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Analytical form of the autocorrelation function for
the fluorescence correlation spectroscopy†

Robert Hołyst,* Andrzej Poniewierski and Xuzhu Zhang

Fluorescence correlation spectroscopy (FCS) can provide information about diffusion coefficients and rate

constants of chemical reactions in small systems of interacting molecules. However, the interpretation of

FCS experiments depends crucially on the model of the autocorrelation function for the fluorescence

intensity fluctuations. In this theoretical work, we consider a system of fluorescent molecules that diffuse

and interact with massive particles, e.g. surfactant micelles. Using the general formalism of FCS, we derive

a new analytical approximation of the autocorrelation function for systems in which both diffusion and a

binary reaction occur. This approximation provides a smooth interpolation between the limit of fast

reaction (much faster than diffusion), and the opposite limit of slow reaction. Our studies of noncovalent

interactions of micelles with dyes by FCS provided an experimental case to which the approximate

autocorrelation function was successfully applied [X. Zhang, A. Poniewierski, A. Jelińska, A. Zagożdżon,

A. Wisniewska, S. Hou and R. Hołyst, Soft Matter, 2016, 12, 8186–8194].

1 Introduction

Fluorescence correlation spectroscopy is an experimental
technique to study dynamics of various complex systems at a
molecular level. It takes advantage of thermal noise present in
any macroscopic system due to the atomic structure of matter.
FCS is based on the measurement of fluctuations in the fluores-
cence intensity in a small observation volume of the solution
defined by an incident beam of light. In turn, the intensity
fluctuations are caused by the fluctuations in the concentration
of fluorescent molecules or particles in the illuminated volume.
Since such fluctuations are relatively large at low concentration
of fluorescent species, FCS is a suitable tool for applications
in analytical chemistry, biophysics and cell biology. There are
also other possible sources of fluctuations in the fluorescence
intensity, such as rotational diffusion, triplet-state excitation or
conformational motions. Modern implementations of FCS and
examples of its application can be found in a review article by
Krichevsky and Bonnet1 but the principles of this method were
presented a long time ago in a series of papers by Magde et al.2–4

The advantage of FCS is that it does not require any external
perturbation of the system studied, which can be either in an
equilibrium state or in a nonequilibrium steady state.5 For
example, FCS was used to monitor fast biochemical kinetic
processes, such as formation of supramolecular complexes with
dye molecules,6,7 to measure interaction of labeled molecules

with immobile binding sites within live cells,8 or to explore
protein dynamics in the microsecond time region.9

Diffusion of fluorescently labeled molecules can also be
studied by a related technique called fluorescence recovery
after photobleaching (FRAP).10–13 Both FCS and FRAP are used
to estimate diffusion coefficients. For example, the movement
of messenger molecules, which are responsible for regulation
of various processes in cells, usually occurs in the presence of
traps. The combination of diffusion and reactions with traps can
be described in terms of an effective concentration-dependent
diffusion coefficient which is smaller than the diffusion coefficient
in a medium without traps. Since FCS and FRAP use different
ways of averaging over ensembles of particles, a question arises
what effective diffusion coefficients are actually measured by
these techniques.11,13–15 We should also mention other approaches
to extract rate constants of second-order chemical reactions which
frequently appear in chemistry and biology. One of them is the
observation of reaction-diffusion processes in a microchannel.16

Another method called equilibrium capillary electrophoresis of
equilibrium mixtures was used by Mironov et al.17 to determine
the equilibrium and rate constants for weak noncovalent
interactions. They studied a fast binary reaction in which a
ligand binds reversibly to a target forming a complex.

The object of interest of FCS experiments is the auto-
correlation function of intensity fluctuations defined as:1

GðtÞ ¼ �n2T
� ��1PT�1

i¼0
dn tið Þdn ti þ tð Þ, where n(t) is the number of

collected photons in the time interval Dt, dn(t) = n(t) � %n is its
deviation from the mean value %n, and T is the total number of
accumulated sampling intervals Dt. If the system is ergodic,
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which is usually assumed, the time average can be replaced by
an ensemble average (denoted h i), i.e., G(t) = hdn(0)dn(t)i/ %n2.
Then dn(t) is connected to the concentration fluctuations of the
fluorescent components and the formalism of statistical
mechanics is used to express G(t) in terms of the kinetic
processes present in the system. If these fluctuations are due
to diffusion and chemical reactions the measurement of G(t)
can provide information about the diffusion coefficients of
fluorescent molecules as well as rate constants of the chemical
reactions. It was first demonstrated by Magde et al.2 for the
reversible binding of ethidium bromide (EtBr) to DNA: EtBr +
DNA $ EtBr�DNA, where EtBr is a small interacting dye and the
complex EtBr�DNA is strongly fluorescent. Finally, we note that
to study biochemical systems also high-order fluorescence
correlation analysis can be used, besides G(t).18

In this theoretical work and the accompanying experimental
paper,19 we apply FCS to study the kinetics of binary reactions
A + B $ C. The theoretical model of the autocorrelation function
introduced by Elson and Magde,3 modified later by Krichevsky and
Bonnet,1 is based on linearized reaction-diffusion equations. We
use this model to derive an approximate formula for G(t), which is
then applied to fit the experimental data.19 In our case, A is a
surfactant micelle and B is a fluorescent dye that reacts with A to
form complex C through noncovalent interactions. It is known that
physical aggregation of the dye to the micelle can be used to study
formation of micelles by FCS, in particular, the aggregate size and
critical micelle concentration.20,21 However, in contrast to the
reaction of EtBr with DNA, the fluorescence of the dye does not
change after binding to the micelle. This makes determination of
the reaction rates more difficult because the general analytical form
of G(t) is not known and simple expressions for it are obtained only
in two cases: (1) free diffusion and (2) the limit of fast reaction. In
case (2), G(t) has a similar form as for free diffusion of two
components but with an effective concentration-dependent diffu-
sion coefficient, plus a term characteristic of chemical reaction.
This additional term decays exponentially with time and vanishes
when the optical properties of the dye and complex are the same.

Our paper is organized as follows. In the next section, we
recall briefly the theoretical model of the autocorrelation func-
tion. In Section 3, we present our approximate analytical form
of the autocorrelation function, Ga(t), and compare it with G(t)
computed directly from the theoretical model. We also discuss
applications of Ga(t) to selected problems. Finally, Section 4 is
devoted to conclusions. The derivation of Ga(t) and other
mathematical details can be found in ESI.†

2 Theoretical model
2.1 Concentration fluctuations

The reaction

A + B $ C (1)

is characterized by the equilibrium constant

K ¼ kþ
k�
¼ ½C�eq
½A�eq½B�eq; (2)

where k+ and k� are the rate constants for the forward and
backward reaction, respectively, and [ j]eq, j = A, B, C, denote the
equilibrium concentrations. The local concentration Cj depends
on the space point -

r and time t, and it fluctuates around the
equilibrium value due to diffusion and the chemical reaction.
Its fluctuations are defined by dCj(

-
r,t) = Cj(

-
r,t) � [ j]eq and the

linearized kinetic equations for the fluctuations of all compo-
nents in an ideal solution assume the following form1,3

@dCA

@t
¼ DAr2dCA � kþ½B�eqdCA � kþ½A�eqdCB þ k�dCC;

@dCB

@t
¼ DBr2dCB � kþ½B�eqdCA � kþ½A�eqdCB þ k�dCC;

@dCC

@t
¼ DCr2dCC þ kþ½B�eqdCA þ kþ½A�eqdCB � k�dCC;

(3)

where DA, DB and DC denote the corresponding diffusion
coefficients. These coupled partial differential equations are
transformed to a set of ordinary differential equations by means
of Fourier transform:

d ~Cjð~q; tÞ ¼ ð2pÞ�3=2
ð
d3rei~q�~rdCjð~r; tÞ; (4)

and then solved by the standard method of normal modes
(ESI†). In what follows we assume that the binding of a dye to a
much bigger micelle does not affect the diffusion coefficient of
the complex, hence DA = DC = D { DB.

2.2 FCS autocorrelation function

It is assumed that the illumination intensity profile, I(-r), is
Gaussian:1

Ið~r Þ ¼ I0 exp �
2 x2 þ y2
� �

L2
� 2z2

H2

� �
; (5)

where H and L are the sizes of the beam waist in the direction of
the propagation of light and in the perpendicular direction,
respectively, and the aspect ratio o = H/L is usually greater than
1. The value of o measured in our experimental studies was
close to 5.19 In principle, it is possible to change o by changing
the diameter of the beam waist L. It can be achieved by means
of stimulated emission depletion (STED) far-field fluorescence
nanoscopy, which allows to spatially resolve heterogeneous
dynamics in complex systems.22,23 We return to this point in
Section 3.

The autocorrelation function of our interest is given by

GðtÞ ¼ ð2pÞ�3

P
i

Qi½i�eq
� �2

ð
d3qe�

1
4

L2q?2þH2qz
2ð Þgðq; tÞ; (6)

where

gðq; tÞ ¼
X
j;l

QjQl ½j�eqZjlðq; tÞ; (7)

and Qk is the product of the absorption cross section by the
fluorescence quantum yield and the efficiency of fluorescence
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for the component k. The matrix Zjl(q,t) is related to the correla-
tions of concentration fluctuations as follows

dCjð~r; 0ÞdClð~r 0; tÞ
� 	

¼ ð2pÞ�3½j�eq
ð
d3qei~q�ð~r�~r

0ÞZjlðq; tÞ: (8)

Moreover, it is assumed that at t = 0 the concentration fluctua-
tions of different components, or of the same component at
different space points, are not correlated, i.e.,

hdCj (
-
r,0)dCk(-r0,0)i = [ j]eqdjkd(-r � -

r0), (9)

where d(-r � -
r0) is the Dirac d-function in three dimensions. In

our case, component A is not fluorescent (QA = 0), thus

g(q,t) = QB
2[B]eqZBB(q,t) + 2QBQC[B]eqZBC(q,t) + QC

2[C]eqZCC(q,t),
(10)

where we have used the relation [C]eqZCB = [B]eqZBC. The explicit
expressions for ZBB, ZBC and ZCC in terms of the eigenvalues and
eigenvectors are presented in ESI.† The form of G(t) depends on
the relation between the chemical relaxation rate for reaction (1):
R = k+([A]eq + [B]eq) + k�, and the diffusion times of the fluorescent
components B and C through the focal volume, defined by
tB = L2/(4DB) and tC = tA = L2/(4D), respectively.

2.3 Limiting cases

It is instructive to consider the two limits: fast reaction and fast
diffusion. The first limit corresponds to reactions that are much
faster than the diffusion time of the dye (R�1 { tB). The second
limit corresponds to reactions whose relaxation time is much
longer than the diffusion time of the slower component, i.e.,
R�1

c tA c tB. These two cases are particularly simple as
G(t) becomes a combination of the normalized autocorrelation
functions for one-component diffusion in three dimensions:
h(%t) = (1 + %t)�1(1 + %t/o2)�1/2, where %t is the lag time expressed
in the units of the appropriate diffusion time. In this work, all
autocorrelation functions at t = 0 are normalized to unity.

2.3.1 Fast reaction. In the limit of fast reaction (R - N),
the following formula for the autocorrelation function holds:

GN(t) = {ybQC
2h(t/tA) + (1 � y)[QB(1 � b) + QCb]2h(t/t+)

+ (1 � y)b(1 � b)(QB � QC)2e�Rth(t/t�)}/ %Q2, (11)

where %Q2 = QB
2(1� y)(1� b) + QC

2b, t� = L2/(4D�), and D+ = Db +
DB(1 � b), D� = D(1 � b) + DBb are effective concentration-
dependent diffusion coefficients. The parameters b = k+[A]eq/R
and y = K[B]eq/(1 + K[B]eq) are dimensionless and can vary from
0 to 1. GN(t) can be treated as the first term of the asymptotic
expansion of G(t) in the powers of R�1. In eqn (11), only the last
term depends on the kinetics of the chemical reaction but it
vanishes when the optical properties of the complex and dye
are the same (QB = QC). Then it is necessary to include the terms
of order R�1 or higher to determine the relaxation rate.

2.3.2 Fast diffusion. In the limit of fast diffusion (R - 0),
ZBC(q,t) does not contribute to g(q,t) and the autocorrelation
function is given by

G0ðtÞ ¼
b

1� yþ yb
h t=tAð Þ þ ð1� yÞð1� bÞ

1� yþ yb
h t=tBð Þ: (12)

To express the amplitudes in (11) and (12) we have used the
identity: b[B]eq = (1 � y)(1 � b)[C]eq (see ESI†).

3 Results and discussion

To the best of our knowledge the general explicit formula for
the autocorrelation function defined by eqn (6) is not known.
Although the integral over the wave vectors can be performed
numerically, it is desirable to have a simple ansatz for G(t),
especially if both fast and slow reactions are to be studied.
However, the power expansion in R�1 becomes problematic in
the case of slow reactions. Here we propose such an ansatz. It is
based on the observation that the integrand in eqn (6) simpli-
fies both for small and large wave vectors. Therefore, we split
the integration over q into two intervals: 0 o q o qc and q 4 qc,

where qc ¼
ffiffiffiffiffiffiffiffiffiffiffiffi
R=jDj

p
and D = D � DB o 0. In what follows we

assume that QB = QC = Q19 but the general situation of different
fluorescence of the free dye and complex is considered in ESI†
(see also Section 3.1.2).

3.1 Approximate FCS autocorrelation function

The approximate autocorrelation function is given by the following
formula (ESI†):

GaðtÞ¼
yb

1�yþyb
h t=tAð Þ

þ 1�y

1�yþyb
h t=tþð Þ 1� e�RtD 1þt=tþð Þ

h in

þbh t=tAð Þe�RtD 1þt=tþð Þ þð1�bÞe�Rth t=tBð Þe�RtD 1þt=t�ð Þ

þ2bð1�bÞRtD hz t=tAð Þe�RtD 1þt=tþð Þ
h

E1 2bRtD 1þ t=tAð Þð Þ

� e�Rthz t=tBð Þe�RtD 1þt=t�ð ÞE1 2bRtD 1þ t=tBð Þð Þ
io
;

(13)

where hz(%t) = (1 + %t/o2)�1/2 and tD = L2/(4|D|). For convenience,
we have introduced the function E1ðzÞ ¼ ezE1ðzÞ, where
E1ðzÞ ¼

Ð1
z
e�xdx=x is the exponential integral.24 Expression (13)

provides an approximate interpolation of G(t) between the limits
of fast reaction and fast diffusion, given by eqn (11) and (12),
respectively, and the transition from GN(t) to G0(t) is governed
by the exponential factor e�RtD.

To demonstrate the utility of approximation (13), we compare
Ga(t) with G(t) defined by eqn (6) and obtained by numerical
integration. First, we transform the integral over the wave
vectors in eqn (6) into a one-dimensional integral:

GðtÞ ¼ 2
ffiffiffi
p
p

ð2pÞ2w
P
i

Qi½i�eq
� �2

�
ð1
0

qdqe�
1
4L

2q2 erfðwq=2Þgðq; tÞ;

(14)
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where erfðzÞ ¼ 2ffiffiffi
p
p
Ð z
0e
�x2dx is the error function24 and

w ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
H2 � L2
p

. The integral in eqn (14) is performed numeri-
cally and the autocorrelation function obtained in this way,
denoted Gn(t), is normalized to unity at t = 0. To simplify the
comparison of Ga(t) with Gn(t), we assume y = 0. This is justified
because the first term in eqn (13) is exact and the remaining
terms do not depend on y except for the amplitude. In fact, y
was always very small (t10�3) in our experimental studies.19

The relation between the diffusion coefficients is expressed by a
dimensionless parameter d = D/(D + DB).

In Fig. 1, we compare Gn(t) with Ga(t) for four values of R in
the decreasing order. The autocorrelation functions for the
limits of fast reaction, GN(t), and fast diffusion, G0(t), are also
shown. We observe that both Gn(t) and Ga(t) are limited by
GN(t) from below and by G0(t) from above. For the largest value
R = 10 (Fig. 1a), which is close to the fast reaction limit, Ga(t) is
practically indistinguishable from Gn(t) and both are very close
to GN(t). Larger discrepancies between Gn(t) and Ga(t) occur for
R = 1 (Fig. 1b) but they decrease again for smaller values of R
(Fig. 1c and d). In the case R = 0.1 (Fig. 1c), both Gn(t) and Ga(t)
cannot be distinguished from G0(t) for times t t 1. The effect of
the chemical reaction on the autocorrelation function becomes
visible only for longer times (t \ 1). A similar situation occurs
for the smallest relaxation rate R = 0.01 (Fig. 1d) but visible
deviations of the autocorrelation function from G0(t) appear at
longer times than for the faster reaction. We have also checked

that Gn(t) and Ga(t) are practically indistinguishable from G0(t)
when R t 0.001.

In Fig. 2, we show the case of a slow reaction (R = 0.01) for a
large difference between the diffusion coefficients of the micelle
and dye (d = 0.005). We observe a qualitative change of G0(t)
upon decreasing d. For sufficiently small d, three roughly linear
regions can be distinguished in the plot of G0 vs. ln(t/tD). This is
due to a large difference between the diffusion times tA and tB

(cf. eqn (12)). As in the case d = 0.05, Gn(t) and Ga(t) follow G0(t)
up to a certain value of t. Then they separate gradually from G0(t).
The slower the reaction is, the later that separation occurs.
For long times, Gn(t) and Ga(t) approach GN(t), and eventually

Fig. 1 FCS autocorrelation function for the set of parameters y, d, b and R specified in the individual figures. The time t and inverse of the relaxation rate,
R�1, are expressed in the units of tD. In the legend, Gn results from the numerical integration (see eqn (14)), GN and G0 correspond to the limits of fast
reaction and fast diffusion, respectively (see eqn (11) and (12)), and Ga is the approximation given by eqn (13).

Fig. 2 FCS autocorrelation function for the set of parameters y, d, b and R
specified in the figure. The meaning of symbols is the same as in Fig. 1.
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become indistinguishable from it. Here we have restricted
our presentation only to b = 0.5, which corresponds to
[B]eq E [C]eq { [A]eq, but for the comparison we have also
studied b = 0.2 and b = 0.8 (ESI†).

A better agreement between Gn(t) and Ga(t) can be achieved
if we allow a different value of the relaxation rate in Ga(t) from
that used in Gn(t). To find the best fit, we minimize the function

w2 Rfð Þ ¼
P
i

Gn ti;Rð Þ � Ga ti;Rfð Þ½ �2 at fixed R; other parameters

are the same for both functions. In the case shown in Fig. 1c
(R = 0.1), the best fit to Gn(t,R) by Ga(t,Rf) is obtained for Rf =
0.0805. In this way, we can estimate the error of using the
approximate autocorrelation function to fit experimental data
instead of the true one. In Fig. 3, we show the best fit in the case
of largest discrepancies between Gn(t) and Ga(t) (cf. Fig. 1b).
Here the best fit value of the relaxation rate, Rf = 0.474, equals
approximately half of the actual value R = 1 used in Gn(t).

In this work, we have assumed a fixed value of o = H/L (o = 5)
but in STED experiment, it is possible to change the diameter of
the focal spot L. By decreasing L, the characteristic times
of diffusion are decreased by the factor L2, which shifts the
dimensionless relaxation time RtD to a lower value. For instance,
if L is reduced by the factor of 10 the autocorrelation function
in Fig. 1b changes roughly to that shown in Fig. 1d. The
comparison is not exact, however, because it does not take
into account the increase of o, which affects the asymptotic
behavior of G(t) for long times. The decay of G(t) follows from
the form of the autocorrelation function for one-component
diffusion in three dimensions: h(t/t) = (1 + t/t)�1(1 + t/o2t)�1/2,
but a large value of o practically reduces the effect of diffusion
to two dimensions.

3.1.1 Asymptotic behavior of the autocorrelation function.
To visualize the asymptotic behavior of G(t) for both short and
long times, we plot f (t) = [G(t) � GN(t)]/[G0(t) � GN(t)].
As shown in Fig. 4, f (t) - 0 when t - N. Since for long times
G0(t) and GN(t) decay as t�3/2 with different amplitudes
(see eqn (11) for QB = QC and eqn (12)), we conclude that also
[G(t) � GN(t)]/GN(t) - 0, which means that G(t) tends asymp-
totically to GN(t) for t - N. The limit t - 0 can be studied by
direct calculation (not presented here). For QB = QC, the function
g(q,t) given by eqn (10) (see also eqn (S6) in ESI†) and its first and
second derivatives at t = 0 do not depend on R, and the third
derivative is proportional to R. Therefore G(t) � G0(t) p Rt3 for
small t, whereas G0(t)� 1 p t, hence [G(t)� G0(t)]/[G0(t)� 1] p Rt2.
It means that G(t) tends asymptotically to G0(t) in the limit
t - 0. In Fig. 4, this asymptotic behavior of G(t) is visualized by
the function f (t) but because G0(t) � GN(t) p t2 for t - 0,
we have

f ðtÞ ¼ 1þ GðtÞ � G0ðtÞ
G0ðtÞ � G1ðtÞ

� 1þ const � Rt: (15)

3.1.2 Application of the approximate formula to first order
reactions. So far, we have considered only second order reac-
tions but the formalism presented above can be easily adapted
to first order reactions, e.g., the unimolecular isomerization.1

This is not surprising because eqn (3) are of first order due to
linearization around the equilibrium state. For the reaction:

A $ B, (16)

the reaction-diffusion equations assume the following form

@dCA

@t
¼ DAr2dCA � kABdCA þ kBAdCB;

@dCB

@t
¼ DBr2dCB þ kABdCA � kBAdCB;

(17)

where kAB and kBA are the rate constants. In the case of
unimolecular isomerization, it is usually assumed that the
diffusion coefficients are equal (DA = DB = D) and only the state

Fig. 3 In (a), Gn(t) for R = 1 is shown together with the best fit by Ga(t)
obtained for Rf = 0.474. In (b), the deviation DG(t) = Gn(t) � Ga(t) is shown
for the case presented in Fig. 1b (solid line) and for the best fit shown in (a)
(dashed line).

Fig. 4 Function f (t) = [G(t) � GN(t)]/[G0(t) � GN(t)] shows that G(t)
tends asymptotically to G0(t) for t - 0 and to GN(t) for t - N. The
curves correspond to selected values of the relaxation rate and G(t) is
represented by Gn(t).
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A is fluorescent (QA = Q, QB = 0). Then the solution of eqn (17)
is very simple and the normalized autocorrelation function is
given by1

G(t) = (1 + t/tD)�1(1 + t/tD)�1/2(1 + Ke�t/t)(1 + K)�1,
(18)

where K = kAB/kBA = [B]eq/[A]eq is the equilibrium constant,
tD = L2/(4D) and t = 1/(kAB + kBA) is the relaxation time of the
chemical reaction.

If both states exhibit the same fluorescence (QA = QB = Q) but
DA a DB then the approximate autocorrelation function given
by eqn (13) can be applied to reaction (16) after some modifica-
tions. In the case DA 4 DB, we obtain

GaðtÞ ¼ h t=tþð Þ 1� e�RtD 1þt=tþð Þ
h i

þ bh t=tBð Þe�RtD 1þt=tþð Þ

þ ð1� bÞe�Rth t=tAð Þe�RtD 1þt=t�ð Þ þ 2bð1� bÞRtD

� hz t=tBð Þe�RtD 1þt=tþð ÞE1 2bRtD 1þ t=tBð Þð Þ
h

� e�Rthz t=tAð Þe�RtD 1þt=t�ð ÞE1 2bRtD 1þ t=tAð Þð Þ
i
;

(19)

where now R = kAB + kBA, b = kAB/R = K/(1 + K), tA = L2/(4DA),
tB = L2/(4DB), tD = L2/(4|D|), D = DA � DB, t� = L2/(4D�),
D+ = DA(1 � b) + DBb and D� = DAb + DB(1 � b). To obtain
Ga(t) for DB 4 DA, the state A should be interchanged with B in
eqn (19). Thus, K and b should be replaced with K�1 and 1 � b,
respectively, whereas t� and tD do not change.

Finally, if DA a DB and QA a QB we can adapt formula (S32)
in ESI† to reaction (16). For QA = Q, QB = 0 and DA 4 DB,
we obtain

GaðtÞ ¼ ð1� bÞh t=tþð Þ 1� e�RtD 1þt=tþð Þ
h i

þ be�Rth t=t�ð Þ

� 1� e�RtD 1þt=t�ð Þ
h i

þ e�Rth t=tAð Þe�RtD 1þt=t�ð Þ

(20)

Then the case DA = DB = D corresponds to the limit tD -N and
t+ = t� = tA in eqn (20), hence

Ga(t) = h(t/tA)(1 � b + be�Rt), (21)

which is equivalent to eqn (18).

3.2 Discussion

We have derived an approximate analytical expression for the
FCS autocorrelation function to study the kinetics of the reaction
of micelles with fluorescent dyes. A micelle and dye form a
complex whose diffusion coefficient is approximately the same
as for a free micelle. We have also assumed that the optical
properties of the complex and free dye are the same, which is
justified in the context of our experimental studies.19

We note that a related problem of a molecule diffusing
and binding to an immobile substrate with some association
and dissociation rates was studied by Ribeiro at al.8 The FCS
autocorrelation function derived from their model was used to

estimate the model parameters from the experimental data.
The authors defined four simplified regimes in terms of
relations between the rate constants and diffusion coefficient
of the molecule, which they called: the pure-diffusion, effective-
diffusion, hybrid-model and reaction-dominant regimes.
Except the hybrid-model regime, the autocorrelation function
has a simple analytical form in the remaining regimes. If none
of the simplified regimes is suitable for fitting the data then the
full model of the autocorrelation function is used to determine
the diffusion coefficient as well as the association and dissocia-
tion rates. To adapt Ga(t) given by eqn (13) to immobile binding
sites, we take the limit D - 0, which in our case corresponds to
immobile micelles. A similar approach was used by Wirth et al.
in the studies of fluorophors interacting with heterogeneous
chemical interfaces.25 To describe lateral diffusion and strong
reversible adsorption, they used the model of Elson and Magde3

with two nondiffusing species (only the flourophor diffuses) and
derived an analytic solution to the FCS autocorrelation function
under the condition of rare strong adsorption.

In a more recent work, Ipiña and Dawson15 considered the
same theoretical model of diffusion and reaction as we do
in this work. They tried various approximate forms of G(t) to
explore the transition between the limits of fast reaction and
fast diffusion for which the autocorrelation function is known.
In these approximations, the autocorrelation functions for free
diffusion of two or three components were combined with
exponentially decaying factors. Such an approach introduces
additional fitting parameters, however.

To go beyond the limits of fast reaction and fast diffusion,
we have taken a different route from that presented by Ipiña
and Dawson15 since the approximation of the autocorrelation
function derived by us follows directly from the theoretical
model of Krichevsky and Bonnet.1 In this way the number of
fitting parameters remains the same as in the original G(t). Our
approximation reproduces G(t) for chemical reactions that are
either much faster or much slower than the diffusion times of
fluorescent molecules through the focal volume. Moreover, in
contrast to other approximations which impose some restrictions
on the model parameters, Ga(t) is well defined in the whole
parameter space. We observe that for short times the shape of
G(t) computed from the theoretical model approaches the fast
diffusion limit, whereas for long times it approaches the fast
reaction limit. This shows that any approximate autocorrelation
function should reproduce both limits correctly. Despite some
numerical discrepancies between G(t) and Ga(t) the latter exhibits
qualitatively correct time evolution.

Below we discuss a few specific issues in more detail.26

3.2.1 Time-dependent diffusion coefficient. The time evolution
of the autocorrelation function studied in this work suggests that
diffusion of a fluorescent particle which changes its state due to
a chemical reaction could be explained by a time-dependent
diffusion coefficient. To check this possibility, we consider the
mean-square displacement, hr2i, of a particle that can exist in
two states characterized by different diffusion coefficients.27

In our case, the free state (f) and bound state (b) correspond to
the free dye and micelle-dye complex, respectively. With some
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simplifications it is possible to express the reaction-diffusion
equations in terms of the probability densities of these states:
Pf(

-r,t) and Pb(-r,t) (details will be presented elsewhere). Then hr2i
is calculated as a function of time and the result depends on
the initial conditions. We consider two initial conditions: a free
dye at the origin and a complex at the origin, hence

r2
� 	

¼ 6

Dþt�
bD
R

1� e�Rtð Þ if P0
f ¼ dð~rÞ; P0

b ¼ 0

Dþtþ
ð1� bÞD

R
1� e�Rtð Þ if P0

f ¼ 0; P0
b ¼ dð~rÞ:

8>>><
>>>:

(22)

For times t { R�1, hr2i is proportional to t (normal diffusion)
with the diffusion coefficient of the free dye in the first case and
of the complex in the second case. For times t c R�1, hr2i
is also proportional to t but the diffusion coefficient tends to D+

in both cases. If the initial conditions Pf(
-
r,t) = (1 � b)d(-r) and

Pb(-r,t) = bd(-r) are assumed, where 1 � b and b are the
equilibrium probabilities of the states f and b, respectively,
then hr2i = D+t for all times. According to eqn (22) the time-

dependent diffusion coefficient, defined as DðtÞ ¼ 1

6
d r2
� 	�

dt,

changes from the value for the free dye or complex, in the limit
t - 0, to D+, in the limit t - N. In experiment, such a
crossover may resemble transient anomalous diffusion, defined
by hr2i p ta if t { tCR and hr2i p t if t c tCR, where a is the
exponent of anomalous diffusion and tCR is the crossover time.
It is argued that transient anomalous subdiffusion (a o 1)
occurs in some systems with a hierarchy of binding sites.28–30

3.2.2 Tracer diffusion in polymer solutions. Our approximate
form of the autocorrelation function might be applied to the
problem of tracer diffusion in polymer solutions, which was studied
by means of FCS and coarse-grained molecular dynamics
simulations.31 In a dilute polymer solution, a dynamic exchange
between the polymer-bound and free state of the tracer occurs.
Consequently, the form of the autocorrelation function G(t) depends
on the relation between the characteristic length scales of the tracer
diffusion in the two states and the size of the focal volume L. This is
because a given process can be resolved by FCS if its characteristic
length scale is grater than L.32 Thus, if the displacements in the
bound, Lb, and free, Lf, states satisfy the inequality Lf 4 Lb 4 L then
G(t) is bimodal (two-component diffusion), whereas in the
opposite case, G(t) is unimodal (one-component effective diffu-
sion). To apply a similar reasoning to our dye-micelle solution,
we assume the time tb = 1/k�E 1/[R(1 � b)] for the bound state,
provided [C]eq { [A]eq, and tf = 1/(k+[A]eq) = 1/(Rb), for the free
state, hence Lb

2 E D/[R(1 � b)] and Lf
2 E DB/(Rb). Then the

condition Lb 4 L leads to the inequality:

L2

D
Rð1� bÞ ¼ 4tARð1� bÞo 1; (23)

where tA = L2/4D = (d�1 � 2)tD and d = D/(D + DB). In Fig. 1, we
have b = 0.5, d = 0.05, hence 4tAR(1 � b) = 36RtD, which means
that condition (23) is satisfied only for RtD = 0.01 (Fig. 1d).
Indeed, G(t) in Fig. 1d is rather well approximated by the two-
component model but some deviations appear at long times.

For D { DB, we have RtD/t+ E tb
�1 and RtD/t�E tf

�1. Assuming
for simplicity that RtD E RtB { 1, we rewrite eqn (13) as follows

GaðtÞ �
yb

1� yþ yb
h t=tAð Þ þ 1� y

1� yþ yb

n
h t=tþð Þ 1� e�t=tb

� �
:

þe�t=tb bh t=tAð Þ þ ð1� bÞh t=tBð Þe�2t=tf
� 
o

;

(24)

where we have included only the zeroth order terms in RtD and
used the relation R = tb

�1 + tf
�1. Eqn (24) shows that deviations of

G(t) from the two-component model are not observed in FCS
only if tb, tf c tA (in Fig. 1d, tA/tb = 0.09). If Lb o L and Lf 4 L,
which corresponds to 4tAR(1 � b) 4 1 and 4tBRb o 1, we can
still use approximation (24), provided the condition RtD { 1
holds. For instance in Fig. 1c, we have 4tAR(1 � b) = 3.6 4 1,
4tBRb E 0.2 and tb = tf = 20tD. Then G(t) contains a bimodal
piece, for t { tb, and a unimodal piece (effective diffusion),
for t c tb. Finally, the case Lb o L, Lf o L is shown in Fig. 1a,
where 4tAR(1 � b) = 360, 4tBRb E 20, tb = tf = 0.2tD; here G(t) is
definitely unimodal.

3.2.3 Stick-and-diffuse model. The stick-and-diffuse model
was used by Yeung et al.33 to explain the dynamics of vesicles in
hippocampal synapses, studied previously by FCS (vesicles were
fluorescently labeled). The model assumes that the vesicles
bind and release from the cellular cytomatrix and diffuse freely
when they are not bound. We show below a qualitative agree-
ment between Ga(t) and the autocorrelation function derived by
Yeung et al. However, we have not attempted a detailed
comparison. To make contact with the stick-and-diffuse model,
we mimic vesicles in the bound state (component C) by taking
the limit of immobile micelles in eqn (13), whereas component
B corresponds to freely diffusing vesicles. Thus, we assume
D - 0, hence tA - N, tD = tB, t+ = tB/(1 � b) and t� = tB/b.
Then omitting the first term in eqn (13) which is now a
constant, we obtain the following expression for the normalized
autocorrelation function

Ga(t) = h(t/t+)(1 � e�RtB�t/tb) + {b + (1 � b)h(t/tB)e�2t/tf

+ 2b(1� b)RtB[E1(2tB/tf)� hz(t/tB)E1(2(tB + t)/tf)� e�2t/tf]}e�RtB�t/tb,
(25)

where tb and tf have the same meaning as in Section 3.2.2.
R and b can be expressed in terms of tb and tf: R = tf

�1 + tb
�1 and

b = tb/(tf + tb). We consider three limiting cases. In the
limit tb { tB { tf, we have RtB c 1, b { 1 and t+ E tB. Then
Ga(t) E h(t/tB) corresponds to free diffusion of vesicles. In the
limit tf, tb { tB, we have RtB c 1 and Ga(t) E h(t/t+)
corresponds to the effective diffusion with the diffusion coeffi-
cient D+ = DB(1� b). Finally, if tB { tb, tf the terms proportional
to RtB can be neglected and e�RtB E 1 in eqn (25). In addition,
if tb and tf are of the same order then also t+ { tb, tf. Thus,
for times t c tB, the decay of the autocorrelation function
depends only on tb. These results are consistent with the
stick-and-diffuse model. The last one follows from the fact that
the fluorescence intensity is essentially uncorrelated between
bound states when tB { tf.

33 In our case, the long time
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behavior of the autocorrelation function can be approximated
by (see eqn (25))

Ga(t) E be�t/tb. (26)

The same exponential decay was also found by Ribeiro et al.8 in
the reaction-dominant regime.

4 Conclusions

The application of FCS to the determination of the relaxation
rate is limited to a certain range of R because the autocorrela-
tion function for very fast and very slow reactions cannot be
distinguished from GN(t) and G0(t), respectively. This range
increases when the ratio D/DB decreases and reduces to zero at
D = DB. Our approximate autocorrelation function can be applied
to both fast and slow reactions, in contrast to the power expansion
in R�1 which is suitable for fast reactions. However, the discre-
pancies between Ga(t) and Gn(t) grow when R approaches tD

�1.
The dependence of Ga(t) on R provides a smooth interpolation
between the limits of fast reaction and fast diffusion. At constant
R, Ga(t) exhibits a crossover between the diffusion of independent
fluorescent components, described by G0(t) at short times, and the
effective diffusion, described by GN(t) at long times, as it is shown
in Fig. 1c. In the case of slow reactions, however, the region of
long times may not be accessible experimentally (see Fig. 1d and 2).
This crossover can be explained as follows. At short times, fluctua-
tions in the number of particles in the focal volume due to
diffusion contribute to G(t) at all length scales while the reaction
plays a minor role. Therefore, we observe diffusion of indepen-
dent fluorescent particles: free dyes and complexes. At long times,
only the fluctuations of large length scales (small wave vectors),
comparable to the size of the focal volume, give significant
contributions to G(t), which means that the signal from particles
of different kinds cannot be distinguished. Since the concen-
tration of the dye is usually very small (y E 0) the separate
contribution to the autocorrelation function from the complexes
can be neglected (see the first term in eqn (13)). Then G(t)
corresponds to the diffusion of a hypothetical single component
with the effective diffusion coefficient D+ = Db + DB(1 � b).

To conclude, the kinetics of chemical reaction (1) manifests
itself during the transition of the autocorrelation function
from the short-time behavior characterized by G0(t) to the
long-time behavior characterized by GN(t). Whether both types
of behavior can really be observed in the FCS experiment
depends on the system studied. This transition is reproduced
qualitatively by the approximate autocorrelation function,
Ga(t), derived in the present work (eqn (13)). The accuracy
of Ga(t) depends on the parameters of the model, mainly on
the relaxation rate R, but it should be sufficient to fit the
FCS experimental data. In fact, for small values of RtD, the
contribution from the last two terms in eqn (13) can be
neglected, which leads to a simplified form of Ga(t) (without
the exponential integral) (ESI†). We have tested the latter
approximation recently,19 using two different experimental
techniques: FCS and the Taylor dispersion analysis.34,35
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P. Košovan, O. Lenz and C. Holm, Phys. Rev. Lett., 2013,
111, 088301.

32 J. Enderlein, Phys. Rev. Lett., 2012, 108, 108101.
33 C. Yeung, M. Shtrahman and X.-I. Wu, Biophys. J., 2007, 92,

2271–2280.
34 A. Bielejewska, A. Bylina, K. Duszczyk, M. Fiałkowski and

R. Hołyst, Anal. Chem., 2010, 82, 5463–5469.
35 A. Majcher, A. Lewandrowska, F. Herold, J. Stefanowicz,
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