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d refrigeration and energy
harvesting using piezoelectric materials: a finite
element study

Anuruddh Kumar, Rajeev Kumar, Satish Chandra Jain and Rahul Vaish *

In this study, the bi-functional performance of a small-scale piezoelectric cantilever, which coupled

piezoelectric and elastocaloric phenomena in a single device to produce energy harvesting as well as

refrigeration effects due to vibration, has been investigated. Finite element modeling has been used to

examine the performance of the device. The basic structure of the device is a cantilever that vibrates

between two thermal bodies (hot and cold). The properties of BaTiO3 (single crystal) were used to

examine the bi-functional performance of piezoelectric cantilevers. In this study, different cases have

been investigated, which are based on a number of cantilevers between hot and cold thermal bodies.

When the number of cantilevers is one, the net cooling is 0.3 K and the power is 0.03 mW, while for four

cantilevers, the net cooling is 1.2 K and 0.13 mW of power is produced. The results show that as we

increase the number of cantilevers, a greater refrigeration effect is produced and higher power across

the electrical load is achieved.
Introduction

Piezoelectric materials are known for their sensing and actuation
applications. These materials have also shown promising results
in other emerging elds, such as photovoltaics and photo-
catalysis.1–4 In the last decade, the piezoelectric effect has also
been well explored for energy harvesting applications.5–10 Large
numbers of devices have been proposed theoretically and a few
prototypes have also been fabricated on the laboratory scale.11–14

These devices have shown interesting performance properties
from the microscale to the macroscale. Among those reported in
the literature, the simplest design that has been widely studied is
cantilever-based energy harvesting. Another emerging area is
solid state refrigeration, where the electrocaloric effect associated
with ferroelectric materials has been extensively investigated in
the last couple of years.15–17 Almost the whole family of ferro-
electric materials has been investigated from an electrocaloric
viewpoint. Some devices have been proposed from regenerator
and refrigeration application viewpoints.17,18 Recently, another
caloric effect based on mechanical force input, known as the
mechanocaloric effect, has been demonstrated in this class of
materials.15,19,20 The elastocaloric effect has been widely reported
in shape memory alloys and a few polymers where the cooling
magnitude and coefficient of performance were found to be
superior to the electrocaloric effect in ferroelectric materials.21,22

Interestingly, the elastocaloric effect has also been observed in
ferroelectric materials.23 In this context, devices based on the
Technology Mandi, Himachal Pradesh,

n; Tel: +91-1905-267153
elastocaloric effect associated with ferroelectricity have not
proposed so far. In this article, we have attempted a nite
element-based theoretical study on a cantilever type refrigeration
system where the input mechanical vibrations are able to vibrate
a cantilever and stresses generated in the cantilever are able to
induce a cooling effect. Continuous vibrations are also able to act
as a thermal switch for heat transfer from a lower temperature
body to a sink. Interestingly, this cantilever is also able to
produce electricity due to the piezoelectric effect. Hence, we
compiled results regarding the bifunctional performance of
piezo-cantilevers in view of vibrational energy harvesting as well
as refrigeration effects for small scale devices. To the best of our
knowledge, no such study has been proposed so far.
Materials and methods

Ferroelectrics are promising materials for solid-sate cooling
refrigeration technology. These materials show signicantly
entropy change when an external eld (stress, pressure or
electrical) is applied, due to changes in polarization. Yang Liu
et al.24 have shown that BaTiO3 has huge elastocaloric strength
(|DT|/Ds), as this material shows a sharp rst-order phase
transition. Fig. 1 shows the elastocaloric behavior of BaTiO3,
demonstrating the change in temperature upon applying stress
at ambient temperatures from 390–405 K. These results are
adopted from the literature.24 It is key to note that the elasto-
caloric effect may be poling/load direction dependent, which
has not been explored by any researchers so far. Hence, we have
ignored this dependency with regards to the performance of the
proposed devices. The objective of the present work is to
This journal is © The Royal Society of Chemistry 2019
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Fig. 1 The temperature change (DT) under various stress values for
BaTiO3 at 390–405 K.24
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demonstrate the feasibility of vibration induced refrigeration
and energy harvesting, which has not been reported so far. As
the stress increases, the change in temperature (DT) increases.
However, there is limit to the applied stress, which depends on
the application. The same material, BaTiO3, also shows piezo-
electric behavior, which has been reported by several research
groups.25–28 The material properties of single crystal BaTiO3

have been collected from the literature.25 BaTiO3 can be
a promising ferroelectric for harvesting energy along with
demonstrating refrigeration effects. However, it is not
straightforward to obtain both elastocaloric and piezoelectric
effects simultaneously in device form. This requires proper
design through considering the geometrical parameters. Fig. 2
shows a schematic diagram of the working principle of the
device. For this study, a cantilever structure has been chosen as
this has a greater advantage if the input energy is vibrational
with a smaller amplitude.29 This cantilever is made of platinum
with a BaTiO3. Platinum has been considered as a material due
Fig. 2 A schematic diagram of the piezoelectric and elastocaloric effec

This journal is © The Royal Society of Chemistry 2019
to its superior mechanical properties, which help to induce
larger stress at a low amplitude of vibration. The purpose of the
host structure is to shi the natural axis of the patch so that
there is either tensile stress or compression stress in the patch
at any time. The dimensions of the cantilever and the BaTiO3

patch are shown in the inset of Fig. 2. The patch is connected to
the electrical load with the help of electrodes so that it can
extract the electrical energy that arises due the piezoelectric
effect. The thicknesses of the electrodes are taken as negligible,
as these electrodes do not affect the stiffness of the structure. To
generate a certain level of stress, the boundary conditions play
a crucial role for the cantilever. For this, one end of the canti-
lever is fully clamped while the other end is partially clamped so
that this end can vibrate in a transverse direction. Two thermal
bodies (copper) have been placed on the upper and lower sides
of the cantilever in a perpendicular line with the patch, and the
distance between these two bodies decides the vibration
amplitude of the cantilever. When the cantilever moves to either
extreme side, the cantilever makes contact with one of these
thermal bodies. In Fig. 2, three positions of the cantilever are
shown. In the rst position, the patch is in a zero-stress state, as
the transverse deection is zero. In the second position, the
patch is in a compression stress state, as the transverse
deection is minimum. To change the state from the rst to the
second, the patch starts to release heat due to the elastocaloric
effect, which decreases the temperature of the patch at the end
of this cycle. The elastocaloric DT value for any material can be
determined using the following expression:30

DT ¼ � T

r� cp

ðs2
s1

�
v˛
vT

�
ds (1)

Here the symbols represent their usual quantities: density
(r); specic heat capacity (cp); strain (˛); stress (s); and
temperature (T). Eqn (1) represents a modied form of the
classical Maxwell's relation for calculating entropy change
within a ferroic material.
ts in a cantilever.
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At the time of contact with the lower thermal body, there is
temperature difference between the thermal body and the
patch, due to which heat transfers from the thermal body to the
patch. Equal temperature is achieved due to this heat transfer.
This decreases the overall temperature of the thermal body and
makes it cold. Similarly, when the cantilever moves from the
second to the third position, the temperature of the patch
increases due to the entropy change and it has a higher
temperature than the thermal body. As there is a temperature
difference between the two bodies at the time of contact, heat
transfer occurs between the patch and the thermal body. Hence,
by repeating the vibration cycle, the patch extracts heat from the
lower thermal body and transfer it to the upper thermal body.
The heat generation behavior shown by the cantilever can be
written as:

QELC ¼
�
mcpDT if s. 0

�mcpDT if s\0
(2)

where m is the mass of the cantilever, cp is the specic heat
capacity (BaTiO3: 434 J kg�1 K�1; copper: 385 J kg�1 K�1), and
DT is the temperature change during vibration. During subse-
quent vibration cycles, heat moves from the lower thermal body
to the upper body, which decreases the temperature of the lower
thermal body (cold side) and increases the temperature of the
upper thermal body (hot side).

During the vibrations, as the patch goes through a cycle of
stresses (tensile and compression), it generates electrical charge
at the surface of the patch due to the piezoelectric effect.

For a piezoelectric material, the constrictive equations can
be represented as31

T ¼ cES � eTE (3)

D ¼ eS + 3SE (4)

where cE is the fourth-order elastic tensor and E is electrical
eld. The term 3S is the second-order dielectric constant tensor
and S represents strain. The third-order tensor of the piezo-
electric coefficient is expressed by the term e. The term T
represents the second-order stress tensor, whereas D represents
the electric displacement vector. Eqn (3) indicates the stress
generation in a piezoelectric material upon applying an elec-
trical eld, even if the mechanical load is zero, which is called
a reverse piezoelectric effect. Eqn (4) indicates the charge
generation due to a mechanical load in the absence of an
electric eld due to the piezoelectric effect.

In the presented mechanism, two phenomena, elastocaloric
and piezoelectric effects, are involved. To simulate these effects,
the nite element method is a promising numerical technique,
as this method has wide acceptance in the elds of heat transfer
and energy harvesting applications. To obtain the values of the
stresses in the patch due to vibration, the structure has been
discretized into a large number of elements. Here, shell
elements have been used to discretize the structure as a thin
cantilever. This element has six mechanical degrees of freedom
(u, v, w, qx, qy, qz) per node and one electrical degree of freedom
(f) per element. As this formulation is widely reported in the
3920 | RSC Adv., 2019, 9, 3918–3926
literature, details of the nite element formulation are
mentioned in Appendix A. By using this formulation, stress
values can be easily obtained at any point within the structure
during the vibration cycle. In this work, we used average stress
values for the patch to obtain the temperature difference (DT)
due to the elastocaloric effect. By using eqn (2), we calculate the
net heat generation in the patch at the time of contact with
either thermal body (upper or lower). As the system has a lower
vibrational frequency, it can be assumed that there is no addi-
tional heat generation due to impact. However, there is a limit
to the heat transfer between the two thermal bodies when using
a single cantilever. A single cantilever cannot transfer heat
beyond a certain limit, as it becomes saturated once the
temperature difference between the two thermal bodies is 2DT.
To go beyond this limit, the cascading of cantilevers is a prom-
ising solution, as cascading is a widely popular mechanism to
increase heat transfer between two thermal bodies. Fig. 3 shows
a schematic diagram of the cascading of cantilevers between
two thermal bodies. Here, two cantilevers are used to transfer
heat from the lower thermal body to the high temperature body.
Both cantilevers are vibrated in an antiphase fashion so that
during the contact of the attached patches they have
a maximum difference between their temperatures and,
subsequently, heat transfer can take place. By using this
cascading setup, the net temperature difference between the
two thermal bodies will be 4DT. The working mechanism is
shown in Fig. 4, from step I to step VI. Initially, all bodies have
equal temperature, as shown in step I. In step II, both the
cantilevers (C1 and C2) vibrate in opposite directions so that
one patch (attached to C2) increases its temperature and the
other patch (attached to C1) decreases its temperature. In step
III, both patches come into contact with a thermal body: the
upper cantilever (C2) contacts the upper thermal body (sink)
and transfers heat to it so that the temperature of the thermal
body rises. The lower cantilever (C1) comes into contact with the
lower thermal body and transfers heat from it so that the
temperature of the thermal body decreases. In step IV, both the
cantilevers move toward each other and during this cycle the
values of the temperatures of the attached patches are opposite
to those in step II. In step V, the patches make contact and heat
transfer takes place from C1 to C2; the cycle is repeated with
different initial temperatures in step VI.

Results and discussion

In this study, the piezoelectric and elastocaloric effects of
a ferroelectric material have been coupled. The working prin-
ciples of these phenomena are different; however, both can be
driven with the same input vibrational energy. This aspect can
be used to make a bi-functional hybrid device. However, this
requires optimization so that both phenomena can work in the
device without suppressing each other. Aer selection of the
material, the geometrical parameters of the device must be
optimized. The generated stresses and the heat transfer time
between the cantilevers are major constraints during the
geometrical parameter optimization. As shown in Fig. 1, the
temperature difference (DT) is 0.303 K at a stress level of
This journal is © The Royal Society of Chemistry 2019

http://creativecommons.org/licenses/by-nc/3.0/
http://creativecommons.org/licenses/by-nc/3.0/
https://doi.org/10.1039/c8ra07887d


Fig. 3 The working mechanism of refrigeration due to the elastocaloric effect.
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37 MPa. It is a major constraint to develop sufficient stress (37
MPa) in the cantilever. By using genetic algorithm (GA) opti-
mization,32 we obtained the geometrical parameters for the
cantilever, which are shown in the inset of Fig. 2. The cantilever
made of platinum includes a circular BaTiO3 patch (diameter ¼
2.5 mm; thickness ¼ 0.1 mm). The thickness of the host layer
without the patch is 0.1 mm, while the thickness of the host
layer at the patch is 0.05 mm. The material properties are given
in Table 1. The selection of the vibration amplitude and
Fig. 4 The block diagram mechanism for the refrigeration effect betwe

This journal is © The Royal Society of Chemistry 2019
frequency depends on the desired stress level and heat transfer
time between the two cantilevers. Here, the heat transfer time
between the two different bodies is calculated with the help of
nite element analysis. For this purpose, a heat transfer study
using nite element analysis has been done for two different
cases (rst, heat transfer between BaTiO3 and a sink or source
body that is made of copper, and second, heat transfer between
BaTiO3 and a BaTiO3 patch), as shown in Fig. 5. From the gure,
it can be concluded that the thermal equilibrium time for
en the cold and hot bodies.

RSC Adv., 2019, 9, 3918–3926 | 3921
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Table 1 Material properties at room temperature

Material property BaTiO3 (ref. 25 and 33) Copper Platinum

Elastic compliance (�10�12 m2 N�1)
S11

E 8.05 — —
S33

E 15.7 — —
S12

E �2.35 — —
S13

E �5.24 — —
S44

E 18.4 — —
S66

E 8.84 — —
Young's modulus (GPa) — 120 168
Density (Kg m�3) 5840 8960 21 450
Piezoelectric constant (pC/N) �34.5 — —
Dielectric constant 168 — —
Thermal conductivity (W mK�1) 2.61 400 71.6
Specic heat (J kg�1 m�1) 434 385.6 130

RSC Advances Paper

O
pe

n 
A

cc
es

s 
A

rt
ic

le
. P

ub
lis

he
d 

on
 2

9 
Ja

nu
ar

y 
20

19
. D

ow
nl

oa
de

d 
on

 4
/3

0/
20

26
 1

:0
1:

44
 P

M
. 

 T
hi

s 
ar

tic
le

 is
 li

ce
ns

ed
 u

nd
er

 a
 C

re
at

iv
e 

C
om

m
on

s 
A

ttr
ib

ut
io

n-
N

on
C

om
m

er
ci

al
 3

.0
 U

np
or

te
d 

L
ic

en
ce

.
View Article Online
BaTiO3 and copper is �0.018 s, while the thermal equilibrium
time for BaTiO3 and BaTiO3 is �0.03 s, as shown in Fig. 5a and
b, respectively. In the latter case, the thermal equilibrium time
is higher due to the small value of the thermal conductivity of
BaTiO3. As the cantilevers are in a continuous vibrationmode, it
is difficult to hold the cantilevers in contact for a longer time to
allow thermal equilibrium. However, this can be achieved
through transferring the heat in subsequent cycles continu-
ously. The contact time between the two bodies depends on the
vibration frequency, however a higher frequency can also cause
excessive impact force and noise during contact. In this study,
the vibration amplitude of cantilever excitation is 2 mm with
a frequency of 1.5 Hz selected because at this frequency the time
for heat transfer between the two thermal bodies is �0.015 s.
Based on the geometrical parameters of the cantilever, the
stress in the patch is calculated, which is shown in Fig. 6a. In
this gure, the maximum stress is 37 MPa, which is desired to
get a 0.303 K temperature difference due to the elastocaloric
effect. Fig. 6b shows the positions of each cantilever during the
vibration along with the hot body and cold body. Each cantilever
vibrates between the hot and cold bodies, which facilitates the
transfer of heat from the cold to the hot body. In the inset of
Fig. 6b, the heat transfer time is shown between two cantilevers,
which is �0.015 s. Aer obtaining the desired stress level and
Fig. 5 The heat transfer time between (a) BaTiO3 and copper and (b) Ba

3922 | RSC Adv., 2019, 9, 3918–3926
heat transfer time, we studied the performance of the device
with regards to both piezoelectric and elastocaloric effects.

The present study was performed with both a single canti-
lever and arrays of cantilevers (2 and 4). For energy harvesting,
optimized resistance across the piezoelectric patch is used as
the electrical load. The value of optimized resistance is equal to
1

uCp
; where u is the vibrational angular frequency and Cp is the

capacitance of the piezoelectric patch. During vibration, tensile
and compression stresses are generated in the piezoelectric
patch, due to which a voltage is generated across the load.
Fig. 7a shows the voltage across the load for different cases.
When the number of cantilevers is one then the value of voltage
across the load is 0.8 V, which increases linearly upon
increasing the number of cantilevers. The voltage across the
load is 3.2 V if the number of cantilevers is four. In the inset, the
typical voltage across the load with time is plotted, which varies
according to the stresses in the piezoelectric patch. From
Fig. 7a, it can be concluded that the voltage increases if the
number of cantilevers increases.

The power across the load is also another important
parameter for an energy harvester. Here, power across the load

can be dened as
V2

R
; where V is the voltage across a resistance
TiO3 and BaTiO3.

This journal is © The Royal Society of Chemistry 2019
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Fig. 6 (a) The generated stresses in a cantilever during vibration, and (b) cantilever movement during vibration between hot and cold bodies.
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R. Fig. 7b shows the power across the load for different numbers
of cantilevers. The power is 0.03 mW for a single cantilever
device; this increases to 0.13 mW if four cantilevers are installed.
The variation of the power with respect to time is shown in the
inset of Fig. 7b.

Further, we studied the cooling performance of the devices
through the elastocaloric effect. The operating initial tempera-
ture is assumed to be 390 K. During vibration, due to the elas-
tocaloric effect, the patch generates and absorbs the heat that
has been transferred from the cold body to the hot body. Fig. 8a
shows the heat transfer from the cold to the hot body as
a function of time if one cantilever is operated between these
two thermal bodies. At the end of the rst cycle, net cooling of
�0.2 K is generated at the cold body, which is marginally
increased in subsequent cycles. Aer three cycles, thermal
equilibrium is achieved, and no further cooling is produced.
Fig. 8b shows the heat transfer using two cantilevers. This time,
the net cooling increases two-fold, i.e., it is �0.6 K for the cold
body. Here we increase the number of cantilevers, taking more
cycles to achieve thermal equilibrium and providing more
cooling compared to the previous case. This system was satu-
rated aer 7.2 s, when the hot body temperature rose to 390.6 K
Fig. 7 The piezoelectric energy harvesting output for different numbers

This journal is © The Royal Society of Chemistry 2019
and the cold body temperature dropped to 389.4 K. In the next
example, we further increased the number of cantilevers (four)
between the hot and cold bodies. The outcome of this cong-
uration is plotted in Fig. 8c. It takes more cycles to reach satu-
ration, when no further cooling is produced. Aer 18 s, this
conguration achieved thermal equilibrium, however it
produces a greater cooling effect than both previous cases. The
net temperature difference between the hot body and cold body
is�2.4 K and the cold body temperature drops to 388.88 K from
an initial temperature of 390 K. We observe that the net cooling
effect increases if the number of cantilevers increases. It is
assumed that distance between the hot and cold bodies varies
for different numbers of cantilevers so that each cantilever can
vibrate with a desired selected amplitude. If the distance
between the hot and cold bodies is constant, an increase in the
number of cantilevers can reduce the vibration amplitude,
which will ultimately reduce the cooling effect per cantilever. To
get a better cooling effect, we have to use a higher number of
cantilevers between the hot and cold bodies, but this also
increases the thermal equilibrium time, as shown in Fig. 8d.
Fig. 8d shows the maximum achieved cooling temperature of
the cold thermal body for different numbers of cantilevers with
of cantilevers: (a) the voltage output; and (b) the power output.

RSC Adv., 2019, 9, 3918–3926 | 3923
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Fig. 8 Refrigeration effects due to the elastocaloric effect for different numbers of cantilevers: (a) n¼ 1; (b) n¼ 2; and (c) n¼ 4. (d) The final time
(to achieve maximum cooling) vs. the achieved cooling temperature for different numbers of cantilevers.
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respect to time. It can be concluded that a better cooling
temperature can be achieved by increasing the number of
cantilevers, but this also increases the equilibrium time. A
higher number of cantilevers takes a longer time to reach
thermal equilibrium and subsequently decrease the cold body
temperature more. These results show the promising concept of
simultaneous energy harvesting and refrigeration using
a piezoelectric embedded cantilever. However, it is desirable to
prove this concept experimentally in the near future.

Conclusions

The bi-functional performance of a small-scale piezoelectric
device has been investigated. The purpose of this study was to
couple piezoelectric and elastocaloric phenomena into a single
device, producing energy harvesting as well as refrigeration
effects due to vibrations. For this purpose, a single crystal
BaTiO3 patch was attached to the platinum cantilever, as this
has good elastocaloric and piezoelectric properties. This canti-
lever vibrates between two thermal bodies (hot and cold bodies).
Vibrations generate alternate stress cycles (tension and
compression) in the patch, generating charges at the electrodes
and a temperature difference. As the cantilever contacts the hot
and cold bodies in the vibration cycle, it transfers heat from the
3924 | RSC Adv., 2019, 9, 3918–3926
cold body to the hot body. In this study, three different cases
have been investigated, which are based on a number of
cantilevers existing between the hot and cold thermal bodies.
When the number of cantilevers is one, the net cooling is 0.3 K
and the power is 0.03 mW, while for four cantilevers, the net
cooling is 1.2 K and 0.13 mW of power is produced.
Appendix A

Using shape functions, the coordinate of any point P inside the
kth layer within the element can be written as8<

:
x

y

z

9=
; ¼

Xnnel
i¼1

Ni

8<
:

xi

yi
zi

9=
;þ

Xnnel
i¼1

NiHi

8<
:

l3i
m3i

n3i

9=
; (A.1)

where,

Hi ¼ t0ki þ
2k

2
tki

and t0k,i is the mid-plane distance of the kth layer from the
neutral plane at node i and tki is the thickness of the kth layer at
the node. l3i, m3i and n3i are the directional cosines of the
normal unit vector V3i at node i. If the thickness is uniform at
each node, then Hi ¼ H. Using shape functions, one obtains the
This journal is © The Royal Society of Chemistry 2019
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displacement of any point P inside the kth layer within the
element as8<

:
u

v

w

9=
; ¼

Xnnel
i¼1

Ni

8<
:

u0i
v0i
w0i

9=
;þ

Xnnel
i¼1

NiHi

8<
:

l1i �l2i
m1i �m2i

n1i �n2i

9=
;�

�
ai

bi

�

(A.2)

where l1i, m1i and n1i are the directional cosines of the tangent
unit vector V1i and l2i, m2i and n2i are the directional cosines of
the tangent unit vector V2i at node i. Therefore, each node has 3
translation degrees of freedom (u0i, v0i, w0i) in terms of global
coordinates and two rotational degrees of freedom (ai and bi)
about the local coordinates. The strain vector 3 is dened by the
rst partial derivative of the displacement vector [u, v, w, a, b]T

using a differential operator matrix as follows:

f3g ¼

8>>>>>><
>>>>>>:

3x
3y
3z
gxy

gyz

gzx

9>>>>>>=
>>>>>>;

¼

8>>>>>>>>>>>>>>>>>>>>>><
>>>>>>>>>>>>>>>>>>>>>>:

vu

vx

vv

vy

vw

vz

vu

vy
þ vv

vx

vv

vz
þ vw

vy

vw

vx
þ vu

vz

9>>>>>>>>>>>>>>>>>>>>>>=
>>>>>>>>>>>>>>>>>>>>>>;

¼ ½B�fqg (A.3)

where,

fqge ¼

8>>>><
>>>>:

uoi
voi
woi

bi

ai

9>>>>=
>>>>;

and [B] is the strain displacement matrix. The strain energy in
an element is given by:

S:E ¼ 1

2

ð
Volume

3TsdV

S:E ¼ 1

2

ð
V

�fqgT ½B�½CðzÞ�½B�fqg�dV

S:E ¼ 1

2

�fqgT ð½Kuu�Þfqg
	

(A.4)

where

K ¼
ð
V

½B�½CðzÞ�½B�dV

The kinetic energy in an element is given by:

K:E ¼ 1

2

ð
V

rðzÞfq� gTfq� gdV
This journal is © The Royal Society of Chemistry 2019
K:E ¼ 1

2
fq� gT ½M�fq� g (A.5)

where

½M� ¼
ð
V

rðzÞ½N�T ½N�dV

N are the shape functions. The total external work done on
the element is given by:

W s ¼
ð
S1

fqgTffsgdsþ fqgT
fp� (A.6)

where S1 is the surface area on which the external force is acting,
{fs} is the surface force intensity and {fp} is the point load.

Ws ¼ {q}T{Fm}

fFmg ¼
ð
S

½N�TffsgdS þ ½N�T
fp�

By using Hamilton's principle, the nal equations can be
written as:

ðtf
t0

dðLþW sÞdt ¼ 0 where L ¼ K:E� S:E

Using eqn (A.4–A.7) we get:

[M]{€q} + [C]{ _q} + [K]{q} ¼ {F} (A.7)
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