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Grain size distribution is a fundamental property of polycrystalline
materials and the phenomenon of grain boundary motion has

Conceptual insights

major repercussions for materials processing and in a variety of

We present an intricate 3D biomineralized architecture the formation of
which is fully predicted by key thermodynamic, kinetic and topological
models that were classically developed to describe an analytically ideal
behavior during grain growth of man-made and geological materials.
Whereas ideal grain growth was rarely shown to occur even in generic
materials systems using some of the theoretical models, the morphogenesis
of the prismatic assembly in the mollusc shell of Atrina vexillum is the first
material that adheres perfectly to all, both qualitatively and quantitatively.
Surprisingly, the polycrystalline assembly, that evaded physicists and
materials scientists since the early 1950s, is found to be formed by a
living organism.

technological applications. In classical models for microstructural
evolution during grain boundary motion, special attention is given
to the case of ‘‘ideal’’ grain growth defined by the seemingly
unrealistic assumption of homogeneity of the physical properties
of the boundaries. Whereas diﬀerent models were rarely shown to
demonstrate ideal microstructural evolution of selected synthetic
and geological granular networks, here we present a biogenic
polycrystalline material the formation of which is consistently described
by all principal predictions of an ideal grain growth behaviour.
We show that biomineralization of the prismatic architecture
in the shell of the mollusc Atrina vexillum is fully quantified by
conventional thermodynamic, kinetic and topological considerations, thus making a material formed by a living organism archetypical of ideal grain growth.

Introduction
The properties of grain networks comprising the microstructure
of many polycrystalline materials systems, such as metals, alloys,
ceramics and bionic composite structures have a significant
impact on their physical performance.1,2 In particular, the size
and shape of the grains and the properties of the boundaries
that separate them are linked to numerous materials characteristics, such as mechanical behaviour and electromagnetic
performance. In fact, this structure–property relationship in a
polycrystalline matter is one of the most fundamental concepts
in materials science. Moreover, the grain boundaries are
considered to be two-dimensional defects characterized by a
certain free energy. The latter introduces a driving force to the
system aimed at reducing the total amount of these defects,
namely, the grain boundary area. Thermal fluctuations in the
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atomic lattice due to elevated temperatures lead to a reduction
of free energy by boundary motion and consequently, by
coarsening of the grain network. This process is called grain
boundary migration, in the case of individual grain boundaries,
and grain growth, in the case of polycrystalline microstructures,3–6
and it is one of the most important processes in materials science.
Since the early 1950s, many attempts have been made
to understand and to predict polycrystalline microstructure
evolution during grain growth and coarsening analytically.
From a general point of view, this process is rather simple.
A polycrystalline microstructure consists of many monocrystalline grains, where the grain boundaries between two
neighbouring crystals are usually slightly curved. This curvature
is the result of the system striving to achieve an angle of
120 degrees between the three arms at a triple junctions, where
three grains meet, necessary to maintain an energetic equilibrium.7,8
This configuration results in a curvature-driven boundary
motion during which the free energy is reduced by a motion
of the boundaries to the centre of their curvature. Since small
grains with less than the average amount of edges tend to have
convex boundaries, they shrink, whereas large grains with more
than the average amount of edges tend to increase their size.
As a result, the number of grains decreases and the total grain
boundary area and the coupled free energy decreases, while the
average grain size increases. Of course, such a transformation
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during production and application can be both wanted or
unwanted, but in any case leads to a change of the properties
of the material.
A special situation that has been drawing a majority of
research eﬀorts is the case of curvature-driven ideal grain
growth, where it is assumed—mostly for reasons of simplification—that all grain boundaries in a polycrystalline network
are characterized by the same physical properties.7 Specifically,
by the same value of surface tension, g, as well as by the same
boundary mobility, m. Hence, any possible dependence of
the boundary properties m and g on misorientation between
the associated neighbouring crystals is neglected in agreement
with the uniform boundary model.5 As a result, over the years,
many analytical laws have been derived to describe ideal grain

Materials Horizons

growth of polycrystalline materials in two and three dimensions.
Whereas large experimental evidence exists showing that diﬀerent
analytical theories are successful in describing microstructural
evolution of a variety of structures, so far not a single materials
system has been shown to obey all predictions of ideal grain
growth qualitatively nor quantitatively.
In this work, we present the first microstructure whose
morphogenesis consistently fulfils a number of classical thermodynamic and kinetic relationships for ideal grain growth, both
qualitatively and quantitatively. Interestingly, the diﬀerent
theories are shown here to converge and describe a biogenic
mineralized material formed by a living organism. Namely, the
growth of the prismatic architecture in the shell of the bivalve
Atrina vexillum (Fig. 1). Similar to other bivalves, which are

Fig. 1 Structural properties of the prismatic layer. (a) Scanning electron microscopy image of a fractured surface of the prismatic layer in A. vexillum
obtained by secondary electrons. The growth of the layer starts on the bottom of the image and proceeds upwards. The growth direction is indicated by z.
(b) and (c) Scanning electron microscopy images of the polished prismatic assembly obtained in parallel and perpendicular to the growth direction,
respectively. The images were obtained using back-scattered electrons. The image in (b) corresponds to the initial stage of growth – bottom part of (a).
(d) Representative 3D segment of the prismatic layer reconstructed from the microtomography data. The growth of the layer starts at the bottom of the
image and proceeds upwards. (e) and (f) 2D binarized microtomography sections of the prismatic layer, taken perpendicular to the direction of growth,
one during the initial stages of layer formation and one at a later stage, respectively, as indicated in (d). The size of the sections is 500  500 mm.
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molluscs that have a shell made of two hinged valves that
enclose the soft body of the animal, the shell of A. vexillum
consists of two mineralized assemblies, which are arranged in
layers parallel to the outer surface of the shell. One layer is
called the prismatic ultrastructure composed of elongated
columns made of calcite (Fig. 1a), and the other layer is a
nacreous ultrastructure composed of flat platelets made of aragonite.
Earlier studies were successful in demonstrating that physical
models have the capacity to describe the morphogenesis of the
prismatic architecture in a variety of bivalves9–11 and ideal
behaviour in A. vexillum was recently suggested.12 However,
ideal growth that perfectly adheres to all principal theoretical
predictions has not yet been shown.

Results and discussion
Structural analysis of the prismatic layer in the shell of Atrina
vexillum
The morphology and the growth process of the calcitic prismatic
architecture in A. vexillum13 is reminiscent of columnar architectures formed by various vapour deposition techniques.14,15 It
consists of elongated calcitic columns joined together by an organic
interprismatic phase (dark boundaries in Fig. 1b). It is deposited by
cellular tissue on the external organic membrane covering the
entire shell (periostracum) and grows unidirectionally towards
the inner part of the animal with the long axis of the columns
being parallel to the direction of growth, z. In a transverse crosssection, the prismatic layer exhibits a honeycomb-like morphology
characteristic of a polycrystalline material (Fig. 1c). Whereas
in classic materials the grain boundaries are described by a
crystallographic misorientation between two neighbouring
grains, in the case of the prismatic ultrastructure the boundaries
are the mineral–organic interfaces. However, in both cases, the
driving force for grain growth is the reduction in the amount of
boundary area. Indeed, such a coarsening of the prismatic
ultrastructure with the direction of growth has already been
shown in a variety of bivalve shells.9–11
To obtain a complete history of microstructural evolution of the
prismatic layer in A. vexillum, we performed a microtomography
experiment at beamline ID19 of the European Synchrotron Radiation Facility (ESRF). The organic interfaces, having the thickness of
approximately 1 mm, were easily resolved using an eﬀective voxel
size of 0.649 mm. The measurement covered a total thickness of
approximately 1 mm from the main body of the prismatic layer. A
representative 3D segment reconstructed from these data clearly
shows the coarsening behaviour of the prismatic ultrastructure
along the direction of growth, z (Fig. 1d). In addition, when
comparing 2D slices, taken from the microtomography data
perpendicular to the direction of growth, one during the initial
stage of the prismatic layer formation (closer to the periostracum)
(Fig. 1e) and one at a later stage (Fig. 1f), the reduction of the
amount of the boundary and the number of prisms is evident. To
follow this behaviour as a function of the growth direction quantitatively, similar 2D sections throughout the entire thickness of the
prismatic layer were analysed. It is important to note that in this
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study, the time parameter, t, that is commonly used to follow the
coarsening process, was substituted with the direction of growth, z.
Here we assume a linear correlation between the two and, essentially, reduce the three-dimensional growth in space into a twodimensional temporal process.9–11
Average growth law
In the early 1950s, Burke and Turnbull16 established one of the
first physically inspired models for grain growth that describes
the change of the average grain radius, hRi, as a function of
annealing time, t, such that hRi1/n p t. Ever since, it has been
shown that this correlation works for diﬀerent materials, such as
zone-refined tin with a growth exponent of n = 0.5 17 or polycrystalline ice with growth exponents of n = 0.25 and n = 0.30.18
In particular, an exponent n = 0.5 represents ideal grain growth.
Assuming that the migration of the boundaries within a grain
network is driven by transport of matter under pressure because of
curved interfaces between the grains, the direction of migration of
a boundary is always directed towards the centre of its curvature.
This leads to a reduction of the total inner interface area of the
microstructure and, therefore, of the total interface energy. The
associated velocity of a segment of any grain boundary is given by
v = mgk, thus, introducing the curvature k. The velocity is always
directed to the centre of curvature. In ideal growth, assuming that
all boundaries are characterized by a unique value of surface
tension, g, and mobility, m, and that a grain can be described in
average by a spherical shape, the curvature relates directly to a
corresponding average radius, hRi, calculated as a grain-volumeequivalent sphere resulting in k p hRi1.
Recently, the subsequent relation for the change of the
average grain size with annealing time, t, was derived with
the same result but using a completely diﬀerent ansatz:19
dhRi
mg
¼
;
dt
GhRi

(1)

where G is a growth constant. Integration of eqn (1) yields the
growth law for the average grain radius that is well-known in
classical materials science:

n
2mg
t þ hRi01=n :
hR iðt Þ ¼
(2)
G
hRi increases with annealing time, t, starting at an initial value of
hRi0. For ideal grain growth, the growth exponent in eqn (2), n,
should be 0.5. Furthermore, it has been shown that while the
growth constant G may take values between 3 and 8 for diﬀerent
types of grain growth kinetics, ideal two-dimensional grain
growth can be characterized by G = 6.8639.20
In the prismatic ultrastructure of A. vexillum, the average
grain size indeed follows the well-known growth law, eqn (2),
in terms of hRi = hRi(z) (Fig. 2a) and the growth exponent is
n = 0.4976  0.0027. Here, the calculations were performed
every 20 sections, corresponding to a step size of 12.98 mm and
the area of each section is 973.5 mm  973.5 mm (1500 pixels 
1500 pixels). The radii were calculated as prism-area-equivalent
circles using R = O(A/p), where A is the measured prism area.
The growth factor is b = 2mg/G = 0.2369  0.0011 mm, from
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Fig. 2 Average growth law and self-similarity. (a) The relationship between average prism radii, hRi, and the growth direction, z. The curve represents a fit
to eqn (2) – average growth law (the regression coefficient R2 is 0.9985). (b) Scaled prism size distributions showing self-similarity at three different
sections, z1 o z2 o z3, along the growth direction of the prismatic layer. The curve represents a fit to Weibull distribution function (the regression
coefficient R2 is 0.9345). (c) and (d) Prism size distribution and a corresponding natural double logarithmic plot of different sections along the growth
direction, respectively. Solid curves represent a fit to the envelope of the numerical data (the regression coefficient R2 is 0.8822). Dashed curves outline
the first and the last data set along the direction of growth. The data have been put into 13 bins.

which the reduced mobility, mg, can be calculated under the
assumption that the growth constant is the same as in the
above mentioned case for ideal grain growth with G = 6.8639
resulting in mg = 0.8130  0.0038 mm.
Self-similar size distributions
Curvature driven ideal grain growth follows not only a growth
law in terms of eqn (2), but the underlying coarsening process
is in a quasi-stationary state that demonstrates statistical selfsimilarity.21,22 This means that the grain size distribution
function, F(R,t), can be written in a scaling form:
F(R,t) = g(t) f (x).

754 | Mater. Horiz., 2019, 6, 751--757

(3)

The time-dependent function that follows from volume
conservation yields g(t) = N/hRi p hRi(d+1),23 where the dimension of the structure is d A {2,3} and N = N(t) is the number
of grains, which decreases with time. In contrast, the function
f (x) is time-independent function that scales the grain radii of
all the grains in the microstructure by the average radius such
Ð
that x = R/hRi and f ðxÞdx ¼ 1.
Time-independence of f (x) and therefore, self-similarity of
the prismatic ultrastructure in A. vexillum is shown in Fig. 2b.
Identical scaled size distributions are obtained at three randomly
selected sections along the direction of growth, in z1 = 25.96 mm,
z2 = 376.42 mm and z3 = 726.88 mm. The evolution of the
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distribution function F(R,z) is presented in Fig. 2c and also in
Fig. 2d in a double-logarithmic plot showing the changes of the
distribution with the direction of growth every 60 sections
(corresponding to a step size of 38.94 mm). In both figures, the
data points of the first and the last size distribution are connected
by dashed lines. The linear least squares fit in Fig. 2d represents
an envelope to the numerical data.24 In Fig. 2c, this unique curve,
Fe(R), touches every single size distribution in exactly one point. It
is very interesting to note that theoretically the envelope Fe(R) is
proportional to R(d+1). In the present case, the exponent is
2.9924  0.0838, which represents a two-dimensional microstructure (d = 2). Moreover, the Weibull distribution function,
which was previously proposed to describe two-dimensional grain
growth, perfectly describes the scaled size distribution (Fig. 2b).25
Although the Weibull distribution is not physically motivated, it
fits the numerical data of 2D grain growth.20,25
Aboav–Weaire-law
The self-similar state of ideal grain growth can be described
by additional time-independent relationships. The Aboav–
Weaire-law, derived in the early 1970s, offers a purely topological correlation between neighbouring crystals showing how
grains in a polycrystalline network are arranged in space.26–28
It was successfully shown to describe a variety of cellular
systems, such as nanocrystalline metals,29 colloidal soap froth
structures30 and vegetable tissues.31
The law states that the number of edges, n, of a grain is
related to the average number of edges of all neighbouring
grains, n,
% by the approximation nn
% = 5n + 8. Based on Euler’s
theorem for planar graphs,32 Weaire27 extended this consideration taking the central second moment of the neighbour
distribution, m2 = hn2i  hni2, into account, thus yielding
nn
% = 5n + (6 + m2). This extension takes into account that every
two-dimensional cellular network can be characterized by its
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own distribution of the number of edges. Further studies
formed what is known today as the Aboav–Weaire-law:28
nn
% = (hni  a)n + (hnia + m2).

(4)

Here, a is a geometrical constant close to unity and hni is the
average number of edges of the entire microstructure, which is
6 in the case of ideal grain growth. In fact, hni = 6 is a direct
consequence of a two-dimensional cellular tessellation, which
is trivalent, i.e., where the boundaries meet in a triple junction.
Such a tessellation is always a planar graph.32 While this is the
case for a number of diﬀerent tessellations, it is also true for
ideal grain growth. Of course, in practice slight deviations
could be measured due to a limited number of cells taken into
account as well as due to the existence of higher order junctions
like quadruple junctions.
In the present case, the predicted linear relation between the
product of the average number of edges of all neighbouring
prisms, n,
% and the number of edges of the corresponding
central prism, n, versus n is indeed fulfilled in the three
diﬀerent sections (z1,z2,z3) in the prismatic layer (Fig. 3a).
A linear least squares fit of the data from the section at z1 to
eqn (4) yields a = 1.2028  0.0217 and a = 1.2039  0.0264
extracted from the first and the second term, respectively. This
result is perfectly consistent considering that the two terms
were fitted independently. Furthermore, the obtained average
number of edges is hni = 5.9930  0.0217, which is again fully
consistent with ideal growth.
Lewis-law
The relationship between grain size and grain topology is
likewise expected to be time-independent during self-similar
grain growth. Such a correlation is known as the Lewis-law:33
r¼

A
¼ a0 n þ ð1  6a0 Þ;
hA i

(5)

Fig. 3 Aboav–Weaire-law, Lewis-law and von Neumann–Mullins-law. (a) The relationship between the average number of edges in all neighbouring
prisms, n,
% the number of edges, n, of the central prism at three different sections, z1 o z2 o z3, along the growth direction of the prismatic layer. The
curve represents a fit of the data from the section at z1 to eqn (4) – Aboav–Weaire-law (the regression coefficient R2 is 0.9210). (b) The relationship
between the scaled grain area, r = A/hAi, and the number of edges, n, at three different sections, z1 o z2 o z3, along the growth direction of the prismatic
layer. The curve represents a fit of the data from the section at z1 to eqn (5) – Lewis-law (the regression coefficient R2 is 0.6996). (c) The relationship
between prism area change rate and the number of edges, n, at three different sections, z1 o z2 o z3, along the growth direction of the prismatic layer.
The curve represents a fit of the data from the section at z1 to eqn (6) – von Neumann–Mullins-law (the regression coefficient R2 is 0.3832). It is important
to note, that the deviation from the predicted behaviour observed for n = 3, 9 and 10 is due to the limitation in data size and that the small values of the
obtained regression coefficients are the result of naturally occurring vertical data spread.

This journal is © The Royal Society of Chemistry 2019

Mater. Horiz., 2019, 6, 751--757 | 755

View Article Online

Open Access Article. Published on 15 January 2019. Downloaded on 1/8/2023 9:47:48 AM.
This article is licensed under a Creative Commons Attribution-NonCommercial 3.0 Unported Licence.

Communication

Materials Horizons

relating the scaled grain area of all grains, r = A/hAi, to the
corresponding number of edges. Here, again, a geometrical
factor a 0 has been introduced. The fulfilment of eqn (5) during
the formation of the prismatic ultrastructure is demonstrated
in Fig. 3b at the same three sections (z1,z2,z3) that were analysed
above. A linear least squares fit of the data from the section at z1
produces a0 = 0.3598  0.0051 and a0 = 0.35935  0.0052, extracted
from the first and the second term of eqn (5), respectively, showing
again a perfect consistency.
von Neumann–Mullins-law
In the same year in which Burke and Turnbull established their
grain growth theory, von Neumann derived a fundamental
equation for two-dimensional soap froth relating the rate of area
change to the number of edges.34 Later Mullins generalized this
idea to ideal grain growth in two dimensions35 yielding what is
well-known today as the von Neumann–Mullins-law:
dA p
¼ mgðn  6Þ:
dt
3

(6)

This relationship suggests that all grains within a microstructure
with more than six edges grow, while grains with fewer than
six edges shrink. Only grains with exactly six edges are stable,
i.e., they do not change their size. The fulfilment of the von
Neumann–Mullins law in the three different sections (z1,z2,z3) is
presented in Fig. 3c. Here, dA/dz was calculated as DA/Dz with a
fixed Dz = 12.98 mm and averaged over five succeeding values
around the corresponding section to smooth out fluctuations.
A least-squares fit of the data from the section at z1 to eqn (6)
is also shown. The resulting critical number of edges is indeed
six and the slope of the fit yields a reduced mobility of mg =
0.8161  0.0390 mm. Astonishingly, this is fully consistent with
the corresponding value of mg = 0.8130  0.0038 mm that was
obtained from the average growth law using eqn (2).

using Scios Dual Beam FIB/SEM (FEI). For fracture analysis, a
segment of the shell was suspended in liquid nitrogen and then
manually broken. For cross-section analysis, the samples were
embedded in PMMA and then cut and diamond polished
parallel and perpendicular to the direction of growth. The
samples were sputtered with palladium before imaging.
Synchrotron-based microtomography
The 3D spatial arrangement of the prismatic architectures was
imaged by synchrotron-based microtomography at beamline
ID19 of the ESRF in Grenoble (France). A part taken from the
main body of the shell was grinded into a 3 mm long cylinder
with a diameter of approximately 1 mm. The cylinder was
mounted inside the measurement chamber with the long axis
of the prisms co-aligned with the rotation axis of the stage,
perpendicular to the incident X-ray beam. The samples were
scanned using an X-ray photon energy of 34 keV at a sampledetector distance of 91 mm. A total of 5000 radiographic
projection images were recorded over 180 degrees with an
exposure time of 0.1 s and an eﬀective pixel size of 0.649 mm.
ESRF in-house code (PyHST2) was used to reconstruct the data.
Prism boundaries were enhanced by means of Paganin-based
filtering with a delta/beta ratio of 300.
Image analysis
Two-dimensional microtomography sections were analysed
using MatLab. The digital images were converted into binary
images using a watershed algorithm separating the grains from
the boundary network. The areas of the prisms as well as the
number of edges and neighbouring prisms were measured
using an in-house MatLab code. The code can be made available upon request.
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Conclusions
To conclude, the prismatic ultrastructure in the shell of
A. vexillum is formed following thermodynamic, kinetic and
topological models that were developed to describe the mechanism of ideal grain growth. The diﬀerent considerations not
only perfectly analytically describe the process of biomineralization of this morphology, but also independently yield similar
thermodynamic parameters, such as the reduced mobility, mg,
and critical/average number of edges, hni. This consistency was
never previously observed even in classical materials systems.
This outcome not only provides key insights into biomineral
morphogenesis, but is also of fundamental importance to the
field of physics of materials. It is surprising that the epitome of
a physically ‘‘ideal’’ construct is found in a living organism.

Experimental section
Electron microscopy
Samples of the shell A. vexillum from the Caubian deep in the
Philippines (purchased from Concology, Inc.) were imaged
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