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prediction tool for Brownian
diffusive motion in binary mixtures of liquids†

Carmine D'Agostino

The hole theory of liquids has been around for a long time since its development. This theory assumes that

a liquid can be seen as a continuum permeated by holes and was developed with the aim of explaining

thermal and viscous properties in liquids at equilibrium. It has often been used as a predictive tool for

viscosity of liquids, including molten metals, ionic and molecular liquids. However, a direct link to actual

transport properties in liquids, i.e., molecular diffusion, has never been fully shown nor validated. This

work explores the application of hole theory as a simple tool to understand and predict molecular

diffusion at equilibrium in liquids. In particular, a wide range of binary liquid mixtures, ranging from ideal

to highly non-ideal, has been assessed by calculating the average hole diffusivity as a function of

composition and comparing these values to experimental values of molecular diffusivity at equilibrium.

The results show that the average motion of the holes describes very well the average motion of the

diffusing species in the mixture and this is ascribed to an inter-diffusion process between the molecular

species and the holes. The findings reported here are of importance as they establish a direct link

between hole theory and transport properties and validate the use of the theory as an effective and

novel way of estimating molecular diffusivity in liquids, which may be challenging to measure or often

unavailable, by knowing surface tension and viscosity data, which are widely available in the literature or

easier to measure.
Introduction

The hole theory of liquids developed by Fürth1–3 regards a liquid
as a continuum permeated by a large number of holes with the
number of holes being comparable to the number of particles in
the liquids. This theory aims at explaining thermal and viscous
properties of liquids in a state of equilibrium based on the
motion of the holes within the continuum liquid. For example,
it has been suggested that variation of the viscosity and thermal
conductivity of liquids can be related to the average life of the
holes,4 which is the time for which a hole lasts before it is
destroyed by evaporation of molecules into it. The amount of
free volume in liquids seems also to be important in deter-
mining transport properties. Tracer diffusion studies in liquid
zinc5 showed that the presence of voids of molecular or ionic
volume is required for diffusion. Experimental values of the
diffusion coefficient of zinc ions were seen to correlate well with
the Cohen–Turnbull theory,6 which relates the diffusion coef-
cient in a liquid of hard spheres to the free volume available.
Based on the work of Fürth,3 Abbott7 has used the hole theory to
explain viscosity changes in ionic compounds and some
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molecular liquids. In his work he used the hole theory to
calculate viscosities of ionic and molecular liquids and then
compared these values with measured values of viscosity. A
correlation valid for both ionic and molecular liquids was
observed. Based on these results, Abbott concluded that the
hole theory, whilst currently approximate, provides a simple
model to explain mobility in uids, by means of predicting
viscosity. In another work, the hole theory has been used to
explain viscosity and ionic conductivity in ferrocene-based ionic
liquids.8 The results of this work suggested that the dominant
mode of charge transport in these liquids was via themobility of
holes.

It is clear that most of the work on assessing the validity of
the hole theory of liquids to explain transport properties has
been focused on understanding viscosity, mostly in molten
metals and ionic liquids, whereas a direct link with transport
properties, i.e., molecular diffusion due to Brownian motion,
has not yet been observed in full details.

Some preliminary studies have highlighted the importance
of the hole motion in liquids. For example, a previous study on
ionic liquids has suggested that the size of the hole seems to be
the dominant factor in controlling mass transport in ionic
liquids, although further details were not given.9 A similar
conclusion was reached by observing that the correlation length
in ferrocene ionic liquids gives an indication of the hole size.8

Whilst these results seem to suggest the validity of the hole
This journal is © The Royal Society of Chemistry 2017
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Table 1 Details of the mixtures and references to the data used in this
study

Mixture

Surface
tension
g [N m�1]

Viscosity
h [Pa s]

Diffusivity
D [m2 s�1]

Temperature
T [K]

Acetone/benzene 19 20 21 298.15
Acetone/chloroform 22 23 21 298.15
Acetone/water 24 25 21 298.15
Acetone/CTa 26 26 27 298.15
n-Heptane/benzene 26 28 29 298.15
n-Hexane/nitrobenzene 30 31 13 303.15
TEA/watera 32 33 34 289.15
Methanol/water 35 36 37 298.15
NMP/watera 38 39 40 293.15
n-Heptane/n-octane 41 42 13 293.15
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theory in determining transport in ionic liquids, to the best of
the author's knowledge, a conclusion on the validity of this
approach is far from being reached, particularly for the case of
molecular liquids, and there is not yet a clear evidence on to
what extent the theory can be used to describe molecular
motion.

In these work, a systematic study aiming at assessing to what
extent the hole theory is able to predict molecular mobility in
liquids is conducted. In particular, the hole theory is used to
calculate the average diffusion of the holes in a variety of binary
liquid mixtures, with different thermodynamic properties, as
a function of composition, which is then compared to the
average molecular diffusion of the species at equilibrium. The
ndings are then discussed and critically assessed.
a CT is carbon tetrachloride, TEA is trimethylamine and NMP is N-
methylpyrrolidine.
Methodology

The hole theory assumes that a liquid contains empty spaces or
holes, which arise from thermally generated uctuations in
local density.4,7 The holes are randomly distributed and the
radius hrHi of the average sized hole is related to the surface
tension, g, by the following equation:10

4p
�
rH

2
� ¼ 3:5kT

g
(1)

where k is Boltzmann's constant and T the absolute tempera-
ture. From eqn (1) it is clear that if g is a known function of
composition, it becomes possible to calculate the average size of
the hole, hrHi as a function of the composition of the mixture.
Once hrHi is known, the mobility of the hole can be calculated
using the Stokes-Einstein relation:

DH ¼ kT

ChhrHi (2)

where h is the viscosity of the mixture, which is also a function
of composition, and C ¼ 6p is the friction constant for the no-
slip boundary condition.

The hole theory was developed to explain properties of
a liquid in a state of equilibrium. Therefore, in order to compare
the mobility of the holes with that of the species in the binary
mixture, a diffusion parameter describing the molecular
motion of the species at equilibrium is required. For this
purpose, the arithmetic average proposed by Darken11 is
considered, which has been extensively used to calculate the
average value of diffusivity at equilibrium,12–14 i.e., in the
absence of a gradient of chemical potential, and has also been
validated using molecular dynamics simulations.15 Other
correlations, such as the geometric average proposed by
Vignes,16 have been proposed. It is important to note that in the
case of the mixtures studied here, the tracer diffusivities of
species 1 and 2 are similar, which implies that the use of either
the arithmetic or geometric average leads to essentially the
same results. This aspect has also been discussed in more
details elsewhere.13

The Darken relation allows to calculate the average diffu-
sivity at equilibrium, that is, in the absence of a chemical
potential gradient, in a binary mixture according to:11
This journal is © The Royal Society of Chemistry 2017
D12 ¼ x2D1 + x1D2 (3)

where x1 and x2 are the mole fractions of species 1 and 2,
respectively, and D1 and D2 are the tracer diffusivities of species
1 and 2, respectively, at that composition. In eqn (3), from
a physical point of view, x1 can be regarded as the probability of
species 2 displacing species 1 when it moves; analogously, x2
can be thought as the probability of species 1 displacing species
2 during the motion. Values of D1 and D2can bemeasured either
by pulsed-eld gradient NMR17 or radioactive tracer diffusion
experiments.18

Several mixtures have been investigated, for which data on
surface tension, viscosity and tracer diffusivity at the same
temperature as a function of composition are known. The
details of the mixtures used are reported in Table 1, together
with the references used to obtain the data.

Results and discussion

In order to start the analysis, eqn (1) is used to obtain the
average hole size, hrHi, as a function of mole fraction for the
various mixtures; typical hole sizes calculated using eqn (1) are
in the range 1–3�A, which agrees with values previously reported
when studying ionic andmolecular liquids.7 More details on the
calculated hole radii are reported in the ESI, Table S1.† Once
hrHiis known, eqn (2) is then used to calculate the diffusion
coefficient of the hole, DH.

The values of DH for the various mixtures as a function of
mole fraction are reported in Fig. 1–10 and compared with the
molecular mobility factor, D12, calculated using eqn (3). It is
noted that the errors on those values are difficult to obtain as
they will depend on a combination of errors on viscosity, surface
tension and tracer diffusivity, which are oen not available in
the literature. Typical relative errors on bulk liquid tracer
diffusivity values calculated using NMR diffusion techniques
are reported to be approximately in the range 2–3%.43 Therefore,
an assumption of a 5% relative error on such values seems
a reasonable conservative assumption.
RSC Adv., 2017, 7, 51864–51869 | 51865
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Fig. 1 Average hole diffusivity, DH, and species diffusivity, D12, in n-
heptane/n-octane mixtures as a function of n-heptane mole fraction.

Fig. 3 Average hole diffusivity, DH, and species diffusivity, D12, in
acetone/benzene mixtures as a function of acetone mole fraction.
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The discussion starts with the simplest mixture assessed, the
binary ideal system of n-heptane/n-octane, for which the activity
coefficients are equal to the unity. It can be seen from Fig. 1 as
the average diffusivity of the two species in the mixture, D12,
increases in a linear fashion as the concentration of n-heptane
increases. This is typically the case for ideal mixtures of
hydrocarbons, which show what is usually dened as a milder,
well-behaved composition dependence.13,44

From the gure it is clear as the hole average diffusivity, DH,
shows essentially the same trend as that observed for D12, with
values that are fairly close between the two different diffusiv-
ities, although such a difference is deemed to be above the
experimental error stated in the methodology section. This rst
result already suggests that the average diffusivity of the species
in the mixtures, D12, and that of the holes, DH, are related and
show similar values.

In order to assess whether this relationship between the two
diffusivities has a more general validity, the approach has been
extended to a series of more challenging cases, namely, slightly
non-ideal, non-ideal and highly non-ideal binary mixtures. In
this way, a wide range of cases is assessed and a better
conclusion can therefore be made. Fig. 2 and 3 show the plots
for D12 and DH as a function of composition for the systems n-
Fig. 2 Average hole diffusivity, DH, and species diffusivity, D12, in n-
heptane/benzene mixtures as a function of n-heptane mole fraction.

51866 | RSC Adv., 2017, 7, 51864–51869
heptane/benzene and acetone/benzene, respectively, which are
moderate non-ideal mixtures with fairly well-behaved compo-
sition dependence of D12, showing positive deviations, i.e.,
activity coefficients greater than one.

Similarly to what observed for the ideal system n-heptane/n-
octane, also in this case D12 and DH have similar trends, with
values of diffusivity that are different but again not far apart
from each other. For the n-heptane/benzene mixture there
seems to be a divergence between the two values at higher n-
heptane mole fraction; however, the trends are well-dened. It
is also noted as DH is systematically lower than D12 at all
compositions, similar for the n-heptane/n-octane mixtures.
Similar observations can be made when analysing the acetone/
water system, Fig. 4, acetone/CT system, Fig. 5, and acetone/
chloroform system, Fig. 6. The latter is interesting to assess
as, unlike the other systems presented so far, it shows negative
deviations from ideality, i.e., activity coefficients lower than one.

Also in these two cases, the trend in D12 is reected very well
in DH, including the presence of the plateau at low acetone mole
fractions.

We now assess non-ideal mixtures whereby the behaviour of
D12 as a function of composition shows marked minima. This is
the case of the methanol/water, Fig. 7, and the NMP/water
Fig. 4 Average hole diffusivity, DH, and species diffusivity, D12, in
acetone/water mixtures as a function of acetone mole fraction.

This journal is © The Royal Society of Chemistry 2017
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Fig. 5 Average hole diffusivity, DH, and species diffusivity, D12, in
acetone/CT mixtures as a function of acetone mole fraction.

Fig. 6 Average hole diffusivity, DH, and species diffusivity, D12, in
acetone/chloroform mixtures as a function of acetone mole fraction.

Fig. 8 Average hole diffusivity,DH, and species diffusivity,D12, in NMP/
water mixtures as a function of NMP mole fraction.
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system, Fig. 8, which show positive and negative deviations
from ideality, respectively. The presence of such minima on the
average mobility of the species in these systems has been
ascribed to water–solute complexes, which reduce molecular
mobility in concentrated solutions.40,45

Analysing the behaviour of DH for the systems a very similar
trend to that of D12 is again observed. As for the previous cases,
Fig. 7 Average hole diffusivity, DH, and species diffusivity, D12, in
methanol/water mixtures as a function of methanol mole fraction.

This journal is © The Royal Society of Chemistry 2017
also for these systems the values of DH are generally lower than
D12, although the differences are not large, particularly for the
water/NMP system. It is remarkable to note as the DH trend is
able to pick in details the main features of the D12 trend,
including the presence and position of minima.

The results presented so far begin to unravel a very inter-
esting nding, that is, the holes formed in the liquid move in
a very similar fashion and at a similar rate to the actual
diffusing species. To further test this theory, systems with high
deviations from ideality have also been assessed. Fig. 9 shows
the D12 and DH plots for the n-hexane/nitrobenzene system,
which shows highly positive deviations with formation of an
upper consolute point.13

Also in this case, a very similar trend between D12 and DH is
observed, with values that are close with each other, particularly
at low n-hexane mole fraction and again with DH systematically
lower than D12.

Finally, the system TEA/water has also been investigated,
which is shown in Fig. 10. This is a particularly complex system,
with a peculiar thermodynamic behaviour46 and formation of
a lower consolute point, where water and TEA are thought to
form hydrogen bonding that leads to a minimum in the average
Fig. 9 Average hole diffusivity, DH, and species diffusivity, D12, in n-
hexane/nitrobenzene mixtures as a function of n-hexane mole
fraction.

RSC Adv., 2017, 7, 51864–51869 | 51867
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Table 2 Optimised value of the friction constant C in eqn (2)

Mixture Optimised C value

Acetone/benzene 4.4p
Acetone/chloroform 4.9p
Acetone/water 4.6p
Acetone/CT 5.0p
n-Heptane/benzene 4.4p
n-Hexane/nitrobenzene 4.9p
TEA/water 4.6p
Methanol/water 4.4p
NMP/water 5.2p
n-Heptane/n-octane 5.2p

Fig. 10 Average hole diffusivity,DH, and species diffusivity,D12, in TEA/
water mixtures as a function of TEA mole fraction.
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diffusivity D12 as a function of composition.34 From Fig. 10 it is
clear as D12 and DH have a remarkably similar behaviour, with
DH reecting very well the changes in D12 as a function of
composition, including the presence of a minimum at low TEA
mole fraction.

Based on the results presented here, one can conclude that
the average diffusivity of the holes formed in a binary mixture of
two molecular liquids describes very well the diffusion behav-
iour at equilibrium of the species as a function of composition,
suggesting that the movement of the holes in the liquid is
intimately linked to that of the species diffusing. The observa-
tion of this phenomenon for a wide range of molecular binary
liquid mixtures ranging from ideal to highly non-ideal strongly
suggest that the hole theory is a simple but effective approach to
study molecular mobility in liquids and liquid mixtures. The
ndings of this work are in line with preliminary observations,
mostly done on ionic liquids, and extend the application of this
theory to a wide variety of molecular liquid systems. Impor-
tantly, whilst previous work on ionic liquids has shown the
validity of such a theory by investigating viscosity, here a direct
link between the mobility of the holes and a translational
dynamic property of the species, that is, diffusivity, is estab-
lished. Hence, knowing surface tension and viscosity data,
which are widely available in the literature, and using such
a theory it is possible to predict with a good approximation
behaviour and values of average tracer diffusivities for mixtures
as a function of composition, which are oen not available or in
some cases difficult to measure.

It is important to note that the results presented in Fig. 1–10
for DH, which systematically underpredicts D12, assume a no-
slip condition, with a friction constant C ¼ 6p used in eqn
(2), which is the classical version of the Stokes-Einstein relation.
This assumption is oen used for viscous uids but is not
always accurate, which may well be the case here as the diffu-
sion process is that of “empty” holes diffusing in a viscous uid.
Hence, one may expect a lower friction constant. If this factor
becomes a variable, it becomes possible to obtain an optimised
value of C such that DH z D12. The optimised value of C for the
different mixtures studied in this work is shown in Table 2.
51868 | RSC Adv., 2017, 7, 51864–51869
It is interesting to note as the optimal values of the friction
constant C are similar for all the mixtures studied here, with an
average overall value across all the systems of C z 4.8p, well
within the range C ¼ 4p � 6p, which are the boundary condi-
tions of the Stokes-Einstein equation for slip and no-slip
condition, respectively.47 Therefore, the meaningful values of
the optimised friction constant C validate eqn (2) as a physically
meaningful model, which allows an accurate calculation of the
average molecular mobility at equilibrium in binary mixtures
from viscosity and surface tension data. It is interesting to note
as well that such value of C is indeed lower than that for the no-
slip condition, which agrees on the previous discussion onto
why a no-slip condition systematically underpredicts D12.

It is worth to discuss a possible explanation as to why the
average diffusion rate of the holes generated in the liquid is
close to that of the species. In the case of ionic liquids, it has
been suggested that diffusion of ionic species may occur via
ions moving from one vacancy to another9 and this is attributed
to the observation that the typical hole size in ionic liquids is
comparable to the size of the ions, hence, it is relatively easy for
a small ion to move into a vacant site.7 Typical hole radii for the
mixtures studied here are in the range 1–3 �A, which is compa-
rable to the molecular radius of the diffusing species. Hence,
one may speculate a sort of mutual or inter-diffusion process
between the liquid species and the holes, which results in DH z
D12. At this point it is worth noting that indeed, in a theoretical
work on dilute metallic solutions,48 it has been suggested that
a move by a hole is identical with a move by an atom, but in the
opposite sense, which is indeed the concept of mutually
diffusing species. Hence, assuming the hole theory is valid, this
further support the idea proposed here of a mutual diffusion
process between the liquid species and the holes formed in
molecular liquids, as the results also suggest.
Conclusions

The work reported here has shown that the hole theory of
liquids describes well molecular diffusion and is able to give
accurate predictions of the average molecular mobility of
species in binary mixtures at equilibrium. A clear link between
the theory and molecular diffusion is therefore established. In
particular, using the Stokes-Einstein equation and the average
This journal is © The Royal Society of Chemistry 2017
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hole radius with an optimised, physically meaningful, friction
constant, it is possible to calculate with a good degree of
accuracy, values of the average mobility of the diffusing species
as a function of composition, oen difficult to measure exper-
imentally or not available, by knowing viscosity and surface
tension data, which are straightforward to measure and widely
available in the literature. It is suggested that the similar values
in the average hole and species diffusivities, DH and D12,
respectively, are due to an inter-diffusion process between the
liquid species and the holes, which results in DH z D12.
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