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Quantum-classical dynamics of the capture of
neon atoms by superfluid helium nanodroplets†

Miquel Blancafort-Jorquera, Arnau Vilà and Miguel González *

The capture of a Ne atom by a superfluid helium nanodroplet, Ne + (4He)N - Ne@(4He)N0 + (N � N0)
4He, was studied using a hybrid quantum (helium)–classical (Ne) approach and taking into account the

angular momentum. The atom is captured by (4He)N and follows elliptical rotating trajectories, and large

energy and angular momentum transfer from the atom to the nanodroplet occur. Evaporation of helium

atoms from (4He)N allows removal of the excess energy and angular momentum of the doped nanodroplet.

The behaviours observed for angular momentum different from zero are similar to the zero angular

momentum case. The angular momentum of the Ne atom can induce vortex nucleation for high enough

initial angular momentum values (B176.3–220.3 �h). Vortices arise from collapse of the surface excitations

(ripplons) and are long-lived under some initial conditions. Comparison with our own previous quantum

dynamics study at zero angular momentum shows that quantum effects are not important under the initial

conditions examined here. Besides, a comparison with the scarce information available on other systems has

been performed, showing the rich variety of behaviours that can be observed in the solvation of impurities

by superfluid helium. More efforts are welcome in order to obtain a deeper insight into the dynamics of the

capture process, especially in the vortex formation context.

1. Introduction

The study of superfluid helium nanodroplets (structure, energy
and dynamics), (4He)N, T = 0.37 K, is an already rooted research
area in physics.1–3 Their intermediate size allows researchers to
investigate the properties of quantum fluids and how they
change with the size of the system, from clusters to bulk liquids.
Besides, one of the features attracting more attention is the fact
that, due to the inert character of He and the superfluidity of
liquid 4He below T = 2.17 K, 4He nanodroplets can be used as low
temperature matrices for high resolution spectroscopy.4–6

From the initial study of chemical reactivity in helium
nanodroplets,7 the evolution of this field of study has been
significant.8–16 Interest in chemistry has increased in recent
times due to the possibility of synthesizing new chemical
species using these nanodroplets, as they are able to stabilize
species which are not stable in the gas phase such as metallic
nanoclusters17–19 and nanowires.20,21 In terms of chemical reaction
dynamics in the (4He)N quantum fluid several reactions have been
studied,1,22 experimentally (photodissociation of alkyl iodides,23–25

bimolecular reactions involving metals, Mg + O2,26 Al + O2, H2O,9

Ba + N2O,7 etc.) and theoretically (photodissociation of Cl2(B) in
superfluid11,12 and non-superfluid27 helium nanodroplets; and
Ne2 formation16).

Even though our group is mainly interested in the study of
reaction11,12,15,16 and relaxation14,28 dynamics inside helium
nanodroplets, the pickup (capture) process of atomic or mole-
cular species by (4He)N is, of course, an important and related
process as it precedes any chemical reactions and other processes
that may occur inside the nanodroplets (see, e.g., ref. 13 and 16).
On the other hand, the impurities (atomic or molecular) can be
considered as probes to investigate (4He)N.

The first time helium clusters were proved to have the ability
to capture chemical species was in molecular beam experiments
with neon atoms.29 There is a wide variety of atomic and
molecular species that can be captured by helium nanodroplets:
Ar, Kr, Xe, H2O, and SF6,30 Arn,31 Krn,32 transition metal atoms
(Crn,33 Cun

34), organic radicals (ethyl radicals),35 aromatic
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organic molecules and related species (anthracene, pyrro-
methene, and porphyrin derivatives),36 fullerene with small
molecules (C60(H2O)n, C60(NH3)n and C60(CO2)n),37 etc.

Even though a lot of experimental effort has been made (see,
e.g., ref. 29, 28 and 38), information about the dynamics of the
pickup process is still limited. The first attempt to study the
quantum scattering dynamics of helium nanodroplets dates
back to 1988,39 and the first quantum analysis of the motion of
particles inside nanodroplets was made in the late 1990s.40,41

Further detailed many-body quantum studies of the scattering
of atoms from helium nanodroplets and surfaces have been
performed lately.42–44 But it has not been until very recently
that a few realistic theoretical studies of the pickup process
and motion of the impurity inside the nanodroplet have been
reported.12,45–48

In the present work we have theoretically investigated, using
a quantum (helium)–classical (neon atom) hybrid approach,
the dynamics of the pickup process of a Ne atom by a superfluid
helium nanodroplet of 500 atoms, Ne + (4He)N - Ne@(4He)N0 +
(N � N0)4He (N = 500). To do this we have considered four
representative velocities of those typical in a pickup experi-
mental chamber (T E 300 K) and a wide set of atom impact
parameters, in order to take into account the angular momentum.
Particular attention has been paid to the dynamics of the
pickup microscopic mechanism and to the energy and angular
momentum exchange processes. This quantum-classical study
complements and extends a previous quantum dynamics inves-
tigation on the Ne + (4He)N pickup process at zero angular
momentum carried out by our group.13

This paper has the following structure: the theoretical
methods are explained in Section 2; the description and analysis
of the most important results are given in Section 3; and finally the
summary and conclusions are reported in Section 4. Additional
useful information is provided in the ESI.†

2. Theoretical methods

The theoretical study of the Ne + (4He)N pickup dynamics has
been carried out following a ‘‘divide and conquer’’ (hybrid)
strategy. Thus, the superfluid helium nanodroplet has been
modelled using one of the main procedures employed to
describe large systems of bosonic liquid 4He (time dependent
density functional theory (TDDFT)) and the Ne atom has
been described using classical mechanics (CM). In this case,
differing from ref. 13, where a similar approach was used but
the Ne atom was treated quantum mechanically, the angular
momentum of the attacking atom has been taken into account.
The quantum-classical treatment of the pickup dynamics used
here has also been applied to other atom + (4He)N systems (see,
e.g., ref. 45 and 46).

To describe the helium system we have used the Orsay-
Trento (OT) phenomenological density functional.49 The non-
local contributions to the helium correlation energy and the
back-flow term have been neglected for computational reasons
and the major numerical complications arising from the

second term. Besides, a modification has been added to the
OT density functional that avoids unphysical helium density
values, when the interaction between the impurity and helium
is strong.50 The theoretical investigation of the dynamics of
chemical and physical processes involving (4He)N has only been
possible recently11–16,28,45,46,51,52 and in all cases the approach
indicated above has been used. On the other hand, when it has
been possible to make the comparison between theory and
experiment, a satisfactory agreement has been obtained by
using such simplification in the OT functional51–53 and, in
addition, some satisfactory tests have been reported in the
context of the (4He)N relaxation.14

The helium wave function is propagated in time using the
TDDFT method. Here we will only show the main equations
used in the present study. To model the helium the quantum-
classical action, in terms of the effective complex wave function
of (4He)N, |CHe(RHe,t)|2 � rHe(RHe,t), reads:

A CHe RHeð Þ;RNe½ � ¼
ð
dt E CHe RHeð Þ;RNe½ �f

� i�h

ð
dRHeCHe

� RHeð Þ @
@t
CHe RHeð Þ

� 1

2
mNe

dRNe

dt

� �2
)

(1a)

where E is the total energy of the system, that is given by:

E CHeðRHeÞ;RNe½ � ¼ �h2

2mHe

ð
dRHe rCHej j2

þ
ð
dRHeec rHe½ �

þ
ð
dRHerHeVHe�Ne RHe � RNej jð Þ

þ 1

2
mNe

dRNe

dt

� �2

(1b)

and ec[rHe] is the density functional for liquid helium. The
He–Ne diatomic potential energy used, VHe–Ne, corresponds to
the ab initio coupled-cluster quantum chemical calculations
with a large basis set reported in ref. 54. The nanodroplet–
neon atom interaction has been calculated using the pairwise
approach.

To obtain the equations for the time evolution of the
Ne + (4He)N system, where N = 500 has been used, the quantum-
classical action must be minimised by making variations in
CHe(RHe) and RNe. The resulting expressions correspond to a
non-linear time-dependent Schrödinger-like equation for the
helium and to the classical laws of motion for the propagation
of the position and the velocity of the Ne atom (that occurs in
the xy-plane):

i�h
@

@t
CHe RHeð Þ ¼ � �h2

2mHe
r2 þ dec rHe½ �

drHe

þ VHe�Ne RHe � RNej jð Þ
� �

�CHeðRHeÞ
(2a)
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mNe
€RNe ¼ �rNe

ð
dRHerHeVHe�Ne RHe � RNej jð Þ

� �
(2b)

Eqn (2a) has been solved using a discretization procedure
(Cartesian grid) while no grid has been used for eqn (2b). The
helium grid depends on the initial Ne velocity, the grids being
denser the higher the velocity (Table S1, ESI†). The numerical
integration (time propagation) of these equations has been
performed using a fourth order Adams predictor–corrector–
modifier method,55 initialised by a fourth order Runge–Kutta
method.56 The time step used in the numerical integration also
depends on the initial velocity of Ne considered (Table S1,
ESI†). The derivatives involved in the calculations have been
calculated in momentum space using a Fourier transform
as implemented in the FFTW package.57 To avoid possible
unphysical reflections of the helium effective wave function at
the edges of the grids, a quartic negative imaginary potential
(NIP)58 has been placed 1 Å before the minimum and maximum
limits of the x, y, and z axes (Table S1, ESI†), employing the
same absorption strength and length as in ref. 13 (3315.0 K Å4

and 1 Å, respectively).
The initial positions of the Ne atom considered in order to

explore the influence of angular momentum on the pickup
process are the following: �25.0 Å for the x-axis and 0, 7, 14, 17,
20, 27 and 34 Å for the y-axis. Moreover, the Ne and (4He)N

initial energies, considering a nanodroplet of 500 helium
atoms, are given in Table 1 and the total simulation times are
reported in Table S2 (ESI†).

3. Results and discussion

The process of capturing a neon atom by a superfluid helium
nanodroplet, Ne + (4He)N - Ne@(4He)N0 + (N � N0) 4He with
N = 500 has been studied at several initial velocities of Ne
(v0 = 90, 210, 500 and 800 m s�1 (along the x-axis)) and several
impact parameters to account for several angular momenta
(b = 0, 7, 14, 17, 20, 27 and 34 Å). These velocities have been
chosen in order to have a good representation of the Maxwell–
Boltzmann velocity distribution of the Ne atoms at T = 300 K
(Fig. S1, ESI†), which is the typical experimental condition in
pickup chambers. The selected impact parameters allow us to
examine the different possible situations that can be found
(captured, tangential to the nanodroplet surface and non-
captured trajectories).

Before carrying out the dynamics calculations and in order
to define the initial conditions, the helium density of (4He)N=500

has been optimised using static DFT calculations with different
grids, depending on the Ne atom initial velocity considered
(Table S1, ESI†). The radial distribution of the helium density
obtained can be seen in Fig. S2 (ESI†). The helium density
strongly decreases near its surface and near its centre the
density is constant (a saturation density value (r0) of 0.0224 Å�3;
where the helium DFT functional has been fitted in order to
reproduce the experimental value of 0.02184 Å�3). Surface
atoms have the tendency to migrate to the centre of the
nanodroplet in order to minimise their energy, and this leads
to the strong decrease of density observed at the HeND surface.
The surface thickness is defined as the distance at which the
density varies from 90% to 10% of r0 and a value of 5.2 Å has
been obtained. The initial energies of the dynamic calculation
are gathered in Table 1.

3.1. Case 1: zero angular momentum

Here we present the main results obtained from the calcula-
tions with b = 0 Å and v0 = 90, 210, 500, 800 m s�1. In addition to
the figures given here, additional material can be found in the
ESI† and, in particular, in Movies 1 and 2 (ESI†) the time
evolution of the helium density and helium wave function
phase in the xy-plane for v0 = 500 m s�1 and two representative
cases (b = 0 and 14 Å, respectively) is shown. This initial velocity
corresponds to the most probable velocity of neon at T = 300 K.
Snapshots of the helium density in the xy-plane and in the
x- and y-axes for v0 = 500 m s�1 and b = 0 Å at illustrative times
are shown in Fig. 1. Moreover, the evolution of the position and
velocity of the Ne atom in the x-axis as a function of time and
the velocity as a function of the position (i.e., phase-space like
diagram) are shown in Fig. 2.

These figures and Movie 1 (ESI†) allow us to elucidate
the capture process mechanism, which can be described con-
sidering three steps. Firstly, during the Ne atom approach a
deformation of the helium nanodroplet density towards the Ne
atom appears, due to the Ne–helium interaction potential
energy. At this point, a waving pattern in the approaching
direction appears in the HeND density, due to the excitation
introduced by the atom and its velocity is increased. Secondly,
once the Ne atom reaches the surface of the nanodroplet its
velocity rapidly (B5 ps) decreases and, in some cases, it reaches
negative values (the atom bounces back at some extent, as it
can be seen in the position evolution; Fig. 2). In addition, the
waves formed due to the collision have already reached the
opposite surface of the nanodroplet, colliding against it and
going backwards. Finally, the helium density surrounds the Ne
atom and drags it to the inside of the nanodroplet (leading
to capture), where the returning waves create interference
patterns with the newly created ones.

Once the Ne atom is located inside the HeND and the
perturbation in the helium density is weaker, a solvation
layer is formed around the atom. Then, in the bulk-like region
of the HeND the atom reaches the Landau’s critical velocity
(vL E 58 m s�1 in superfluid liquid helium (bulk)).59,60

Table 1 Initial values of the energies involved in the Ne + (4He)500 pickup
processa

v0 Ne (m s�1) Ekin Ne (K)

90.0 9.74
210.0 53.02
500.0 300.6
800.0 769.4

a Ekin, Epot+corr and Etot helium are equal to 79.99, �2552.4 and
�2472.3 K, respectively.
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This velocity has been reported experimentally and theoreti-
cally (TDDFT (helium) + classical mechanics (Ag)) in HeNDs
with a thousand or more helium atoms.51 We have also found
the existence of this critical velocity in quantum dynamics
studies (TDDFT (helium) + quantum mechanics (dopants);
angular momentum equal to zero) on the Ne + (4He)1000

capture13 and Ne + Ne@(4He)500 reaction16 processes. Probably,
this behaviour should be expected in superfluid helium nano-
droplets that include a bulk-like zone.

This critical velocity reached by the atom, that when using
the present method to describe the helium is E90 m s�1 51 [due
to the reasonable approximations made in the helium func-
tional (the non-local contributions to the helium correlation
energy and the back-flow term have been neglected), in order to
make possible the dynamic calculations; cf. Section 2], remains
constant unless the atom approaches the surface of the HeND,
where it bounces back. The asymmetric helium density dis-
tribution pushes the atom back and forward preventing it from
staying in the centre of the nanodroplet, even though this is the
most stable geometrical arrangement. Under these conditions
the Ne atom moves inside the HeND without friction, due to the
superfluid character of helium below 2.17 K. In all cases examined
the behaviour of the Ne atom inside the nanodroplet is similar,

showing the great efficiency of the nanodroplet to accommo-
date the atom, even at the higher initial velocities studied.

The Ne atom kinetic, potential (Ne–helium) and total (kinetic +
potential) energies as a function of time are given in Fig. 3 for all
the initial velocities investigated. In general terms, all energies
experience a decrease when the atom is captured by the nano-
droplet, i.e., the atom is stabilised by the capture. Then, there are
oscillations arising from the collisions of the atom against the
nanodroplet surface. Besides, for all initial velocities there is a
small increase in the Ne kinetic energy at initial times, due to the
Ne atom–helium interaction potential energy, and it sharply
decreases as the atom reaches the inside of the HeND. There is
a clear correspondence between the kinetic energy of Ne and the
Ne–helium potential energy: the minima in the kinetic energy
correspond to maxima in the potential energy and vice versa.

The kinetic energy of Ne, the Ne–helium potential energy
and the total energy of the HeND (without considering the
previous term) vs. time are given in Fig. 4 for the v0 = 500 m s�1

case. The larger variations in the energies arise within the first
15 ps, the changes that occur below t E 5 ps being particularly
strong, when the capture takes place. At first, the kinetic energy
of the atom strongly decreases and is mainly transformed into
the excitation energy of the nanodroplet.

Fig. 1 Time evolution of the helium density in the xy-plane and in the x- and y-axes for v0 = 500 m s�1 and b = 0 Å at representative times.

Paper PCCP

O
pe

n 
A

cc
es

s 
A

rt
ic

le
. P

ub
lis

he
d 

on
 0

6 
N

ov
em

be
r 

20
18

. D
ow

nl
oa

de
d 

on
 3

/2
8/

20
25

 7
:1

2:
01

 A
M

. 
 T

hi
s 

ar
tic

le
 is

 li
ce

ns
ed

 u
nd

er
 a

 C
re

at
iv

e 
C

om
m

on
s 

A
ttr

ib
ut

io
n 

3.
0 

U
np

or
te

d 
L

ic
en

ce
.

View Article Online

http://creativecommons.org/licenses/by/3.0/
http://creativecommons.org/licenses/by/3.0/
https://doi.org/10.1039/c8cp05140b


This journal is© the Owner Societies 2018 Phys. Chem. Chem. Phys., 2018, 20, 29737--29753 | 29741

After around 20 ps only small oscillations of the energies
occur. When the Ne atom is well inside the nanodroplet, its
kinetic energy and the Ne–helium interaction energy are almost
constant and the HeND total energy has a slightly decreasing
tendency. The HeND decreases its energy by evaporation of
some density (helium atoms) in order to reach the ground state
density of the doped nanodroplet, Ne@(4He)N0, according to the
process Ne + (4He)N - Ne@(4He)N0 + (N � N0)4He.

The helium density is considered to correspond to evapo-
rated density, i.e., it is not a part of the nanodroplet, when it is
absorbed by the NIPs placed at the edges of the Cartesian
grid of helium (cf. Section 2), as we have also considered in
other studies.11–16,28 Moreover, the evaporated helium density is
integrated in time in order to obtain the number of evaporated
He atoms, as usual.

In terms of the time derivatives of the energies, three strong
peaks are evident at about 1.4 ps, when the atom reaches
the surface of the nanodroplet, which are followed by small
peaks and oscillations that show the existence of small energy
exchanges between the atom and the HeND, with the system
being not far from stability (cf. Fig. 4).

The time evolution of the total energy of the system (without
considering the energy of the evaporated He atoms) is shown
in Fig. 5. The energy is constant at the initial times and then

it monotonically decreases with an asymptotic tendency
(approx. �2480 K). This decrease does not occur until the Ne
atom has been captured (t E 5 ps for v0 = 500 m s�1; and at
t = 6.0 ps the neon velocity is equal to zero for the first time) and
it arises from the evaporation of some helium density, which
allows the system to evolve towards the ground state structure
of the resulting doped nanodroplet.

The number of helium atoms of the HeND and the corres-
ponding energy per helium atom vs. time are given in Fig. 6.
The initial decrease of both properties is close to the moment
when the neon velocity is equal to zero for the first time.
Indeed, thanks to helium evaporation, the nanodroplet energy
per helium atom decreases to reach similar values in all cases
(E�4.8 K), even though the perturbation induced by the
impurity is stronger for higher velocities.

Fig. 7 shows how the evaporation of He atoms releases the
excitation energy introduced in the HeND by collision with the
Ne atom, presenting both the time interval (Dt) and energy
released during each atomic evaporation. The initial evapora-
tions are the faster ones and it is increasingly more difficult for
the system to evaporate atoms, as the HeND becomes gradually
less excited. Besides, the initial evaporated atoms take substan-
tially more energy of the HeND with them than the others and
the energy released per atom diminishes as the HeND becomes

Fig. 2 Kinematic properties of the Ne atom (x-axis) for b = 0 Å vs. time: (a) position; (b) velocity; (c) velocity at short times; (d) phase-space like diagram.
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less excited. Hence, at the beginning the HeND relaxation
through He evaporation is particularly efficient, because the
atoms evaporate in a faster way and remove significantly more
excitation energy of the nanodroplet than the remaining
evaporated atoms.

The comparison of the present quantum-classical results for
b = 0 Å with the quantum results at zero angular momentum
previously obtained for Ne + (4He)1000

13 shows that they are
quite similar. Regarding the properties involving helium, we
should be aware than the present nanodroplet, (4He)500, has
half helium atoms that the nanodroplet used in ref. 13. Thus,
e.g., if we consider the main peaks of the energy per He atom
representation for v0 = 500 and 800 m s�1, increments of E1.53
and 0.68 K have been obtained here (Fig. 6) with respect to the
corresponding asymptotic values (final simulation times). The
quantum values are E0.79 and 0.34 K, respectively, and this is
consistent with the ratio of He atoms of the two nanodroplets.
Also, if we consider the number of evaporated He atoms very
close results have been obtained here and in the quantum
study,13 showing that this number only depends on the HeND
excitation energy. Hence, we can conclude that for the initial
conditions explored quantum effects are not important in the
Ne + HeND system, which is the lighter one of the Rg + HeND
family (Rg: He, Ne, Ar, Kr, Xe, Rn), with the only exception of
the Rg = He case.

Some theoretical information has been provided on the capture
of a Xe or an Ar atom by (4He)1000 (for Xe: v0 = 200, 300, 400 and
600 m s�1 with b = 0 Å, and v0 = 200 m s�1 with b = 20.3 and 22.2 Å;
for Ar: v0 = 360 m s�1 and b = 0 Å), in a TDFFT-CM study that was
mostly centred on the capture of Xe and Ar atoms by HeNDs
hosting quantized vortices.47 These results are in qualitative
agreement with the results obtained here for Ne, where these
and other issues have been investigated in much more detail
than in the previous reference: (a) most of the energy is trans-
ferred from the atom to the nanodroplet in the initial times of
the collision; (b) the nanodroplet experiences large deforma-
tions; and (c) at low-moderate initial velocities of the atom it
moves back and forth inside the nanodroplet. Analogous trends
have also been observed in the quantum dynamics studies at
zero angular momentum carried out for the Ne atom capture by
(4He)1000

13 and by the Ne@(4He)500 doped nanodroplet,16 in the
last case leading to the formation of the Ne2 dimer.

Fig. 3 Neon kinetic energy (top), Ne–helium potential energy (middle)
and the sum of both energies (bottom) for b = 0 Å vs. time.

Fig. 4 Energies (up), differences of energies, taking as a reference the
respective initial values (middle), and time derivatives of the energies
(bottom) including their values at short times (the inset in the bottom
panel), for v0 = 500 m s�1 and b = 0 Å vs. time.
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Although strictly speaking it does not correspond to a
capture process (as capture has really occurred previously, once
the heliophobic species Rb, Cs and Ba have been captured by
the HeND and located on its surface forming a dimple), it is
interesting to consider here the solvation process that occurs
after photoionization of the Rb, Cs and Ba atoms, producing
the Rb+, Cs+ and Ba+ cations, respectively;61 although the initial
conditions are, of course, very different from those of the Ne
capture. Even though at the beginning the cations move
towards the center of the nanodroplet they exhibit a large
variety of behaviors. The TDDFT-CM comparative study of
ref. 61 shows that after forming the Rb+ snowball (i.e., a solid-
like helium solvation structure) the cation remains essentially
stationary and the helium rearranges around it; while after the
formation of the Cs+ snowball it does not penetrate the nano-
droplet and, in around 90 ps, it desorbs from the HeND. The
solvation of the cations initially located in the nanodroplet
surface not only depends on the energy balance but also on the
finer details of these systems.

In the case of Ba+, once the snowball has been formed, it
performs an almost undamped oscillating motion inside the
nanodroplet. That is to say, the Ne atom (for which solvation
does not lead to the formation of snowballs) presents an
oscillating behavior inside the HeND that is similar to that of
Ba+, and this also happens for the capture of a Xe atom (with
the exception of the highest initial velocity reported, 600 m s�1,
which is well above the velocity range of Xe encountered in the
experiments).46 Related to the study developed in ref. 61 is the
experimental research on the desorption of an electronically
excited Na atom, initially attached to the HeND surface,
reported in ref. 62, where the behavior of several excited states
has been analyzed. The alkali metal atoms and small alkali
clusters, which are classical heliophobes, can be induced to
immerse into HeND when a highly polarizable co-solute (C60) is
added to the nanodroplet.63

Regarding the solvation of the Ne atom in the HeND, it is
worth noting that around half of the time the atom oscillates
inside the nanodroplet it is well immersed, with the first and
second solvation shells well defined. However, when the atom
approaches the surface of the nanodroplet the second solvation
layer is partly lost (typically B1/3 to 1/2 of the second solvation
layer is lost, on the side of it which is closer to the surface).
Because when the impurity is completely immersed in the
HeND its electronic spectrum of excitation moves towards the
blue,64 certain differences are expected to appear in the atomic
spectrum, depending on whether the Ne atom is well immersed
or not. On the other hand, in the case of neon the formation
of the first solvation shell occurs for the first time at B15 ps,
taking as a reference the moment the atom hits the nanodroplet
surface. In the case of Rb+, Cs+ and Ba+ the snowball structure is
formed at about 20, 30 and 10 ps, respectively.61

What has been indicated here on the Ne atom oscillating
motion inside the HeND and solvation also applies when the
angular momentum is different from zero. Furthermore, the
formation of vortices in two of the three cationic systems
considered above will be taken into account at the end of the
next section.

Fig. 5 Total energy of the system vs. time for b = 0 Å. The total energy
changes due to the evaporation of some He atoms until the resulting
doped HeND stabilizes.

Fig. 6 Number of helium atoms (left) and energy per helium atom of the HeND (right) for b = 0 Å vs. time.
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3.2. Case 2: angular momentum different from zero

Here we will analyse the influence of angular momentum on
the pickup process. The initial velocity of the Ne atom for all the
results presented in this sub-section is v0 = 500 m s�1 (which
corresponds to the most probable value at T = 300 K) and the
impact parameters examined are b = 0, 7, 14, 17, 20, 27 and 34 Å.
The results obtained for the other initial velocities are similar.

Snapshots, at representative times, of the movie prepared for
v0 = 500 m s�1 and b = 14 Å (Movie 2 in the ESI†) are shown in
Fig. S3 (ESI†), where the helium density in the xy-plane and in the
x- and y-axes are presented. The capture mechanism is similar to
the case without angular momentum (b = 0 Å; cf. Fig. 1) but in the
present situation, of course, the y-axis component also affects the
motion of the Ne atom and helium density.

The trajectories of the Ne atom for the studied cases are
depicted in Fig. 8. The dotted lines correspond to the x- and
y-axes, which are centred in the HeND, and to the HeND surface
circumference (R E 20 Å). From these results it comes out that
the Ne atom is captured when it has an impact parameter

between zero and a value that is somewhat smaller than the
radius of the nanodroplet. For the impact parameters leading
to capture, once the Ne atom is inside the nanodroplet, it
describes rotating elliptical-like trajectories. In the other situa-
tions, the motion of the non-captured Ne atom is affected by
the Ne–HeND interaction that is weaker when the impact
parameter is larger. The trajectories for v0 = 500 m s�1 and
b = 7, 14 and 17 Å show a kink that results from the fact that, a
little after the Ne atom enters into the nanodroplet, the atom
stops or even moves back due to the helium (the atom experi-
ences the effect of a potential barrier due to the helium
density), before the first solvation layer is formed around the
Ne atom and then it is able to move inside the nanodroplet.

Qualitatively similar trajectories were found in ref. 48 (using
a related but simpler theoretical approach), considering very
different systems. The formation of metal dimers (M + M - M2;
M: Cu, Ag and Au) in HeNDs was studied with the two metal
atoms (M) initially placed, randomly distributed, in the nanodro-
plet, and only small velocities were considered (v0: 0–56 m s�1,
where the largest value corresponds to the experimental Landau’s
critical velocity). The time values required to form the M2

dimers obtained in ref. 48 are expected to be reasonably good
for ‘‘soft’’ initial reaction conditions, i.e., when the atoms have
small velocities and are captured by the HeND. However, under
the ordinary conditions of the pickup chambers (T E 300 K),
the most probable velocity is substantially larger (281, 215 and
159 m s�1 for Cu, Ag and Au, respectively) than the values
indicated before. These higher velocities will probably yield a
substantial excitation of the nanodroplet, after the collision
with the two atoms, and the helium density waves produced
will probably lead to different formation times than in the
previous case. Of course, in order to determine in a quantitative
way the degree of validity of the interesting model applied in
ref. 48, it would be desirable to compare with the M2 formation
times obtained from the TDDFT-CM method, considering initially
the capture of both M atoms and following their evolution inside
the nanodroplet.

For a captured Ne atom trajectory, the deflection angle has
been taken as equal to the angle defined by the initial direction

Fig. 7 He atom evaporation for b = 0 Å: time interval needed (left) and energy released (right) during each atomic evaporation.

Fig. 8 Ne atom trajectories for v0 = 500 m s�1 and impact parameters b =
0 (red), 7 (blue), 14 (green), 17 (magenta), 20 (black), 27 (orange) and 34
(yellow) Å.
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of the Ne atom motion and the direction of the trajectory of this
atom during the first approach to the surface of the nanodro-
plet (once the atom is inside the nanodroplet). For a non-
captured Ne atom trajectory, the deflection angle has the usual
definition. These deflection angles, ad, have been found to be 0,
�19, �59, �82, �13, 0 and 01 for b = 0, 7, 14, 17, 20, 27 and
34 Å, respectively (Fig. S4, ESI†). Further short-time calculations,
considering some additional impact parameter values, have
been performed in order to find the maximum impact parameter
for capture (bmax) and it has been found to be about 25, 23, 18
and 16 Å for v0 = 90, 210, 500 and 800 m s�1, respectively. The
decrease of bmax with v0 suggests that the capture process has no
energy theshold65 (see at the end of this section the comparison
with the Xe atom capture).

Velocities evolve over time following similar behaviours as
for b = 0 Å, the only difference is that the velocity decrease, due
to the atom collision against the HeND surface, occurs at larger
times for larger impact parameters (Fig. S5, ESI†), as it takes
longer for the atom to reach the HeND surface when b increases.
The phase-space like diagrams for Ne (v0 = 500 m s�1) are plotted
in Fig. 9, where it can also be seen that the atom with an impact
parameter slightly smaller than the radius of the nanodroplet is
indeed captured (elliptical-like trajectories).

The evolution of the energies and the time derivatives of the
energies vs. time is also similar to the b = 0 Å case. Higher Ne
atom impact parameters (i.e., higher angular momentum values)
only introduce smoothness in the whole process, i.e., the pickup
process is ‘softer’ the bigger the impact parameter is (cf. Fig. S6
and S7, ESI†). Moreover, the kinetic energy transferred by the Ne
atom to the HeND is essentially constant (E300 K) and corre-
sponds to its initial kinetic energy, until the b value is not far
from bmax, where a strong decrease occurs (Fig. S8, ESI†).

The time evolution of the total energy of the system
(Ne + HeND), the number of helium atoms of the HeND, and
the energy per helium atom of the HeND are given in Fig. S9
and S10 (ESI†), and the required time to evaporate helium
atoms is reported in Fig. S11 (ESI†). These properties also show
similar behaviours to those reported for b = 0 Å.

The most important difference found between the b a 0 and
b = 0 results comes from the fact that, in some cases, shortly
after the Ne atom has been captured, vortices (vortex lines) are
formed in the nanodroplet, as a result of the surface perturba-
tions created by the atom impact. Moreover, the examination of
the angular momentum exchange between the Ne atom and the
HeND and the distribution of angular momentum in the HeND
is also of great interest. These issues are considered below.

The vortices have been found to travel along with the Ne
atom inside the nanodroplet and vortex formation only occurs
when the initial angular momentum of neon is high enough
(see, e.g., Fig. 10 and 11 and Movies 2–4, ESI†). A long-lived
vortex (which is close or very close to the HeND surface), i.e., a
vortex initially lasting several Ne atom rebounds with the HeND
surface and showing subsequent and sequential temporary
disappearances and reappearances approximately between the
atom rebounds during the whole simulation time, has been
found for the v0 = 500 m s�1, b = 14 and 17 Å and v0 = 800 m s�1,
b = 14 Å initial conditions. From this information, we have
estimated that the minimum initial angular momentum of neon
(LNe; z-component only) leading to the formation of long-lived
vortices is within the interval between �176.3 and �220.3 �h,
where these values correspond to LNe for v0 = 800 m s�1, b = 7 Å
and v0 = 500 m s�1, b = 14 Å, respectively. The formation of a
short-lived vortex, i.e., lasting as long as a Ne atom rebound with
the HeND surface has been found in other cases. The different
situations observed, including those where no vortex has been
formed, are collected in Table 2, as a function of the initial
conditions (v0, b).

The complexity of the dynamics of the vortex formation/
disappearance process can be understood better after examina-
tion of Movies 2–4 (ESI†). Thus, for v0 = 500 m s�1 and b = 14 Å
the vortex is formed shortly after the atom enters inside the
HeND and exists during the time it takes the Ne atom to make
the first three rebounds on the HeND surface. Then, the vortex
reappears in the fourth atom rebound, disappears in the fifth
and reappears in the sixth one (a bit after the simulation
finishes). In addition, an ephemeral (very short-lived) new

Fig. 9 Phase-space like diagram of the Ne atom for v0 = 500 m s�1 at several impact parameters: x component (left); y component (right).
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vortex is observed in the first rebound of the Ne atom on the
HeND surface. The behaviours observed for v0 = 500 m s�1,
b = 17 Å and v0 = 800 m s�1, b = 14 Å are similar to the previous
one, particularly for the last condition. Thus, for v0 = 500 m s�1

and b = 17 Å the initial period of existence of the vortex
corresponds to four Ne atom rebounds, the ephemeral vortex
occurs before the first rebound and the evolution after
the fourth rebound is somewhat more complex (ephemeral
reappearance and reappearance of the vortex at the fifth
and sixth rebounds, respectively), while for v0 = 800 m s�1

and b = 14 Å no ephemeral vortex around the first rebound has
been found.

The helium density in the xy-plane and in the perpendicular
planes cutting along the centre of the long-lived vortex found
for v0 = 500 m s�1 and b = 17 Å is shown in Fig. 10. Besides, the
helium velocity field, the helium wave function phase, and the
volume occupied by the vortex for the situation reported in the
previous figure are presented in Fig. 11. Also, several snapshots
of the time evolution of the helium density, velocity field and
wave function phase are shown in Fig. S12 (ESI†); and the time
evolution of the helium density and helium wave function
phase for v0 = 500 m s�1 and b = 14 and 17 Å and v0 = 800 m s�1

and b = 14 Å can be seen in Movies 2–4 (ESI†), respectively.

The helium density plot shows that the vortex line has a
slightly curved tube shape perpendicular to the xy-plane (where
the Ne atom moves), in which there is little or no helium
density (Fig. 10); and the helium velocity field plot indicates
that the helium density moves in circles around the centre of
the vortex (Fig. 11). The bigger helium velocities are found
around the vortex, the velocity in the rest of the points of the
nanodroplet being small. The helium wave function phase (f)
diagram shows that the phase changes in a substantial way
(from p to �p) for the points around the vortex (Fig. 11). The
calculation of the circulation of the velocity of the helium fluid

v ¼ �h

m
rf;where f is the phase of CHe RHe;t

� �� �
in a closed

path around the centre of the vortex G ¼ �h

m

H
dRHerf

� �

(ref. 66) yields G ¼ �h

m
2p ¼ h

m
, which means that the circulation

is quantised (G ¼ n
h

m
, n A integer) with n = 1. All these facts

confirm that, in fact, the initial condition v0 = 500 m s�1 and b =
17 Å case shows a quantised vortex line.

Regarding the angular momentum (L) and as a representa-
tive example, the neon (LNe), helium nanodroplet (LHeND), and

Fig. 10 Helium density in the xy-plane and in two perpendicular planes cutting along the centre of the vortex line for v0 = 500 m s�1 and b = 17 Å at the
final simulation time (171.2 ps). The vortex line displays a slightly curved tube perpendicular to the xy-plane.
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total (Ltot) angular momenta, as a function of time, are plotted
in Fig. 12 for v0 = 500 m s�1 and b = 14 Å, where it becomes
clear that an important angular momenta exchange process
occurs in the system. Initially the HeND has no angular
momentum, but once the Ne atom reaches the nanodroplet
surface (t E 2.4 ps) it begins to transfer in a fast way its angular
momentum to the nanodroplet, which leads to HeND rota-
tional excitation. The maximum angular momentum transfer
occurs in about 5 ps after the Ne atom collision, where 92.5% of

the initial LNe (LNe,0) appears as LHeND (E�203.4 �h). The
correlation between LHeND and LNe,0 for v0 = 500 m s�1 can be
seen in Fig. S13 (ESI†).

A bit after the collision (E2.4 ps) the Ne to HeND kinetic
energy transfer leads to the evaporation of some He atoms and
then the HeND angular momentum is reduced in a substantial
way. LHeND evolves from around �203.4 to �109.9 �h in about
7.2 ps and reaches a value of E�62.3 �h in around 32.7 ps.
Therefore, a high percentage of LNe,0 is removed by the

Fig. 11 The vortex line for v0 = 500 m s�1 and b = 17 Å at the final simulation time (t = 171.2 ps) from different viewpoints: velocity field of the HeND and
vortex line (top); helium wave function phase diagram of the HeND and vortex line (middle); helium volume associated with the vortex line from two
different orientations (bottom).
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evaporated He atoms (62.5% of LNe,0 at t E 30 ps and smaller
changes at higher times; 70 and 75% of LNe,0 at t = 60 and
170 ps, respectively). The angular momentum carried out by
each evaporated helium atom is shown in Fig. 13 for the four
initial velocities studied and for b = 14 Å. The atoms evaporated
at smaller values of time are produced with a greater amount of
angular momentum than those formed later, analogously to
what happens for the energy.

In the doped nanodroplet most of the angular momentum is
carried out by the helium and some smooth oscillations occur
in the Ne atom and HeND angular momenta time evolution
(Fig. 12), due to the collisions of the atom with the nanodroplet
surface. These oscillations are in anti-phase, i.e., when the
Ne atom angular momentum modulus decreases the HeND
angular momentum modulus increases and vice versa.

The velocity of the change in angular momenta (dL/dt) vs.
time is given in Fig. 14. The major changes are observed in the
initial times (the most intense peak appears at E3.2 ps), when
the Ne atom reaches the HeND surface and enters into the
nanodroplet, as expected. Three main peaks are found, due to
similar reasons to the ones driving the variation of the Ne atom
kinetic energy (Fig. 4). At larger times (t above E15 ps),
variations are small and only occur when the Ne atom rebounds

against the surface of HeND, where the corresponding angular
momenta are reduced or increased. These variations are more
important as the impact parameter value leading to capture
increases, due to the larger amount of angular momentum
involved.

The angular momentum of the nanodroplet is not evenly
stored in all points, as it can be seen for v0 = 500 m s�1 in
Fig. 15. In this figure the end of simulation radial distribution
of LHeND for all impact parameters leading to capture is
presented (the final simulation times are shown in Table S2,
ESI†). The angular momentum transferred by the Ne atom to
the nanodroplet is mainly placed near the HeND surface, due to
the irrotational character of superfluid 4He.67,68 This corre-
sponds to surface excitations of the helium density (ripplons)
and, in some cases, they can collapse into vortices, as we have
already detailed (v0 = 500 m s�1 and b = 14 and 17 Å and v0 =
800 m s�1 and b = 14 Å). The wider peak observed for b = 17 Å
results from the existence of a long-lived vortex, in addition to
the surface excitations. As opposed to the surface excitation
peaks, which are narrow due to the small value of the surface
thickness, the b = 17 Å vortex peak is wider as the vortex
occupies a wider radial thickness. The angular momentum
peaks within the nanodroplet are explained by helium circula-
tions due to the Ne atom motion. For the final simulation time
of b = 14 Å (177 ps) the long-lived vortex does not exist, in
contrast to what happens for b = 17 Å (171 ps). In Fig. S14 (ESI†)
the results obtained for the other initial velocities of neon
are given.

The angular momentum carried by the HeND (LHeND) can be
divided into three components corresponding to the centre of
mass (displacement of the entire nanodroplet; Lcm), vortex line
(Lvor) and other excitations (Lother). The contribution of each
one of these components to the angular momentum of the
doped nanodroplet with respect to the origin of coordinates is
reported in Table S3 (ESI†), including the angular momentum
of the vortex with respect to its centre (Lvor,centre). All angular
momenta have been calculated using the quantum operator L̂z

except Lcm that has been calculated classically using the helium

Table 2 Vortex line formation in the Ne atom capture processa,b,c

a Vortex cases: not formed (red); short-lived (yellow); long-lived (green).
b Numbers represent the number of rebounds of the atom against the
HeND surface that the vortex survives. ‘‘6. . .’’ means that six is the
maximum number of rebounds the simulation time allows us to find.
The vortices indicated in green are expected to last longer. c bmax is
around 25, 23, 18 and 16 Å for v0 = 90, 210, 500 and 800 m s�1,
respectively. d This vortex is formed in the second atom rebound which
differs from the other cases indicated in yellow, which are formed in the
first rebound.

Fig. 12 Ne atom, HeND and total (without considering the evaporated He
atoms) angular momenta vs. time for v0 = 500 m s�1 and b = 14 Å.

Fig. 13 Angular momentum released by each evaporated He atom for
b = 14 Å.
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velocity field (both approaches lead to the same results; see the
Appendix).

Lcm and Lother show a non-monotonic complex dependence
with the initial conditions (v0, b) even though, for a given initial
velocity, Lother increases its modulus with b (Table S3, ESI†).
Besides, Lother plays a dominant role with the only exception of
what happens for v0 = 210 m s�1 and b = 7 and 17 Å. Regarding
the case where a long-lived vortex is present at the end of the
simulation (v0 = 500 m s�1 and b = 17 Å), the angular
momentum of HeND referred to the origin of coordinates
(�84.9 �h) is distributed as follows: centre of mass 9.5%
(�8.1 �h), vortex line 19.2% (�16.3 �h) and other excitations
71.3% (�60.5 �h). ‘Other excitations’ mostly refer to surface
excitations, as there are no relevant peaks in regions near the
centre of the HeND.

One would think that the fraction of total angular momentum
a vortex line carries should be larger considering the heavy

helium circulation it creates (Fig. 11). The fact is that the
angular momentum stored in a vortex line comes from surface
excitations that are transformed into vortex rotation. The
angular momentum calculated before (Lvor) is due to the
circulation of the whole vortex as a body around the origin.
To better compare the surface angular momentum and the
vortex circulation angular momentum, the last one should be
calculated with respect to its centre. Doing so, it is seen that the
vortex circulation and surface angular momenta are more
similar than before (�30.9 �h and �60.5 �h, respectively).

In the context of the capture process when angular momen-
tum is different from zero it is interesting to consider two initial
conditions reported for the Xe capture in ref. 47: v0 = 200 m s�1

and b = 20.3 and 22.2 Å. This velocity was selected in order to
simulate the thermal conditions of the pickup chamber and
the first b value corresponds to the largest impact parameter
value (among the ones calculated in that reference) that
leads to capture. It is worth noting that the Ne and Xe atoms
at v0 = 500 and 200 m s�1, respectively, have practically the
same kinetic energy.

Although bmax for Xe capture (20.3 Å) is similar to the
geometric HeND radius (22.2 Å), it should be noted that in
general, even for the simpler capture process (i.e., that occur-
ring in the gas phase),65 bmax depends on the collision energy,
the degree of dependence being a function of the interaction
potential energy. Consistently with this, we have found
that bmax clearly depends on the initial velocity of the Ne atom
(bmax E 25, 23, 18 and 16 Å for v0 = 90, 210, 500 and 800 m s�1,
respectively). Besides, considering as in ref. 47 the radius of the
HeND defined by R = r0N1/3, where r0 = 2.22 Å, we get for 4He500

a radius of 17.6 Å; i.e., bmax values significantly higher than the
nanodroplet radius can be obtained for low initial velocities.

Regarding the collision of Xe with the HeND reported in
ref. 47 for which some information is provided on the angular
momentum (v0 = 200 m s�1 and b = 22.2 Å), it should be noted
that this initial condition does not lead to Xe atom capture,
i.e., corresponds to a situation that differs from the main initial
conditions examined here (i.e., the set of conditions leading to

Fig. 14 Ne atom, HeND and total (without considering the evaporated He atoms) angular momenta vs. time for v0 = 500 m s�1 and b = 14 Å. The results
for the initial times are shown on the right.

Fig. 15 Angular momentum radial distribution of the HeND for the final
simulation times (cf. Table S2, ESI†) and as a function of the impact
parameter, for v0 = 500 m s�1. It should be noted that for the final
simulation time of b = 14 Å (177 ps) the long-lived vortex does not exist,
in contrast to what happens for b = 17 Å (171 ps).
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atomic capture). Anyway, we have also found that a large amount
of the Ne atom initial angular momentum is transferred to the
evaporated helium atoms: e.g., 66.0, 74.6, 36.4 and 66.9% of LNe,0

at v0 = 90 m s�1 (b = 20.0 Å), 210 m s�1 (b = 20.0 Å), 500 m s�1

(b = 17.0 Å) and 800 m s�1 (b = 14.0 Å), respectively;
while a transference of 32.7% of LXe,0 was observed for Xe at
v0 = 200 m s�1 (b = 22.2 Å).

The final angular momentum of Ne (e.g., 3.9, 15.7, 1.7 and
2.2% of LNe,0 at v0 = 90 m s�1 (b = 20.0 Å), 210 m s�1 (b = 20.0 Å),
500 m s�1 (b = 17.0 Å) and 800 m s�1 (b = 14.0 Å), respectively),
however, is small in comparison with the final angular
momentum of the non-captured Xe(4He)5 complex reported in
ref. 47 for Xe (v0 = 200 m s�1 and b = 22.2 Å), which carries
56.9% of LXe,0. For the final angular momentum of HeND
we have, e.g., the following values for the Ne case: 17.0, 12.7,
31.8 and 16.5% of LNe,0 at v0 = 90 m s�1 (b = 20.0 Å), 210 m s�1

(b = 20.0 Å), 500 m s�1 (b = 17.0 Å) and 800 m s�1 (b = 14.0 Å),
respectively; while 10.4% of LXe,0 was found for Xe under the
initial conditions mentioned above.47

In what refers to the vortex formation, it is worth noting that
for the collision of Xe with the HeND (v0 = 200 m s�1; b = 20.3
and 22.2 Å) vortex loops appear at the latest stages of the
simulation,47 in contrast to what happens in the Ne atom case.
Concerning the solvation processes mentioned in Section 3.1
(zero angular momentum initial conditions), the large helium
density fluctuations involved in the Rb+ solvation process lead
to the nucleation of quantized vortices, which can be either
loop or ring vortices; while no vortices are found for the Cs+

solvation,61 and the solvation of the Ba+ cation leads to the
nucleation of a ring vortex.64 This differs from what has been
observed for the Ne capture at zero angular momentum, where
no vortices have been found.

The diversity of behaviours described here results from the
different properties of the dopants (interaction potential energy
dopant-helium and dopant mass) and the different initial
conditions (v0, b).

4. Summary and conclusions

The capture process of a neon atom by a superfluid helium
nanodroplet ((4He)N=500; T = 0.37 K), i.e., the Ne + (4He)N -

Ne@(4He)N0 + (N � N0) 4He process, has been investigated in
detail using a quantum-classical approach (quantum treatment
(TDDFT method) for helium and classical mechanics descrip-
tion of the Ne atom) and taking into account the angular
momentum. This work complements and extends a previous
quantum dynamics work of our group on this capture process
at zero angular momentum and particular attention has been
paid to the capture mechanism and the energy and angular
momentum exchange between the Ne atom and the helium
nanodroplet.

The atom is captured by the HeND below a certain max-
imum impact parameter, which decreases with increasing
velocities, following elliptical rotating trajectories inside the
HeND. Major energy exchanges occur when the atom collides

with the nanodroplet and the excitation energy of (4He)N=500 is
released by evaporation of helium atoms through the excitation
of the surface modes of the HeND. Angular momentum intro-
duces smoothness into the overall process, but the general
trends are similar to the zero angular momentum case (b = 0).
Energy exchange and variations are softer with increasing impact
parameter, while angular momentum exchange and variations
are stronger when the angular momentum is higher (for b values
leading to capture). The neon atom with angular momentum
induces a certain amount of angular momentum to the HeND
surface so both the atom and the surface tend to rotate solidarily
when the atom is captured. Besides, helium density evaporation
leads to the decrease of the angular momentum of the doped
nanodroplet. The angular momentum of neon can induce vortex
nucleation if the initial angular momentum is high enough (in
the interval of B176.3–220.3 �h) and the vortex (vortex line) can be
long-lived. Thus, the vortex, which arises from the collapse of
surface excitations (ripplons), can exist during three–four initial
Ne atom rebounds against the HeND surface and then be
successively created and destructed during the following
rebounds. Finally, it is worth noting that at zero angular
momentum quantum effects are not important under the initial
pickup conditions explored in this work.

In spite of the limited information available, it has also been
possible to carry out a comparative analysis on the solvation
of impurities by superfluid helium. In this analysis the Ne, Ar,
Xe, Rb+, Cs+ and Ba+ dopant species have been considered,
under different initial conditions, and the large diversity of
behaviours that can be found in the solvation process has
been shown.

More theoretical and experimental efforts are desirable in
order to obtain a deeper insight into the dynamics of the
capture process of atomic/molecular species by superfluid
helium nanodroplets, particularly in order to better understand
the vortex formation process.
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Appendix

The comparison between the angular momentum results cal-
culated using the quantum operator L̂z acting on the helium
wave function and the classical expression considering the
helium ‘‘quantum velocity’’ field is carried out below.

The expected value of the k-component of the angular
momentum is given by

Lkh i ¼ C
�� L̂kC

	 

¼
ð
d~rC� �i�h ri

@

@rj
� rj

@

@ri

� �� �
C

¼ � i�h

ð
d~rC�ri

@C
@rj
þ i�h

ð
d~rC�rj

@C
@ri

;

(a1)

where ri, rj and rk correspond to the x, y, and z coordinates of
helium.
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Then, introducing the ‘‘quantum velocity’’ definition from a
hydrodynamic analogy (as it was calculated the helium velocity
field), it follows that the velocity is equal to

vi �
~J ~rð Þ
Cj j2
¼ 1

Cj j2
�h

2mi
C�
@C
@ri
�C

@C�

@ri

� �

¼ �h

2mi

1

C
@C
@ri
� 1

C�
@C�

@ri

� �

and

@C
@ri
¼ vi2mi

�h
þ 1

C�
@C�

@ri

� �
C; (a2)

where
-

J(-r) is the flux, and introducing
@C
@ri

into eqn (a1)

we get

Lkh i ¼ � i�h

ð
d~rC�ri

i2mvj

�h
þ 1

C�
@C�

@rj

� �
C

þ i�h

ð
d~rC�rj

i2vmi

�h
þ 1

C�
@C�

@ri

� �
C

¼
ð
d~r2mr ~rð Þrivj �

ð
d~r2mr ~rð Þrjvi � i�h

ð
d~rri

@C�

@rj
C

þ i�h

ð
d~rrj

@C�

@ri
C ¼ 2Lk;00class00 � i�h

ð
d~r ri

@C�

@rj
� rj

@C�

@ri

� �
C

(a3)

And since the angular momentum operator is Hermitian:

C
�� L̂kC

	 

¼ L̂kC

�� C	 

� i�h

ð
d~rC� ri

@C
@rj
� rj

@C
@ri

� �

¼ i�h

ð
d~r ri

@C�

@rj
� rj

@C�

@ri

� �
C

(a4)

then expression (a3) yields:

Lkh i ¼ 2Lk;00class00 þ i�h

ð
d~rC� ri

@C
@rj
� rj

@C
@ri

� �
¼ 2Lclass � Lkh i

Lkh i ¼ Lk;00class00

(a5)
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