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During the past 20 years, the efficient combination of quantum chemical calculations with statistical
thermodynamics by the COSMO-RS method has become an important alternative to force-field based
simulations for the accurate prediction of free energies of molecules in liquid systems. While it was
originally restricted to homogeneous liquids, it later has been extended to the prediction of the free
energy of molecules in inhomogeneous systems such as micelles, biomembranes, or liquid interfaces,
but these calculations were based on external input about the structure of the inhomogeneous system.
Here we report the rigorous extension of COSMO-RS to a self-consistent prediction of the structure and
the free energies of molecules in self-organizing inhomogeneous systems. This extends the application
range to many new areas, such as the prediction of micellar structures and critical micelle concentrations,
finite loading effects in micelles and biomembranes, the free energies and structure of liquid interfaces,

rsc.li/pcecp

Introduction

The formation and properties of self-organizing systems are of
tremendous importance in the chemical industry (e.g., enhanced
oil recovery), the pharmaceutical industry and biochemistry (e.g,
drug delivery formulations, biomembrane properties), and in daily
life (e.g components of washing powders, cosmetic ingredients).
The interactions taking place are complex in nature and difficult to
study experimentally and to describe mathematically due to the
delicate balance of weak attractions in the lipophilic domain of
surfactant molecules and much stronger interactions between the
hydrophilic domain of surfactant molecules and the polar solvent
and within the solvent environment.'?

Several theoretical approaches are used to handle self-organizing
systems. Due to the wide application area, the following selection of
methods and references is by no means intended to be complete.

The simplest theoretical approaches are quantitative structure-
property relationships (QSPR) between molecular structures and
specific properties of interest,? e.g. for critical micelle concentrations
(CMC).*® Group contribution methods were used for the prediction
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microemulsions, and many more related topics, which often are of great practical importance.

of micellar and microemulsion properties, for example applying the
universal functional activity coefficient model (UNIFAC).*” Another
interesting thermodynamic approach is the integrated free energy
model (IFEM) for microemulsions." Here, the Gibbs free energy is
split up into a balance of different lipophilic and hydrophilic
energetic contributions. Thermodynamic activity coefficient and
equation of state models were adapted to cover surfactant systems,
such as the non-random two-liquid model (NRTL) or the statistical
associating fluid theory (SAFT).*° Dissipative particle dynamics
(DPD) simulations provide mechanistic insight into micellar
systems and their phase behaviour.'®* All these methods have
in common that they are based on fitted interaction parameters
or require experimental data.

Molecular dynamics (MD) simulations are widely used and
considered as predictive to study micellar and biomembrane
systems."®™® On the one hand, they operate mechanistically on
an atomistic scale. On the other hand they are computationally
demanding and, thus, they have not found extensive use in
microemulsion modelling.

The conductor-like screening model for realistic solvation
(COSMO-RS) is a predictive, generally applicable and efficient
computational model to handle fluid phase properties. COSMO-
RS is a combination of the dielectric continuum solvation model
COSMO™ with an efficient statistical thermodynamic model
of pairwise molecular surface interactions, known as the quasi-
chemical approximation®® or COSMOSPACE.*' For the quanti-
fication of the surface interactions it uses the surface polarization
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charge densities ¢ of each solute arising from quantum chemical
COSMO calculations.

In several blind prediction challenges and benchmark studies
COSMO-RS has been proven to be one of the most accurate tools
for the prediction of the free energies of molecules in solution,**™>
and thus for all equilibrium distribution properties, such as
partition coefficients, solubilities, vapour pressures and related
properties.

Several combinations of COSMO-RS and the methods mentioned
above have been used already towards predictions of inhomo-
geneous systems: first, critical micelle concentrations or micelle:
water partition coefficients in combination with MD and DPD
simulations;'****"™** second, interfacial tensions, with COSMO-RS
calculations fitted to experimental data or combined with
DPD simulations;*>*?° and third, equivalent alkane carbon
numbers (EACN) of microemulsion systems, with a QSPR model
using COSMO-RS parameters for non-polar oil/surfactant/water
systems.*"**

One of the limitations of COSMO-RS was its inability to
handle inhomogeneous, structured liquid systems directly on a
mechanistic basis. This was partially overcome by the introduction
of the COSMOmic approach,*® which uses external information
about the structure of a micelle or biomembrane, usually taken
from MD simulations, in order to represent the micelle as a
layered liquid of varying composition with respect to the COSMO
polarization charge densities . COSMOmic then calculates the free
energies of solutes in such a layered liquid system by sampling
over all relevant conformations, positions and orientations of the
solute in this system, resulting in reliable predictions of micelle or
membrane to water partition coefficients and free energy profiles
of solutes in such systems.

While it is based on MD simulations as an initial step,
COSMOmic has been demonstrated to yield at least comparably
reliable results for the free energies of neutral solutes in micellar
systems to those achievable with MD simulations, at about 0.01
percent of the computational cost.***® More recently, COSMOmic
has been extended to ionic solutes,”*® now allowing for the
prediction of the biomembrane to water partition coefficients of
neutral and ionic species with an accuracy of about 0.7 log;, units.

While the COSMOmic approach has been proven to be
efficient and reliable with respect to the prediction of free
energies of solutes at infinite dilution in micellar systems,*"
many applications of eminent practical importance could not
be handled by the COSMO-RS model so far, such as the direct
prediction of the critical micelle concentration (CMC) of new
surfactants and surfactant mixtures,'® or the effects of finite
concentration enrichment of solutes in micelles, as well as the
predictive simulation of liquid-liquid interfaces and microe-
mulsions. As a COSMOmic calculation ends up with a detailed
prediction for the probability distribution of each solute with
respect to position, orientation and conformational population,
it was tempting since the beginnings of COSMOmic to calculate
the distribution of the constituents of a micellar system, i.e.
usually surfactants and water, in the same way and thus to yield a
self-consistent prediction of the structure of the inhomogeneous
system. But the missing point was the inability of COSMOmic to
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take into account the hard-core repulsion of molecules, ie.
COSMOmic would predict completely unrealistic, high concen-
trations of atoms in some layers of the simulation box, leaving
other layers rather empty.

In this paper, we describe a fundamental way to overcome
this problem by introducing a system pressure in each of the
layers, similar to molecular dynamics or dissipative particle
dynamics simulations. This system pressure is the response of
the system to over-occupation, i.e. it is the result of the Pauli or
Lennard-Jones repulsion of the molecules in the self-organizing
system. We simultaneously converge a pressure function P(z)
together with the COSMOmic distribution probabilities of the
molecules in the system, leading to a self-consistent prediction of
the structures and free energies of molecules in self-organizing
systems. Since this method extends the COSMOmic approach
beyond micellar systems to a much wider range of complex, self-
organizing systems, we will label this new method COSMOplex,
further on.

The theory as well as first application examples of COSMO-
plex for the prediction of properties of biomembranes, micelles,
microemulsions, and liquid-liquid interfaces is described in
this paper.

Material and methods

In this section, after a short introduction of the concepts of
COSMO, COSMO-RS and COSMOmic, the theory of COSMOplex
is presented.

COSMO

The conductor-like screening model (COSMO)" is a dielectric
continuum solvation model using the limit of an ideal conductor,
i.e. with an infinite dielectric constant. The result of such a quantum
chemical COSMO calculation contains the self-consistently
calculated energy of the molecule in the presence of a perfect
conductor, embedding the molecule on the COSMO surface,
together with individual COSMO surface segments and their
positions, segment areas and conductor screening charge densities
on the particular segments.

Each chemical compound is represented by an ensemble of
the relevant conformations of the compound, i.e. of its relevant local
geometry minima. Each of these conformations has to undergo a
separate quantum chemical COSMO calculation, generating the
surface polarization charge information and the energy Egosmo Of
conformation ¢ of compound X. The expression ‘“molecule” is
used here for each distinct conformation, whereas the expression
“compound” is used for all considered conformations of a
chemical entity. The approach used to determine the relative
weights of the different conformations is described in the
COSMOmic subsection.

COSMO-RS

The conductor-like screening model for realistic solvation
(COSMO-RS)"**® starts from quantum chemical COSMO cal-
culations for all involved molecules in the system. COSMO-RS

This journal is © the Owner Societies 2019
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takes the COSMO surface segments and utilizes an efficient
statistical thermodynamics algorithm called COSMOSPACE,*"
which is equivalent to an exact solution of Guggenheim’s quasi-
chemical approximation.®® This results in a kind of thermodynamic
continuum response function, the so-called o-potential, comprising
the free energies of the different types of surface segments in the
ensemble of pairwise interacting surface segments. From the sum
of the segment free energies, COSMOSPACE directly yields free
energies or chemical potentials of the compounds in a pure or
mixed liquid. A schematic illustration of the COSMO-RS method
is shown in Fig. 1.

The interaction energies of the surface segments are based
on the local properties of the two surface segments involved in
the contact. In the initial one-descriptor version of COSMO-RS,
only the most important of these properties is considered, i.e.
the conductor polarization charge density ¢. This is an excellent
descriptor for the local polarity of the molecular surface at the
position of the segment. The short range electrostatic inter-
actions, or more precisely the local deviation of the electrostatic
interaction of the two segments compared with the reference
state of the conductor-imbedded molecules, is

AEmisfit = acontactcmisfit(o_ + OJ)Z (1)

Here, Gcontace 1S the size of the surface contact, and cpjefi; is the
misfit energy coefficient, taking into account the average electronic
polarizability of the neighbouring molecules. ¢ and ¢’ are the
polarization charge densities of the two interacting segments,
respectively. The next most important contribution to the inter-
actions is hydrogen bonding, expressed as

AEhb = acomactchb(T]min(O,aa’ — Ghbz) [2)

H(0) [kcal/mol/A?)

0.03 -0.02 001 0 0.01 0.02 0.03
G [elA?

water = = = == 1:1 mixture

glycol
Fig. 1 Schematic illustration of the COSMO-RS principles: first the
COSMO surface polarization charge densities of the surface segments
are converted into a histogram (a-profile, upper diagram). Then the solvent
a-profile is converted into a o-potential (lower diagram), and the chemical
potential of each molecule in this solvent is calculated by applying the
solvent g-potential to the surface segments of the solute.
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where oy, is a kind of minimum polarity threshold for hydrogen
bond formation. The temperature dependence of the hydrogen
bond energy coefficient c,,(7) expresses the entropy loss associated
with hydrogen bonding. While this hydrogen bond expression
initially was a heuristic assumption, its functional form meanwhile
has been excellently confirmed by comparisons with quantum
chemical calculations of hydrogen bond enthalpies® and with
hydrogen bond enthalpies derived from FTIR-experiments.*’
Some newer versions of COSMO-RS use a slightly more refined
functional form for the hydrogen interactions, involving element
specific parameters.

Each molecule X is described by its surface composition
histogram with respect to g, the so-called s-profile p*(s), and
a pure or mixed liquid system is characterized by its solvent
o-profile

xkpX (o
plo) = B2 ()
k

XkAXk

where x; is the mole fraction of the kth molecule X; and Ay is its
COSMO surface area. Solving the COSMOSPACE equations,
turning into

us(6) = Ly Uda’ps(o") exp{_aeff(eim(aé;,) : #S(GU)H
(4)

we obtain the g-potential us(o). This expresses the attraction of
a solvent S to surface segments of polarity ¢. The o-potential is a
kind of thermodynamic continuum response function of the
liquid with respect to the surface polarity of the molecules.
Integrating the g-potential over the surface of a solute X leads to
the residual free energy of the solute X in the solvent, which has
to be supplemented by a combinatorial contribution

:ug( = tu;(,rcs + :ué(,combi = JdUps(U)ﬂS(G) +kTln yg(,combi (AX7 VX? S)
(5)

where % combi(d™,V*,S) can be any typically used expression
for the combinatorial activity coefficient. These expressions
depend on the composition of the liquid, and the surface areas
and volumes of the solute and solvent molecules. The solvent
dependence is usually described by the average molecular
volume 7; and average molecular surface area gs. Volumes
and surface areas are taken from the COSMO cavities of the
molecules. y3 is the pseudo-chemical potential, expressing the
chemical potential (at a reference mole fraction of 1 mol mol™%).

It should be noted that in general multiple conformations
of a molecule are considered. Knowing the internal energy of
each conformation from the initial quantum chemical COSMO
calculation and the individual pseudo-chemical potentials
from eqn (5), all thermodynamic equilibrium properties of the
conformational ensemble are calculated from the conformational
partition function.

Meanwhile COSMO-RS has been refined by more advanced
variants of eqn (1)-(4), including the influence of other surface
descriptors,'” e.g., local polarizability and element specific
hydrogen bonding and dispersion parameters, in order to improve
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the accuracy of the surface interaction expressions. But the basic
scheme of COSMO-RS is conserved, i.e. the interactions are
calculated based on the local surface properties of the surface
segments, which can be derived from quantum chemical COSMO
calculations.

For the sake of clarity, we describe the concepts of COSMOmic
and COSMOplex solely in terms of polarization charge density
interactions; the results presented in this paper are obtained by
inclusion of the more advanced surface properties.'”'

COSMOmic

While the original COSMO-RS was applicable only to homo-
geneous bulk liquids, it has been extended to inhomogeneous,
micellar systems®**” by considering such systems as layered liquids,
each layer being considered as homogeneous and described by
COSMO-RS. An illustration of the COSMOmic method is shown
in Fig. 2.

In COSMOmic, information about the individual composition
of each layer has to be derived from external information, usually
from snapshots of molecular dynamics simulations of a micellar
system M. The distribution of atoms over the layers of a micelle
was converted into an atom probability distribution. Multiplication
of the individual atom probabilities by the partial o-profiles of the
corresponding atoms of a COSMO calculation leads to a specific
o-profile for each layer, i.e. to a surface polarity distribution
Pulo,2) depending on the coordinate z directed along the out-
ward normal vector of the micelle layers. In the case of spherical
or cylindrical systems, z corresponds to the radial direction.
Given these layer o-profiles, we can use the standard COSMO-RS
algorithm to calculate the o-potential u,,(c,z) of each layer.

For the calculation of the chemical potential of a compound
X at virtual infinite dilution in such a layered liquid system, a
systematic sampling of all possible states, i.e. of conformations,
centre positions and orientations of the solute relative to the
z-direction, is performed. In practice, the middle of each layer
is tested as the centre position, and a grid of vectors on the unit

Fig. 2 Schematic illustration of COSMOmic: a micelle is considered as a
layered liquid. The composition of each liquid is taken from MD simulations.
After the calculation of the o-profiles and o-potentials of the layers, all
positions and orientations of a solute molecule are sampled, calculating the
state specific free energy from the local o-potentials. (Biomembrane snap-
shot taken from ref. 59).
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sphere is used for the orientations of the micelle normal relative
to the molecule (herein, this grid is defined by a number of
Nori = 162 orientation vectors). Different choices for the exact
definition of the molecular centre have been implemented into
COSMOmic. We use the geometric surface centre throughout
this paper. For a given state, i.e. conformation, position and
orientation of the compound, abbreviated as a cpo state further
on, each of the surface segments v has a coordinate z;P° with
respect to the z-direction of the micellar system. The chemical
potential of this surface segment v is then evaluated by linear
interpolation of the two adjacent layer-o-potentials uy{0,,2).
Additional boundary conditions are explained further in Appen-
dix A. Then, in close analogy to eqn (5), all segment chemical
potentials of each conformation X° of a compound X are
summed to yield the residual chemical potential of X°. It should
be noted that an electrostatic membrane potential ¢(z) simply
can be taken into account in the energy of each surface segment
by the multiplication of the polarization charge density ¢ by the
membrane potential and the segment area.*’

The combinatorial contribution is estimated based on appro-
priate averages of the surface areas and volumes of the molecules
contributing to each layer and from the volume contribution of the
solute in each layer. Combining the residual and the combinator-
ial chemical potentials with the inner energy of the conformation
resulting from the quantum chemical COSMO calculation yields
the total free energy of the compound for a particular cpo state.

Sampling of all positions, orientations, and conformations
thus allows us to calculate the partition function of compound
X in the micellar system M, and from that we can derive all
thermodynamic equilibrium properties, including the partition
coefficients of the solute between the solvent, usually water,
and the micellar system. Because most experimental data is
available for these systems, COSMOmic has been validated to a large
degree based on biomembrane-water partition coefficients,*****”
which are of interest for biochemistry and pharmaceutical research.
But also for other micelle-water partition systems COSMO-RS
yields reliable partition coefficients.'>>*® No special para-
meterization of COSMOmic was required beyond the under-
lying COSMO-RS parameterization, except for the inclusion of
ions, for which the membrane potential needed to be derived from
fitting of an appropriate functional form with three adjustable
parameters.’”

COSMOplex: simulation of complex, self-organizing systems
based on COSMO-RS

The terminology introduced in the previous chapters sets the
framework for COSMOplex. The general workflow is outlined in
Fig. 3, and we refer to this figure and the steps indicated
therein throughout the explanation of the method.

Step 1: physical conditions. First we have to select the overall
geometry and the structure of our simulation box. For the self-
organizing system (SOS) we consider a box of total volume Vge,
virtually cut into L layers along the z-axis. For simplicity we
assume that all layers have the same thickness o, although
varying thicknesses could be handled as well. By default, we shall
assume a rectangular geometry, but cylindrical or spherical boxes

This journal is © the Owner Societies 2019
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Fig. 3 Workflow of the COSMOplex method.

are supported as well. In the latter cases the z-axis is the radial
axis. Thus, the geometric volume of layer 7 is

Vgeo(zi) =A0 (63)

for the case of a rectangular box with cross-section area 4,

Vieo(21) = nH [(z,- + g)z— (z,- - g) 2} —mHz5  (6b)

for a cylindrical box of height H, and

Vieo(zi) = 43—n [(z[ + g) 3— (z,- - g) 3] =4n (z?é + i) (6¢)

for a spherical system. For the boundary condition of the boxes
see Appendix A.

At a particular temperature T, we consider the box to be
filled with Ny, = > N; molecules of n. different compounds.
Each compound X; may be represented by m; conformations.

In our workflow, each conformation X (with a conformer
index J) is represented by a particular COSMO file, which
provides all information about its internal energy E} in the
COSMO reference state, the elements and coordinates of the
atoms, and the coordinates, sizes, and screening charges of all
segments on the COSMO cavity. The sum of all segment areas is
considered as the COSMO surface area A%. The enclosed volume

This journal is © the Owner Societies 2019

of the COSMO surface is ka,COSMO. The total volume is split
into atom volumes V based on a relative closest distance
criterion, so that we have atom volumes available for each
atom o. More detail on atom volumes and atom centres is given
in Appendix B.

Step 2: start distribution. The molecules selected above need
to be initially distributed and oriented in the virtual simulation
box. This initial guess is basically a free choice of the user. It
is advisable to precondition the system towards the expected
self-organization, for example to place the more polar mole-
cules with higher concentration on one side and the less polar
molecules more on the other side. Furthermore, it is advisable
to aim for a reasonably homogeneous space filling in all layers.
An empirical tool named AUTOBOX is provided in the COSMO-
plex software to achieve a reasonable start distribution, box
and layer sizes. The start distribution is represented as an
atom probability distribution, as it was used as an input for
COSMOmic. More details of the AUTOBOX algorithm are given
in the ESLf Nevertheless, it should be emphasized that, as
in almost all non-linear optimization methods, and as in
MD simulations, the details of the start distribution have an
influence on the required number of steps and on the achieved
simulation minimum to which COSMOplex converges, but
otherwise the properties of a converged COSMOplex simulation
should be independent of the start distribution.

Phys. Chem. Chem. Phys., 2019, 21, 9225-9238 | 9229
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Step 3: layer composition functions. Given a start distribution
of the molecules and their atoms throughout the layered system,
we can calculate three layer composition functions.

First, we assign the partial o-profiles of the atoms to the
respective layers and generate layer o-profiles pd,4(0,z;), in the
same way as it was done in COSMOmic. The index zero indicates
that this is just the initial guess.

As a second composition function we calculate the expectation
values Q%(z)) of the layer charge for all layers by summing the
product of the polarization charge density and the segment area
for all segments in a layer.

As a new ingredient of COSMOplex vs. COSMOmic, the space
filling ratio

)

i.e. from the ratio of the occupied volume and the available
geometric volume, is considered as a third composition function.
Space filling ratios larger than one indicate an overpopulation of
the respective layer; space filling ratios lower than one indicate
underpopulation.

The average molecular surface area and the average molecular
volume are also calculated in each layer, see Appendix C.

Step 4: layer response functions. Next we calculate the three
continuum response functions corresponding to the three com-
position functions calculated in step 3. The response functions
for the layer o-profiles are the corresponding o-potentials (0o
(0,2). The response function for the charge distribution is the
electrostatic potential ¢(z;), which can be calculated from the
charge distribution according to Gauss’s law. For details see
Appendix D. The response function for the space filling ratio
(eqn (7)) is the layer pressure P(z;). It can be calculated from the
compressibility. For details see Appendix E.

The combinatorial contribution p.ompi, a kind of size correction,
may be considered as an additional response function. Since its
contribution is small we refer the reader to Appendix F for details.

Step 5: resulting compound distribution profiles. As a next
step we scan all possible states of each compound X in the
simulation box. As explained in the COSMOmic section above,
the states are enumerated by the conformation index (c), the
centre position (p) and by the orientation (o) of the z-axis of the
system relative to the coordinate system of the molecule in
the COSMO file; abbreviated as a cpo state in the following
sections. For the latter a homogeneous grid of vectors on the unit
sphere as introduced in the original COSMO paper"® is used.

cpo

For each cpo state, the total free energy of the state uif)s is
initialized with the conformational energy of the compound X

(E&osmo)- For the COSMO-RS part of the free energy (uif;g‘;es>

we determine the position of each surface segment and of each
atom of a particular compound. Using a linear interpolation
between the two neighbouring layers of each segment, we
determine the value of the o-potential of the segment at its
position and the corresponding electrostatic potential ¢ and

cpo

the respective contributions of each segment (Es)f)s@) to the
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total free energy of the state. In addition, we determine the
position of each atom. The atom volume is multiplied by
the interpolated pressure P of the two nearest layers and this

pressure penalty (Ex°p°> is added to the total free energy of the

sos, P
. . . Xepo .
state. Finally, the combinatorial free energy (lusosp.combi> is

added, see Appendix F. Hence, the free energy of a particular
cpo state is

Xepo

Xepo Xepo Xepo
luSOS

Xe Xepo
= ECOSMO + Hsos,res + ESOS-Q’ + Esos,P + ‘usosr:combi (8)
Based on these individual free energies of all cpo states, we can
build the compound partition functions as a sum of the
Boltzmann weights:

chrw
ZX =D _Nexp (—“,j’; ) ©)

A multiplication by the number of molecules N™' in layer i is
performed (since the combinatorial contribution of COSMO-RS
is gauged to a mol mol " reference state). The total free energy
of each compound X is calculated as

GX = —kTIn(Zy) (10)

and the total free energy of the system as

ne

ne
Giot = > Niply = —RT Y NiIn(Zy) — EX™ — ER™ (1)
k=1 k=1

where the corrections for the electrostatic energy (E;,") and
pressure energy (EZ>") are required in order to avoid double
counting. For details see Appendix G.

The individual probability to find compound X in state cpo is

X mol
Wepo = IN;° €Xp

(12)
Based on these individual state probabilities, we can construct
new layer composition functions, ie. new layer o-profiles,
charge distribution, and layer pressure profile.

Step 6: damping and self-consistent iteration steps. We mix
the new and the previous composition function by using a
damping factor / as a weight for the old composition and 1 — 4
as a weight for a new composition. Now we have arrived at three
new composition functions as calculated in step 3 before. Thus
we can restart the COSMOplex cycle at step 4, ie. with the
calculation of new response functions. In that way an iterative,
recursive cycle is defined, which has to be repeated until the
composition of the system and the chemical free energies of the
compounds are sufficiently converged. Damping is required in
order to avoid oscillations which tend to occur due to the extreme
pressure response on overpopulation of layers. Different damping
schemes, which vary the damping factor based on different
measures of the degree of oscillation of the past cycles, have been
implemented, but these schemes are probably subject to future
improvements. Since the final results do not significantly depend
on the convergence algorithm, we skip a description of the
damping algorithms in this article.
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Final step: converged self-organized system. With step 6 we
have closed the iterative cycle for the recursive calculation of the
distribution and free energies of molecules in the self-organizing
system. After several hundred or thousand iterations the system
converges to a minimum of the total free energy. If all convergence
criteria are met, which may depend on the application of interest,
the iterative cycle is stopped and final, system dependent property
calculations can be performed. For example, the interfacial tension
is calculated by using the integral of the converged pressure profile.

As in every non-linear optimization procedure, the achieved
minimum can either be the global minimum, or just a local
minimum. Starting from different start conditions, or by using
different damping schemes, it should be checked whether the
global optimum has been found. According to our findings, the
systems converge directly to the global minimum in the majority of
cases, if they are set up from a reasonable initial distribution of the
molecules, which is facilitated by the AUTOBOX routine.

Directional segment extension (DIRPLEX)

Although the COSMOplex algorithm as described above already
yields qualitatively and in many cases also quantitatively plausible
results, it is necessary to introduce a further extension of the
COSMOplex algorithm which concerns the directionality of the
surface segments. Since in a bulk, homogeneous and isotropic
solvent no direction is preferred, the orientation of surface
segments does not require special attention, although even in
such systems two segments need to have opposite orientations
in order to form an interacting segment pair. But in COSMOplex
we consider an anisotropic liquid, with a specially preferred
direction, defined as the z-direction of the SOS further on. Thus,
it may be that some segment types preferably point in the
positive z-direction, and others preferably point in lateral or
opposite directions. As an example, we may consider the inter-
face of water with a non-polar solvent, e.g. cyclohexane, as
illustrated in Fig. 4. If the alkane phase is in the region of low
z-values and water at high z-values, then the layer accommodating
the relatively sharp interface of the liquids will mainly have
nonpolar surface segments with a positive z-normal direction,
while the polar water segments will have an excess of negative
segment normal directions. Standard COSMO-RS thermodynamics
for the segments in such a layer would allow for large numbers of
contacts between the polar water surface segments and between the
nonpolar alkane segments, but geometry prohibits such contacts.
This constraint can be implemented into COSMO-RS by considering
the segment normal direction as an additional segment property.
For the purpose of COSMOplex it is sufficient to split each segment
v into two subsegments in the following way: if the scalar product of
the segment normal vector with the z-direction (n,,;) is positive, the
portion n,,, is added to a z"-sub-ensemble of surface segments, and
the portion (1 — n, ) is added to the z°-sub-ensemble. If n,,, is
negative, the portion |n, .| is added to a z -sub-ensemble of
surface segments, and the portion (1 + n,,) is added to the
z%-sub-ensemble. Then we solve the COSMOSPACE equations
with the additional boundary condition that surface segments
from the z"-sub-ensemble may only interact with surface segments
of the z~ -sub-ensemble and vice versa, while segments from the
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z-direction

Fig. 4 Schematic illustration of the DIRPLEX extension: without the
DIRPLEX constraint, the polar water segments in the middle layer would
preferentially interact with each other, and the green alkane segments
would form nonpolar pairs (red arrows). The directionality constraint
enforces the formation of polar—non-polar contacts (yellow arrows). The
black arrows indicate the segment normal vectors.

orthogonal z%-sub-ensemble can still freely interact with each
other. It should be noted that the COSMOSPACE equations for
the coupled z'- and z -sub-ensembles do only converge if the
amount of segment surface is exactly identical in both sub-
ensembles. In order to achieve this in every layer, we solve a
system of linear equations yielding the minimum transfer of
2'- and z -segments from the neighbouring layers which is
necessary to yield identical amounts of z'- and z -areas in each
layer. The acronym DIRPLEX will be used in the following
sections for this directional segment extension.

Basically, segment directionality should already have been
taken into account in the COSMOmic method, but apparently
COSMOmic worked well without this extension. The reason is
that in COSMOmic we mostly studied soft, surfactant-rich inter-
faces, at which apparently the segment pairing is mainly controlled
by the segment polarity, and less by directionality. In the results
section we compare COSMOplex with and without the DIRPLEX
extension for a phospholipid biomembrane and for the cyclo-
hexane-water interface. Larger differences are only found in
the latter case. In general, DIRPLEX causes an increase of the
computation time by roughly a factor of three.

Software

Quantum chemical density functional theory (DFT) calculations are
performed for each of the molecules, i.e. for the solute and solvent
molecules under consideration. The COSMOconf software®* in
combination with the quantum chemistry software package
TURBOMOLE* was used to generate the COSMO files of the
relevant conformations for the compounds considered in this
paper. The BP86 density functional*®*” in combination with the
TZVP basis set’® was used for the COSMO calculations. COS-
MOconf was slightly modified to the needs of COSMOplex, in
order to keep geometrically diverse conformations with very
similar o-profiles in the set, while these are filtered out with
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standard COSMOconf settings, because they are irrelevant in
homogeneous liquids. The BP_TZVP_2019 parameterization of
COSMOtherm®® was used for the COSMO-RS calculations within
COSMOplex in this article.

Results and discussion

In this section, we describe a range of different application
examples. All applications are considered as proof of principle,
and therefore it should not be expected that the optimal
performance of COSMOplex has yet been achieved.

Self-organization of a phospholipid bilayer and
phospholipid-water partition coefficients

As a first example, we apply COSMOplex to the self-organization
of a biomembrane. The phospholipid 1,2-dimyristoyl-sn-glycero-
3-phosphocholine (DMPC) was the most important system studied
by COSMOmic.****” Four COSMOplex simulations were started from
an AUTOBOX generated input: one calculation with the extended
DIRPLEX routine, one with an optional self-consistent electrostatic
potential switched on, one with both options, and one standard
calculation with none of these options.

Fig. 5 shows the volume distribution profiles for DMPC and
water, respectively, resulting from the four COSMOplex simulations.
The distribution resulting from the MD simulations,’ as used
in COSMOmic, is shown for comparison. As can be seen, all
distributions are in reasonable agreement with each other, but
the COSMOplex distributions are generally a bit sharper than
the distribution derived from the MD simulations. Most likely
this is a result of the geometry scatter in MD, i.e. the fact that the
geometry and symmetry of the DMPC double layer in each snap
shot deviate a bit from the idealized flat and reflection sym-
metry arrangement. This already caused some uncertainty in
the position of the reference plane, and some stretching or
compression. Within the COSMOplex generated models, the use
of the DIRPLEX extension causes some broadening of the profiles,
while the use of the self-consistent electrostatic potential has
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Fig. 5 Volume fractions of the phospholipid DMPC (green lines) and
water (blue lines) in a simulated biomembrane system. The centre of the
bilayer is at the left end of the diagram. Bare COSMOplex is marked by
continuous lines, COSMOplex with DIRPLEX by dotted lines, and the MD
composition®® by dashed lines. The continuous and dotted black lines
show the two particular self-consistent electrostatic potentials, the fitted,
pseudo-experimental potential®” is given for reference (dashed black line).
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Table 1 Statistical performance of the 5 different DMPC biomembrane
models for the prediction of 207 logarithmic DMPC-water partition
coefficients.>> RMSD* is the root mean squared deviation from the
experiment after correction for the mean deviation, the last four columns
give the coefficients and performance from linear regression. The column
¢ indicates the used electrostatic potential

Mean
Model 0 dev. RMSD* Slope Shift r> RMSD
MD based  Fitted —0.72 0.86 1.24 -1.56 0.78 0.81
COSMOplex Off —0.15 0.90 1.15 —-0.61 0.75 0.88
COSMOplex Self-consistent —0.21 0.88 1.16 —0.70 0.76 0.86
DIRPLEX Off —1.23 0.94 1.05 —1.45 0.71 0.94
DIRPLEX Self-consistent —1.24 0.89 1.11 -1.68 0.75 0.88

negligible effect. Fig. 5 also shows the self-consistent electrostatic
potentials arising from the two last options, in comparison to the
empirically fitted potential, more in detail, fitted to experimental
DMPC-water partition coefficients of ions.*” Given the fact that
most reported DMPC MD simulations yield values between 1.0 and
1.3 V in the membrane centre,”*! the difference between the
COSMOplex result of 0.1 V and the “true” experimental value of
0.3 V must be considered as an encouraging result. Comparing the
COSMOplex potentials with the membrane potential generated by
the fit to ion partition coefficients, it is apparent that the latter
has its strongest increase in the region of the zwitterionic
groups (z ~ 17 A), while the COSMOplex potentials rise at
z ~ 12 A and thus seem to arise from the ester groups, which
are located in that region of the membrane. More detailed
analysis will be presented in forthcoming papers.

In all cases we also calculated the DMPC-water partition
coefficients for the 207 neutral solutes considered by Endo
et al.”>® The statistics for the different models is given in Table 1.
The MD-based COSMOmic model is slightly better than the
COSMOplex models. Within the COSMOplex models the DIRPLEX
model without electrostatics seems to be slightly worse than
the other three models. Nevertheless, all differences in the
performance for the partition coefficient models are very small,
and we may conclude that COSMOplex-based models are essentially
as good as the COSMOmic models, which required CPU intensive
MD simulations as an input.

Prediction of critical micelle concentrations

The prediction of critical micelle concentrations (CMCs) is of
special interest in many areas of formulation science.™® Here we
consider the prediction of the CMCs of ten diverse neutral
surfactants. For each surfactant a spherical aqueous micelle model
was built with AUTOBOX based on the surfactant geometry, and a
COSMOplex calculation with a self-consistent electrostatic field
was started. As shown in Table 2 and Fig. 6, the trends in the CMC
are reasonably well predicted by COSMOplex. Initial simulations
for ionic surfactants also converged nicely and showed reasonable
results (details not shown). These systems will be studied in more
detail in a forthcoming paper.

Microemulsion systems

Microemulsions are of special interest for many areas of
formulation science and for the important field of enhanced oil
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Table2 COSMOplex results for CMCs (log;o CMC in [mol 1% units) of ten
diverse non-ionic surfactants

log;o CMC log;o CMC
Surfactant Abbreviation (COSMOplex) (experimental)®®
Triethylene glycol CoE; —2.00 —1.00
monohexyl ether
Dimethyl nonylamine CyC,NO —1.92 —1.27
oxide
Octyl B-p-glucoside CgBG; —2.92 —1.60
Triethylene glycol CgE; —3.03 —2.12
monooctyl ether
Octyl a-glyceryl ether CgBGLYE —2.88 —2.24
Octyl glycol ether CgE; —3.14 —2.31
Triethylene glycol CioE;3 —3.67 —3.22
monodecyl ether
Dodecyl B-p-glucoside C;,BG; —4.21 —3.72
Octoxynol-2 Cg(CeH4)E, —4.15 —3.88
Hexaethylene glycol C1,Es —5.40 —4.06
monododecyl ether
0
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Fig. 6 COSMOplex results for CMCs (logy;o CMC in [mol [ units) of ten
diverse surfactants.

recovery.” Deeper insights into microemulsion systems and the
physical-chemical properties involved are provided elsewhere,
for example on the definition of Winsor types, fish tail points
and fish diagrams, or equivalent alkane carbon numbers.>”>
In short, a typical microemulsion system is composed of a less
polar compound (usually called oil), a surfactant and water.
After shaking this mixture in a test tube, three phases show up:
an oil-rich phase at the top, an aqueous phase at the bottom,
and a micellar, surfactant-rich phase in the middle.

As a proof of principle, we applied COSMOplex to a typical
microemulsion system, i.e. n-octane, a surfactant CgE;, and
water at 288 K. We initialized the system as a three-zone system
of oil (35 vol%), surfactant (30 vol%) and water (35 vol%).
Experimentally, this system is expected to form an oil-rich phase, a
microemulsion phase and a water rich phase under these
conditions.>* And indeed, after initial fluctuations it really formed
three phases with surfactant saturated oil and water phases, and a
middle region in which the oil, surfactant and water self-organize
into multiple micellar layers (see Fig. 7). This means that with
COSMOplex - without any special pre-conditioning - we were
able to investigate the self-organization of such complicated
systems in silico with simulation times in the range of a few
hours on a single CPU.
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Fig. 7 Spontaneous formation of a microemulsion phase in an oil (octane,
35 weight%, black line), surfactant (CgEs, 30 weight%, green line) and water
(35%-weight, blue line) system: the lines show the position dependent
particular volume fractions in a virtual test tube, simulated by COSMOplex.

Even though the quantitative agreement with experimental
microemulsion phase diagrams is not yet perfect, COSMOplex
may become an important tool for the systematic investigation
of microemulsion formation. In forthcoming publications, the
prediction of more sophisticated fish diagrams® by COSMOplex
will be described in detail. These are calculated by temperature
and concentration grids at the areas of phase transitions between a
single phase, two phase systems and three phase systems.

It should be noted that curvatures of micellar systems are
not directly implemented in COSMOplex, beyond the three base
geometries (sphere, cylinder and disc). System properties of a
curvature could be possibly derived by derivatives of the micelle
radius and accounting for the varying micelle:water interface
areas and corresponding free energies. As an alternative, a linear
combination of properties derived from different geometries could
be used, where the pre-factors of this linear combination could be
related to a comparison of the particular geometry dependent free
energies. Also, the critical packing parameter could be a useful
guide in the initial choice of the micellar shape.> This is, however,
a matter for future investigations.

Interfacial tensions

Another promising application area of COSMOplex is the pre-
diction of the self-organization of molecules at a liquid-liquid
interface and of the resulting interfacial tension (IFT). As
introduced in the context of MD simulations,’® the IFT can
be simply calculated as the z-integral of the lateral pressure.
The initialization of a rectangular simulation box with
mirror boundary conditions is performed by the AUTOBOX
routine. In Fig. 8 three typical interfacial pressure profiles are
shown. The profiles have been base-line corrected. In Fig. 9 we
show the results for the IFT prediction of 40 aqueous systems
taken from the paper of Andersson et al’® Since negative
predictions must result from numerical noise, we replaced
them by zero. The results, which take into account the segment
directionality (DIRPLEX), are in good agreement with experi-
mental interfacial tensions (see Fig. 9). It should be noted
that no parameters have been adjusted to fit the COSMOplex
results to the experimental data. As explained in the DIRPLEX
section, results without the DIRPLEX extension underestimate
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Fig. 8 COSMOplex atomic pressure profiles for six interfacial tension
calculations. The pressure drops in the interfacial region. For cyclohexane
and toluene pressure fluctuations arising from the first, second and third
molecular layer can be observed. The pressure profiles are base-line
corrected.
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Fig. 9 Experimental®® and predicted interfacial tensions for 40 aqueous
systems: COSMOplex predictions without DIRPLEX extensions are in blue, with
DIRPLEX in red. For the compound list and data see Table S1 in the ESL}

the experimental interfacial tensions by a factor of almost two.
The use of the self-consistent electrostatic potential has almost
no influence on the interfacial tension prediction.

Conclusions and outlook

The COSMO-RS method was originally developed for homogenous,
bulk liquids. The COSMOmic method extended the application of
COSMO-RS to the simulation of solutes in micellar systems.
However, it was limited to infinite dilution and required com-
putationally expensive molecular dynamics input to describe
the structure of the system. By the introduction of a layer specific
pressure, the applicability of the method — now named COSMOplex -
has been extended to the self-consistent simulation of a wide range
of self-organizing molecular systems.

First applications to micelle formation, microemulsion systems,
biomembrane-water partitioning, and liquid-liquid interfacial
tension predictions yield promising results in good agreement
with experimental data. All simulations only took between
10 minutes and 24 hours on a single laptop CPU. Thus, the
simulations are three to four orders of magnitude less CPU
demanding than comparable molecular dynamics simulations.
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No adjustment of empirical parameters was required. All inter-
actions are directly derived from the surface segment interactions
by the COSMO-RS method, supplemented by parameter-free expres-
sions for the pressure and the long-range electrostatic interactions.

Overall, COSMOplex enables many simulation applications
of self-organizing systems at significantly lower computational
costs and - at the same time — potentially achieving better agree-
ment with experiments due to its sound quantum chemical and
statistical thermodynamic fundamentals. These potential applica-
tions include - to mention just a few examples — the direct physical
prediction of complex so-called fish diagrams for microemulsion
systems, microemulsion systems formed by hydrotropes,®® the
temperature or salt concentration dependence of surfactant
properties, or even the fast self-consistent generation of bio-
membrane systems, for example to investigate the effect of
penetration enhancers in human skin.®'

Furthermore, COSMOplex has still considerable potential
for tuning its performance. Even though the method is already
capable of treating the electrostatic potential of self-organizing
systems self-consistently, the COSMOplex application examples
studied in this article are restricted to non-ionic surfactants
and neutral solutes. Ionic surfactants and ionic solutes will be
considered in a forthcoming paper. Extensions to gas-liquid
interfaces and solid-liquid interfaces, confined liquids, and
liquid crystals should be possible with minor effort and will be
considered soon. By the implementation of logarithmically
scaling layer widths, COSMOplex should be extendable to the
simulation of macroscopic distances, e.g. for the complete
simulation of the volume between the anode and cathode of
an electrochemical cell. As a distant future goal, the simulation
of 3D-inhomogeneous systems seems to be possible, optimistically
enabling a completely new way of simulating water and drug
molecules in enzyme pockets.
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Appendix
Appendix A: boundary conditions in COSMOplex

Currently the following boundary conditions are supported by
COSMOplex:

(1) Mirror boundary conditions for rectangular boxes: if a
coordinate is outside the box, it is transformed into the box by
reflection. This assumes mirror symmetry perpetuation of the
system outside the box. By reflection boundary conditions, most
systems, which usually are simulated with periodic boundary
conditions in MD simulations, can be reduced to half of the
simulation volume, saving simulation time and memory.

(2) Pseudo-mirror boundary conditions for cylindrical and
spherical simulation boxes: in spherical and cylindrical systems
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coordinates cannot escape at the inner boundary. But at the
outer boundary a molecule, while centered in one of the outer
layers, may have segments and atoms sticking out of the
simulated system. In this case we transform them back into
the system in the same way as we do with mirror boundaries for
rectangular boxes, i.e. a coordinate z > z;,a is transformed to
2:Zmax — 2. In order to be physically correct this boundary
condition requires that the system does not show major
changes any more at the outer boundary.

(3) Periodic boundary conditions for rectangular boxes: if
the z-coordinate of an atom or segment exceeds the outer box
limit z,ay, it is translated back into the simulation volume by
subtraction of one box length, i.e. by Zmnax — Zmin. Analogously,
coordinates escaping the box on the other side are translated by
addition of a box length.

If not stated otherwise, all COSMOplex calculations in this
paper are performed using the first boundary condition for
rectangular boxes and the second one for spherical and cylindrical
systems. In classic COSMOmic calculations, for negative values of
z, which may appear in lamellar micelle geometries, a mirror
boundary condition is applied, and for values of z larger than the
outer boundary of the simulated box the o-potential is assumed to
be the same as in the pure solvent containing the micelle, i.e. in
most cases pure water.

Appendix B: details of atomic volume assignment

The geometric centre position of the associated volume of an
atom o is introduced as zj,. This slightly deviates from the
atom position z* which usually is defined by the position of the
nucleus of the atom.

In a next step, we define rescaled volumes for the molecules
and atoms. The rescaled molecular volume V; of a compound is
defined as the liquid volume at room temperature, i.e. molecular
weight divided by liquid density. The liquid density can either be
given as experimental input data, or it can be estimated within
the COSMOtherm software.*® All atom volumes are rescaled by
the ratio of Vi and Vi cosmo, Where the latter is the thermo-
dynamic average of the COSMO volumes of the conformations
according to their Boltzmann population in the pure liquid .

Next, we adjust either the size of the simulation box or the
number of molecules in the box in order to achieve equality of
the box volume and the sum of the molecular volumes of all
molecules in the system. It should be noted that fractional
numbers for the counts of molecules are allowed in COSMOplex.

Appendix C: calculation of the number of molecules per layer
and of the average molecular surface area and volume in each
layer

The average molecular size parameters, ie. the average molecular
volume 7g,5(z;) and average molecular surface area §gos(z;), are
calculated as well. These are required for the calculation of the
combinatorial free energy term in eqn (5), i.e. for the combinatorial
response function of the layered liquid continuum. For this purpose,
each molecule in each state is assigned to a layer 7 according to the
amount of surface area residing in layer i divided by the total surface
area of the molecule. Summation over all molecules and their state
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probabilities yields the number of molecules per layer N,
Multiplying the fraction of surface in layer i by the molecular
volume yields the average volume Fy.4(2;), and multiplying the
fraction by the molecular area yields the average surface area

QSos(zi)'

Appendix D: calculation of the electrostatic potential from layer
charges

The electrostatic potential ¢s.5(2;) arising from the net charges
in the layers is calculated, taking into account the geometry of
the simulation box and the electronic polarizability, i.e. the
infinite frequency dielectric constant ¢, = 1, of the layers. The
latter is calculated from pure compound refractive indices and
averaged by using particular atom volume probabilities in the
layers. The pure compound refractive indices can either be
given as an experimental input, or they are calculated from an
increment scheme.

The reduction of the electric field resulting from the
re-orientational polarizability should already be taken into
account by the self-consistent organization of the molecules,
since they feel the electrostatic potential.

In the planar geometry (rectangular box), the change of the
electric field AE(z;) within a layer 7 is given by the volume charge
density, i.e. the layer charge Qs.(2;) divided by the layer volume,
multiplied by the layer width ¢. Hence, we have for the electric
field at the interface between layer i and i — 1, i.e. at z; — /2,

B) L o,
5=5(a-3) =32

The summation is from the outer end downwards, because we
assume that the electric field and the potential at the right end
of the box (i = L) are zero, e.g., in the water phase of a
biomembrane bilayer. The electrostatic potential is the integral
of the potential in the middle of layer i (with ¢, = n®):

L
Ly
Pt
ln(z,)

In the spherical geometry the electric field at a radius z is
the same as the electric field of a point charge at the centre
which has the value of all included charge Q™™(z;). Outer charge
does not contribute. Hence, we can easily get the electrostatic
potential by summing up the small changes of the electric field
AE(z;) reduced by n*(z;), starting at 0 and ending up at the outer
shell, at which the field should have dropped to zero, because

the total charge in the simulated sphere must be zero.

0
Ek (Zi + E) 5 Qinc (Z,’)

o(zi,zip1) = N~ 5\ 2 s 0
n2<2i+—) zi+= | n?lzi+=
2 2 2

Q™¢(z;) is the sum of all layer charges up to z. To calculate the
potential ¢(z;), we just have to start at the centre and sum up all
changes of the electric field.

In the cylindrical geometry the electric field at a radius z is
the same as the electric field E(z) of a line charge at the centre

(P1)

o(zi) = (D2)

(D3)
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which has the value of all included charge. In close analogy to
the spherical case we get (with H being the height of the
simulated cylinder)

0
Ek (Zi + z) 5 QinC(Z[)

0(zi,zi11) =
0 0 o
2 L 2 L
n (z, — 2) 2H(z, + 2)n (Z, + 2)

To calculate the potential ¢(z;) we just have to start at the centre
and sum up all changes of the electric field.

5 (D4)

Appendix E: pressure as a response to volume occupation

The new continuum response function considered in COSMO-
plex is the pressure function P(z;). The pressure response in a
layer z; is calculated via the space filling ratio

1 =z
/31(21') = Vocc( l)

Vgeo (Z[) (El)

i.e. from the ratio of the occupied volume and the available
geometric volume, by the compressibility function. The space
filling can be very inhomogeneous, since too many molecules
may prefer certain regions of space, which thus get overcrowded,
while other regions may be underpopulated. For the calculation
of the layer pressures from the space filling ratio we fitted a
Lennard-Jones-type compressibility relation to typical pressure-
dependent compressibility data of organic liquids®’

Py L(P 2Ty
P)= dﬁ 9 x 4.5C00mp N 4~5Ccomp

(E2)
in which ¢omp is the compressibility, which we set to 10 ° kPa™*
throughout this article for all compounds except for water, for
which we use 5 x 1077 kPa™'. As long as the compressibility
function is steep enough, ie. the compressibility is low, this
function is like a steep wall and the results do not strongly depend
on the details of the compressibility function and on the exact value
of the compressibility. Nevertheless, a reasonable and smooth
compressibility function is required for the convergence of the
COSMOplex algorithm. The local, ie. z-dependent, compressibility
is calculated as a volume based average of the pure liquid
compressibilities of the molecules in each layer. Details regarding
derivation of the pressure function are provided in the ESL{

Appendix F: combinatorial contribution

The combinatorial contribution to the free energy of a molecule
X in layer i is calculated utilizing the surface area and volume of
molecule X and the average molecular volume and surface area
in layer 7, as described in Appendix C. For each state (cpo) of
molecules X the combinatorial contribution is assigned according
to the fraction of surface residing in layer 7.

Appendix G: total free energy corrections for the Coulomb
energy and the compression energy

In variational, self-consistent field quantum chemical algorithms,
the total energy of the system usually is calculated as a sum of the
expectation values of the energies of the electrons. But this has to
be corrected by adding half of the Coulomb energy, because
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otherwise the electrostatic interaction of each electron is double
counted. In other words, the electrostatic energy included in the
expectation values has to be replaced by the correct value of the
Coulomb energy. The same correction is required in COSMOplex
for the Coulomb energy, ie. the total Coulomb energy has to be
reduced by a factor 1/2 (E;;’""). The correction is also required for
the compression energy, because the compression energy included
in the partition functions of the molecules reflects the interaction
of each atom volume with the final, self-consistent pressure, while
the compression related energy (Ez’™) has a different value given by

L =9 5=45
corr P — 2.0[ + 1 ~
ESoT — Pr—=pi T ) _p g 1
=Y (i ) CIZIC

where (V;) is the expectation volume of the molecular (or
equivalently the atomic) volume in a layer 7, and the expression
in parentheses is the Lennard-Jones like expression of the
compression energy, which was used in eqn (8) for the deriva-
tion of the pressure formula.
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