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Understanding quantum emitters in plasmonic
nanocavities with conformal transformation:
Purcell enhancement and forces

V. Pacheco-Peña a and M. Navarro-Cía *b

Nanogaps supporting cavity plasmonic modes with unprecedented small mode volume are attractive

platforms for tailoring the properties of light–matter interactions at the nanoscale and revealing new

physics. Hitherto, there is a concerning lack of analytical solutions to divide the complex interactions into

their different underlying mechanisms to gain a better understanding that can foster enhanced designs.

Bowtie apertures are viewed as an effective and appealing nanocavity and are studied here within the

analytical frame of conformal transformation. We show how the non-radiative Purcell enhancement of a

quantum emitter within the bowtie nanocavity depends strongly not only on the geometry of the nano-

cavity, but also on the position and orientation of the emitter. For a 20 nm diameter (∅ 20 nm) bowtie

nanocavity, we report a change of up to two orders of magnitude in the maximum non-radiative Purcell

enhancement and a shift in its peak wavelength from green to infra-red. The changes are tracked down

to the overlap between the emitter field and the gap plasmon mode field distribution. This analysis also

enables us to understand the self-induced trapping potential of a colloidal quantum dot inside the nano-

cavity. Since transformations can be cascaded, the technique introduced in this work can also be applied

to a wide range of nanocavities found in the literature.

Introduction

Plasmonics is a thriving research field that has created trans-
formative opportunities for a wide range of applications, span-
ning from spectroscopy to photothermal therapy.1 The intrin-
sic nanoscopic volume and high sensitivity to the local
environment of surface plasmon modes enable label-free
molecular detection.2–5 The large near-field intensity gradients
in plasmonic structures yield amplified optical forces that can
be used for nanoparticle manipulation (i.e., nanotweezers).6–10

These strong electromagnetic fields also allow weak nonlinear
processes, which are governed by the local field, to be notably
enhanced.11–14 The ability of plasmons to surpass the diffrac-
tion limit is used to produce super-resolution images and to
push the resolution of nanolithography.15–19 By the proper
engineering of plasmonic structures, light can be trapped and
absorbed efficiently in thin-film solar cells.20,21 Gold nano-
particles convert efficiently photon energy into local heat that
is used for selective tumour apoptosis.22

Benefitting from the advancements in nanofabrication and
the possibility of creating metal–insulator–metal configur-
ations supporting gap plasmon modes, plasmonics is also
becoming a fascinating platform to study the nanoscale
world.23–26 In this quest, the preferred cavity is the so-called
particle(s)-on-a-mirror,5,27–31 but apertures in metals have also
their own merits. As far as spectroscopy and trapping are con-
cerned, apertures can remove large background signals and
are a natural trapping environment.2,6,9,10,32–34

Nowadays, to design plasmonic nanostructures for specific
applications and to build knowledge from experimental obser-
vations, scientists rely strongly on a heavy computational
burden35 since analytical solutions are limited to simple geo-
metries like spheres.36 The challenge lies then in mapping the
plasmon resonances and the corresponding field distributions
analytically for the more complex nanostructures and assem-
blies whereby physical understanding can be gained and a
blueprint for the design of new plasmonic nanostructures is
provided. An analytical tool that holds promise in this regard
is transformation optics.37,38 It has been championed for
open-crescent-shaped39–41 and several dimer nanoantennas
(e.g., spheres,42 cylinders,43 cylindrical sectors,44 bowties45 and
tripods46), but its application in nanocavities is limited to
canonical ring-disk and crescent-shaped nanocavities.37,47,48
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Motivated by the lack of analytical solutions in plasmonic
nanocavities and the increasing use of bowtie nanocavities for
trapping and molecular fluorescence,2,9,10,33 we report here an
analytical solution for the Purcell enhancement and forces
experienced by an emitter (e.g., colloidal quantum dot, QD)
inside a two-dimensional (2D) bowtie nanocavity (i.e., a 3D
bowtie nanocavity with z-invariance). The study of bowtie
nanocavities is timely given their popularity in the community
arisen from their stronger field concentration and hence field
enhancement at their centre as well as their strong coupling to
light compared to other nanocavities.2,9

Analytical framework

A schematic of the bowtie nanocavity to be investigated in this
manuscript can be found in Fig. 1a. Note that it can be under-
stood as a ring-bowtie nanoantenna or as a mirror-image
nanoepsilon.49 Without loss of generality, gold is considered
for the metal parts of the nanocavity. L′1 and L′2 correspond to
the distances from the bowtie nanocavity inner arms (radius of
10 nm) and the 0.5 mm long connecting taper to a circumfer-
ence of radius 1 nm, as shown in Fig. 1a. The ring width is
chosen to be Δ′t = 10 nm to avoid plasmon hybridization50 in
the ring, as is demonstrated in Fig. 1c and d. Effectively, this is
equivalent to having a single nanocavity embedded in gold;
hence, Δ′t = 10 nm and Δ′t = infinite match in Fig. 1c and d.

The flare angle θ′ will be varied throughout the manuscript.
The gradual connection between the metal inner parts (i.e.,
the taper) follows a Bézier polygon starting at 0.5 nm from the
centre of the nanocavity. The position and orientation of the
point (e.g., dimensionless) dipole source (translationally invar-
iant along the out-of-plane direction) mimicking a nanoemit-
ter inside the bowtie nanocavity will be also varied.

Since the diameter of the nanocavity is l′ = 20 nm ≪ λ0, the
problem can be treated quasi-statically. In this scenario, the
electric and magnetic fields are decoupled and the former can
be completely described by an electrostatic potential satisfying
Laplace’s equation ∇2φ′(x′, y′) = 0.

The bowtie nanocavity shown in Fig. 1a can be transformed
into the geometry shown in Fig. 1b by applying the conformal
transformation z = ln(z′/a).11,45,46 Here z = x + iy and z′ = x′ + iy′
correspond to the spatial coordinates in the transformed and
original frames, respectively, and a is the distance between the
emitter and the origin of the coordinates. With this conformal
mapping, the arbitrary oriented line dipole source and the
bowtie nanocavity are transformed into a periodic multislab
structure with an array of line dipoles located every two slabs.
Hence, the periodic unit cell (with a 2π periodicity along the y
axis) consists of an array of line dipoles and two metallic slabs
(connected at their ends). The dimensions of the metallic
slabs are defined by L1 + L2 and θ (= d3) along the x and y axes,
respectively.

An important consequence of the quasi-static treatment of
the nanocavity and the applied conformal mapping that pre-
serves the local angles is that the material properties are iden-
tical in both transformed and original frames. Additionally,
the potential is preserved ϕ(x,y) = ϕ′(x′,y′) in both scenarios,
respectively.37 Hence, the underlying physics governing Fig. 1a
is identical to that of Fig. 1b. Given its canonical form, the
description of the latter is simpler and, thus, is given next.
From Fig. 1b one can expect that the array of dipoles will excite
surface plasmons (SPs) propagating along the x axis. Since the
slabs have finite length (L1 and L2), the SPs will be reflected
back and forth, producing standing-wave patterns that one can
identify to localized surface plasmon (LSP) modes, i.e., the
eigen-modes of the system. Because of the small size of the
nanocavity compared to the incident wavelength, radiation
losses are negligible and the energy pumped into the system
by the emitter is dissipated into the metal due to absorption.
The quantitative results will be shown and discussed in the fol-
lowing sections and the complete analytical solution in the
transformed space can be found in the Methods section.

Results and discussion
The number and spectral position of localized surface
plasmon modes

The resonant performance of the bowtie nanocavity can be
evaluated analytically by simply solving the problem in the per-
iodic multislab frame.44–46,51 Because of the finite physical
size of the nanostructure under study, the LSP modes for the

Fig. 1 (a) A nanoemitter inside a mirror-image gold nanoepsilon
(i.e., bowtie nanocavity). (b) The corresponding transformed space
obtained after applying the conformal mapping indicated in the figure.
(c, d) Numerical results of the non-radiative Purcell enhancement for
different values of Δ’t when the dipole is oriented horizontally (c) and
vertically (d).
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bowtie nanocavity will be distributed in the spectrum at dis-
crete wavelengths satisfying the following resonant condition
(see the Methods section for more details):

εAu ωð Þ � 1½ �2 ek 3d1þ3d2þ2d3ð Þ � ek d1þ4d2þ4d3ð Þ
h in

� εAu ωð Þ þ 1½ �2 ek d1þ4d2þ2d3ð Þ � ek 3d1þ6d2þ4d3ð Þ
h io2

� 2 εAu ωð Þ2�1
� �

ek 3d1þ6d2þ3d3ð Þ � ek d1þ4d2þ3d3ð Þ
h in o2

¼ 0

ð1Þ

where εAu(ω) is the permittivity of gold, ω = 2πc/λ0 is the
angular frequency, c is the velocity of light in vacuum, λ0 is the
operational wavelength and k is the angular momentum for
each LSP mode defined as k = (nπ – Δφ)(L1 + L2)

−1 (with n = 1,
2, 3…). Δφ is the extra phase required to take into account
non-perfect reflections of the SP modes at both ends of the
metallic slabs along the x axis (see the Methods section).

By applying the above resonant condition, the number of
LSP modes supported by the bowtie nanocavity as a function
of the angular aperture of the arms (θ′ = θ = d3) are shown in
Fig. 2a for vertical and horizontal emitter orientations. As

observed, the number of modes increases for smaller θ′. This
is an expected result since there is a clear dependence on the
dimension θ′ (= d3) for fixed L1 and L2, in agreement with our
recent findings for bowtie nanoantennas.45,51 To further study
the plasmonic resonances of the nanocavity, the spectral dis-
tributions of the first 10 LSP modes for nanocavities with θ′ =
20°, 35° and 45° under vertical and horizontal emitter orien-
tations are depicted in Fig. 2b and c, respectively. As is
shown, the LSP modes are located within the entire visible
spectrum and they are blue shifted when θ′ is increased, simi-
larly to canonical multilayer plasmonic systems. Also, it can
be observed that higher-order LSP modes (n > 3) are agglom-
erated close to the SP wavelength λsp. It is worth underlining
that the LSP modes are eigen-modes of the nanocavity and
their emergence and strength will depend on their field
overlap integral to the emitter. The role of the emitter posi-
tion and orientation will be discussed in the following
sections.

Non-radiative Purcell enhancement and field distribution

Within the conformal transformation and quasi-static formal-
isms, the power dissipated in the original scenario, Pðx′;y′Þabs , is
identical to that in the transformed space, Pðx;yÞabs . The latter can
be easily calculated by evaluating the electric field at the posi-
tion of the dipole as Pnr ¼ �ð1=2ÞωIm p*xE

S
1x x; yð Þ þ p*yE

S
1y x; yð Þ

n o
where Pnr is the non-radiative power emission, px and py are x
and y components of the dipole moment with magnitude |p|,
respectively, and ES1x(x,y) and ES1y(x,y) are the x and y com-
ponents of the electric field in the region where the dipole is
located (see the Methods section for the full analytical
expression). Based on this, the non-radiative Purcell enhance-
ment can be calculated as Γnr ¼ Pnr ωð Þ=P0 ωð Þ where P0(ω) =
(1/16)ω3μ0|p|

2 is the power radiated by the emitter and μ0 is
the permeability of vacuum. It is important to note that, since
the nanocavity is evaluated quasi-statically, the extinct power
by a point dipole has been used to describe the non-radiative
power of the emitter. Moreover, in all the calculations pre-
sented here, an intrinsic quantum yield equal to 1 has been
used for the emitter in order to be able to relate the non-radia-
tive decay of the emitter with the power absorbed by the nano-
cavity, Pnr = Pðx;yabs

) = Pðx′;y′Þabs .45,46

With this formulation, the analytical results of the non-
radiative Purcell enhancement spectra for a bowtie nanocavity
with l′ = 20 nm as a function of θ′ (ranging from 10° to 45°) are
shown in Fig. 3a and b considering vertical and horizontal
emitter orientations, respectively. Here, the emitter is placed at
(x′ = 1 nm, y′ = 0) in the original frame [i.e., (x = y = 0) in the
multislab geometry]. As observed, the LSP modes are blue
shifted when θ′ is increased, in agreement with the results
shown in Fig. 2, covering the entire visible spectrum. For
instance, the fundamental LSP mode (n = 1) is shifted from
(infra-) red ∼770 nm to yellow ∼582 nm when θ′ is modified
from 10° to 45°, respectively, under a vertical emitter orien-
tation. Similarly, it is displaced from red ∼707 nm to green
∼527 nm for the same range of θ′ under the horizontal emitter
orientation. To better observe this performance, the analytical

Fig. 2 (a) The number of LSP modes supported by the nanocavity as a
function of θ’ for both vertical and horizontal emitter orientations. (b)
Analytical resonant wavelength for the LSP modes supported by bowtie
nanocavities with angles θ’ = 20° (stars), 35° (rhombus) and 45° (tri-
angles), excited under vertical (b) and horizontal (c) emitter orientations,
as shown in the insets. Note that the discrete points have been con-
nected with solid lines to guide the eye. Horizontal dashed lines mark
the λsp.
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results of the non-radiative Purcell enhancement spectra for
values of θ′ = 20°, 35° and 45° are shown in Fig. 3c and d con-
sidering vertical and horizontal emitter orientations, respect-
ively. The analytical results are compared with numerical
simulations carried out with the commercial software
COMSOL Multiphysics® (see the Methods section) for the orig-
inal bowtie nanocavity space. The good agreement achieved
between analytical and numerical results validates the analyti-
cal formulation.

As observed in Fig. 3, the magnitude of the non-radiative
Purcell enhancement is different for each emitter orientation
and LSP mode. This stems from the different field integral
overlap between the emitter and the LSP field mode distri-
bution. The larger the field integral overlap is, the higher the
non-radiative Purcell enhancement is. To investigate this in
more detail, the results of the field distribution in the bowtie
nanocavity for the fundamental (n = 1) and first higher-order
(n = 2) LSP modes under vertical and horizontal emitter orien-
tations are shown in Fig. 4 for θ′ = 20°. Note that Ey in the mul-
tislab geometry corresponds to the azimuthal component of
the electric field (E′φ′) in the original frame, whereas Ex in the
multislab geometry relates to the radial component of the elec-
tric field (E′ρ′) in the original frame.45,46 Hence, for vertical
(Fig. 4a and b) and horizontal emitter orientations (Fig. 4e and
f), E′φ′ and E′ρ′ are plotted accordingly. Here, E′φ′ and E′ρ′ are
calculated as E′φ′ = −E′x′ sin(φ′) + E′y′ cos(φ′) and E′ρ′ = E′x′ cos
(φ′) + E′y′ sin(φ′) with φ′ = tan−1 (y′/x′), respectively.

Fig. 4 manifests unquestionably the differences between
each LSP mode. For either emitter orientation, the first higher-
order LSP mode displays an additional antinode in the field
distribution compared to the fundamental mode. This is even
more evident in the transformed space. For instance, under
vertical emitter orientation, Ey at the first peak of Γnr has one
antinode in between two nodes at the ends of the nanocavity
(Fig. 4c), which corresponds to the first harmonic of the stand-
ing-wave pattern, i.e., the field distribution associated with the
fundamental n = 1 LSP mode. For the second peak (Fig. 4d) Ey
has two antinodes and three nodes, accounting for the second
harmonic of the standing-wave pattern, i.e., the n = 2 LSP
mode. For the horizontal emitter orientation, two Ex maxima
are obtained at both ends with a node in between them at the
first peak of Γnr (Fig. 4g), while the field distribution for the
second peak (Fig. 4h) has a node in between a maximum and
a minimum at the ends of the nanocavity.

The field representation in the transformed space also
assists in the discussion regarding the magnitude of Γnr. For
the vertical emitter orientation (Fig. 4a–d), the emitter [at
(x′, y′) = (1, 0) in the real space, and (x, y) = (0, 0) in the trans-
formed space] is located at a position where the field strength

Fig. 3 Analytical Γnr for the bowtie nanocavity with varying θ’ under
vertical (a) and horizontal (b) emitter orientations. Numerical (solid lines)
and analytical (symbols) results comparing the specific bowtie nano-
cavity with θ’ = 20, 35, and 45° under vertical (c) and horizontal (d) emitter
orientations. Fig. 4 Electric field distribution Eϕ’(x’, y’) and Eρ’(x’, y’) of the first two

LSP modes for θ’ = 20° under vertical (a, b) and horizontal (e, f ) emitter
orientations, respectively. Note that the colour scale has been saturated
in order to better appreciate the field distribution. The corresponding
electric field distributions Ey(x, y) and Ex(x, y) in the transformed space
for vertical (c, d) and horizontal (g, h) emitter orientations.
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of the n = 1 LSP mode is larger (Ey = −0.62) than that of the n =
2 LSP mode (Ey = −0.14). The field integral overlap is therefore
larger for n = 1, resulting in a higher Γnr (as shown in Fig. 3c).
The same argument applies to the horizontal emitter orien-
tation case (Fig. 4e–h).

Changing the position of the emitter

To further study the influence of the emitter on Γnr, Γnr is
plotted against the emitter position along the x′ axis in Fig. 5c
and d under vertical and horizontal emitter orientations,
respectively. These analytical results are in agreement with
numerical simulations depicted in Fig. 5e and f. The peak of
Γnr related to the fundamental LSP is visible regardless of the
emitter orientation and position, but its magnitude is
enhanced for positions closer to the centre for vertical emitter
orientation, whereas it is more constant for horizontal emitter
orientation. Namely, for n = 1 LSP mode, Γnr is equal to 1.11 ×

106, 0.72 × 103 and 9.5 × 103 for vertical emitter orientation
and 6.45 × 104, 1.3 × 103 and 1.6 × 103 for horizontal emitter
orientation at x′ = 0.3 nm, x′ = 6.6 nm and x′ = 9.6 nm, respect-
ively. These gradient responses in Γnr for vertical and horizon-
tal emitter orientations account for the strong and weak asym-
metric field distributions of the n = 1 LSP mode in Fig. 4c and
g, respectively, and also reflect the significant contribution of
higher-order LSP modes for x′ → 0 and 10 nm; emitters placed
close to metal boundaries (either by the nanocavity centre or
by its outer periphery) couple more efficiently to the higher-
order LSP modes that are accumulated at such boundaries (see
the wavelength range below 600 nm in Fig. 4c–f ).29,42 These
additional non-radiative channels contribute to the total Γnr,
yielding an overall increase of the Γnr baseline.

The impact of the emitter position is more significant for
higher-order LSP modes, whose field distributions display
nodes across the nanocavity and is enhanced at metal/dielec-
tric interfaces (Fig. 4d and h). These higher-order LSP modes
emerge in the spectral range ∼370–570 nm (Fig. 2b and c) and
are responsible for the increase in Γnr within such an approxi-
mate wavelength range at both ends of the spatial window dis-
played (Fig. 5c–f ).

Additionally, the numerical results of the radiative Purcell
spectra Γr (calculated as the power radiated by the bowtie
nanocavity, Pr, normalized to the power radiated by the emitter
P0) as a function of the position of the emitter are shown in
Fig. 5g and h for vertical and horizontal emitter orientations,
respectively. These results show that Γr is three orders of mag-
nitude lower than Γnr, and thus, sustains the initial assump-
tion of the theoretical frame that radiation losses are negli-
gible in the system. From these results, one can also note that
higher-order LSP modes have negligible radiative character
compared to n = 1 LSP mode, since they are not dipolar in
nature unlike the fundamental LSP mode.

For the sake of completeness, the analytical results of the
Γnr when the emitter moves along the y′ axis at x′ = 2.6 nm are
shown in Fig. 6c and d along with the numerical results
(Fig. 6e and f). As observed, the magnitude of the Γnr for the
different LSP modes is enhanced when the emitter is close to
the metal (as was shown when the emitter was moved along
the x′ axis in Fig. 6c–f ). For instance, for the LSP with n = 1,
the Γnr is 8.95 × 103 and 6.54 × 104 for vertical emitter orien-
tation and 4.22 × 103 and 2.29 × 104 for horizontal emitter orien-
tation at y′ = 0 nm and y′ = 9.6 nm, respectively. Finally, the
results of Γr are shown in Fig. 6g and h with, again, values
three orders of magnitude lower than Γnr, as in Fig. 5g and h.

Optical forces

As discussed above, the emitter excites bowtie nanocavity LSP
modes. The field distributions induced by such LSP modes
inside the nanocavity exert back then an optical force on the
emitter. To consider this picture realistically, the emitter is
assumed in this section to be a 2 nm diameter (∅ 2 nm) col-
loidal ZnO QD52,53 and the nanocavity is filled with water (εr =
1.77). Note that the emitter model also takes into account the
influence of the emitter on the nanocavity electric field that

Fig. 5 Schematic representation of the bowtie nanocavity with a verti-
cal (a) and a horizontal emitter (b). Analytical (c, d) and numerical (e, f )
Γnr for the bowtie nanocavity with θ’ = 20° and a vertical (c, e) and a
horizontal emitter (d, f ) at y’ = 0 and moving along the x’ axis. Numerical
Γr for vertical (g) and horizontal emitter orientations (h).
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was neglected previously with the point dipole definition. We
calculate the optical force 〈F〉 at the fundamental LSP mode
wavelength using the Maxwell stress tensor through the elec-
tric field distribution.6 In order to evaluate the stability of the
trapping, we compute the potential energy of the colloidal ZnO
QD in the field of the nanocavity as Vpotðz′Þ ¼ � Ð hF z1ð Þidz1.
Given the aqueous environment, Brownian motion should be
taken into account. Hence, the potential is normalized to kBT,
where kB is the Boltzmann constant and T the temperature,
which is taken to be 300 K.

The spatial potential depth for the QD with vertical and
horizontally polarized photoluminescence is shown in Fig. 7a
and b, respectively. The x′-axis (y′ = 0) and y′-axis (x′ = 2.6 nm)
cut is provided in Fig. 7c, d and e, f respectively, along with
the optical forces to facilitate the discussion. Stable trapping is
expected to occur along the perimeter of the nanocavity,
especially close to the centre of the nanocavity where the field
gradient is larger. Indeed, since stable trapping often requires

a trap depth of ∼10kBT,54 only the centre of the nanocavity and
the top and bottom vertexes provide a suitable spot, given the
dimensions of the QD. From this, it also follows that an unpo-
larized QD placed along the x′ = 2.6 nm vertical line will experi-
ence a force strong enough to be trapped at y′ = 0 nm (towards
the nanoantenna centre). When the QD approaches the
nanoantenna vertices, it will also be trapped, but it will lean
against the right or left metallic wall depending on the photo-
luminescence polarization (Fig. 7e and f).

Methods
Transformed space

Since the diameter of the Au bowtie nanocavity is significantly
smaller than the operational wavelength (l′ ≪ λ0), the quasi-

Fig. 6 Schematic representation of the bowtie nanocavity with a verti-
cal (a) and a horizontal emitter (b). Analytical (c, d) and numerical (e, f )
Γnr for the bowtie nanocavity with θ’ = 20° and a vertical (c, e) and a
horizontal emitter (d, f ) at x’ = 2.6 nm and moving along the y’ axis.
Numerical Γr for vertical (g) and horizontal emitter orientations (h).

Fig. 7 (a, b) The normalized self-induced trapping potential distribution
of a ∅ 2 nm colloidal ZnO QD inside a θ’ = 20° nanocavity at the LSP res-
onant wavelength of 779.2 nm – photoluminescence polarized vertically
– (a) and 697.7 nm – photoluminescence polarized horizontally – (b). (c,
d) Normalized forces along the x (Fx) and y (Fy) axes (blue and red lines,
respectively) together with the normalized self-induced trapping poten-
tial (black line) calculated at the y’ = 0 horizontal line as shown in the
insets for the photoluminescence polarized vertically (c) and photo-
luminescence polarized horizontally (d). (e, f ) Normalized forces along
the x (Fx) and y (Fy) axes (blue and red lines, respectively) together with
the normalized self-induced trapping potential (black line) calculated at
x’ = 2.6 nm vertical line as shown in the insets for the photo-
luminescence polarized vertically (e) and photoluminescence polarized
horizontally (f ).
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static approximation is applicable. In this scenario, the electric
field can be fully described by an electrostatic potential satisfy-
ing Laplace’s equation. In the geometry shown in Fig. 1b, the
emitters are able to excite SP modes in both longitudinal and
transversal directions, propagating along the y- and x-axes,
respectively. However, since we are interested in calculating
the surface plasmon modes for the multislab geometry when
L1 + L2 ≪ θ′, the contribution of the longitudinal LSP modes
can be neglected and it can be assumed that the excited LSP
modes are mainly due to the transversal modes (with a phase
variation along the x axis).

With these considerations taken into account, the electro-
static potentials outside and inside the metallic slabs in
Fig. 1b can be calculated as the sum of all discrete transverse
modes, as follows:

X
k

1
1� e2ik L1þL2ð ÞþiΔφ1þiΔφ2

eikx � e�ikxþ2ikL1þiΔφ1
� ��

� Aþe�ky þ Bþe�ky þ B�eky
� ��

; 0 , y , d1

ð2Þ

X
k

1
1� e2ik L1þL2ð ÞþiΔφ1þiΔφ2

eikx � e�ikxþ2ikL1þiΔφ1
� ��

� A�eky þ Bþe�ky þ B�eky
� ��

;�d2 , y , 0

ð3Þ

X
k

1
1� e2ik L1þL2ð ÞþiΔφ1þiΔφ2

eikx � e�ikxþ2ikL1þiΔφ1
� ��

� Eþe�ky þ E�eky
� ��

;

� d1 þ 2d2 þ d3ð Þ , y , � d2 þ d3ð Þ

ð4Þ

X
k

1
1� e2ik L1þL2ð ÞþiΔφ1þiΔφ2

eikx � e�ikxþ2ikL1þiΔφ1
� ��

� Cþe�ky þ C�eky
� ��

;

� d1 þ 2d2 þ 2d3ð Þ , y , � d1 þ 2d2 þ d3ð Þ

ð5Þ

X
k

1
1� e2ik L1þL2ð ÞþiΔφ1þiΔφ2

eikx � e�ikxþ2ikL1þiΔφ1
� ��

� Dþe�ky þ D�eky
� ��

;� d2 þ d3ð Þ , y , �d2

ð6Þ

where A+ and A− are the expansion coefficients of the incident
potential, B+ and B− are the coefficients due to the scattering
potential in the region where the dipole is present (d2 < y < d1),
E+ and E− are the coefficients associated with the scattering
potential in the region where the dipole is absent (d2 + d1) and
C+, C−, D+ and D− are those corresponding to the potential
inside the metallic slabs (d3); Δφ1 and Δφ2 are the phase
corrections accounting for the complex reflection of the SP at
the right and left gold walls of the transformed space, respec-
tively; k is the wave number of the transverse LSP modes calcu-
lated as:

k ¼ nπ� Δφð Þ
L1 þ L2

ð7Þ

with n = 1, 2, 3… representing each discrete LSP mode and Δφ
as the total phase correction applied to the bowtie nanocavity
accounting for the complex reflection of the SP at both ends

of the nanostructure as described in the main text. For com-
pleteness, the calculated values of Δφ for the nanocavities
described in Fig. 3a and b with θ′ ranging from 10° to 45°
under vertical and horizontal emitter orientations are shown
in Fig. 8a and b, respectively. As observed, the higher θ′ is, the
larger the value of Δφ is. For each emitter orientation (vertical
and horizontal), Δφ(θ′)v,h can be mathematically described
with a sigmoidal function, as follows:

Δφ θ′ð Þv ¼ 0:43� 0:27
1þ e 18:54 θ′þ5:83ð Þ½ �f g ð8Þ

Δφ θ′ð Þh ¼ 2:11� 0:23
1þ e 7 θ′�27:95ð Þ½ �f g : ð9Þ

Finally, the coefficients (A+ and A−) related to the incident
potential can be calculated by expanding the potential of the
dipole emitter along the x direction via a Fourier transform, as
follows:

A+ ¼ +py � ipxsgn kð Þ
2ε0

ð10Þ

where px and py are the two components of the dipole moment
along the x- and y-axes, respectively, and ε0 is the permittivity
in vacuum.

In order to calculate the coefficients B±, C±, D± and E± in
eqn (2)–(6) it is necessary to apply boundary conditions at the
metal/dielectric interfaces.

The continuity of the tangential component of the electric
field E∥ = Ex at the boundaries d1, d2, d2 + d3 and d1 + 2d2 + 2d3
leads to

Aþe�kd1 þ Bþe�kd1 þ B�ekd1 � Cþek d1þ2d2þ2d3ð Þ

� C�e�k d1þ2d2þ2d3ð Þ ¼ 0
ð11Þ

A�e�kd2 þ Bþekd2 þ B�e�kd2 � Dþekd2 � D�e�kd2 ¼ 0 ð12Þ

Eþek d2þd3ð Þ þ E�e�k d2þd3ð Þ � Dþek d2þd3ð Þ

� D�e�k d2þd3ð Þ ¼ 0
ð13Þ

Eþek d1þ2d2þd3ð Þ þ E�e�k d1þ2d2þd3ð Þ � Cþek d1þ2d2þd3ð Þ

� C�e�k d1þ2d2þd3ð Þ ¼ 0
ð14Þ

Fig. 8 Phase correction as a function of θ’ considering a bowtie nano-
cavity with l’ = 20 nm under vertical (a) and horizontal (b) polarization of
the emitter.
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The continuity of the normal component of the displace-
ment current D⊥ = Dy = εAuEy across the same boundaries as
the expressions above leads to

Aþe�kd1 þ Bþe�kd1 � B�ekd1 � εAuCþek d1þ2d2þ2d3ð Þ

þ εAuC�e�k d1þ2d2þ2d3ð Þ ¼ 0
ð15Þ

A�e�kd2 � Bþekd2 þ B�e�kd2 þ εAuDþekd2

� DεAu�e�kd2 ¼ 0
ð16Þ

Eþek d2þd3ð Þ � E�e�k d2þd3ð Þ � εAuDþek d2þd3ð Þ

þ εAuD�e�k d2þd3ð Þ ¼ 0
ð17Þ

� Eþek d1þ2d2þd3ð Þ þ E�e�k d1þ2d2þd3ð Þ þ εAuCþek d1þ2d2þd3ð Þ

� εAuC�e�k d1þ2d2þd3ð Þ ¼ 0
ð18Þ

with εAu being the permittivity of the metal (gold) used in the
bowtie nanocavity. For the sake of brevity and due to the com-
plexity of each constant, their solutions are not shown here.
However, they can be easily obtained either manually or with
the assistance of mathematical software.

The solutions of the potentials in real space for the region
where the dipole is present (ϕS

1 for d2 < y < d1) and absent
(ϕS

2 for d2 + d1) can be calculated by applying an inverse
Fourier transform to the induced potentials, as follows:

ϕS
1 ¼

1
2ε0ðL1 þ L2Þ

X
n

px½sinðkxÞ þ sinðkx� 2kL1 � Δφ1Þ�f

þpy½cosðkxÞ � cosðkx� 2kL1 � Δφ1Þ�
�

� ðBþe�ky þ B�ekyÞ
ð19Þ

ϕS
2 ¼

1
2ε0ðL1 þ L2Þ

X
n

px½sinðkxÞ þ sinðkx� 2kL1 � Δφ1Þ�f

þpy½cosðkxÞ � cosðkx� 2kL1 � Δφ1Þ�
�

� ðEþe�ky þ E�ekyÞ
ð20Þ

Following the same steps for both metallic slabs, the
expressions defining the potentials (ϕm

1 and ϕm
2 , which corres-

pond to the top and bottom arms in the scenario of the bowtie
nanocavity) are as follows:

ϕm
1 ¼ 1

2ε0 L1 þ L2ð Þ
X
n

px sin kxð Þ þ sin kx� 2kL1 � Δφ1ð Þ½ �f

þpy cos kxð Þ � cos kx� 2kL1 � Δφ1ð Þ½ ��
� Cþe�ky þ C�eky
� �

ð21Þ

ϕm
2 ¼ 1

2ε0 L1 þ L2ð Þ
X
n

px sin kxð Þ þ sin kx� 2kL1 � Δφ1ð Þ½ �f

þpy cos kxð Þ � cos kx� 2kL1 � Δφ1ð Þ½ ��
� Dþe�ky þ D�eky
� �

ð22Þ

From these results, the x and y components of the
electric field outside and inside the metallic slabs can be

calculated by simply differentiating the potentials defined in
eqn (19)–(22):

ES
1x ¼ � Λ

X
n

px cos kxð Þ þ cos kx� 2kL1 � Δφ1ð Þ½ �f

�py sin kxð Þ � sin kx� 2kL1 � Δφ1ð Þ½ ��
� Bþe�ky þ B�eky
� �

ð23Þ

ES
2x ¼ �

X
n

px cos kxð Þ þ cos kx� 2kL1 � Δφ1ð Þ½ �f
�py sin kxð Þ � sin kx� 2kL1 � Δφ1ð Þ½ ��

� Eþe�ky þ E�eky
� � ð24Þ

Em
1x ¼ � Λ

X
n

px cos kxð Þ þ cos kx� 2kL1 � Δφ1ð Þ½ �f

�py sin kxð Þ � sin kx� 2kL1 � Δφ1ð Þ½ ��
� Cþe�ky þ C�eky
� �

ð25Þ

Em
2x ¼ �

X
n

px cos kxð Þ þ cos kx� 2kL1 � Δφ1ð Þ½ �f
�py sin kxð Þ � sin kx� 2kL1 � Δφ1ð Þ½ ��

� Dþe�ky þ D�eky
� � ð26Þ

ES
1y ¼ � Λ

X
n

px sin kxð Þ þ sin kx� 2kL1 � Δφ1ð Þ½ �f

þpy cos kxð Þ � cos kx� 2kL1 � Δφ1ð Þ½ ��
� �Bþe�ky þ B�eky
� �

ð27Þ

ES
2y ¼ � Λ

X
n

px sin kxð Þ þ sin kx� 2kL1 � Δφ1ð Þ½ �f

þpy cos kxð Þ � cos kx� 2kL1 � Δφ1ð Þ½ ��
� �Eþe�ky þ E�eky
� �

ð28Þ

Em
1y ¼ � Λ

X
n

px sin kxð Þ þ sin kx� 2kL1 � Δφ1ð Þ½ �f

þpy cos kxð Þ � cos kx� 2kL1 � Δφ1ð Þ½ ��
� �Cþe�ky þ C�eky
� �

ð29Þ

Em
2y ¼ � Λ

X
n

px sin kxð Þ þ sin kx� 2kL1 � Δφ1ð Þ½ �f

þpy cos kxð Þ � cos kx� 2kL1 � Δφ1ð Þ½ ��
� �Dþe�ky þ D�eky
� �

ð30Þ

where Λ = k/[2ε0(L1 + L2)].
The resonant condition described in eqn (1) is derived

taking into account the condition of divergence of the
coefficients of the scattered potential (B±) calculated from
eqn (11)–(18).

Numerical simulations

The commercial finite element analysis software COMSOL
Multiphysics® is used to validate the analytical results. Gold
permittivity is modelled using an analytical polynomial
equation. This function fits Palik’s experimental data.55 The
bowtie nanocavities are embedded in vacuum (and gold in one
specific case in Fig. 1c and d), modelled as a two-dimensional
square 700 nm × 700 nm box enclosed by scattering boundary
conditions (i.e., perfectly matched layers). The emitter is mod-
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elled using two anti-parallel in-plane magnetic currents with a
separation of 5 pm. For the optical forces, the nanocavity is
filled with water [εr(600 nm) = 1.77] and the colloidal ZnO QD
is modelled as a circle of diameter 2 nm and dielectric func-
tion fitting Bodurov’s experimental data.56 A fine mesh is used
with a maximum and a minimum element size of 2 nm and 3
pm, respectively, within the vacuum region. A refined mesh,
twice smaller than in vacuum, is used for gold parts to ensure
accurate results.

Conclusions

The conformal transformation technique has been applied to
a bowtie nanocavity hosting a nanoemitter in order to describe
analytically the non-radiative Purcell enhancement experi-
enced by such local nanoemitters. The non-radiative decay
channels in the system are the different LSP modes excited by
the emitter. For a ∅ 20 nm gold bowtie nanocavity, multiple
LSP modes emerge within the entire visible spectrum whose
strength and spectral position depend strongly on the position
and orientation of the emitter. The analysis presented here
has also enabled us to investigate the self-induced trapping
potential of a realistic ∅ 2 nm colloidal ZnO QD inside the ∅
20 nm gold bowtie nanocavity. The trapping force exceeds the
Brownian motion along the perimeter of the bowtie nanocavity
regardless of the photoluminescence polarization. The results
presented here underline the potential of conformal trans-
formation to unveil the different underlying mechanisms in
plasmonic systems and hold promise for outlining design
guidelines for plasmonic-based trapping systems. In addition,
the methodology can be applied in a straightforward manner
to understand the quantum effects in bowtie nanocavities.37 It
should be noted that larger bowtie nanocavities have a signifi-
cant radiative channel and the quasi-static approximation
fails. Nevertheless, this study still provides general guidelines
to predict qualitatively the forces experienced by a QD inside
the nanocavity.
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