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It is well known that the continuummodel of Fourier's law of heat conduction violates the relativity theory,

admits an instantaneous thermal response, and assumes a quasi-equilibrium thermodynamic condition.

Transient heat transport, however, is a non-equilibrium phenomenon with a finite thermal wave speed

for applications involving very low temperatures, extremely high temperature gradients, and ballistic heat

transfers. Hyperbolic and phase-lag heat conduction models have enabled detection of the finite

thermal wave speed in heat transport. To accommodate effects of thermomass and size-dependency of

thermophysical properties on nano/microscale heat transport and to remove the theoretical singularity

of temperature gradients across the thermal wavefront, a nonlocal, fractional-order, three-phase-lag

heat conduction is introduced. The model is capable of simulating heat conduction phenomena in

multiple spatio-temporal scales. To confirm the existence of thermal waves in nano/microscale heat

transport, a molecular dynamics simulation is implemented for the heat transfer within a nanoscale

copper slab. Correlating thermal responses in continuum and atomistic scales sheds light on the effect

of length scale, fractional order, and phase-lags in multiscale heat transport. The multiscale simulation is

of practical importance for microelectromechanical system design, photothermal techniques, and

ultrafast laser-assisted processing of advanced materials.
1. Introduction

Advances in ultrafast laser-assisted manufacturing technology
have enabled the fabrication of miniaturized nano/microscale
devices for electronics, optics, medicine, and energy applica-
tions. Electrons and lattices, however, are not in an equilibrium
state during ultrafast laser processing of metals. A non-
equilibrium heat transfer model is required instead of the
classical phenomenological Fourier heat conduction to evaluate
the temperature rise during laser-assisted manufacturing.1,2

Laser material processing has also opened a new horizon for
developing ultralight architected materials with unprece-
dented multifunctional properties in multiple scales (nano/
micro to macro) for heat exchanging, thermal insulating,
shock damping, and current collecting.3–6 Due to the broad
range of applications of these types of advanced architected
materials, the advanced materials could experience very low
temperature or extremely high temperature gradients for
which a precise heat transport model should be considered to
capture temperature rise from thermal wave propagation.7,8 In
cGill University, Island of Montreal, QC
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addition, novel technologies like dip-in 3D direct-laser-writing
optical lithography are capable of manufacturing nano/micro-
architected materials in which physical properties (e.g. elastic
modulus, thermal conductivity, and electrical permeability)
become size-dependent, particularly for nanoscale mate-
rials.9,10 The interaction of energy carriers with domain boun-
daries for nanoscale devices is more pronounced than
macroscale devices, leading to a lower thermal conductivity
compared to the bulk value.9,11,12 This fact implies the neces-
sity of applying a nonlocal heat transfer model for nano-
devices to accommodate the contribution of thermomass and
phonon scattering in heat transport. Nanomaterials with char-
acteristic length and time comparable to the phonon mean free
path and phonon relaxation time reveal phonon propagation
in a wave form and not in a diffusive form found in con-
ventional heat transport phenomena;13,14 for instance, Monte
Carlo simulation has shown the thermal wave in phonon
ballistic transport regime for nanolms and graphene
sheets.15,16 To better comprehend the simulation methodologies
for thermal wave propagation, we rst review alternative
continuum heat conduction models and then introduce
a new heat transport analysis through the molecular dynamics
(MD) simulation.

The earliest heat conductionmodel is the empirical Fourier's
law,17 which assumes the following linear relation between
heat ux (~q) and temperature gradient (~VT) through thermal
conductivity (k):
RSC Adv., 2017, 7, 13623–13636 | 13623
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~q
�
~x; t
� ¼ k~VT

�
~x; t
�

(1)

Because of the simplicity of Fourier's law, it has been widely
used for a broad range of engineering applications. Nonethe-
less, Fourier's law results in a parabolic-type heat conduction
equation with an innite speed for the conductive heat trans-
port, which contradicts the relativity theory.18 In reality, the
applicability of Fourier's law for ultra-small spatial and
temporal heat transport is controversial;19 experiments have
reported the violation of nano/microscale heat conduction from
Fourier's law. To eradicate this contradiction, Cattaneo and
Vernotte (C–V)20,21 presented the rst non-Fourier heat
conduction theory by introducing thermal relaxation time (sCV):�

1þ sCV
v

vt

�
~q
�
~x; t
� ¼ �k~VT

�
~x; t
�

(2)

The C–V model leads to a hyperbolic-type heat conduction
equation that predicts the experimentally proven thermal wave
in heat transport. The model, however, lacks a physical basis,
violates the second-law of thermodynamics, and cannot accu-
rately describe the experimental data of heat transport.22–24 In
addition, the C–V model of heat conduction overlooks the
effects of microstructure on the heat transport process. To
consider the non-equilibrium thermodynamics process of heat
transport during the ultrafast laser heating and micro-macro
interactions of heat carriers, a hyperbolic, two-step, phenome-
nological model was derived by Qiu and Tien25,26 by solving the
Boltzmann equation. The model is appropriate for femto/
picosecond laser heating since it considers three mechanisms
of laser energy absorption by electrons, the transport of energy
by electrons, and heating of the lattice by electron-lattice
interactions. For ultrafast heating processes, Tzou27 presented
a unied dual-phase-lag (DPL) heat conduction model which
accounts for the microscale temporal and spatial effects of heat
transport via the introduction of phase-lags of heat ux sq and
temperature gradient sT:

~q
�
~x; tþ sq

� ¼ �k~VT
�
~x; tþ sT

�
(3)

The phase-lags, sq and sT, are positive values and intrinsic
properties of the material. The phase-lag of heat ux can be
interpreted as the time delay due to the fast transient effect of
thermal inertia, while the phase-lag of the temperature
gradient represents the effect of phonon–electron interac-
tions and phonon scattering during ultrafast heat transfer.28

Depending on the value of phase-lags, alternative orders of
Taylor series expansion can be made to provide a series of DPL
heat conduction models.29 Extending the thermoelastic
model introduced by Green–Naghdi,30 Choudhuri31 proposed
a three-phase-lag heat (TPL) conduction theory. The TPL heat
conduction theory encompasses all the aforementioned non-
Fourier heat conduction models by introducing the phase-
lag of thermal displacement gradient (sy), in addition to sq
and sT:
13624 | RSC Adv., 2017, 7, 13623–13636
~q
�
~x; tþ sq

� ¼ �
h
k~VT

�
~x; tþ sT

�þ k*~Vy
�
~x; tþ sy

�i
(4)

where y is thermal displacement (_y ¼ T), a eld whose time
derivative is the absolute temperature and has been rst
introduced by Helmholtz;32,33 k* (>0) represents a positive
material constant characteristics of the TPL theory, and sy is the
phase-lag of thermal displacement gradient. Alternative para-
bolic and hyperbolic types of heat conduction can be developed
by Taylor series expansion of eqn (4) with respect to time.24,29

The hyperbolic models of non-Fourier heat conduction can
predict thermal wave propagation through a medium subjected
to abrupt thermal disturbances. Nonetheless, the hyperbolic
models suffer from the unrealistic singularity of temperature
gradient across thermal wavefront. The fractional calculus for
differentiation and integration can not only remove the thermal
wave singularity but also enables the modication of existing
formulation for physical processes, e.g. heat and mass transfer,
in chemistry, biology, electronics, wave propagation, and chaos/
fractals.34–37 Non-Fourier heat conduction models with time-
fractional derivatives can be derived by Taylor series expan-
sion of an arbitrary time-fractional order aF on the both sides of
eqn (3) or (4). For instance, Ezzat et al.36,38 introduced the three-
phase-lag heat conduction model with time-fractional deriva-
tives, called fractional three-phase-lag (FTPL), by taking a Taylor
series expansion on the both sides of eqn (4) and retaining
terms up to 2aF-order for sq and up to the aF-order for sT and sy
as follows: 
1þ sqaF

aF!

vaF

vtaF
þ sq2aF

ð2aFÞ!
v2aF

vt2aF

!
~q
�
~x; t
�

¼ �
(�

kT þ k*syaF

aF!

vaF�1

vtaF�1
þ kTsTaF

aF!

vaF

vtaF

�
~VT
�
~x; t
�

þ k*~Vy
�
~x; t
�)

0#aF\1 (5)

All the aforementioned non-Fourier heat conduction models
were based on the local/classical continuum mechanics
approach. To accommodate the effect of thermomass, the
distinctive mass of heat, of dielectric lattices in the heat
conduction and size-dependency of thermophysical properties,
Tzou9,10 has included the nonlocal (NL) behavior of heat trans-
port in space in addition to the thermal lagging of temperature
gradient and heat ux, in time. The nonlocal dual-phase-lag (NL
DPL) heat conduction can be written as:

~q
�
~xþ~lq; tþ sq

�
¼ �k~VTðx; tþ sTÞ (6)

where ~lq is the correlating length of nonlocal heat ux. Tzou9

has shown that the correlating length~lq has the same form of
the length parameter in the thermomass model.39 Using the
rst-order Taylor series expansion of eqn (6) with respect to
both correlating lengths and phase-lags, Tzou has developed
the NL DPL heat conduction.

The aforementioned continuum heat conduction models
have been applied for the heat transfer analysis in coupled
This journal is © The Royal Society of Chemistry 2017
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multiphysics problems for media of multiple scales (from nano
to macro). For example, one can consider the heat transport
modelling in magneto-thermoelasticity analysis,40 hygro-
thermal analysis of magnetoelectroelastic composites,41,42 laser
heating of gas-saturated porous media,43 femtosecond laser
processing of metals,2 and non-isothermal heat ow of liquids
and gas on the interface with solids.44 Beside the continuum
modelling of heat transfer, MD simulation is a powerful tool for
the precise modelling of molecular interactions for nano/micro
scale structures and thin lms.45 MD simulations with larger
characteristic lengths and higher temperature ranges show
better agreement with experimental data. Recent attempts for
MD simulation of heat transfer have shown that the phonon
heat transfer does not follow the continuum Fourier's law of
heat conduction and approved the thermal wave propagation
(second sound effect) in solid argon thin lms and carbon
nanotubes.18,46–51

In order to develop a robust heat conduction model,
appropriate for multiscale heat transport and thermal wave
propagation within nano/microscale to macroscale media, we
rst introduce in this paper (Section 2) a novel nonlocal frac-
tional three-phase-lag (NL FTPL) heat conduction model. The
NL FTPL model does not only detect thermal wave propaga-
tion and remove the discontinuity of temperature at thermal
wavefront but also takes into account the size-dependency of
thermophysical properties, subdiffusion or superdiffusion of
heat transport, phonon–electron interaction, and the effect of
thermal displacement in the ultrafast heat transport. We
present in Section 3.1 series of semi-analytical solutions for
continuum heat conduction in one-dimensional media with
semi-innite and nite length. The theoretical methodology
can be extended to simulate thermal wave propagation in
advanced materials with graded thermophysical properties.
Aerwards, in Section 3.2, we implement MD simulation to
approve the presence of thermal wave in nano/microscale heat
transport and to conrm the validity of the introduced
continuum model for heat conduction. Finally, the numerical
results are presented in Section 4 to demonstrate the effect of
non-Fourier heat conduction models, time-fractional order,
length scale, phase-lags, material gradient, and embedded atom
model (EAM) on thermal responses predicted by continuum heat
conduction or MD simulation. The introduced multiscale heat
conduction model can be applied to precisely simulate heat
transfer in heat storage/conversion systems,52 thermal energy
harvesters,53 selective laser-melting additive manufacturing,54

smart metamaterials,4,55–57 and ultralight lattices.6

2. NL FTPL model

In this section, we introduce a novel non-local, continuum
mechanics model for the multiscale heat conduction analysis.
On the basis of fractional calculus, nonlocal behavior, and
phase-lag non-Fourier heat conduction, we introduce for the
rst time the nonlocal fractional three-phase-lag (NL FTPL) heat
conduction model.

As discussed earlier in Introduction, Tzou10 introduced
a non-local model of phase-lag heat conduction called NL DPL.
This journal is © The Royal Society of Chemistry 2017
As an extension, a non-local three-phase-lag (NL TPL) consti-
tutive equation for the non-Fourier heat conduction can be
derived in the following form to include the effects of thermal
displacement, a scalar history variable called by Green and
Naghdi,58 and its associated nonlocal length in the NL DPL
thermal analysis:

~q
�
~xþ~lq; tþ sq

�
¼ �

�
kT~VT

�
~xþ~lT; tþ sT

�

þ k*~Vy
�
~xþ~ly; tþ sy

�	
(7)

where ~lq, ~lT, and ~ly represent correlating nonlocal lengths of
heat ux, temperature gradient, and thermal displacement
gradient. The Taylor series expansion of constitutive eqn (7)
with respect to either nonlocal lengths and/or phase-lags leads
to alternative nonlocal phase-lag heat conduction models.
Among the heat conduction constitutive equation derived from
eqn (7), only those with coordinate-independent properties
must be retained.59 To derive the non-local TPL heat conduction
equation, the heat ux~q(~x,t) should be eliminated between eqn
(7) and the following energy equation:

�~V$~q
�
~x; t
�þ R

�
~x; t
� ¼ rcp

vT
�
~x; t
�

vt
(8)

where R(~x,t), r, cp, and ~V stand for the heat generation per unit
time per unit volume, material density, specic heat at constant
pressure, and divergence operator.

To enable the integration of subdiffusion or superdiffusion of
heat transport, in addition to the effect of size-dependency of
thermophysical properties and phonon–electron interaction, into
the ultrafast heat conductionmodel, we introduce a novel nonlocal
fractional three-phase-lag (NL FTPL) heat conduction model. The
constitutive equation of NL FTPL heat conduction is dened as:

~q
�
~xþ~lq; tþ sq

�
¼ �

�
kTIaF�1~VT

�
~xþ~lT; tþ sT

�

þ k*IaF�1~Vy
�
~xþ~ly; tþ sy

�	
0# aF # 2 (9)

where aF is the time-fraction order of FTPL heat conduction and
could refer to the generalized anomalous heat conduction.60,61

Heat transport in materials with weak conductivity and sub-
diffusivity, which could be observed in dielectrics and semi-
conductors, corresponds to 0 < aF <1, while aF ¼ 1 refers to
normal conductive materials and 1 < aF #2 corresponds to the
heat transfer in superconductive media like porous glasses and
polymer chains.62 The Riemann–Liouville fractional integral IaF

in eqn (9) is written in a convolution-form:61,63

IaF f
�
~x; t
� ¼ ðt

0

ðt� zÞaF�1

GðaFÞ f
�
~x; z
�
dz

I0f
�
~x; t
� ¼ f

�
~x; t
�

(10)

where G(.) represents the Gamma function. Alternative forms
of constitutive equation of heat conduction can be derived by
the Taylor series expansion of lq, lT, and ly in the space domain
and via the Taylor series expansion of sq, sT, and sy in the time
domain.
RSC Adv., 2017, 7, 13623–13636 | 13625
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Fig. 1 Thermal boundary and initial conditions of a 1D slab in multiple
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The NL FTPL heat conduction equation is derived by elimi-
nating the heat ux~q(~x,t) between the energy equation (eqn (8))
and the constitutive equation (eqn (9)). For eqn (9), we imple-
ment here the second-order Taylor series expansion of lq, lT,
and ly in the space domain and the second-order Taylor series
expansion of sq, sT, and sy in the time domain to derive a general
heat conduction model for NL FTPL. We take divergence and
time-derivative of the subsequent constitutive equation and
eliminate ~V$ _~q via the time-derivative of energy eqn (8) to derive
the following NL FTPL heat conduction equation:�

1þ~lq $~Vþ
�~lq$~lq

2

�
V2 þ sq

v

vt
þ 1

2
sq

2 v2

vt2

�

�
2
41
a

v2T
�
~x; t
�

vt2
� 1

kT

vR
�
~x; t
�

vt

3
5

¼ ~V$

(�
1þ~lT$~Vþ

�~lT$~lT
2

�
V2 þ sT

v

vt
þ 1

2
sT

2 v2

vt2

�
v

vt

þ k*

kT

�
1þ~ly$~Vþ

�~ly$~ly
2

�
V2 þ sy

v

vt
þ 1

2
sy

2 v2

vt2

�)
IaF�1~VT

(11)

where a ¼ k
rcp

is thermal diffusivity. Depending on the values

of nonlocal lengths and phase-lags as well as the order of
Taylor series expansion, eqn (11) could include alternative
forms of diffusive-like or wave-like NL FTPL heat conduction.
Since the heat conduction equation should be coordinate-
independent, and considering that ~lq is the only nonlocal
length scale related to existing microscale/nanoscale heat
transfer models, we hereaer consider merely the nonlo-
cal length ~lq, and implement the Taylor series expansion of
space domain up to the rst-order. As a result, the following
wave-like NL FTPL for a homogenous medium is derived by
simplifying the NL FTPL heat conduction equation introduced
in eqn (11) which implies the rst-order Taylor series expansion
of lq in space and the second-order Taylor series expansion of
sq and the rst-order Taylor series expansion of sT and sy in
time:

�
1þ~lq$~Vþ sq

v

vt
þ 1

2
sq

2 v2

vt2

�241
a

v2T
�
~x; t
�

vt2
� R

�
~x; t
�

kT

3
5

¼

�

1þ sT
v

vt

�
v

vt
þ k*

kT

�
1þ sy

v

vt

��
IaF�1V2T (12)

It is worth to recall that l presents the length parameter in
a thermomass model describing the effect of phonon gas in
dielectrics,9 sq, sT, and sy present delayed thermal responses
due to the collisions of electrons and phonons, temporary
momentum loss, normal relaxation in phonon scattering, and
internal energy relaxation,10,24,31 and time-fractional derivative
(aF) removes thermal wave singularity across thermal wave-
front and is used to present the subdiffusion (0 # aF < 1),
normal diffusion (aF ¼ 1), and superdiffusion phenomena
(1 < aF < 2).61,64
13626 | RSC Adv., 2017, 7, 13623–13636
3. One-dimensional heat conduction

To examine the propagation of thermal disturbances in a solid
medium and explore the characteristics of thermal wave, we
focus on the heat conduction in one-dimensional (1D) isotropic
media. The solid 1D slab shown in Fig. 1, which can be nite or
semi-innite in multiple scales, is initially (t ¼ 0) at a constant
temperature T0 and is thermally disturbed from a stationary

state
�
vTðx; tÞ

vt
¼ 0 at t ¼ 0

�
. In the absence of heat source

within the slab, the surface temperature of the le side of the
slab (x ¼ 0) is suddenly raised to TWL, while the surface
temperature of the right side is kept at initial temperature. The
sudden temperature rise causes the propagation of thermal
disturbance through the medium, which is investigated in
Sections 3 and 4 via the continuum NL FTPL heat conduction
model as well as the MD simulation. In this section, we rst
introduce the solutions for the continuum heat conduction
model and then elucidate the procedure for the MD simulation
of ultrafast heat transport in a nano/micro slab.
3.1. Continuum NL FTPL heat conduction analysis

The solution of continuum NL FTPL heat conduction eqn (12) is
sought in this section for slabs with homogenous and func-
tionally graded (FG) properties. For the analysis, we introduce
the following non-dimensional parameters:

q ¼ T � T0

Tw � T0

; b ¼ t

sq
; z ¼ xffiffiffiffiffiffiffi

asq
p ; Z ¼ sT

sq
; Z* ¼ sy

sq
;

L ¼ lqffiffiffiffiffiffiffi
asq

p ; CK ¼ sqk*
T

kT
(13)

Presenting the numerical thermal responses in the above-
mentioned non-dimensional form enables us to generalize the
thermal wave characteristics to both nano/microscale and
macroscale materials.

3.1.1. Continuum heat conduction in a homogenous
isotropic slab. The wave-like NL FTPL heat conduction eqn (12) in
the absence of heat source and the initial and boundary condi-
tions can be written in the non-dimensional form as follows:

v2qðz; bÞ
vb2

þ L
v3qðz; bÞ
vb2vz

þ v3qðz; bÞ
vb3

þ 1

2

v4qðz; bÞ
vb4

¼ IaF�1CK

v2qðz; bÞ
vz2

þ IaF�1ð1þ CKZ*Þ v
3qðz; bÞ
vz2vb

þ IaF�1Z
v4qðz; bÞ
vz2vb2

(14a)
scale (from nanoscale to macroscale).

This journal is © The Royal Society of Chemistry 2017
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qðz; 0Þ ¼ vqðz; 0Þ
vb

¼ 0 ðinitial conditionsÞ (14b)

q(0,b) ¼ 1,q(zR,b) ¼ 0 (boundary conditions) (14c)

where zR represents the non-dimensional length of the
medium, which is assumed zR ¼ 10 in this paper for the
numerical thermal responses. The NL FTPL heat conduction
eqn (14a) shows that the nonlocal length of heat ux L, in the
absence of heat generation, only contributes in the mixed-

derivative term
v3qðz; bÞ
vb2vz

implying the negligible effect of heat

ux nonlocality on the thermal responses for long-term and
steady-state heat transport analysis and the reduction of
thermal behavior of NL FTPL to transient Fourier heat
conduction.19,24

Due to the time-dependency of transient NL FTPL heat
conduction, the solution of temperature in eqn (14) is found in
the Laplace domain. The Laplace transform of a temperature
function q(~x,t) is dened as:

L
n
f
�
~x; t
�o ¼ ~f

�
~x; s
� ¼ ðN

0

f
�
~x; x
�
e�sxdx (15)

where s represents the Laplace variable. The closed-form solu-
tion of NL FTPL heat conduction eqn (14a) in the Laplace
domain can be found as:

qðz; bÞ ¼ er2zR

er2zR � er1zR
er1z � er1zR

er2zR � er1zR
er2z (16)

where r1 and r2 are characteristic roots of eqn (14a) in the
Laplace domain:
r1;2 ¼
Ls2 �

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
L2s4 þ 4s�aFþ3ðCK þ ð1þ CKZ*Þsþ Zs2Þ

�
1þ sþ s2

2

�s

2s�aFþ1ðCK þ ð1þ CKZ*Þsþ Zs2Þ (17)
It is worth mentioning that the following identity has been
used for the Laplace transform of Riemann–Liouville fractional
integral to derive the closed-form solutions given in eqn (16):61

LfIaF f ðtÞg ¼ 1

SaF
Lf f ðtÞg aF . 0 (18)

To retrieve temperature in the time domain, either Riemann
sum approximation59 or the fast Laplace inverse transform65 can
be used. For the case of a semi-innite slab, the term associated
with a positive characteristic root (r1 or r2) in the closed-form
solution (eqn (16)) should be omitted to satisfy the thermal
boundary condition T ¼ T0 for locations very far from the
thermal excitation (x / N).

3.1.2. Continuum heat conduction in a functionally graded
material slab. Biological materials, e.g. Moso culm bamboo,66

dento-enamel-junction of natural teeth,67 and the Humboldt
This journal is © The Royal Society of Chemistry 2017
squid beak,68 have a multi-scale hierarchical and functionally
graded (FG) structure. Thanking to the gradation of micro-
structure morphology, porosity, and chemical/material ingre-
dients in functionally graded materials (FGMs), FGMs have
a unique potential as materials resistant to the contact damage,
cracking, deection, thermal stresses, and heat ow.69–75 FGMs
also enable the engineering of advanced materials with tuned
multiphysics properties to satisfy mechanical, hygrothermal,
electrical, and biological requirements for a wide range of
applications in thermal barriers, bone tissues and implants,
and thermoelectric generators and energy harvesters. Advances
in powder metallurgy,76 laser cutting,57 and additive
manufacturing/3D printing77 have also facilitated the arbitrary
variation of material gradient and micro-architecture of func-
tionally graded solid and porous materials in order to reach
optimum multiphysical properties. As a result, we present
solutions for temperature evolution and thermal wave propa-
gation in an FGM nano/micro-slab to explore the effect of
material gradation on the characteristics of NL-FTPL thermal
wave.

The material properties of FGMs can be arbitrarily
tailored through the variation of volume fraction of constit-
uent solid components. To provide close-form solutions
for transient temperature changes in the Laplace domain,
we adopt the following exponential variation for thermal
conductivity (k), material constant of the TPL theory (k*),
and specic heat per volume (rc) through the length of FGM
slab:

k ¼ k0e
nGx; k* ¼ k*

0e
nGx;

�
rcp
� ¼ C0e

nGx (19)

where nG stands for the FGM exponential index for the variation
of material properties.78 The other thermophysical properties
are assumed constant throughout the slab. The wave-like NL
FTPL heat conduction equation for an FGM medium in the
absence of heat source can be derived by substituting eqn (19)
into (11) and using the non-dimensional parameters given in
eqn (13):

�
1þ n0L

� v2qðz; bÞ
vb2

þ L
v3qðz; bÞ
vb2vz

þ v3qðz; bÞ
vb3

þ 1

2

v4qðz; bÞ
vb4

¼ IaF�1CK

v2qðz; bÞ
vz2

þ n0IaF�1v
2qðz; bÞ
vbvz

þ IaF�1ð1þ CKZ*Þ v
3qðz; bÞ
vz3vb

þ IaF�1Z
v4qðz; bÞ
vz2vb2

(20)

where n0 ¼ nG
ffiffiffiffiffiffiffiffi
asq

p . The solution of eqn (20) in the Laplace
domain leads to a closed-form solution given in eqn (16) with
the modied characteristic roots as:
RSC Adv., 2017, 7, 13623–13636 | 13627
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r1;2 ¼

�
Ls2 � n0S�aFþ2

�
�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðLs2 � n0S�aFþ2Þ2 þ 4s�aFþ3ðCK þ ð1þ CKZ*Þsþ Zs2Þ

�
1þ n0Lþ sþ s2

2

�s

2s�aFþ1ðCK þ ð1þ CKZ*Þsþ Zs2Þ (21)
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Temperature is then retrieved in the time domain by using
a numerical Laplace inversion.

3.2. Molecular dynamics (MD) simulation for thermal
analysis

In this section, we present the MD simulation of thermal wave
propagation in a relatively-long nano-slab, representing the
one-dimensional heat transport. The results of MD simulation
enable us to observe the thermal wave propagation in nano/
microscale heat transport and to compare qualitatively the
MD results with those predicted in Section 3.1 by the non-
Fourier, continuum, NL FTPL heat conduction model.

The MD simulation is implemented by LAMMPS soware
package.79 The geometry of a nano-slab considered here for the
MD simulation is shown in Fig. 2. The dimensions of the copper
single-crystalline nano-slab are 361.5 nm (length), 7.23 nm
(width), and 7.23 nm (height). To implement the MD simula-
tion, the following steps are taken:

(1) The copper nano-slab is created by face-centred-cubic
lattices.

(2) The atoms are initialized with random velocities.
(3) The nano-slab is equilibrated at room temperature 300 K

for 20 picosecond (ps) under Noose–Hoover thermostat (NVT)
ensembles.80 The temperatures of both hot and cool zones of
the equilibrated nano-slab are xed by rescaling their atoms at
each time step.

(4) The temperature of the xed hot zone of the nano-slab is
suddenly increased to 1000 K which replicates the thermal
boundary condition of continuum NL FTPL heat conduction
modelling for a slab subjected to a sudden temperature rise.

The MD simulation is implemented in this paper with a time
step of 1 femtosecond (fs) for a time period of 10 ps before
thermal wavefront reaches the right end of nano-slab. We apply
a time integration scheme which closely follows the time-
reversible measure-preserving Verlet and rRESPA integrators
derived by Tuckerman et al.81 The NVE integration is used to
Fig. 2 A nano-slab considered for MD simulation for thermal wave prop

13628 | RSC Adv., 2017, 7, 13623–13636
update the position and velocity of atoms at each time-step and
to provide a system trajectory consistent with the micro-
canonical ensemble.

It is worthmentioning that heat transfer in solids is carried out
by electrons and phonons. Consequently, it is critical to precisely
capture the interactions among atoms and electrons in the applied
atomic potential of the MD simulation. The atomic interactions
are described here through the embedded atom method (EAM)
potential.82 The total potential energy of the atoms is given as:

E ¼
X
i

F i

 X
isj

ri
�
rij
�!þ 1

2

X
ij;isj

fij
�
rij
�

(22)

where rij represents the distance between atoms i and j, ri is the
contribution of the electron charge density, Fi is the sum of
individual embedding function of atom i, and fij denotes
a pairwise potential function between atoms. To evaluate the
temperature along the major length of the slab, the copper
nano-slab is divided into 100 segments. The average tempera-
ture of each segment along the nano-slab is:

Tseg ¼

X
i

mvi
2

3NsegkB
(23)

where m is atomic mass, vi is velocity of atom i, Nseg is the
number of atoms in each segment, and kB is the Boltzmann
constant. The temperature Tseg represents an average value for
each segment, which varies from one segment to another due to
the interaction between atoms.
4. Results and discussion

The continuum and MD methodologies introduced above for
a multiscale heat conduction is applied to a nano/micro-slab in
order to investigate the characteristics of thermal wave propa-
gating through a homogenous or an FGMmedium. The le side
of the slab suddenly experiences an increased temperature of
agation analysis.

This journal is © The Royal Society of Chemistry 2017
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TWL while the le side remains at the initial/environmental
temperature T0. Numerical continuum and MD modelling are
implemented respectively via coding in MATLAB and LAMMPS
soware packages. In this section, we present in detail the
characteristics of thermal wave in both local/nonlocal, non-
Fourier continuum heat conduction and MD heat transfer.
We specically explore the effects of alternative heat conduction
models, the values of fractional-order aF, TPL parameter CK,
correlation length L, phase-lag ratios Z and Z*, non-
homogeneity index nG, molecular interaction, and embedded
atom model on the characteristics of thermal wave.
4.1. Effect of alternative continuum heat conduction models

To better understand the characteristics of alternative
continuum heat conduction models, temperature distribution
Fig. 3 Comparison of thermal responses of alternative continuum hea
homogenous medium subjected to an abrupt increased temperature on

This journal is © The Royal Society of Chemistry 2017
developed within a semi-innite slab subjected to an
increased temperature of q ¼ 1 on its le side is depicted in
Fig. 3 for 10 alternative heat conduction models at non-
dimensional time b ¼ 1. Fig. 3 compares temperature distri-
bution at non-dimensional time b ¼ 1 for the Fourier, C–V,
nonlocal C–V (NL C–V) (L¼ 1), diffusive-like and wave-like DPL
(Z ¼ 10), wave-like fractional DPL (FDPL) (Z ¼ 10, aF ¼ 0.95),
wave-like TPL (Z ¼ Z* ¼ 10, CK ¼ 0.3), wave-like FTPL (aF ¼
0.95, Z ¼ Z* ¼ 10, CK ¼ 0.3), wave-like NL TPL (L ¼ 1, Z ¼ Z* ¼
10, CK ¼ 0.3), and wave-like NL FTPL (L¼ 1, aF¼ 0.95, Z¼ Z*¼
10, CK ¼ 0.3) continuum heat conduction models, all reduced
from eqn (11) and (12). Except the Fourier and diffusive-like
DPL heat conduction models, all heat conduction models
reveal the propagation of thermal disturbance in the form of
wave. However, unrealistic sharp thermal wavefront is
observed in the temperature prole of C–V, NL C–V, wave-like
t conduction models at the non-dimensional time b ¼ 1 in an infinite
the left side.

RSC Adv., 2017, 7, 13623–13636 | 13629
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Fig. 4 Effect of fractional order (aF) on non-dimensional temperature
distribution at non-dimensional time b ¼ 1 predicted by NL FTPL heat
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DPL, and wave-like TPL, wave-like NL TPL heat conduction
models. A sharp thermal wavefront divides the thermal
response domain into the heat affected and unaffected zones
and causes the discontinuity of temperature and resulting
thermal strain elds. As reported by Tzou10 and conrmed by
the numerical results provided in Fig. 3, the thermal wave
speed of NL C–V model (CNL C–V) is higher than the C–V model

(CC–V); CNL C�V ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffi
4þ L2

p þ L
2

CC�V where dimensional C–V

thermal wave speed is CC�V ¼
ffiffiffiffiffi
a

sq

r
or x ¼ CC�Vt ¼

ffiffiffiffiffi
a

sq

r
t.

As observed in Fig. 3, thermal wave speed of wave-like
DPL (Cwave-like DPL), wave-like TPL (Cwave-like TPL), and wave-
like NL TPL (Cwave-like NLTPL) are equal and their ther-
mal wave speed can be mathematically expressed as:

Cwave-like DPL ¼ Cwave-like TPL ¼ Cwave-like NL TPL ¼ ffiffiffiffiffiffi
2Z

p
CC�V using

eqn (14a).19 As a result:

CNL C�V .CC�V .Cwave-like DPL ¼ Cwave-like TPL

¼ Cwave-like NL TPL for Z\
2þ L2 þ L

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4þ L2

p

4

Cwave-like DPL ¼ Cwave-like TPL ¼ Cwave-like NL TPL $CNL C�V $CC�V

for Z$
2þ L2 þ L

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4þ L2

p

4

(24)

For the assumed Z ¼ 10 and L ¼ 1 in Fig. 3, the thermal
wavefront of the wave-like DPL, TPL, and NL TPL models is
ahead of NL C–V models, all ahead of the C–V model. As
mentioned above, depending on the continuum non-Fourier
heat conduction model, thermal wave speed can be related to
the phase-lags of temperature gradient and heat ux, thermal
diffusivity, and correlating length.

It is worth mentioning that although both classical Four-
ier heat conduction and diffusive-like DPL models do not
show a nite thermal wave speed, the thermal affected zones
are not the same for these two models, as observed in Fig. 3.
Further detailed analyses reveal that the diffusive-like
DPL model leads to a wider affected zone compared to
the classical Fourier heat conduction for Z > 1, while the
thermal affected zone is narrower for Z < 1. Fig. 3 shows
that the thermal behavior predicted by the wave-like NL
TPL, TPL, and DPL models are similar; nonetheless, the
NL TPL model predicts a higher temperature range for
thermal affected zone behind the thermal wavefront location.
As seen in Fig. 3, introducing time-fractional derivatives in
fractional order heat conduction models of wave-like FDPL,
FTPL, and NL FTPL effectively removes the singularity of
temperature eld around thermal wavefront because of the

IaF�1Z
v4qðz; bÞ
vz2vb2

term in heat conduction equation of (14a).

While smooth and continuous variation of temperature is
observed in the thermal response of fractional heat conduc-
tion and thermal wave speed is the same for all wave-like
FDPL, FTPL, and NL FTPL models, NL FTPL model leads to
13630 | RSC Adv., 2017, 7, 13623–13636
a higher temperature range for thermal affected zones. As
depicted in Fig. 3, the NL FTPL heat conduction model
simultaneously detects thermal wave propagation, removes
the discontinuity of temperature at thermal wavefront, and
enables taking into account the effect of length scale and
microstructural heat transport on thermal responses.
4.2. Characteristics of NL FTPL thermal wave

In this section, we explore the effect of driving parameters of the
NL FPL continuum heat conduction model on the characteris-
tics of thermal wave propagating through the homogenous
nano/micro slab. The most signicant parameters of NL FTPL
heat conduction are: aF, CK, L, Z, and Z*.

Fig. 4 depicts the effect of the order of time-fractional
derivative on the thermal behavior. As seen in this gure, aF
¼ 1 reduces the NL FTPL model to the NL TPL heat conduction
with a sharp thermal wavefront. Reducing the fractional-order
aF gradually removes the discontinuity of temperature at
thermal wavefront and makes wider the thermal affected zone
in the back of thermal wavefront; for example, the thermal
affected zone of aF ¼ 0.8 is about 58% wider than the zone
associated with aF ¼ 0.1. Decreasing aF from 1 to 0.5 completely
destroys the thermal wave and makes the temperature prole
similar to the Fourier heat conduction.

Fig. 5 shows the effect of non-dimensional TPL parameters
CK and correlation length L on the temperature prole of
a nano/micro-slab predicted by the wave-like NL FTPL heat
conduction model with material properties of aF ¼ 0.8 and
Z ¼ Z* ¼ 10. Because of the application of fractional derivative
aF ¼ 0.8 in the NL FTPL heat conduction model, the sharp
thermal wavefront does not appear in the temperature prole.
conduction model (L ¼ 1, Z ¼ 10, Z* ¼ 10, CK ¼ 0.3).

This journal is © The Royal Society of Chemistry 2017
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Fig. 6 Effect of non-dimensional phase-lag ratios Z and Z* on non-
dimensional temperature distribution at non-dimensional time b ¼ 1
using NL FTPL heat conduction model (L ¼ 1, CK ¼ 0.3, aF ¼ 0.8).

Fig. 5 Effect of non-dimensional TPL parameter (CK) and non-
dimensional correlation length (L) on non-dimensional temperature
distribution at non-dimensional time (b ¼ 1) using NL FTPL heat
conduction model (aF ¼ 0.8, Z ¼ 10, Z* ¼ 10).
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Considering eqn (14a), it is found that CK and L similarly
contribute to the NL FTPL heat conduction by respectively

introducing the third-order, mixed derivatives of
v3qðz; bÞ
vz2vb

and

v3qðz; bÞ
vb2vz

in the heat conduction differential equation. As

a result, CK and L has similar effect on the temperature prole.
Increasing CK and L enhances temperature in the thermal
affected zone behind thermal wavefront, while the location of
thermal affected zone and thermal wavefront is independent of
CK and L parameters.

To further explore the effect of phase-lags of temperature
gradient, heat ux, and thermal displacement gradient on the
thermal behavior of wave-like NL FTPL model, we present in
Fig. 6 the temperature prole of the nano/micro-slab at the non-
dimensional time b¼ 1 for alternative values of phase-lag ratios
Z and Z*. As mentioned earlier in Section 4.1, the thermal
wave speed of wave-like NL TPL model can be estimated by
Cwave-like NL TPL ¼ ffiffiffiffiffiffi

2Z
p

CC�V. Although this formulation is not
viable for the NL FTPL heat conduction model, due to the
destroyed thermal wavefront by time fractional derivatives, the
formulation could still be used to approximately estimate the
location of thermal affected zone. As a result, increasing the
phase-lag ratio of temperature gradient to heat ux (Z) makes
wider the thermal affected zone since it enhances the speed of
thermal wave propagation, a phenomenon that is also observed
in Fig. 6. For example, while the thermal affected zone for Z ¼ 5
and Z*¼ 10 is 0# z# 5, the affected zone is 0# z# 7.15 for Z¼
10 and Z*¼ 10 which conrms that the thermal affected zone of
the NL FTPL heat conduction is expanded to 5� ffiffiffi

2
p

z 7:07
when Z is increased from 5 to 10. Opposite to Z, Z* does not alter
This journal is © The Royal Society of Chemistry 2017
the NL FTPL thermal wave speed and only tailors the temper-
ature within the thermal affected zone. As shown in Fig. 6,
increasing the thermal displacement to heat ux phase-lag ratio
of Z* from 5 to 20 slightly enhances temperature at all locations
within the thermal affected zone 0 # z # 7.15. It is worth
mentioning that vanishing the value of Z (Zy 0) could result in
diverged and noisy temperature proles for the NL FTPL heat
conduction similar to those observed for the wave-like DPL and
TPL heat conduction models.24
4.3. Effect of material gradation on thermal wave

As discussed in Section 3.1.2, the microstructure of most of
biological materials like bamboo, tooth, and squid beak reveals
the smooth variation of properties within the material. In this
section, we present the temperature prole in an exponentially
graded FGM nano/micro-slab at non-dimensional time b ¼ 1
based on the NL FTPL heat conduction model. Fig. 7 specically
depicts the effect of FGM exponential index nG (dened in eqn
(19)) on the characteristics of NL FTPL thermal wave. As seen in
this gure, the NL FTPL thermal wave speed is constant and
independent of non-homogeneity index nG for this specic type
of FGM materials; a phenomenon emanating from the absence
of non-homogeneity index parameter n0 ¼ nG

ffiffiffiffiffiffiffiffi
asq

p in terms of
the highest order of temperature derivatives in NL FTPL
differential heat conduction eqn (20). While the material
gradation does not alter the thermal wave speed for this
specic, exponentially graded FGM materials based on the NL
FTPL model, thermal wave speed might varies within the FGM
medium or be altered by the non-homogeneity index for FGM
materials with an arbitrary variation of properties when it is
predicted by the DPL or C–V heat conduction models.19,24,83
RSC Adv., 2017, 7, 13623–13636 | 13631
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Fig. 7 Effect of material non-homogeneity index of FGM slab on non-
dimensional temperature distribution at non-dimensional time (b ¼ 1)
using NL FTPL heat conduction model (L ¼ 1, CK ¼ 0.3, aF ¼ 0.95, Z ¼
10, Z* ¼ 10).
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Fig. 7 shows that material gradation can effectively tailor
temperature within the thermal affected zone, which is of
signicant importance for avoiding failure and fracture in
composite materials used for thermal shielding against exces-
sive thermal disturbance. Increasing the FGM exponential
index nG from �0.5 to 0.5 can remarkably reduce temperature
within the thermal affected zone of FGM medium. In the
meantime, decreasing the FGM exponential index nG can
magnify temperature at the thermal wavefront causing
temperature within the FGMmedium to exceed the temperature
at the boundaries; for example, the maximum temperature
within an FGM medium with nG ¼ �0.5 is about 30% higher
than themaximum temperature occurred within a homogenous
medium nG ¼ 0. As a result, material gradation can potentially
improve the performance of advanced materials used in
extreme environmental conditions if the material gradation
index is selected appropriately.
Fig. 8 (a) Non-dimensional square velocity of atoms in the simulation z
thermal wave is shown in. (c) The atoms identified with non-dimensiona
non-dimensionalized by the mean square velocity of the simulation zon

13632 | RSC Adv., 2017, 7, 13623–13636
4.4. Characteristics of thermal wave in MD heat transfer

In this section, we present the MD results for heat transfer in the
nano-slab described in Section 3.2 to discover the existence of
thermal wave in molecular level and to compare qualitatively
thermal characterizations in the molecular and continuum scales.
From these perspectives, Fig. 8 presents the snapshot of the
squared velocity of atoms, normalized with spatial average
temperature, along the nano-slab at the instance of 4 ps aer the
thermal disturbance of nano-slab. Distinguished from the
continuum heat transfer presented through the NL FTPL heat
conduction theory, the squared velocity of each atom is depicted
here to represent the “local temperature”.50 The velocity contours
presented in Fig. 8 are associated with a single run of MD simu-
lation. The velocity of each atom is non-dimensionalized by the
spatial average temperature to characterize the local temperature
inside the nano-slab. The value of squared velocity varies among
the atoms; some of the squared velocities are extremely small
compared to the mean value, while the others are the opposite. As
seen in Fig. 8a and b, at t ¼ 4 ps, only the magnied zone with
a nite length have experienced a thermal disturbance while the
rest of the nano-slab has almost remained in their initial condi-
tion, which implies the propagation of thermal wave along the
slab length. Once an appropriate threshold is chosen for temper-
ature, thermal wave can be better depicted with those atoms
remained in the zone of interest; Fig. 8c, for example, depicts
atoms with non-dimensional square velocity higher than 14.1.

As seen in eqn (23), average thermodynamic temperature is
related to mean square velocity of atoms. To better understand
the nature of propagation of thermal disturbances in nanoscale
materials, Fig. 9 shows temperature prole in a copper nano-
slab at different time. The temperature prole is similar to
the observed temperature in a nano argon lm48 and reveals
temperature evolution in a nano-slab in the form of thermal
wave. The thermal wave is observed to travel from the hot
surface on the le side of the nano-slab towards the cold surface
on the right. Further investigation in the MD results, presented
in Fig. 9, provides us with an estimate of thermal wave speed
CMD ¼ 23–25 � 103 m s�1 for a copper nano-slab. Correlating
the thermal wave speed estimated by MD simulation with the
speed of sharp thermal wavefront predicted by the NL C–V
model,10 the correlating length lq dened in eqn (9) can be
estimated as:
one at t ¼ 4 ps in the nano-slab. (b) The magnified zone with moving
l square velocity higher than 14.1. (The square velocity of each atom is
e.)

This journal is © The Royal Society of Chemistry 2017
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Fig. 10 Temperature-driven wave predicted by alternative EAMs
(EAM1,85 EAM2,86 EAM3,87 and EAM4).88Fig. 9 Evolution of temperature distribution in a nano-slab at different

time predicted by MD simulation, which reveals the thermal wave
propagation.
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lq ¼ sq

�
CNL C�V � CC�V

2

CNL C�V

�
z sq

�
CMD � CC�V

2

CMD

�
¼ 5:79�7:11 nm (25)

where CC–V and CNL C–V stand for thermal wave speed predicted
by the C–V model and NL C–V models, respectively. The pre-
sented MD results in Fig. 9 and 10, similar to those presented for
argon thin lms48 and porous materials,24 show slight tempera-
ture rise in atoms (locations) ahead of thermal wavefront which is
compatible with the characteristics of thermal wave predicted by
the NL FTPL heat conduction presented in Sections 4.1 to 4.3 as
well as those observed in ref. 24 for phase-lag heat conduction in
homogenous and heterogeneous materials. The observed
temperature rise in MD simulation could be damped if the MD
simulation time is prolonged. It is worth noting that the lateral
boundaries of nano-slab are assumed periodic, whichmeans that
the deformation of the nano-slab has been conned.

The supercial temperature computed by eqn (23) does not
distinguish between the induced thermal wave (second-sound)
and mechanical (sound) wave caused by the generated thermal
stress,84 which can be the reason for two peaks in the MD
temperature responses (Fig. 9) a phenomenon previously
observed in graphene ribbons pulsed by local heating16 and argon
thin lms.48 The supercial temperature shows a weakly dissipa-
tive feature. Consistent with the Monte Carlo simulation imple-
mented in,13,14 our both MD simulation and NL FTPL continuum
heat conduction modelling reveal a nite speed for the
temperature-driven wave propagation. To shed lights on the
coupling of thermal and mechanical waves in the above-
mentioned temperature-driven wave propagation, thermal wave is
solely shown in Fig. A1 of Appendix by excluding the mechanical
This journal is © The Royal Society of Chemistry 2017
wave caused by thermal expansion induced by temperature rise in
the hot zone.

Different interatomic potential can sometimes yield to
dissimilar MD results.89,90 As a result, implementing an
appropriate embedded atom model (EAM) is crucial for MD
simulation. To conrm the robustness and reliability of
thermal wave characteristics observed by MD simulation for
the nano/microscale heat transport, thermal results of MD
simulation are compared in Fig. 10 for a series of EAM
potentials.85–88 As seen in Fig. 10, all the four tested EAM
potentials show the propagation of thermal disturbance
through a thermal wave. Similar to Fig. 9, two peaks pre-
sented in temperature-driven wave in Fig. 10 are due to the
strong coupled thermal and mechanical waves. Except for the
EAM2 potential, temperature proles for all EAM potentials
are almost identical. If the mechanical wave due to ther-
mal expansion is removed, only one peak with appears in
temperature prole presenting the thermal wave with a lower
intensity compared to the temperature-driven wave including
the coupled thermal and mechanical waves. As shown in
Fig. A2 in Appendix, all four EAM potentials then result in
almost the same thermal wave demonstrating that the
discrepancy of EAM2 potential in the supercial temperature
prole, presented in Fig. 10, emanates from the mechanical
wave.

It is important mentioning that EAMs, opposed to Lennard-
Jones type potential, consider electron effect in the potential
energy. However, EAM potentials do not allow a long-distance
transport of electrons, which can affect the heat transport. As
an empirical derivation from rst-principle methods, the EAM
potential considerably improves the computational efficiency for
dealing with relatively large-scale systems. To better examine the
thermal transport behavior, rst-principle methods like density
RSC Adv., 2017, 7, 13623–13636 | 13633
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functional theory (DFT) can be an appropriate alternative to
examine in details the role that electrons play in the heat trans-
port within nanoscale metallic materials.

5. Concluding remarks

Despite proposed alternative non-Fourier heat conduction
theories for multiscale heat transfer analysis, a robust heat
conduction model validated by experimental data and
molecular dynamics simulation yet to be developed to accu-
rately simulate the propagation of thermal wave in advanced
materials. To address this important concern for micro-
electromechanical system design and laser-assisted advan-
ced and additive manufacturing, we have introduced a novel
nonlocal fractional three-phase-lag (NL FTPL) continuum
heat conduction model and corroborated its prediction for
thermal wave characteristics with those found by molecular
dynamics simulation for nano/microscale heat transfer. The
introduced wave-like NL FTPL is a non-Fourier heat con-
duction model which simultaneously detects thermal wave,
removes temperature discontinuity at the wavefront, and
incorporate the effects of size-dependency, sub/super diffu-
sion, phonon–electron interaction, and thermal displace-
ment in the ultrafast heat transport. The NL FTPL model
considers the effects of size-dependency, subdiffusion or
superdiffusion of heat transport, interaction of energy
carriers (phonons and electrons), and thermal displacement
on ultrafast transient heat transport through the introduc-
tion of correlation nonlocal length (l), time-fractional deriv-
ative (aF), phase-lags of heat ux (sq), temperature gradient
(sT), and thermal displacement (sy) into the constitutive heat
conduction model.

To reveal the characteristics of thermal wave, semi-
analytical solutions have been derived for the heat transport
through homogenous and functionally graded nano/
microscale one-dimensional slabs on the basis of NL FTPL
continuum heat conduction. MD simulation has been imple-
mented to compare the characteristics of thermal wave in
continuum and molecular level. The MD simulation conrms
the existence of thermal wave in molecular level which can
also be traced through the nonlocal heat conduction model
(NL FTPL), a phenomenon which requires experimental
thermal testing and imaging through high-speed thermal
camera to fully characterize the thermal wave specication for
a wide range of materials (frommetals to biological materials).
The comparison of the numerical predictions of MD and
nonlocal continuum heat transfer enables us to estimate the
correlating length of a nano-scale copper slab as lq ¼ 5.79–
7.11 nm. A detailed MD simulation, corroborated with exper-
imental data, is needed to quantify accurately the value of
correlating length scale required for nonlocal heat conduction
analysis. The multiple parameters dened in the proposed NL
FTPL continuum heat conduction model not only enable
tracking the thermal wave propagation with smooth thermal
wavefront, but also potentially facilitate the correlation
between experimental data for the ultrafast heat transport and
a numerical continuum heat conduction model.
13634 | RSC Adv., 2017, 7, 13623–13636
Appendix

The non-dissipative MD thermal wave by excluding mechanical
wave from the temperature-driven wave propagation is shown
in Fig. A1. Since the local macroscopic momentum contributes
in the supercial temperature, temperature of each segment�
T 0

seg
�
can be determined by excluding the local macroscopic

momentum as:16

T
0
seg ¼

X
i

m
�
~v�~u

�
$
�
~v�~u

�
3NsegkB

(A1)

where~v is the atom velocity and~u is the velocity due to the local
macroscopic momentum.
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