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Topological two-dimensional polymers

The structural topology of a 2D network defines its
electronic structure. The strength of interacting lattice
nodes affects the resulting band structure, in this example
the relative position of flat band and Dirac point in the
Lieb lattice.
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There are more than 200 two-dimensional (2D) networks with different topologies. The structural topology
of a 2D network defines its electronic structure. Including the electronic topological properties, it gives rise
to Dirac cones, topological flat bands and topological insulators. In this Tutorial Review, we show how
electronic properties of 2D networks can be calculated by means of a tight-binding approach, and how
these properties change when Z”d-neighbour interactions and spin—orbit coupling are included. We explain
how to determine whether or not the resulting electronic features have topological signatures by calculation
of Chern numbers, Z, invariants, and by the nanoribbon approach. This tutorial gives suggestions how
such topological properties could be realized in explicit atomistic chemical 2D systems made of molecular
frameworks, in particular in 2D polymers, where the edges and vertices of a given 2D net are substituted
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by properly selected molecular building blocks and stitched together in such a way that long-range
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Key learning points

(1) The variety of 2D networks, their structural topology, characteristics, classification, and nomenclature.
(2) The impact of the networks on the electronic properties and topological signatures.

(3) Tight-binding approach to band structure representation of 2D nets, including its extension to

2"9neighbour interaction, spin-orbit coupling, and

calculation of electronic topological properties using Chern numbers, Z, invariants and nanoribbon approach.
(4) Realization of 2D nets in 2D polymers, the importance of building blocks, n-conjugation, and molecular connectivity.
(5) Building blocks design towards topological 2D polymers with signatures of corresponding 2D nets.

1 Introduction

The creation of materials with ever-new functionalities is a core
target of chemistry, where different means to achieve functionalities
are utilized in its various disciplines. For example, in organic
and metal-organic chemistry, these are functional groups. They,
in interplay with the molecular structure and other features,
such as aromaticity, are the principal determinant for inter-
molecular interactions, and, thus, control reactivity, selectivity
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and catalytic performance. In inorganic chemistry and solid-
state physics, functionality is given both by the elemental
composition of the material and by the arrangement of the
material’s atoms in a network. This is evident for materials that
possess polytypes, which can show strongly different properties
and functionalities. Striking examples include insulating dia-
mond vs. conducting graphite; grey, brittle o vs. metallic, ductile
f tin; or the three polytypes of single-layer MoS,: semiconducting
2H, metallic 17, and topological 17". The different properties and
functionalities in these polytypes arise from the impact of the
network connectivities (coordination) on the electronic system,
where the frontier electrons determine the material’s properties.
Apart from electronic properties, there are other network-
imposed properties, such as crack propagation, lubrication, or
mechanical properties.*

Framework materials with sufficient crystallinity, in particular
covalent-organic frameworks (COFs)>™* and conjugated two-
dimensional (2D) polymers,”” offer to combine both molecular
and network-imposed functionalities. Both terms, 2D COFs and
2D polymers, emerge from different communities and are used
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in a rather non-intuitive way. 2D COFs typically refer to layered
materials, to date usually lacking a long-range crystalline order.
On the other hand, the long-range order is required for 2D
polymers.® To date, however, most reports on framework materials
focus on the molecular functionality, while the potential of network
functionality remains to be exploited. While the network provides
mechanical stability and porosity, it has little influence on the
electronic structure of most framework materials. This is even true
for the quasi-2D systems, which we will focus on in this review.
The potentially high impact of the network topology on the
electronic properties has been pointed out in a few recent
publications, all of them focusing on 2D systems. 2D polymers
with conjugated electronic systems™® ' are typically semi-
conductors and they can possess high charge-carrier mobility.
The network topology can impose intriguing electronic structures,
including Dirac points or flat bands."*™® However, while some 2D
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polymers with, for example, kagome (kgm) and honeycomb (hcb)
lattice have been reported, non-trivial electronic topologies have
not yet been demonstrated in experiments to date.

One of the obstacles is the degree of crystallinity, which is
needed to manifest the lattice-dependent electronic properties.
2D polymers typically are subject to small crystal sizes and high
defect densities. However, new synthetic approaches for 2D
polymers and 2D COFs allow for flake sizes of up to several
microns and with low defect densities."””"®

Even if a highly crystalline framework is available, it
is necessary to shift the Fermi level such that it matches
the location of the topological feature (e.g., the flat band or
the Dirac point). This can be achieved, to some degree, by
external means, such as gating by an electrode or an ionic
liquid, but it is better controlled by functionalization of the
monomers."'?
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The goal of this Tutorial Review is to provide a scientific
background and a theoretical toolbox that is needed for the
rational design of 2D polymeric frameworks with network-imposed
properties, including topological ones. For this purpose, in the 2™
section, we will give a short introduction on the large variety of
suitable 2D nets and their structural features. In the 3™ section, a
tight-binding (TB) approach that predicts the network-imposed
features of the electronic band structure will be introduced
(together with a technical tutorial given in ESIt). This TB model
is the principal tool to address the relation between network and
electronic structure, and it also characterizes topological states. In
Section 4, we will discuss how the electronic structure can be
manipulated on the network basis by changing the interaction
strength between the lattice points and by changing the chemical
potential of the building blocks. In the 5™ section, we will provide
a map of building blocks that are suitable to form various 2D
networks, and a short summary of 2D polymers that have been
reported in the literature to date, both computationally and
experimentally. Finally, we will provide our personal view on the
future of the emerging field of topological 2D polymers in
Section 6.

2 2D networks and their structural
characterization

The topologies of 2D framework materials can be described by
the means of tessellations. These are periodic arrangements of
polygons on a flat surface without overlaps or gaps. Vertices are
points where more than two polygons meet. Possible tessella-
tions can be categorized by the number and kind of vertices
and polygons being used in the tiling." It is possible both to
construct flat networks by using regular polygons only or to also
use irregular polygons. Regular polygons are such that are both
equiangular and equilateral. For the purpose of being used in
reticular chemistry, the Reticular Chemistry Structural
Resource (RCSR) was built.”® It contains 200 2D nets, each
labelled with a letter code, which will be used herein. There are
four groups of nets that use only regular polygons. The first
group is called regular nets (also known as Platonic nets, see
Table S1 in ESIt) and contains just one type of vertex and one
type of regular polygon: the hexagonal net (hxl, triangles), the
square net (sql, squares), and the honeycomb net (hcb, hexa-
gons), see Fig. 1. Since they only contain one type of vertex and
one type of polygon (face) they are both face- and vertex-
transitive. Nets are usually described by the Schlifli symbols
of their vertices, which specify the number and order of
polygons meeting at that point. For example, at each vertex in
the hcb net (Fig. 1a), the corners of three hexagons meet and,
therefore, the net is described by the symbol 6°. Semiregular
nets are formed by one vertex type and faces of more than one
type. These eight nets, being vertex-, but not face-transitive, are
cem, fes, fsz, fxt, hca, htb, kgm, and tts (see Table S2, ESIY).
They are usually referred to as Archimedean nets, whereas all
the vertex-transitive nets together are called Kepler nets or
Kepler-Shubnikov nets.>® As it can be seen in Fig. 1d, the
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kagome net (kgm) is formed by both triangles and hexagons.
At each vertex, two hexagons and two triangles meet. Since the
hexagons and triangles surround the vertex in an alternate
fashion, the Schléfli symbol for this vertex is 3.6.3.6. The
third important group of nets with regular polygons are the
20 nets that include exactly two types of vertices — the so-called
demiregular nets (see Table S3, ESIT). One example is the krb
net, which is formed by two types of faces: hexagons and
triangles. At one of the vertices (in Fig. 1e depicted by filled
circles), six triangles meet. Therefore, the Schlifli symbol is 3°.
At the other vertex (unfilled circle, Schlifli symbol 3%.6), one
hexagon and four triangles meet together. Nets containing
irregular polygons mostly include irregular pentagons, e.g.,
the so-called Cairo tiling mem. This net can also serve as an
example to introduce the concept of duality: a dual net is
formed by replacing faces with new vertices at their centre
points. The Cairo tiling, which is shown in Fig. 2a, is an
example of such a net, since it is a dual to the tts net. According
to the nomenclature introduced by O’Keeffe and co-workers,*°
it could, therefore, also be called tts-d, with the -d indicating
the duality relation. Besides these fundamental tilings, a super-
structure of the sql net, the Lieb lattice, recently attracted much
attention.”>** Compared with the sql net, it has one additional
centre in the middle of the square’s edge (cf. Fig. 1f). In Tables S1-S4
(ESI+), sketches of total of 101 topologies, all of them included in the
RCSR database, can be found. They are accompanied by their
TB band structures, both for the fundamental net (with only
1%neighbour interactions), and with the chemically more realistic
TB model where both the 1% and 2"%neighbour interactions
are taken into account. Additionally, spin-orbit coupling was
considered. For some of the nets containing irregular polygons,
the arrangements of vertices correspond to the hxl net. However,
some of the vertices are not connected to all of their neighbours,
which gives rise to the irregular polygons in these nets (see Fig. 2b
for two representative examples). Due to this complexity, they are
assumed to be rather unlikely to be realized in 2D polymers.
Therefore, only the tilings with regular polygons and few selected
nets with irregular polygons are included in this work.

3 Network-imposed electronic structure
3.1 Impact of network connectivity on the electronic structure

In this section, we will demonstrate how the network connec-
tivity determines significant features of the electronic structure.
For demonstration purposes, we discuss two related Platonic
nets, namely the hxl and hcb nets, as presented in Fig. 1. We
further assume one electron per vertex, that is, exactly half of
the electronic states in the band structure are occupied.

The hxl lattice has a triangular structure, in which each
vertex coordinates with six neighbours. All vertices in hxl are
equivalent, hence the corresponding band structure contains
only one band, which must be half-filled and, thus, forces the
hxl net to be metallic. The heb net, on the other hand, consists
of regular hexagons, in which each vertex connects with three
neighbours. It has two sites (identical, but with different

Chem. Soc. Rev., 2020, 49, 2007-2019 | 2009
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Fig. 1 Sketches and band structures are shown for the regular heb (a), hxl (b), and sql nets (c), the semiregular kgm net (d), the demiregular krb net (e),
and the Lieb lattice (f). In the network sketch (column 1), the inequivalent vertices are indicated by filled and empty circles, whereas blue edges in krb
indicate that these connections are inequivalent to the black ones. The red dashed lines indicate the unit cells. (Column 2-5) Band structures calculated
taking into account (from left to right) only 15'-neighbour interactions, 15- and 2"9-neighbour interactions, 15- and 2"“-neighbour interactions with spin—
orbit coupling (SOC), and the band structure for 1D ribbons. The energies are given in units of the 15'-neighbour hopping |1/ (see Section 3). (g and h) The
first Brillouin zones with the high-symmetry points for the nets with hexagonal and square symmetries.
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environment) in the unit cell, resulting in two bands, which (Eg) is located exactly at the Dirac point, where, in the non-
intersect only at the high symmetry K point, forming the so- relativistic limit, massless fermions emerge. They result in
called Dirac point. Since the band is half filled, the Fermi level exceptionally high charge carrier transport.
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Fig. 2 (a) A dual net for a given topology can be obtained by putting
vertices at the centres of faces and removing the old vertices. The mem
net is dual to the tts net (and, therefore, also called tts-d), since it can be
obtained by putting vertices in the centres of the squares and triangles in
the tts net. Vice versa, the tts net is dual to the mecm net and can be
obtained by placing vertices in the centres of the irregular pentagons in
mcm. Since mcm is formed by irregular polygons, it is an example for
irregular nets. (b) Two examples of irregular nets with identical geometric
structure to other nets, but with missing links. Such examples are excluded
from this investigation.

From the differences between the hxl and hcb nets, we see
that the network connectivities are determinant for forming
the electronic structures. The simplest form to translate the
network connectivities to a model Schrodinger equation is the
TB model. We assume a conjugated m-electron system that is
formed by one effective p, orbital per vertex. The linear combination
of atomic orbitals (LCAO) ansatz is made exclusively with these
p. orbitals (equivalent to Hiickel theory for aromatic molecules®?),
and first we consider only 1*-neighbour interactions (see
Fig. 3).

Equivalent to the Hiickel theory, within the simplest TB
approximation, each vertex contributes an onsite energy o
(typically set to zero) and each 1%-neighbour interaction a
hopping contribution f; (typically set to —1 in order to give
energies in units of ||, see Fig. 3).

ogs
=

(.

®

=
»

hx| hcb

Fig. 3 Illustration of the TB parameters: onsite energy o, 1°*-neighbour
hopping integral . and 2™-neighbour hopping integral ,, for the hxl and
hcb nets. The unit cells are indicated with dashed lines.
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For the hxl net, which only has one vertex per unit cell, the
Hamiltonian is given by the expression H(k) = o + §; 3" e ¥
9

with wave vector k, and d; being the vector connecting vertices
to their 1°* neighbours. In heb, this is the connection between
vertex A with its neighbours B, B’, and B” (Fig. 3). For nets with
n vertices, it will become a n x n matrix:

H(k) ( i A ) Alk) = B Z —ik-5
= R = e I,
A* (k) o 1 9

The Hamiltonian for the periodic heb system can be easily
solved with the Bloch theory,>® and the corresponding band
structure is shown in Fig. 4. Ey is defined as the highest
occupied state in the Brillouin zone (BZ). It is trivial to deter-
mine Ey for semiconductors (each band contains 2 electrons).
For metals, a numerical integration is needed, where a numer-
ical grid of Ng points is placed in the BZ and each grid point
contributes 2/Ng electrons per band. The grid points are
occupied from lowest to higher energies (aufbau principle)
until the number of electrons per unit cell is met.

The first extension of the TB model is to include 2"%-neighbour
(and possibly higher) interactions. For the hxl lattice, the geo-
metric distance and the topological distance to 2" neighbours
differ (2™ neighbours are all vertices that are 2 links away): both
A’ and A" in Fig. 3 are 2" neighbours of A, but they have
a different geometric distance. Here, we treat all topological
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Fig. 4 Band structure of hcb net considering (a) only 1%%-neighbour
interactions (left) and also the 2™“-neighbour interactions (right); (b) adding
SOC, with 2 = —5.8 x 107%8,,2* the value for graphene (left), and 4 = 0.1f;
(right). The inset in the left figure magnifies the band structure at the K
point and shows the tiny gap opening at the Dirac point. (c) Band structure
of hcb nanoribbon with 12 units in the width and the Wannier charge
centre (WCC) evolution for hcb net. Here, we use an exaggerated value of
A = 0.1 to make the effect significant for demonstration.
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2™ neighbours on equal footing, and arbitrarily choose a value
of f, = 0.1f,, which is rather large and therefore somewhat
magnifies the impact of 2"%-neighbour interactions on the band
structure. The inclusion of 2"%-neighbour interactions is easily
accounted for by setting.

AR = ey S e
o1 3>

For the hxl and heb nets, 2"%-neighbour interactions only
slightly change the shape of the bands (see Fig. 1 and 4a), but
they have larger impact on other nets (see Section 4).

3.2 Electronic topology and spin-orbit coupling

One of the many exciting properties of graphene is the fact that
it is the prototype 2D topological insulator (TT). The topological
properties are a direct consequence of the spin-orbit coupling
(SOC), which we include into our TB Hamiltonian, in the same
way as it is outlined in the seminal work of Kane and Mele.>®
The intrinsic SOC term depends on the 2"%-neighbour inter-
action. The Hamiltonian and consequently the wave function
become spin-polarized and are written as:

OC'Ig A(k)
H(k)—< , )
o1

4% (k)
A (k) = /3112 Z e*ik-ds] 4 (/{212 + ﬁSOC) Z efik-ﬁz7
9 5

Bsoc = —l‘sz/lSZ,

where v; = 6; x 6, =1 v —1 indicates the orientation of the
path, when electrons travel from vertex i to j. For example, in
Fig. 3, when an electron travels from A to A’ through B”, it
makes an anti-clockwise turn, so v =1, and on the contrary, the
SOC from A to A” has v = —1 with clockwise turn. 1 and §°
denote the SOC constant and Pauli matrix, respectively. It is
worth noting that, by adding the SOC and considering the spin,
the Hamiltonian extends from a 2 x 2 matrix to a 4 x 4 matrix.
The spin-unpolarised parameters «, 1, and f3, thus need to be
multiplied by the 2 x 2 identity matrix I,.

Fig. 4a and b compare the hcb band structures with and
without SOC. Being a light-weight element, the SOC of carbon is
tiny (2 = —5.8 x 107°4,%°), and thus creates a tiny band gap of
0.02 meV (see inset of Fig. 4b). Increasing SOC to an unrealis-
tically exaggerated value of 0.1f; clearly shows the band gap
opening and is useful for obtaining the topological properties
of 2D polymers (see Fig. 4c).

It is important to note that, while a SOC-induced band gap
opening is the necessary condition for a topological state, it is not a
sufficient one (i.e., the opened band gap could be between topologi-
cally trivial states). The simplest, although neither elegant nor
computationally economic, method to see if a topological state is
located at the Er. is to calculate a nanoribbon, which explicitly yields
topological edge states. The left of Fig. 4c shows the band structure
of a zigzag hcb nanoribbon with a width of 12 units. The calcula-
tion with consideration of SOC yields, besides a more complex
band structure due to the reduction of symmetry, both the opened
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band gap and the states crossing the Er at the place, where the
Dirac point has been located.

It is worth noting that the topological character of a material
is the result of its bulk (interior of the material) and that the
topological edge states only manifest at its boundaries. There-
fore, topological states can be demonstrated without making
the explicit nanoribbon calculations. These calculations require
exploitation of space topology and the concept of the Berry
phase.”” In mathematics, topology is a geometrical property
that will be preserved under deformation. For example, in three
dimensions, a sphere with closed surface is characterized by a
genus (g) of zero. The genus will be preserved under deforma-
tion: any geometrical transformation that maintains the closed
surface, e.g., from sphere to any polyhedron, maintains g = 0.
A torus (donut-shaped), which possesses a hole, is characterized
by g = 1. Topologically, a donut can be converted into any other
object with a hole, e.g., into a mug. However, a torus and a
sphere cannot be interconverted into each other.

In two dimensions, the topology of an area can be calculated
using the Gauss-Bonnet theorem:

J Kda =2n(2 — 2g),

where a denotes the area and K is the Gaussian curvature. The
magnetic flux analogue of K in band theory is the Berry curvature
F,, = Vi X Ap, where A, the Berry connection or Berry potential,
is defined as A,, = (| Vi|tm). It indicates the electromagnetic
vector potential under gauge transformation at Bloch states u,,,.

Similar to the integration of the Gaussian curvature in the
Gauss-Bonnet theorem, when the Berry curvature is integrated
within the BZ, it becomes the Berry phase and, with further
division by 2m, we get the Chern number, defined as:

Cn = _J Fmdzk
2n BZ

for band m. Chern numbers are integers and, if they are non-

zero, they indicate a topologically non-trivial band. Moreover,

in the Integer Quantum Hall effect (IQH), the Hall conductivity

62

%th

Oxy = —

is proportional to the sum of the Chern numbers of all
occupied bands, Cyy. The calculated Chern numbers for the
heb structure are 1 and —1 for the lowest and the highest
band, respectively, which reconfirms that these bands are truly
topologically non-trivial.

The Quantum Spin Hall effect (QSH), discovered by Zhang
et al.,”® illustrates best the topologically protected edge states in
a topological insulator. However, the spin-dependent topological
properties can no longer be characterized by Chern invariants,
since the total Chern number will cancel out by the spin-up and
spin-down electrons under time reversal symmetry. This new
invariant is called Z, and can be calculated as follows:

occC. 1

Z), = — 4; A, - dk — J dk,dk ,F,,,) mod 2.
? zm: 2n ( Half BZ Half BZ !
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The integration over half the BZ respects the time-reversal
symmetry along the path towards K point. The Z, invariant can
only be 0 (topologically trivial) or 1 (topologically non-trivial) and
is given for the entire electronic system, and, in contrast to the
Chern number, not for each band.

There are various methods proposed to calculate the Z,
invariant, for example, by parity of the wavefunction®® and by
the Fukui-Hatsugai method.*® Here, we employ the approach
given by Soluyanov and Vanderbilt,>"**> which applies Wannier
charge centres (WCCs). By definition, the Wannier functions
for band m at a position R can be written as

V
(2m) ) gz

dke Ry, (1),

b (r) =

where V is the unit cell volume, d is the dimension of system,
and again u is the Bloch wave function. The WCCs are the
average position of charge of a Wannier function in the first
unit cell. Along an axis, it is defined as

B iay m/ay
Xm = 7=
2n —7/ay

dkx<u,,,k\vk|umk).

With these WCCs, one can get the Z, invariant by drawing lines
across half the BZ. For a topologically non-trivial system, any
line cutting through the half BZ should cross the WCCs odd
times (more details of the procedures are found in the descrip-
tion of the Z2PACK package®?). In Fig. 4c, any arbitrary line
crossing in the half BZ intersects with the WCCs one time,
which demonstrates that the heb structure is a topologically
non-trivial material with Z, = 1.

3.3 Network-determined electronic band structures and
topological properties

Now, we discuss the impact of the network on the electronic
properties of a material obeying the network symmetry. We
note that in a 2D polymer, the vertices are represented by
molecular building blocks (and that a molecule may provide
more than one vertex). The distance between two vertices and
the degree of m delocalization defines the 1%-neighbour TB
hopping elements f3;, and longer-ranged delocalization results
in non-zero 2"%neighbour TB hopping elements f3,. The number
of electrons in the system is given by the molecules representing
the vertices and can be controlled by functionalization (e.g.,
replacing a C atom by a B (N) atom lowers (increases) the
number of electrons per unit).'?

Since the regular nets hxl and sql are formed by only one
vertex (see Fig. 1b and c), their band structure contains only one
band. It emerges with the vertex of a parabola at the I" point.
If it is half filled, then the system must be metallic.
2"%-neighbour interactions slightly change the band disper-
sion, and lack of interaction between the vertices (f; — 0)
creates a grid of spin centres. If the band is empty and marks
the conduction band (CB), its dispersion determines the effec-
tive mass of the charge carriers at the I" point. If the band is the
completely filled valence band (VB), holes would emerge at the
M point.
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If a second vertex is present in the unit cell, there are also
two bands present. This is the case in the hcb lattice, which
emerges from the hxl lattice, when every 3™ vertex is removed
to form a honeycomb structure. Thus, at the K point, a parabola
is missing and all bands cross at the conical intersection,
known as the Dirac point. This point also separates all bands
in half at the energy scale, which pins the Er to the Dirac point.
The 2"%-neighbour interactions modify the band dispersion,
but do not affect the highly symmetric conical band structure at
the Dirac point, which renders the simple TB approach sufficient
for the description of physical phenomena in graphene.

A third vertex per unit cell consequently generates a 3™
band. One of these structures is the kgm lattice, which can be
obtained again from the hxl lattice with every 4™ vertex
removed. Its band structure (see Fig. 5) includes a Dirac point,
as known from the hcb lattice, and a flat band that touches the
Dirac bands at the I point at highest energy. The 2"%-neighbour
interaction has only small influence on the band structure. If
the band structure is half filled (three electrons in the unit cell),
the kgm lattice is metallic. However, if only two electrons per
unit cell are present, it has the same features as heb, and with
more than three electrons the flat band is accessed. It is
interesting to note at this point that the dispersion of the flat
band can be controlled by functionalisation.?

Another interesting structure with three bands is the Lieb
lattice, the sql lattice with every 4™ vertex removed, resulting in
three sites (only one of them strictly is a vertex with 4 links as in
the sql lattice, as the other two have only 2 links) per unit cell
(Fig. 1 and 6). The resulting band structure, presented in Fig. 6,
shows a Dirac point, which is crossed by a flat band. With three
electrons per unit cell, Er is located at the Dirac point. The
2"%neighbour interactions open a small band gap between the
flat and the unoccupied bands.

The introduction of SOC mainly affects the high-symmetry
points. For sql and hxl, within the TB model, the SOC effects
cancel out exactly. For the heb lattice, which has been discussed

§ 2 addB § 2 \
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Fig. 5 Band structure of kgm lattice considering only 1%-neighbour (left
top), 2"4-neighbour (right top), SOC (left bottom), and 2"9-neighbour with
SOC (right bottom) interactions. The Chern numbers C are shown for the
individual bands.
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Fig. 6 Band structure of the Lieb lattice. Conventions are as in Fig. 5. Note
that inclusion of 2"¥-neighbour interactions via the distance criterion
yields different values for f,, which would disperse the flat band.

in Section 3.2, SOC manifests its topological properties, which
are expressed both in the Chern number and in the Z, invar-
iant. They are easily visible in the crossing bands at the Fermi
level, which mark topologically protected linear bands that
offer dissipation-free spin transport.

For the kgm lattice, SOC both opens a band gap at the Dirac
point and a gap at the touching point between the flat and the Dirac
bands at the I" point. All three bands are topologically non-trivial, as
reflected both by the Chern number and the Z, invariant (see Fig. 5).

In the Lieb lattice, SOC opens a band gap at the Dirac point,
but does not shift the flat band. Thus, it creates an interesting
electronic structure with heavy electrons in the flat band and
massless charge carriers at the frontier bands of the Dirac cone.
While the bands forming the Dirac cone are topologically non-
trivial, the flat band in the Lieb lattice only exhibits trivial
topological properties (see Fig. 6).

3.4 Electronic structure of 2D networks

Tables S1-54 in the ESIT show the sketches and the corresponding
TB electronic structures, including 15~ and 2"%-neighbour interac-
tions as well as spin-orbit coupling, of the following 101 nets:
Table S1 (ESIt) shows these for the Platonic nets heb, hxl, and sql.
Table S2 (ESIT) contains these diagrams for the Archimedean nets
cem, fes, fsz, fxt, hca, htb, kgm, and tts. The demiregular nets bew,
cph, kra, krb, kre, krd, kre, krf, krg, krh, krj, krk, krl, kem, ki, krq,
krr, krs, krt, and usm are listed in Table S3 (ESIt). Table S4 (ESIT)
contains the bex, bey, bhd, car, cem-d, cpa, cpb, cpc, cpd, cpe, cpf,
cpg, cpj, cpk, cpl, cpm, cpn, cpo, cpp, cpq, cpr, cps, cpt, cpu, cpv,
cpw, cpx, cpy, cpz, cqa, cqb, cqc, cqd, cqg, cqp, cqr, cru, crz, dha,
dhb, esq, fwb, fwe, hca-a, hna, hnb, htb-a, jvh, kgd, kgd-a, kru, krv,
krw, krx, kry, mem, mtf, pnb, pnd, pne, pnf, png, pnh, sdb, sdc,
sdd, sde, sdf, stz, and suz nets.

4 Fostering topological properties

As we have shown in Section 3, important features of a 2D
material’s band structure emerge from the network topology.
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In particular, topological properties are directly related to the
connectivities of the network. We have identified a large number
of networks with intriguing electronic, potentially topological,
properties. As 2D polymers are made of light elements only, the
magnitude of SOC is small, and the emerging band gaps are in
the range of only ~20 peV. Hence, these properties can only be
probed at extremely cryogenic conditions and, therefore, their
applications are restricted. Recently, Burkard’s group has shown
that the SO-induced band gap in graphene can be significantly
increased if the material is interfaced with a transition metal
dichalcogenide under a magic angle.** Such effect is likely
possible also for 2D polymers.

A chemical way to increase the band gap is a smart applica-
tion of quantum confinement: graphene nanoribbons open a
band gap because of their finite width, and if the ribbons are
appropriately shaped, they maintain their topological properties,
thus yielding topological insulators with large band gap.**>~”

Here, we will explore a different, chemical, route to create
2D topological insulators: We aim to open the band gap at
topologically non-trivial points by the reduction of symmetry in
the 2D nets. This approach will be illustrated in the remainder
of this section.

For the Platonic lattices sql, hxl, and hcb, and also for the
Archimedean net kgm, all vertices and edges are chemically
equal, and lattice symmetry reduction is no simple means for
controlling the electronic and topological properties.

The Lieb lattice has two different sites: one type is the vertex
connected to four neighbours, while the second type is a site
located at the edges connected to two neighbours. The links are
all identical. As the two symmetrically distinct sites are to be
represented by two different molecular building blocks (see
Section 5), they likely have a different chemical potential that is
expressed in two different values of « in the TB approach.
Indeed, this change of o opens a band gap at the Dirac point.
For simplicity, we demonstrate the effect with bands only
considering 1°-neighbour interactions. Interestingly, if the
chemical potential of the four-connected-vertex is lower than
that of the linear site (see Fig. 7), the gap opening is below the
flat band, while it is above if the chemical potential of the linear
site is lower. Note, that in both cases one of the Dirac bands
touches the flat band. The band opening due to different
chemical potentials enhances the SOC-induced band opening
discussed in Section 3.3, while the topological signatures of the
three bands remain unchanged. Thus, reduction of symmetry
can enhance gaps at topological points, and offers a promising
way towards the realization of room-temperature 2D topological
materials.

The fes lattice (Fig. 8) has identical vertices, but different
symmetry in the edges, which are either between octagons (red
in Fig. 8) or between a square and an octagon (black in Fig. 8).
In the TB model with identical hopping elements f;, it shows
two high-symmetry crossing points (I" and M), both with three
bands, one being locally flat, while the other two cross at a
Dirac point. These degeneracies are broken under the effect of
SOC, and all four bands are topologically non-trivial (see Fig. 8a).
As different molecular linkers will represent the different edges

This journal is © The Royal Society of Chemistry 2020
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Fig. 7 Lieb band structures considering only 1%'-neighbour interactions
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in a 2D polymer, the system must be described with different
values of ;. As shown in Fig. 8, this symmetry reduction opens
band gaps at the same high-symmetry points, similarly as in the
Lieb lattice. Depending on the value for the SOC, the resulting
bands can change their Chern numbers.
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modification of the hopping elements (b and c) and onsite elements (d and e).
Conventions are as in Fig. 7 and 8.

Finally, we study the krb lattice (see Fig. 9) as a member of
the demiregular nets. The unit cell contains eight sites, two
with six neighbours (black labels) and six with four neighbours
(white labels), which produce eight bands. The two different
edges are coloured black and blue. The band structure shows
some nearly degenerate lattice points at M, K, and I'. All the
four lower bands are topologically trivial. Yet, having two
different vertices and two different edges allows a wide range
of electronic structure modification, as both o and f; can have
different values. Similar as in the Lieb lattice, modifying the
onsite elements opens band gaps at the I’ point. Hopping
elements affect the general dispersion of the bands. We
conclude that there are rational design rules for applying
chemically sensible concepts of chemical potential shifts and
adjusting m-conjugation that can be applied to design both
topological and classical 2D polymers with application-tailored
electronic properties.

5 Realizing 2D nets in 2D polymer
structures

In order to form 2D polymers with the correct topology,
molecular building blocks have to be assembled. The required
shape and symmetry of vertices and edges can be obtained by
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Fig. 10 Topology diagrams for hxl, hcb, sql, and kgm nets with and
without pronounced linkers along with corresponding 2D representations
(with the unit cells marked in red) are shown at the top of the figure. The

bottom of the figure shows suggestions for simple nodes with 2-, 3-, 4-,
and 6-fold rotational symmetry and a linear linker.

analysing the topology diagram of the required net as demon-
strated in several reviews.>***! Such a topology diagram can be
found in Fig. 10. While edges are in general linear and do not
impose any additional requirements, vertices need to have the
correct rotational symmetry. The 200 different 2D nets in the
RCSR database include vertices with coordination numbers
from 3 to 12.%° The most abundant ones are vertices with 3,
4, and 6 neighbours. Thus, monomers need to have a Cs, C, (or,
with four connecting points but broken symmetry, C,), and Ce
rotational axis to serve as such vertices, respectively. In addi-
tion, C, monomers can be placed on edges. In order to give
examples for these cases, Fig. 10 shows how hxl, hcb, sql, and
kgm nets can be deconstructed into vertices and edges along
with examples of monomers.

These nets can be obtained both by self-condensation of a
vertex with the respective rotational symmetry or by the con-
nection of such a monomer with a linker. Already in the 1980s,
y-graphyne was proposed as an example of the hxl net.** In this
material, benzene vertices are connected by ethynyl groups. For
conjugated polymers with the hcb topology, the triangular
vertices (Cs; rotational symmetry) are often benzene rings,
condensed benzene rings, or, so far only considered in compu-
tational studies, also simple tertiary butyl radicals.®'****** For
the sql net, the usual C, building blocks of choice are either
porphyrins or phthalocyanines, which offer lattice angles of
90°."® However, using pyrene or tetraethylethene as building
blocks with four connectors (with rotational symmetry reduced
to C,) can lead to a plethora of distorted sql structures.'®''**”
Here, although the angle between the cell vectors differ from
90°, the 2D polymer is still in the sql topology, because of the
connectivity and identity of vertices. Similarly, tetraethylethene
vertices can also be used to realize the kgm net in 2D
polymers.”” Employment of conjugated five-membered rings
can lead to the formation of a 2D polymer with the unusual htb
topology.*® In addition to the very popular nets, also rather
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Fig. 11 The schematic representation of Lieb lattice (a) and the corres-
ponding TB band structure (b). (c) Top and side views of crystal structure of
Py(BCSB), with Py (blue ellipse) and BCSB (red ellipse) ligands sitting on the
corner and edge-center sites of the distorted Lieb lattice, respectively.
(d) DFT calculated electronic band structure for k, = 0 plane and the
orbital-resolved projected band for p, (black circle) and p,,, (green circle)
orbitals. The red and blue bands highlight the Lieb-3 and Lieb-5 band
structure, respectively. Lieb signature comparable with (b) is marked
by red dashed rectangle in the conduction band. (c and d) Adapted with
permission from ref. 13, Copyright 2019, Springer Nature.

complex nets, such as the bex net, have recently been
synthesized.*® A 2D polymer with an electronic structure corres-
ponding to the Lieb lattice exhibiting Stoner ferromagnetism
was reported by Jiang et al. (see Fig. 11)."

As linkers, both ethynyl building blocks (so far mostly in
computational studies) and benzene rings, being connected to the
vertices by imine linkages, have been used.”'*'*'**>*” They are both
simple, guarantee conjugation, and are rather rigid. However, orbital
overlap can be reduced, if benzene units have a dihedral angle with
respect to the planar vertices. Therefore, it is important to design
linkers in a way that they remain as planar as possible. In linkers
consisting of condensed benzene rings, however, the connectivity
forces the system to be planar. In this case, m-orbital overlap is
maximized.***® Formation of disperse bands can be improved, if the
energies of frontier orbitals in the molecular building blocks,
representing vertices and edges, match.'® The strength of the
electronic coupling between the monomers can be estimated by
looking at the electron delocalization in dimer models."* A good
example for controlling the band structure in 2D polymers is the
combined kgm-hcb net as shown in Fig. 12."* The lattice is built of
heterotriangulenes, in which the centre atom can be B, C or N, thus
creating an unoccupied, half-occupied or fully occupied centre site.
Accordingly, Er is located below the Dirac bands (B), at the Dirac
point (C) or above the Dirac bands (N) (Fig. 12a—c). The dispersion of
the bands, most visible in the flat bands, is strongly affected by the
bridge groups in the monomer compounds, which can be chosen as
CO, CH, or O. In the case of the monomers with B centre atoms,

This journal is © The Royal Society of Chemistry 2020
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Fig. 12 The schematic of kgm lattice (a) together with atomistic structure of a
2D polymer based on heterotriangulenes (b) and the corresponding band
structure (c) revealing signatures of kgm (cf. Fig. 5). Depending on number of
electrons, Eg is shifted below the Dirac band (B), to the Dirac point (C), or to the
top of the Dirac band (N). Functionalization by B and N gives access to the flat
bands emerging from the kgm lattice. Heterotriangulenes with three different
bridge groups, namely (d) keto, (e) CH,, and (f) ether, show different impact on
the dispersion of the flat bands. The band structure is a superposition of the kgm
and hcb network, both are found in the structure of this 2D polymer. Adapted
with permission from ref. 10, Copyright 2019, American Chemical Society.

a flat band marks the valence band maximum. The effective masses
of the holes can range from 1.6 m, to infinity (see Fig. 12d-{).

Topological phases can only be obtained, if topological bands
are in the vicinity of Er. In addition to the previous prerequisites,
for some systems, it might be necessary to shift Er to a position
that is topologically non-trivial. This could be achieved by
functionalization'* (Fig. 12a and c) and, to some extent, by doping.

Suitable coupling reactions, which retain the n-conjugation, are
discussed by others in detail in this Special Issue or in the paper
of Liu et al.”

6 Outlook and perspectives

The discovery of topological insulators has marked a break-
through in condensed matter physics, but the realization of this
state of matter in room temperature applications remains
unsolved. It is well known that lattices can impose topological
features, as it has been demonstrated for photonic crystals, for
example in the optical Lieb lattice.”’>* While this approach
allows studying the lattice-imposed topological effects, the
restriction to bosonic particles limits applications. It is, there-
fore, intriguing to realize topological networks in materials.

Recently, the Lieb lattice has been experimentally realized by
forming its edges and vertices by the surface state electrons of
Cu(111) confined by an array of carbon monoxide molecules
or by vacancy defects of chlorine superstructure on Cu(100)
surface.?” These structures are, however, only stable at cryo-
genic temperatures (<5 K).

On the other hand, the relatively recent field of framework
materials, including metal-organic frameworks and covalent-
organic frameworks, and of 2D polymers, offers the realization of
virtually any network structure that is stable at room temperature.

This journal is © The Royal Society of Chemistry 2020
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This offers an additional means to introduce functionality to
chemistry, namely by the structural topology of the network. In
this review, we scratched the surface of the possibilities by
concentrating on materials realizing topological 2D networks.

The collection of over 200 networks, included in the Reticular
Chemistry Structural Resource database,” offers a huge variety of
possible skeletons for actual 2D materials, which can be created by
a proper selection of molecular building blocks. The topological
properties of the hypothetical 2D nets could then be realized in the
corresponding 2D arrangement of such building blocks. As we have
shown in this tutorial, the creation of 2D polymers with building
blocks that offer long-range m-conjugation is a very promising route
to realize topological networks with high crystallinity and extended
n-conjugation. Here, we have demonstrated how the topological
properties of the nets can be predicted, how atomistic structures
of materials can be generated, and we have shown examples for
their successful realization in experiments. The crucial step of
synthesizing these materials is covered in an article by other
authors in this Special Issue.

One of the grand challenges that remains to be solved is to
design building blocks that include an active site, which
typically means an unsaturated n electron. That is, the building
blocks must either be m radicals, which still can undergo the
pre-designed linkage reactions. Alternatively, after polymeriza-
tion the number of n electrons can be controlled, e.g., by post-
synthetic functionalization or by gating.

The second grand challenge is to control the level of defects,
including structural and substitutional ones. The third, related
grand challenge is the formation of highly crystalline networks,
as high crystallinity is the precondition for the robustness of
the topological properties. This includes the rigidity of the
frameworks, as strong lattice vibrations may be sufficient to
make the topological properties collapse.

Given the immense progress in the chemistry of 2D polymers
and the recent enhancement of interdisciplinary collaborations
between condensed matter physicists and chemists, e.g.,, mani-
fested in research on graphene nanoribbons,***® we are confident
that these challenges can be met during the next decade.

What we have not touched in this review is the additional
functionality that arises from interlayer interactions: in multi-
layers and heterostructures, it is expected that the properties of
these 2D materials are further modified, as known for other 2D
materials, including graphene or transition metal dichalcogen-
ides. We have covered this subject in a recent perspective
article, to which we refer the interested reader.>’
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