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arization needle-like domain and
its unusual switching in compositionally graded
ferroelectric thin films: an improved phase field
model†

Le Van Lich * and Van-Hai Dinh

Compositionally graded ferroelectrics (cgFEs), which possess a spatial variation in material composition,

exhibit anomalous or even unprecedented properties. Despite several breakthroughs having been

achieved in experiments, there surprisingly is a lack of an effective simulation approach for cgFEs,

thereby greatly hindering a deep understanding about underlying mechanisms hidden behind the

observed phenomena. In this study, an improved phase field model is proposed for a cgFE made of

PbZr(1�x)TixO3 based on the Ginzburg–Landau theory. The improved approach enables us to capture

several key phenomena occurring in the cgFE PbZr0.8Ti0.2O3 5 PbZr0.2Ti0.8O3 thin film that are

observed from experiments, such as the formation of needle-like domains with curved domain walls,

ferroelastic switching under an electric field, and the voltage offset of the hysteresis loop. Results

obtained from the improved approach indicate that the high elastic energy near the needle-tip of an a-

domain gives rise to a deflection of the domain wall from the regular a/c domain wall, while the high

concentration of the depolarization field shrinks a part of the a-domain near the needle-tip and

terminates the a-domain within the cgFE thin film. These facilitate the stabilization of needle-like

domains with curved domain walls in the cgFE thin film. Furthermore, the flexoelectricity is proven to

play an important role in the voltage offset of the hysteresis loop. On the other hand, the ferroelectric

switching process in the cgFE thin film exhibits a vastly different response in comparison to that in

homogeneous ferroelectric thin films, including local switching initiation and formation and annihilation

of vortex–antivortex pairs during the switching. The present study, therefore, provides an incisive

approach for investigations on cgFEs, which may bring new understanding and unique insights into these

complex materials, as well as novel potential applications.
1 Introduction

Spontaneous breaking of spatial-inversion symmetry at the unit
cell level results in the formation of a stable yet switchable
electrical polarization in ferroelectrics, which, in turn, allows
the materials to be applied across a broad range of advanced
technologies, including nonvolatile random access memory
(FeRAM) devices;1 sensors, actuators, and transducers;2 eld-
effect transistors;3,4 tunnel junctions;5 magnetoelectric-
coupling devices;6,7 and switchable photovoltaics.8 Recently,
an additional macroscopic broken spatial-inversion symmetry
has been introduced into the system by using compositionally
graded ferroelectric (cgFE) thin lms, in which the chemical
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compositions are spatially varied throughout the thickness of
the thin lms. This macroscopic spatial-inversion symmetry
breaking brings about novel physical properties, such as the
presence of built-in electric elds,9 shied hysteresis loops,9–12

large susceptibilities,13 and a potential for geometric frustra-
tion.14 Therefore, cgFEs have emerged as a potential candidate
for novel applications in electric devices,15 and attracted
considerable experimental and theoretical attention in the last
decade.

Experimentally, it was reported early on that an offset in the
vertical (polarization) axis of the hysteresis loop occurs in cgFE
heterostructures, and the polarization gradients in the material
were primarily believed to be the origin of the observed
offsets.11,16 Later, an experimental investigation on the origin of
hysteresis loop shis in cgFEs9 indicated that the vertical offsets
were explicitly dependent on the measurement circuit16,17 and
the offsets should be along the horizontal (voltage) axis because
of a built-in electric eld. The origin of horizontal offsets results
from the macroscopic broken spatial-inversion symmetry, and
RSC Adv., 2019, 9, 7575–7586 | 7575
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thereby, is intrinsic to the cgFE materials. Recently, a large
horizontal offset of the ferroelectric hysteresis loop has been
further demonstrated to originate from strong internal long-
range electric elds that arise from compositional variations,
by using high quality cgFE thin lms.18 On the other hand,
a high dielectric response over a wide temperature range has
been reported for BaTiO3 cgFE thin lms with altered Ba-site
stoichiometry along the thickness.19–21 In these studies, the
interesting characteristic overlays the broad and at prole of
the dielectric constant versus temperature, i.e., there is an
absence of anomaly dielectric that is commonly observed in
homogeneous ferroelectrics. The temperature independent
dielectric constant originates from a strong smearing of the
paraelectric–ferroelectric phase transition of the entire hetero-
structure accompanied by a reduction of the global transition
temperature of the entire layer, with the highest Curie temper-
ature due to the internal (depolarizing) electric elds. More
recently, unexpected crystal and domain structures, and thereby
novel properties, have been observed in cgFE thin lms.22–24

These studies have demonstrated that large polarization
gradients and desirable temperature-stable susceptibilities can
be achieved through the control of composition and strain
gradients in ferroelectrics.23 More interestingly, strain gradients
in compositionally graded heterostructures made of PbZr(1�x)-
TixO3 can stabilize unusual needle-like ferroelastic domains
that terminate inside the lm.24 The stabilization of such
a needle-like domain structure in a cgFE originates from
complex interactions among the electrical and mechanical
elds, and rendering intuitive guesses about these systems
becomes quite difficult. Despite a signicant scientic interest
and an immense potential for applications, the structure–
property relationships in cgFE thin lms remain unclear since
the physical mechanisms behind the observed behaviors, which
arise from a plethora of intrinsic and extrinsic factors, have
been difficult to identify. In turn, this has limited the adoption
and utilization of cgFEs in advanced ferroelectric-based devices.

Theoretically, an attempt to understand the exotic properties
in cgFEs has been preliminarily made with the use of transverse
Ising models.25,26 Recent development in theoretical approach
based on principles of non-linear thermodynamics can shed
light on the polarization stabilities, phase transformation
characteristics and dielectric properties of cgFEs.27–29 These
theoretical studies provide an explanation as to why cgFEs
should have lower dielectric losses and lower leakage currents
compared to homogeneous ferroelectrics. In addition, role of
the exoelectric effect in the enhancement and stabilization of
polarization components in cgFEs has also been demonstrated
by using an extended thermodynamic theory.27,28,30 Although the
use of theoretical approaches can explain some experimental
observations, there still lacks a consideration of domain struc-
tures and their response to the mechanical and electric excita-
tions, despite of their crucial roles in determination of
macroscopic properties. This thus limits the use of theoretical
methods for cgFEs, particularly with complex domain struc-
tures. On the other hand, the domain structure in cgFEs can be
investigated using rst-principles calculations.14 However, the
heavy computational load imposes restrictions on the number
7576 | RSC Adv., 2019, 9, 7575–7586
of atoms and temperature in the simulation system that makes
it critically difficult for further investigation on the behavior of
polarization and domain structures in cgFEs under mechanical
and electric elds. To circumvent these difficulties and to
provide an effective approach for investigations on cgFEs,
a distinct strategy is essential. As a potential alternative, phase
eld modeling based on the Ginzburg–Landau theory has been
commonly used to study domain structures in ferroelectric
materials, and polarization switching under a static electric
eld and/or mechanical loading.31–37 Although the phase eld
model is, until now, only developed for homogeneous ferro-
electric systems, an integration of a non-linear thermodynamic
formalism based on Ginzburg–Landau theory for the cgFE
system into phase eld frameworks is quite promising.

In this work, a new phase eld model is developed for cgFE
thin lms made of PbZr(1�x)TixO3, which incorporates an
extended non-linear thermodynamic formalism based on the
Ginzburg–Landau theory. The developed phase eld model is
validated through an investigation on the formation of needle-
like a-domains that have recently been experimentally observed
in a cgFE PbZr0.8Ti0.2O3 (top) 5 PbZr0.2Ti0.8O3 (bottom) thin
lm.24 Based on the simulation results, the mechanism hidden
behind the formation of needle-like a-domains with curved
domain walls is unveiled. In addition, the ferroelastic and
ferroelectric switching of the needle-like domain in the cgFE
thin lm are also investigated. Furthermore, the underlying
mechanism for the voltage offset of the hysteresis loop that was
observed in experiment is explored and discussed.
2 Computational details
2.1 Phase eld model of cgFEs based on the Ginzburg–
Landau theory

Here, we carry out the groundwork for an extension of the
thermodynamic formalism for cgFEs based on the Ginzburg–
Landau theory. To study PbZr(1�x)TixO3 (PZT), we have utilized
a formalism expanded to the sixth order. The material param-
eters of cgFEs are functions of the mole fraction x of PbTiO3 in
PZT, e.g., a(x) ¼ f(x), where ax is any material parameter, such as
thermodynamic stiffness coefficients, elastic compliance or
stiffness, electrostrictive coefficients, and Curie temperature of
the constitutive materials. x¼ 0 corresponds to the pure PbZrO3

material and x¼ 1 corresponds to the pure PbTiO3 ferroelectric.
In the present study, the compositional materials are assumed
to linearly vary along the thickness of the thin lm; that is the x3
direction. Therefore, material parameters are also functions of
the coordinate along thickness, a(x)¼ f(x)¼ g(x3). The schematic
of the nite element model for the cgFE structure and the
change of material properties along the x3 direction are
provided in Fig. 1. A set of material parameters corresponding
to a particular mole fraction x are assigned to an element layer
depending on their coordinates in the x3 direction. The model,
thus, strongly depends on the mesh sizes. To provide a good
presentation for the cgFE model, small uniform meshing along
the material gradation direction are required. In this study,
uniform elements with the sizes of 0.4 nm in the thickness
This journal is © The Royal Society of Chemistry 2019
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Fig. 1 Sketch outlining the gradual variation of material properties
along the x3 coordinate as captured by the cgFE model.

Paper RSC Advances

O
pe

n 
A

cc
es

s 
A

rt
ic

le
. P

ub
lis

he
d 

on
 0

6 
M

ar
ch

 2
01

9.
 D

ow
nl

oa
de

d 
on

 3
/1

1/
20

26
 8

:3
2:

29
 A

M
. 

 T
hi

s 
ar

tic
le

 is
 li

ce
ns

ed
 u

nd
er

 a
 C

re
at

iv
e 

C
om

m
on

s 
A

ttr
ib

ut
io

n-
N

on
C

om
m

er
ci

al
 3

.0
 U

np
or

te
d 

L
ic

en
ce

.
View Article Online
direction, which is as small as the PbTiO3 lattice constant,38 are
employed.

The total free energy of the cgFE system, FFE, is essentially
the sum of the free energies of each element layer, and is
described as:

FFE ¼
Xm
n¼1

�ð
Vn

fFE
ðxÞdVn

�
; (1)

where Vn is the volume of the nth element layer, fFE
(x) is the total

free energy density of ferroelectric with the mole fraction x, and
m is the number of element layers to describe the gradation of
material constituents. fFE

(x) is described by:31–34,39

fFE
(x) ¼ fL

(x)(pi) + fG(pi,j) + fElas
(x)(3ij, pi)

+ fFlex(pi, 3ij) + fE
(x)(pi, Ei), (i, j ¼ 1, 2, 3) (2)

where the superscript (x) indicates that the functions are
dependent of the mole fraction x and spatially-dependent; pi is
a polarization vector; pi,j ¼ vpi/vxj denotes the derivative of the
ith component of the polarization vector pi, with respect to the
jth coordinate xj; 3ij and Ei denote the components of strain
and electric eld, respectively. fL

(x)(pi), fG(pi,j), fElas
(x)(3ij, pi),

fFlex(pi, 3ij), and fE
(x)(pi, Ei) are the Landau energy density, the

gradient energy density, the elastic energy density, the exo-
electric energy density, and the electrostatic energy density,
respectively.

The Landau energy density is expanded in terms of polari-
zation components up to the sixth order as:40–43

fL
ðxÞðpiÞ ¼ a1

ðxÞX
i

ðpiÞ2 þ a11
ðxÞX

i

ðpiÞ4 þ a12
ðxÞX

i. j

ðpiÞ2
�
pj
�2

þ a111
ðxÞX

i

ðpiÞ6 þ a112
ðxÞX

i. j

h
ðpiÞ4

�
pj
�2 þ �pj�4ðpiÞ2i

þ a123
ðxÞY

i

ðpiÞ2;

(3)

where a1
(x) is the dielectric stiffness, and a11

(x), a12
(x), a111

(x),
a112

(x), and a123
(x) are higher order dielectric stiffness constants.

The corresponding Landau coefficients are given by:43–45

a1
(x) ¼ (T � T0)/2k0C0,

a11
(x) ¼ (10.612 � 22.655x + 10.955x2) � 1013/C0,
This journal is © The Royal Society of Chemistry 2019
a12
(x) ¼ h1/3 � a11

x,

a111
(x) ¼ (12.026 � 17.296x + 9.179x2) � 1013/C0,

a112
(x) ¼ (4.2904 � 3.3754x + 58.804e�29.397x) � 1014/C0,

a123
(x) ¼ h2 � 3a111

(x) � 6a112
(x)

where T and T0 denote the temperature and the Curie–Weiss
temperature, respectively, C0 denotes the Curie constant and k0

is the dielectric constant of a vacuum, which are given as:43–45

k0 ¼ 8.85 � 10�12,

h1 ¼ [2.6213 + 0.42743x � (9.6 + 0.012501x) � e�12.6x] � 1014/C0,

h2 ¼ [0.887 � 0.76973x

+ (16.255 � 0.088651x) � e�21.255x] � 1015/C0,

T0 ¼ 462.63 + 843.4x � 2105.5x2 + 4041.8x3

� 3828.3x4 + 1337.8x5,

C0 ¼
 

2:1716

1þ 500:05ðx� 0:5Þ2 þ 0:131xþ 2:01

!
� 105;

when 0.0 # x # 0.5,

C0 ¼
 

2:8339

1þ 126:56ðx� 0:5Þ2 þ 1:4132

!
� 105;

when 0.5 # x # 1.0.

The gradient energy density for ferroelectric materials
represents the domain wall energy density that gives the energy
penalty for the spatially inhomogeneous polarization. The
gradient energy density is described by:46

fG(pi,j) ¼ Gijklpi,jpk,l, (k, l ¼ 1, 2, 3) (4)

where Gijkl are the gradient energy coefficients. In the present
study, the gradient coefficients are assumed to be independent of
the mole fraction x, and equal to the values for PbTiO3.35,39 The
elastic energy density induced bymechanical strain is given by:31,43

fElas
ðxÞ�

3ij
� ¼ 1

2
cijkl

ðxÞ�3ij � 30ij
��
3kl � 30kl

�
; (5)

where cijkl
(x) are the elastic coefficients and 30ij ¼ Qijkl

(x)pkpl is
spontaneous strain or eigenstrain and Qijkl

(x) is the electro-
strictive coefficient tensor. The elastic constants for a number of
compositions are adopted from a previous study,47 and are given
in Table 1. Note that, as the elastic coefficients slightly change
with the change of mole fraction x, the elastic coefficients of
RSC Adv., 2019, 9, 7575–7586 | 7577
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Table 1 Elastic coefficients of PbZr(1�x)TixO3 for a number of
compositions

Ti content x 0.4 0.5 0.6 0.7 0.8 0.9 1.0
c11 (10

11 N m�2) 1.681 1.545 1.696 1.712 1.728 1.704 1.746
c12 (10

11 N m�2) 0.826 0.840 0.819 0.811 0.802 0.760 0.7937
c44 (10

11 N m�2) 0.406 0.348 0.472 0.571 0.694 0.833 1.111
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material with 0.2 # x # 0.4 adopt the values for x ¼ 0.4. For
cubic symmetry, electrostrictive coefficients are given as:43,45

Q11
ðxÞ ¼ 0:029578

1þ 200ðx� 0:5Þ2 þ 0:042796xþ 0:045624;

Q12
ðxÞ ¼ 0:026568

1þ 200ðx� 0:5Þ2 þ 0:012093xþ 0:013386;

Q44
ðxÞ ¼ 1

2

 
0:025325

1þ 200ðx� 0:5Þ2 þ 0:020857xþ 0:046147

!
:

Flexoelectricity, the electromechanical coupling between the
polarization and strain gradient (direct effect) or mechanical
stress and electric eld gradient (converse effect), is a property
of all insulators.48 The exoelectric coupling energy density is
expressed as:48–51

fFlexðpi; 3klÞ ¼ 1

2
fijkl
�
pi;j3kl � pk3ij;l

�
; (6)

where 3ij,l ¼ v3ij/vxl and fijkl are components of the exocoupling
tensor. The electrostatic energy density, which is obtained
through Legendre transformation, is expressed as:31,52

fE
ðxÞðpi;EiÞ ¼ �1

2
kcEi

2 � Eipi; (7)

where kc is the dielectric constant of the background
material.

The temporal evolution of the polarization eld towards its
thermodynamic equilibrium state is described by the time-
dependent Ginzburg–Landau (TDGL) equation:

vpiðr; tÞ
vt

¼ �L
Xm
n¼1

d
�ð

Vn

fFE
ðxÞdVn

�
dpiðr; tÞ ; (8)

where L is a kinetic coefficient, r ¼ (x1, x2, x3) is the spatial
vector, and t denotes evolution time.

On the basis of Mindlin’s strain gradient theory53 the
mechanical equilibrium equation accounting for contributions
of strain gradients is described as:

v

vxi

 
vfFE

ðxÞ

v3ij

!
þ bk ¼ 0; (9)

where bk are the components of a body force per unit volume.
The equilibrium of the electric eld is governed by Maxwell’s (or
Gauss’) equation as:
7578 | RSC Adv., 2019, 9, 7575–7586
v

vxi

 
� vfFE

ðxÞ

vEi

!
� z ¼ 0; (10)

where z is the volume charge density.
To solve the equilibrium equations, a numerical algorithm

based on the nite element method (FEM) is employed in the
present study. Using the variation or principle of virtual work,
the weak form of the governing eqn (8)–(10) is expressed as:

Xm
n¼1

(ð
Vn

"
vfFE

ðxÞ

v3ij
d3ij þ vfFE

ðxÞ

vEi

dEi þ 1

L

vpi

vt
dpi þ vfFE

ðxÞ

vpi;j
dpi;j

þ vfFE
ðxÞ

vpi
dpi þ vfFE

ðxÞ

vpi;j
d3ij � vfFE

ðxÞ

v3ij;l
dpk

#
dVn

)

¼
Xm
n¼1

(ð
An

"
tidui � udfþ

 
vfFE

ðxÞ

vpi;j
xj

!
dpi

#
dAn

#)
; (11)

where ui is displacement; ti and u are the surface traction and the
surface charge, respectively; f is electrical potential; (vfFE

(x)/vpi,j)xj
denotes the surface gradient ux; and zj is the component of the
normal unit vector of the surface. For the space discretization we
use hexahedral elements, of which each node is assigned with
seven degrees of freedom, including three polarization compo-
nents, one electrical potential variable, and three displacement
components. In comparison with the phase eld model that uses
the Fourier spectral iterative perturbation algorithm,32,54 the phase
eldmodel based on the nite element algorithm does not require
uniform hexahedral (3D) and quadrilateral (2D) meshes and
periodic boundary conditions for numerical implementation.55

The present phase eld model is able to simulate ferroelectrics
with arbitrary boundary conditions and geometrical shapes.
Therefore, the phase eld model with an FEM-based algorithm is
suitable and effective for the study of domain evolution in cgFEs.

In general, the nite element stiffness equations can be
written as:

Ke � de ¼ Fe (12)

where, de ¼ (ue, fe, pe) are the degrees of freedom of an element
in the cgFE system, Ke is the tangent matrix, and Fe denotes the
load vector. The tangent matrix Ke has a block structure and can
be described as:

Ke ¼

2
64

Ke
uu 0 �Ke

up � Ke
fp � Ke

flp

0 �Ke
ff Ke

fp

�Ke
pu � Ke

fu � Ke
flu Ke

pf Ke
pp þ K 0e

pp

3
775 (13)

where,

�
Ke

uu

	 ¼ ð
Ue

½Bu�T ½cðx3Þ�½Bu�dUe;
h
Ke

up

i
¼
ð
Ue

½Bu�T ½Qðx3Þ�
�
Np

	
dUe;

h
Ke

pu

i
¼
ð
Ue

�
Np

	T�
Q

0ðx3Þ
	½Bu�dUe;

h
Ke

ff

i

¼
ð
Ue

½Bf�T ½kcðx3Þ�½Bf�dUe;
This journal is © The Royal Society of Chemistry 2019
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h
Ke

fp

i
¼
ð
Ue

½Bf�T
�
Np

	
dUe;

h
Ke

pf

i
¼
ð
Ue

�
Np

	T ½Bf�dUe;

h
Ke

pp

i
¼
ð
Ue

�
Bp

	T ½G��Bp

	
dUe;

h
K 0e

pp

i
¼
ð
Ue

�
Np

	T ½aðx3Þ�
�
Np

	
dUe;

h
Ke

fp

i
¼
ð
Ue

½Bu�T ½F �
�
Bp

	
dUe;

h
K 0e

flp

i
¼
ð
Ue

½Bn�T ½FL�
�
Np

	
dUe;

h
Ke

fu

i
¼
ð
Ue

�
Bp

	T�
F

0	½Bu�dUe;
h
K 0e

flp

i
¼
ð
Ue

�
Np

	T�
FL

0	½Bn�dUe;

here, Ue is the volume of an element. In the present work, the
matrices [c(x3)], [Q(x3)], [Q0(x3)], [kc(x3)], and [a(x3)] are functions
of spatial coordinates along the x3 direction, which are distin-
guished from the previous phase eld model for homogeneous
ferroelectrics where all the functions are independent of the
coordinates. Details of these matrices are provided below, while
details of the remaining matrices are provided in previous
studies.56,57 Therefore, tangent matrix Ke can be described for
the spatial variation of material in cgFE systems.

½cðx3Þ� ¼

2
66666664

c11
ðxÞ c12

ðxÞ c12
ðxÞ 0 0 0

c12
ðxÞ c22

ðxÞ c12
ðxÞ 0 0 0

c12
ðxÞ c12

ðxÞ c33
ðxÞ 0 0 0

0 0 0 c44
ðxÞ 0 0

0 0 0 0 c44
ðxÞ 0

0 0 0 0 0 c44
ðxÞ

3
77777775

(14)

½Qðx3Þ� ¼

q11
ðxÞp1 q12

ðxÞp2 q12
ðxÞp3

q12
ðxÞp1 q11

ðxÞp2 q12
ðxÞp3

q12
ðxÞp1 q12

ðxÞp2 q11
ðxÞp3

0 q44
ðxÞp3 0

q44
ðxÞp3 0 0

q44
ðxÞp2 0 0

3
77777777775

2
66666666664

(15)

where,

q11
(x) ¼ c11

(x)Q11
(x) + 2c12

(x)Q12
(x),

q12
(x) ¼ c11

(x)Q12
(x) + c12

(x)(Q11
(x) + Q12

(x)),

q44
(x) ¼ c44

(x)Q44
(x).

�
Q

0ðx3Þ
	 ¼2

664
2q11

ðxÞp1 2q12
ðxÞp1 2q12

ðxÞp1 0 q44
ðxÞp3 q44

ðxÞp2
2q12

ðxÞp2 2q11
ðxÞp2 2q12

ðxÞp2 q44
ðxÞp3 0 q44

ðxÞp1
2q12

ðxÞp3 2q12
ðxÞp3 2q11

ðxÞp3 q44
ðxÞp2 q44

ðxÞp2 0

3
775
(16)
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½k0ðx3Þ� ¼
2
4 kc

ðxÞ 0 0

0 kc
ðxÞ 0

0 0 kc
ðxÞ

3
5 (17)

½aðx3Þ� ¼

2
64AA11

ðxÞ 0 0

0 AA22
ðxÞ 0

0 0 AA33
ðxÞ

3
75 (18)

where,

AA11
(x) ¼ 2a1

(x) + 4a11
(x)p12 + 2a12

(x)(p22 + p32) + 6a111
(x)p14

+ a112
(x)[4p12(p22 + p32) + 2(p24 + p34)] + 2a123

(x)p22p32,

AA22
(x) ¼ 2a1

(x) + 4a11
(x)p22 + 2a12

(x)(p12 + p32) + 6a111
(x)p24

+ a112
(x)[4p22(p12 + p32) + 2(p14 + p34)] + 2a123

(x)p12p32,

AA33
(x) ¼ 2a1

(x) + 4a11
(x)p32 + 2a12

(x)(p12 + p22) + 6a111
(x)p34

+ a112
(x)[4p32(p12 + p22) + 2(p14 + p24)] + 2a123

(x)p12p22.

Note that in the present study the thermodynamic formalism
and the material coefficients of PbZr(1�x)TixO3measured by M.J.
Haun et al.41,44,45,58,59 are adopted into the phase eld model for
the cgFE thin lm. Such thermodynamic formalism and mate-
rial coefficients of PbZr(1�x)TixO3 have been widely used in
phase eld simulations and have yielded highly consistent
results to experiment data.60,61 The thermodynamic formalism
and the material coefficients of PbZr(1�x)TixO3 measured by M.
J. Haun et al. are reliable and can be used to provide physical
meanings for experimental observations. Therefore, it is
reasonable to further employ the thermodynamic formalism
and the material coefficients of PbZr(1�x)TixO3 in the phase eld
model of cgFEs, in order to reproduce the experimental data
with support of the proper physics.
2.2 Simulation model and procedure

According to the previous experimental study,24 here we
consider 100 nm-thick, linear compositionally graded PbZr0.8-
Ti0.2O3 (top) 5 PbZr0.2Ti0.8O3 (bottom) heterostructures. The
simulation model is constructed with dimensions of 100 � 10
� 100 nm. We introduce a Cartesian coordinate system with the
x1x2 plane coincident with the thin lm plane and the x3
direction along the thin lm thickness. The mechanical
boundary condition on the bottom surface is: the node at the
center is xed and other nodes can only move in the x1 � x2
plane, such that the substrate strain can be relaxed by the
applied eld. Periodic boundary conditions are applied along
the x1 and x2 axes. The spatial mesh of the simulation model is
composed of 2.5 � 105 hexahedral elements. The thin lm
consists of a linear cgFE with the [100], [010], and [001] crys-
tallographic orientations along the x1, x2, and x3 directions,
respectively.

The thermodynamic equilibrium of the polarization eld in
the cgFE thin lm without external elds is obtained by starting
from an initial paraelectric state with small random perturba-
tions. The evolution of the polarization eld is numerically
simulated by iteratively solving the TDGL equation. A backward
RSC Adv., 2019, 9, 7575–7586 | 7579
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Euler scheme and Newton iterationmethod are used in the FEM
algorithm for the time integration and nonlinear iteration,
respectively. The polarization conguration is stably formed
when an insignicant change in polarization is observed.

The electrical potential at the top and bottom surfaces is
rstly set to zero to allow the lm to reach equilibrium. Aer
equilibrium is reached, electrical switching is simulated by
altering the electrical potential at the top surface of the thin lm
with a time-dependent sinusoidal electric eld as E ¼ Emax-
sin(2p), where Emax and f are the amplitude and frequency of
the applied eld, respectively. The amplitude is set to be suffi-
ciently high to ensure that saturation of the polarization
switching could be reached. At each applied electric eld, the
simulated ferroelectric lm is allowed to evolve one step with
a simulation time step of Dt* ¼ 0.01. For computational
convenience, the used material parameters are normalized, as
given in the previous study.35
3 Results and discussion
3.1 Formation of a polarization domain structure in the
cgFE thin lm

Typical snapshots of temporal polarization distributions in the
cgFE thin lm at different normalized evolution time are illus-
trated in Fig. 2. At the beginning of the polarization evolution,
a random distribution of polarization is assigned as an initial
state (Fig. 2a). Then, polarizations in some local regions grad-
ually align each other to form local rectilinear domains (Fig. 2b),
Fig. 2 Formation of the domain structure in the cgFE PbZr0.8Ti0.2O3 (to
zation distributions at different evolution times: (a) t* ¼ 0.0, (b) t* ¼ 2.0

7580 | RSC Adv., 2019, 9, 7575–7586
which energetically favour four crystallographic orientations in
the x1x3 plane. The formed domains mutually compete, in
which some domains expand their sizes while the others shrink
and then disappear, i.e., coarsening domain process (Fig. 2c).
Specically, at t* ¼ 6.0, the c-domains cover a large portion of
the domain structure in the cgFE thin lm, while the a-domains
become small and mostly cluster near the bottom surface
(Fig. 2c). The c-domain continually expands during the evolu-
tion, while the a-domains merge into a single domain, then
shrink (Fig. 2d). At the end of evolution, the cgFE thin lm
exhibits a c/a/c/a-like domain structure with an exclusively
needle-like a-domain that terminates in the middle of the lm.
The system then achieves the equilibrium state. The averaged
width of the needle-like domain at the stable state is as small as
10 nm. Compared with the recent experimental report,24 the
needle-like domain structure obtained from our developed
phase eld model achieves highly consistent characteristics,
which clearly demonstrates the reliability of the proposed
approach.

In homogeneous ferroelectric thin lms, a-domains gener-
ally cross through the thickness of the lm and form nearly
charge-neutral 90� domain walls to achieve the most stable
domain conguration in a tetragonal ferroelectric structure.57,62

On the other hand, a-domains that do not extend through the
thickness are also observed in real samples,63 where defects
such as dislocations likely stabilize the partial a-domains.64–66 In
such systems, the a-domains adopt a needle-like shape with
straight domain walls and tapered needle point.63 However, the
p) 5 PbZr0.2Ti0.8O3 (bottom) thin film. Snapshots of temporal polari-
, (c) t* ¼ 6.0, (d) t* ¼ 10.0, (e) t* ¼ 15.0, and (f) t* ¼ 20.0.

This journal is © The Royal Society of Chemistry 2019
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polarization map in Fig. 2f indicates that the domain walls are
no longer abrupt but curved, particularly near the needle tip.
Such curved domain walls are also clearly observed in experi-
ment.24 This suggests a distinguished characteristic of the
partial a-domain in the cgFE thin lm.

To provide a comprehensive viewpoint on the formation of
the needle-like domain and curved domain walls in correlation
with the variation of material compositions, we further inves-
tigate the distribution of energy densities in the cgFE thin lm.
Because of the compositional variation, the material properties
are spatially dependent in the thickness direction. This bring
about the spatial dependence of the polarization magnitude
along the thickness, as shown in Fig. S1 in the ESI.† Since both
material coefficients and polarization magnitude are dependent
of the coordinate in the thickness direction, these signicantly
effect the distribution of energy densities, particularly the
elastic energy density due to polarization-induced strain and
the electrostatic energy density due to the internal depolariza-
tion eld. The distribution of elastic energy density is presented
in Fig. 3a. The elastic energy density is large at the a/c domain
walls and in the a-domain. In particular, the elastic energy
Fig. 3 (a) Elastic energy landscape. (b) Dependence of the electrostricti
field landscape. (d) Distribution of depolarization field along the x1 dire
achieves maximum and minimum values, respectively.

This journal is © The Royal Society of Chemistry 2019
density highly concentrates at the middle of the cgFE thin lm.
This is because the electrostrictive coefficient (Q11 + Q12) ach-
ieves a highest value at the middle of the cgFE PbZr0.8Ti0.2O3 5

PbZr0.2Ti0.8O3 thin lm, where the Ti content x is 0.5 in the
PbZr(1�x)TixO3 ferroelectric, as shown in Fig. 3b. Such a high
concentration of elastic energy further enhances interaction
between mechanical and electric elds through the electro-
strictive coupling. Since the interaction between mechanical
and electric elds is inhomogeneous and particularly high at
the middle of the cgFE thin lm, the domain wall near the
needle-tip departs from the regular a/c domain wall, and
thereby, is curved. On the other hand, the inhomogeneous
distribution in elastic energy brings about an inhomogeneous
distribution in depolarization eld through the non-linear
electromechanical coupling. As shown in Fig. 3c, the depolar-
ization eld in the x1 direction achieves the highest and lowest
elds also near the departed domain wall. Interestingly, the
highest and lowest values of the depolarization eld are at
different altitudes from the bottom surface, which originates
from the departed domain wall near the needle-tip, as clearly
illustrated in Fig. 3d. The high magnitude of the depolarization
ve coefficient on the content of Ti in PbZr(1�x)TixO3. (c) Depolarization
ction at x3 ¼ 50 nm and x3 ¼ 60 nm, where the depolarization field

RSC Adv., 2019, 9, 7575–7586 | 7581
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eld, in turn, causes a shrinkage in the size of the a-domain at
the middle of the cgFE thin lm and a termination of the a-
domain within the lm. Therefore, the high concentration of
elastic energy at the middle of the thin lm gives rise to
a deection of the domain wall from the regular a/c domain wall
in the cgFE, while the high concentration of depolarization led
shrinks the a-domain near the needle-tip and terminates the a-
domain within the cgFE thin lm. These originate from the
material variation along the thickness of cgFE thin lm that
brings about a domain structure distinguished from that in
homogeneous ferroelectric thin lms.

3.2 Ferroelastic switching of domain structure in the cgFE
thin lm under electric/mechanical elds

Because of the termination of polarization head-to-tail
arrangement, the needle-tip of the a-domain is charged and
relatively high in energy, as discussed above. This conguration
makes the partial a-domain effectively switchable. To investi-
gate behaviours of the needle-like domain, a small homoge-
neous electric eld is applied along the thickness direction. As
a negative electric eld is imposed to the cgFE thin lm, the
upward polar vectors in the c-domain are unfavourable to the
applied eld. The polar vectors at the needle-tip, where the
barrier to polarization rotation is lowest, start to rotate 90� to
coincide with the orientation of polar vectors in the a-domain.
The switching of polarization under a negative electric eld thus
simultaneously enlarges and elongates the a-domain, as shown
in Fig. 4b. At E ¼ �150 kV cm�1, the needle-tip reaches the top
surface of the cgFE thin lm, and the domain structure achieves
a stripe pattern, where all polarization vectors are in the head-
to-tail arrangement, as presented in Fig. 4c. In contrast to the
stripe domain structure with straight domain walls in homo-
geneous ferroelectric thin lms, the domain conguration in
the cgFE thin lm is composed of curved domain walls. On the
other hand, as a positive electric eld is applied to the cgFE thin
lm along the thickness direction, the partial a-domain
becomes shorter as the polar vectors rotate 90� to coincide with
the electric eld. The switching also begins from the needle-tip.
Fig. 4 Partial ferroelastic domain switching by electric fields: (a) E ¼
0.0 (kV cm�1), (b) E ¼ �100 (kV cm�1), (c) E ¼ �150 (kV cm�1), (d) E ¼
350 (kV cm�1) and (e) E ¼ 500 (kV cm�1).

7582 | RSC Adv., 2019, 9, 7575–7586
With an increasing electric eld, the partial a-domain gradually
shrinks along the long axis (Fig. 4d). However, the partial a-
domain still remains, even up to 500 kV cm�1 (Fig. 4e). The
needle-like domain, therefore, can be seen to be ferroelastic
switchable between several metastable states under an electric
eld, including partial domains, stripe domains, or nearly
single c-domain.

We then investigate the response of the needle-like domain
subjected to a mechanical strain along the thickness direction,
as shown in Fig. 5. Under compression, the upward polar
vectors in the c-domain are unfavourable. The polar vectors at
the needle-tip start to rotate 90� to coincide with the orientation
of polar vectors in the a-domain. The ferroelastic switching
under compression enlarges the a-domain, as shown in Fig. 5b.
At 333 ¼ �2.2%, the needle-tip reaches the top surface of the
cgFE thin lm, and the domain structure achieves a stripe
pattern, as presented in Fig. 5c. Similar to the case with the
negative electric eld, the stripe domain conguration in the
cgFE thin lm under compression is composed of curved
domain walls. In contrast, under tension, the partial a-domain
becomes shorter as the polar vectors rotate 90� to coincide with
the applied strain direction. Ferroelastic switching also initiates
from the needle tip. With increasing tension, the partial a-
domain gradually shrinks along the long axis (Fig. 5d and e).
The needle-like domain, thus, can also be switchable between
several metastable states under a mechanical eld.

3.3 Ferroelectric switching of domain structure in the cgFE
thin lm: a role of exoelectricity

To explore how the variation in partial a-domain inuences the
material and domain wall responses, we consider the ferro-
electric switching of the cgFE thin lm under a time-dependent
sinusoidal electric eld as E ¼ Emax sin(2p). The electric eld
is imposed along the thickness direction of the cgFE thin lm.
From preliminary simulation, the amplitude of the applied
eld, Emax, is selected equal to 350 kV cm�1 to guarantee for the
ferroelectric switching, and the loading frequency is about 0.1
kHz. Note that the macroscopic hysteresis loop of the cgFE thin
Fig. 5 Partial ferroelastic domain switching by mechanical fields: (a)
333 ¼ 0.0, (b) 333 ¼�0.004, (c) 333 ¼�0.022, (d) 333 ¼ 0.01 and (e) 333 ¼
0.03.

This journal is © The Royal Society of Chemistry 2019
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Fig. 6 Electrical hysteresis loops for: f11 ¼ 0 V, 7.58 V, 10.46 V, and
11.77 V under E ¼ 350 sin(2pft) (kV cm�1).
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lm observed in experiment is voltage asymmetric, implying
that there is preference for the up- or down-poled states.
Previous studies have suggested that the primary energy
responsible for the asymmetry is electrostatic energy, however,
the underlying mechanism for the asymmetry is still unknown.
Since the cgFE thin lm intrinsically possesses a steep gradient
in polarization and strain magnitudes23 (see Fig. S1 in the ESI†),
we anticipate that the voltage offset or built-in potential results
from the presence of the strain and polarization gradient
through the exoelectric effects. To make this point clear, we
investigate the inuence of the exoelectric effect on the
ferroelectric switching in the cgFE thin lm.

We rst investigate the inuence of f11 and f44 on the
polarization response of the cgFE thin lm under external
electric loading. Two exocoupling types (f11 s 0, f12 ¼ 0, f44 ¼
0) and (f11¼ 0, f12¼ 0, f44s 0) are separately investigated for the
effects of f11 and f44, respectively. The values of f11 and f44 to be
considered here vary from 0 V to 11.77 V.67 The hysteresis loops
obtained from different f11 and f44 are presented in Fig. 6a and
b, respectively. The macroscopic hysteresis loop exhibits a rect-
angular-like shape in the absence of the exoelectric effect (f11¼
f12 ¼ f44 ¼ 0), in which the coercive electric eld is of about 200
kV cm�1. However, the hysteresis loop slightly shis towards
the positive side of the electric eld with the increase in f11 and
f44 values, even at a value as large as 11.77 V. This demonstrates
that both the f11 and f44 coefficients slightly affect the ferro-
electric switching in the cgFE thin lm.

In a similar manner, we continue to investigate the inuence
of the f12 coefficient on the polarization response of the cgFE
thin lm under an external electric loading. In this consider-
ation, f11 and f44 are set to be zero, while f12 is considered in
a range from 0 V to 10.46 V.67 The hysteresis loop gradually
shis towards the positive side of the electric eld as the value
of f12 increases from 0 to 7.85 V. The shi becomes signicant
when f12 is about 10.46 V. Such a voltage offset in the hysteresis
loop clearly demonstrates the effect of exoelectricity on the
ferroelectric switching in the cgFE thin lm, and is consistent
with the observation in the previous experiment.24 On the other
hand, the exoelectric coefficient f12 in the homogeneous PZT is
evaluated up to 25 V,48,68 while that in the pure PbTiO3 is about
5 V.48,69 Since exoelectricity is proportional to permittivity,70–73

the high value of f12 of about 10/12 V for the PbZr0.8Ti0.2O3 5

PbZr0.2Ti0.8O3 thin lm, which is roughly as large as the aver-
aged value of the pure PbTiO3 and PZT, is reasonably used in the
present study. We further plot in Fig. 7b the dependent prole
of the voltage offset, which is characterized by the difference
between the coercive electric elds in the positive (EPC) and
negative (ENC) electric sides of the hysteresis loop, e.g., DE ¼ |EPC|
� |ENC|, on the exoelectric coefficient f12. As f12 is small (f12 # 6
V), DE slightly increases with a rise in f12. However, DE increases
signicantly as f12 further increases. This, on the other hand,
veries the unusual and complex evolution of built-in potential
in cgFE thin lms reported in the previous study.18

On the other hand, to clarify the behaviour of polarization
vectors during the switching in the presence of exoelectricity,
typical snapshots of polarization domain structures are pre-
sented in Fig. 7c that correspond to points A1–A6 in Fig. 7a for
This journal is © The Royal Society of Chemistry 2019
the case of (f12 ¼ 10.46 V, f11 ¼ f44 ¼ 0). At the beginning of the
switching (point A1), the polarizations change their orientations
at a small local area near the curved domain wall. Such a local
change in polarization eld originates from an inhomogeneous
distribution of electrostatic energy along the curved domain
walls. The local change in polarization eld interestingly brings
about the formation of a local vortex–antivortex pair74,75 within
the a/c/a/c-domain structures. As time passes, the vortex and
antivortex increase in size, while the vortex and antivortex cores
repel each other, as shown at point A2. At point A3, there are
several vortex–antivortex pairs formed in the domain structure
at the original domain walls. The stripe domain structure is
thus almost faded away, and the domain structure with
multiple vortices and antivortices emerges. Note that the
polarization domains with polarization vector along the electric
eld are also formed with the formation of vortex and
RSC Adv., 2019, 9, 7575–7586 | 7583
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Fig. 7 (a) Electrical hysteresis loops for: f12 ¼ 0 V, 5.23 V, 7.58 V, and 10.46 V under E ¼ 350 sin(2pft) (kV cm�1). (b) The dependence of voltage
offset on the flexoelectric coefficient f12. (c) Snapshots of the polarization structures during the temporal evolution of polarization switching
under the coercive electric field, from A1 to A6 for the case of f12 ¼ 10.46 V.
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antivortex. Such domains gradually increase in size during the
evolution (point A4), then cover a large portion of domain
structures (point A5). Simultaneously, vortices and antivortices
are forced to shrink. Continuous distortions of polarization can
7584 | RSC Adv., 2019, 9, 7575–7586
bring vortices and antivortices together and cause them to
annihilate. At the end of evolution, new needle-like domains
emerge, and the polarization orientation of the c-domain is
switched towards the direction of the applied electric eld, as
This journal is © The Royal Society of Chemistry 2019
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shown by point A6. It is noted that a reversed switching
phenomenon can occur in a similar manner when the electric
eld is applied in the opposite direction, yet at a larger coercive
eld.

To provide a comprehensive viewpoint on the characteristic
of polarization switching in the cgFE thin lm, we further
investigate the switching in a homogeneous PbTiO3 ferroelec-
tric thin lm with the same dimensions and simulation set-ups.
The obtained results are provided in Fig. S2 within the ESI.† A
careful consideration of polarization evolution during the
switching suggests that there is no vortex or antivortex formed
during the switching since the switching initiates homoge-
neously from the 90� straight domain walls. At the end of the
switching, reversed stripe domains with straight domain walls
are obtained. Details of the polarization stripe domain switch-
ing are also provided in a previous study.57 Therefore, in the
cgFE thin lm, the polarization switching process exhibits
vastly different responses in comparison to that in the homo-
geneous ferroelectric thin lm. The local switching initiation
and the formation and annihilation of vortex–antivortex pairs
are unusual phenomena that characterize the ferroelectric
switching in the cgFE thin lm.

4 Conclusion

In the present study, a new phase eld model is developed for
cgFE thin lms made of PbZr(1�x)TixO3 based on the Ginzburg–
Landau theory. The developed approach is validated by
comparing the simulation results with several key phenomena
occurring in cgFE thin lms that are observed from experiment,
such as the formation of needle-like domains with curved
domain walls and the voltage offset of the hysteresis loop. We
demonstrate that the high concentration of elastic energy near
the needle-tip of the a-domain gives rise to a deection of the
domain wall from the regular a/c domain wall in the cgFE thin
lm, while the high concentration of the depolarization eld
shrinks the a-domain near the needle-tip and terminates the
domain within the thin lm. As a result, such a high concen-
tration of elastic energy and depolarization eld facilitates the
stabilization of needle-like domains with curved domain walls
in the cgFE thin lm. The needle-like domain can be extended
upwards to the surface of the lm through ferroelastic switch-
ing under the application of electric eld or compression at the
surface of the lm. Our results also show that the ferroelastic
switching initiates at the high-energy point of the needle, where
the polarization rotation is initiated. Furthermore, exoelec-
tricity is proven to play an important role in the voltage offset of
the hysteresis loop. On the other hand, the ferroelectric
switching process in the cgFE thin lm exhibits vastly different
responses in comparison to that in homogeneous ferroelectric
thin lms, including local switching initiation, and the forma-
tion and annihilation of vortex–antivortex pairs during the
switching. The present study, therefore, provides an incisive
approach for an increasingly important class of materials
formed by cgFEs, which may bring new understanding and
unique insights of these complex cgFE materials, as well as
novel potential applications.
This journal is © The Royal Society of Chemistry 2019
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