn (14) and (19). As
given by the equations and assumptions found in the methodology, the strain is described by using a linear approximation of the displacement eld (only the rst-order Taylor
expansion of the displacement eld is applied). This may be
an underestimation of the real deformation at the beam axis.
On the contrary, this linear assumption causes a contribution
of the overall strain to be appropriate as demonstrated by the
accuracy of the shape of the generated deection curves

Nanoscale Advances
shown in Fig. 5 by tting to the experimental data. However,
the Green–Lagrange strain in eqn (12) could be approximated
by taking higher-order terms in the Taylor expansion of the
displacement eld. This is, however, out of the scope of the
present study. Away from the middle line, the strain is always
governed by the relative ratio of the membrane- and bending
strain. In general, the more membrane strain involved, the
more quadratic the total strain is. Farther away from the
small strain regime, a regime featured by strain larger than
2% can be identied with a quadratic feature as demonstrated in Fig. 9. To analyze the nature of stress as a function
of strain, we can either concentrate on the regime demonstrated in Fig. 9 by the yellow-to-blue dashed lines or by the
light-to-dark brown dashed lines. In the light-to-dark brown
range, the prevailing strain gives rise to only a slightly
nonlinear behavior. In the range of 3 > 2%, the stress–strain
relation suggests a stress–strain behavior controlled by
strain-soening. This behavior is typical for e.g. biopolymer
networks characterized by one of the most powerful models,
the Ogden-model with 1 < a < 2.96 Surprisingly, the metallic
Cu NWs do indicate similarities to hyperelastic materials.97
The strong aforementioned asymmetry with respect to strain
and stress is also well-visualized at the maximum applied force (F
¼ 1196 nN). The asymmetric overall strain develops in such
a manner where compression reduces the membrane strain, and
tension adds an extra contribution to the membrane strain. As the
concentrated load increases, the strict behavior of the increasing
membrane strain is higher than the strain reduction caused by the
compression under the middle line. Therefore the negative strain
generated in the compression region is more intensively overcome
by the membrane strain even at small distances from the clamped
end. At higher applied forces, the drastically escalating membrane
strain governs the corresponding stress. Thus, this asymmetry
originates from the competing strain contributions, which also
represents a considerable sensitivity to the signed ratios of the
local membrane- and bending strains.

6

Fig. 9 Quadratic relation plotted for the 1st Piola–Kirchhoﬀ stress, Pxx,
as a function of the Green–Lagrange strain, Exx, for the applied
concentrated force at F ¼ 1196 nN and at F ¼ 365 nN (inset). The
regime demonstrated by yellow-to-blue dashed lines represents
a bending strain added to the prevailing membrane strain that gives
rise to a stress behavior controlled by strain-softening. The regime
demonstrated by light-to-dark brown dashed lines correspond to
a behavior in which the bending strain reduces the prevailing
membrane strain. The stress behavior in this range can be characterized by a rather linear relation. The path illustrated by the red dashed
line corresponds to a strain determined only by the membrane strain at
the beam axis.
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Conclusions

Successive stages consisting of geometrical and, additionally,
mechanical non-linearity can be identied as a contribution in
the moderately large extension of NWs. In this study, we provide
an explicit bending moment function with terms accounting for
the quasi-linearity, geometrical, and nally mechanical nonlinearity as global features of moderately large elastic deformation. We applied the method to experimental data of Cu NWs
under diﬀerent concentrated loadings. Additionally, the
method may also be suitable for other metals due to a lack of
material specic restraints. The major ndings can now be
summarized as the following:
(I) No tting parameters were found to be appropriate to
characterize the deection curves in the entire region except
when higher order approximations in both geometry and
mechanics are utilized.
(II) The approximated Young's modulus remains constant at
about E y 65 GPa (Ebulk ¼ 110  128 GPa) within experimental
error suggesting that at small strains, the Cu NW exhibits
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a massively diﬀerent elastic response compared to its 2D or 3D
counterparts. Furthermore, the corresponding third-order
elastic constant, C111 is also determined at around C111 ¼
300 to 400 (C111–bulk ¼ 1271 to 1100 GPa). Both, the
second- and third-order elastic constants are found to be 25–
35% of that of the bulk counterparts. As one of the major
results, since mechanics is introduced by a nonlinear approach,


1 2 1 4
the magnitude of
q þ q E2 kvx sI considerably contributes
2
8
to the calculated moment, M.
(III) Strain at the highest applied force (F ¼ 1196 nN) at the
free end exhibits an enormous relative displacement of 12.5%
meaning that the elastic regime is almost an order of magnitude
broader compared to that of the bulk counterpart.
(IV) The determined 1st Piola–Kirchhoﬀ stress surprisingly
reaches a relatively high magnitude of Pxx y +7.45 GPa at F ¼
1196 nN while still in the elastic regime.
(V) The diﬀerent contributions of both bending and
membrane strain to the stress distribution along the height of
the beam causes the zero stress axis to be shied along the x
axis. Thus, the zero stress point is initially inside the beam
boundary and moves out of the thickness of the NW as a function of x, implying an initial bending-, and later a tensiondominated response developed along the NW.
(VI) The determined incremental stretch modulus, Ỹ incr,
reects a signicant soening in the material as a function of the
varying elastic nonlinear strain. At the highest applied load (F ¼
1196 nN) close to the very end of NW, the approximated 12.5%
strain gives rise to a stretch modulus of about Ỹ incr y 48 GPa.
Otherwise, the modulus varies considerably along the NW.
(VII) The relation between the stress and strain obviously
follows a nonlinear relation predicted by equations established
in the theoretical considerations. Analyzing the nature of stress
as a function of strain, irrespective of the applied external
concentrated forces, the stress behavior in the nonlinear regime
is characterized by strain-soening. This behavior is typical for
e.g. biopolymer networks characterized by the Ogden-model
with 1 < a < 2. Surprisingly, the metallic Cu NWs do indicate
similarities in the moderate regime to hyperelastic materials.
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M. Máthis, G. Csiszár, J. Capek, J. Gubicza, B. Clausen,
P. Lukás, A. Vinogradov and S. Agnew, Int. J. Plast., 2015,
72, 127–150.
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