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ting current electroosmotic flow
of a Jeffrey fluid through a polyelectrolyte-grafted
nanochannel

Fengqin Li, Yongjun Jian,* Zhiyong Xie, Yongbo Liu and Quansheng Liu

The purpose of this study is to investigate the flow of viscoelastic fluid through a slit polyelectrolyte-grafted

(PE-grafted) nanochannel under applied alternating current (AC) electric field. The PE-grafted nanochannel

(also called a soft nanochannel) is represented by a rigid surface coated by a polyelectrolyte layer (PEL) in

a brush-like configuration. By solving linearized Poisson–Boltzmann equations and momentum equations,

analytical solutions regarding electrical potentials and transient electroosmotic flow (EOF) velocities are

derived under appropriate boundary conditions in the decoupled regime of the PE-grafted nanochannel,

where the thickness of the PEL is independent of the electrostatic effects triggered by polyelectrolyte

charges. We compare the distributions of EOF velocities between PE-grafted and rigid nanochannels. A

good agreement with each other is found when the thickness of the PEL is very small. However, the

velocity for PE-grafted nanochannels is larger than that for rigid ones. The influences of pertinent

dimensionless parameters on the EOF velocities in PE-grafted nanochannels are discussed in detail. The

results indicate that the EOF velocity amplitude for PE-grafted nanochannels increases with the

thickness of the PEL. Increasing the relaxation time enhances the oscillation of the EOF velocity profiles,

yet increasing the retardation time dampens the oscillation. Furthermore, increasing the oscillating

Reynolds number Re results in a more obvious oscillating phenomenon of the EOF velocity, together

with a weakening amplitude of oscillation. The conclusions have theoretical significance for biofluid-

based microfluidic transport systems.
1. Introduction

The theory of electrokinetics in microelectromechanical
systems (MEMS) is of utmost importance in analyzing many
chemical, biological and medical devices.1,2 Lately, the electro-
kinetic transport in micro-nano channels has received
remarkable attention due to its variety of practical applications.
Electroosmotic ow (EOF) is an important electrokinetic
phenomenon and has become very attractive in the industrial
and biomedical areas. When solid surfaces contact with elec-
trolyte solution, it will cause charge exchange at the solid–liquid
interface so as to form the electrical double layer (EDL). When
an electric eld is applied tangentially to the electrolyte solu-
tion, an electric eld force acts on the excess counter-ions in the
diffuse layer of the EDL. Then the excess counter-ions will
migrate under the electric eld force, carrying the liquid with
them by viscosity, resulting in the electroosmotic ow.3

A rigid nanochannel, in which the inner walls are covered by
a layer of polyelectrolyte materials in the form of polyelectrolyte
brushes (PE-brushes),4–6 is denoted as polyelectrolyte-graed (PE-
graed) nanochannel (or so nanochannel). Polyelectrolyte layer
golia University, Hohhot, Inner Mongolia

.cn
(PEL), containing both electrolyte ions and xed charge density of
ions, is also called xed charge layer (FCL). It is assumed that
electrolyte ions can penetrate into the PEL. Meanwhile, the
existing of xed charge density of ions will result in a drag force
on the uid ow within PEL. Some studies on the electrokinetic
theory in so nanochannel have been reported.7–13 Keh and
Ding14 presented an analytical solution about the steady elec-
trokinetic ow in a long uniform so capillary tube or slit. The
results show that the direction and the magnitudes of EOF
velocity are governed by the xed charge density inside the
surface polymer layer. Chanda et al.15 investigated the streaming
potential and electrochemomechanical energy conversion effi-
cient in so nanochannel and compared them with those in the
rigid nanochannel under the linearization of the Poisson–Boltz-
mann equation. They found that energy conversion efficient and
streaming potential of so nanochannel are always upper than
those of rigid nanochannel except for the particular case of large
drag parameter. Chen and Das16 obtained the streaming poten-
tial and electroviscous effects in the so nanochannel without
considering Debye–Hückel approximation. Therefore, they
provided a deeper and wider theory for electrokinetic phenom-
enon in so nanochannel.

In the previous literatures, many investigations on EOF in
microchannels have been reported.17–43 Oliveira and Pinho44
This journal is © The Royal Society of Chemistry 2017

http://crossmark.crossref.org/dialog/?doi=10.1039/c6ra24930b&domain=pdf&date_stamp=2016-12-24
http://creativecommons.org/licenses/by-nc/3.0/
http://creativecommons.org/licenses/by-nc/3.0/
https://doi.org/10.1039/c6ra24930b
https://pubs.rsc.org/en/journals/journal/RA
https://pubs.rsc.org/en/journals/journal/RA?issueid=RA007002


Fig. 1 Schematic of Jeffrey fluid driven by AC electric field in PE-
grafted nanochannel.
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presented analytical solutions of Phan-Thien–Tanner (PTT)
uid in fully developed channel and pipe. The results indi-
cated that the wall shear stress of PTT uid is substantially
smaller than the corresponding value of Newtonian or upper-
convected Maxwell uid. The transient behavior of electroos-
motic ow under direct current (DC) or alternating current
(AC) electric eld in a rectangular curved microtube was dis-
cussed by Luo.45 Chakraborty and Ray46 obtained the analytical
expression of mass ow rate in circular microchannel under
the pulsating electric elds. Wang47 presented an analytical
solution for the electroosmotic ow in a semicircular micro-
channel under the Debye–Hückel approximation. The analyt-
ical solution of the time periodic electroosmotic ow of
Maxwell uid through a rectangular microchannel was derived
by Jian et al.48 under the Debye–Hückel approximation. Beyond
the assumption of linearization approximation, Yang et al.49

studied the time and space development of EOF in a slit
channel. Time periodic electroosmotic ow of Jeffrey uids
between two micro-parallel plates was examined by Liu et al.,50

semi-analytical solutions are obtained by using the method of
separation of variables. Transient electroosmotic ow of
Oldroyd-B uids in a narrow capillary tube was studied by
Zhao et al.,51 analytical solutions for electric potential and
transient velocity are derived. And the effects of relaxation
time and retardation time on the oscillation of the velocity are
pointed out.

Recently, Matin and Ohshima52 presented the analysis of the
ow about Newtonian uid driven by combined electroosmotic
and pressure through a so nanochannel. Li et al.53 investigated
the time periodic electroosmotic ow (EOF) of an electrolyte
solution through a slit so nanochannel under applied AC
electric eld. The results indicated that oscillation of velocity is
restricted within the region near the PEL–electrolyte interface
for higher oscillating Reynolds number Re. The study of non-
Newtonian uids has gained great interest due to their exten-
sive applications in industry. Materials that do not obey the
Newtonian law of viscosity are non-Newtonian uids. Complex
uids like polymer solutions, colloids, and cell suspensions,
which are made of long chain molecules and behave obvious
non-Newtonian characteristics, are non-Newtonian uids. The
most common and simplest model of non-Newtonian uids is
Jeffrey uid which has time derivative instead of convected
derivative in the constitutive equation. It should be noted that
Jeffrey uid model is a general viscoelastic model including
relaxation time l1 and retardation time l2. It includes the
classical viscous Newtonian uid as a special case for l1 ¼ 0, l2
¼ 0, and the Maxwell uid for l1 s 0, l2 ¼ 0. In addition, Jeffrey
uid model was used to describe the blood ow through
a tapered artery.54,55 However, there seems almost no report
about the transient EOF of viscoelastic uid through a PE-
graed nanochannel. The present paper is to investigate the
transient EOF of Jeffrey uid through a PE-graed nanochannel
under an external imposed AC electric eld. We obtain the
analytical solutions of EOF velocity in the PE-graed nano-
channel under Debye–Hückel approximation, and discuss the
inuences of pertinent dimensionless parameters on the EOF
velocity.
This journal is © The Royal Society of Chemistry 2017
2. Mathematical formulation

The unsteady EOF of the incompressible Jeffrey uid driven by
external imposed AC electric eld through a PE-graed
nanochannel of height 2h, as illustrated in Fig. 1, is investi-
gated. We assume that the channel height 2h is much smaller
than the channel length L and widthW, i.e., 2h� L,W. We take
a two-dimensional coordinate system where x*-axis is placed
at the middle of two plates. The bottom plate is located at y* ¼
�h, and the top plate is located at y*¼ h. Therefore, the system
only depends on y*. It is assumed that the PE-graed nano-
channel is represented as a rigid one covered by PEL of
thickness d*, containing positively charged FCL ions, and we
suppose that the thickness of PE-brushes is smaller than the
half height of nanochannel. Due to the symmetry of channel
and electrolyte solution, we only consider the half of the
channel (�h # y* # 0).
2.1 Distribution of the electrostatic potential

According to the electrostatic theory, the distribution of elec-
trical potential j* in the EDL can be described by the following
Poisson–Boltzmann equations in decoupled regime6,56 of PE-
graed nanochannel, where the thickness of PEL is indepen-
dent of the electrostatic effects triggered by polyelectrolyte
charges.

d2
j*ðy*Þ
dy*2

¼ �re

3
; � hþ d*# y*# 0; (1a)

d2
j*ðy*Þ
dy*2

¼ �re þ ZeN

3
; � h# y*# � hþ d*; (1b)

where �h # y* # �h + d* denotes the PEL region, 3 is the
dielectric constant of the electrolyte liquid which is assumed to
be identical both inside and outside PEL,16 re ¼ �2ezn0-
sinh(ezj*/(kBT)) is the free charge density in the electrolyte, e is
the elementary electronic charge, z is the absolute value of the
ionic valence, n0 is the number concentration of electrolyte
solution, kB and T are the Boltzmann constant and temperature.
Z and N are the valence and the ionic number concentration of
the FCL ions. It is assumed that the electrical potential is small
compared with the thermal energy of the ions, that is, exp
[�(ezj*)/(kBT)] can be replaced by 1� (ezj*)/(kBT), then eqn (1a)
and (1b) become
RSC Adv., 2017, 7, 782–790 | 783
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d2
j*

dy*2
¼ j*

l*2
; � hþ d*# y*# 0; (2a)

d2j*

dy*2
¼ j*

l*2
� js

l*2F
; � h# y*# � hþ d*: (2b)

In eqn (2a) and (2b), l* ¼ [(3kBT)/(2nNe2z2)]1/2 is the EDL
thickness, l*F ¼ ½ð3kBTÞ=ðNe2zZÞ�1=2 is the equivalent EDL
thickness inside PEL and js ¼ kBT/ez. The corresponding
boundary conditions are

dj*

dy*

����
y*¼0

¼ 0; j*jy*¼ð�hþd*Þ� ¼ j*jy*¼ð�hþd*Þþ ;
dj*

dy*

����
y*¼ð�hþd*Þ�

¼ dj*

dy*

����
y*¼ð�hþd*Þþ

; j*jy*¼�h ¼ z*: (3)

To make a direct comparison between the PE-graed and
rigid nanochannels, the last boundary condition in eqn (3)
gives the wall electrical potential z* at the interface of PEL and
wall, which is different from previous boundary condi-
tion.15,16,52 Introducing the following dimensionless varia-
tions j ¼ j*/js, y ¼ y*/h, d ¼ d*/h, l ¼ l*/h and lF ¼ l*F=h, we
obtain the following equations and boundary conditions
about the dimensionless electrical potential j

d2
j

dy2
� j

l2
¼ 0; � 1þ d# y# 0; (4a)

d2
j

dy2
� j

l2
¼ � 1

l2K2
; � 1# y# � 1þ d: (4b)

dj

dy

����
y¼0

¼ 0; jjy¼ð�1þdÞ� ¼ jjy¼ð�1þdÞþ ;
dj

dy

����
y¼ð�1þdÞ�

¼ dj

dy

����
y¼ð�1þdÞþ

; jjy¼�1 ¼ z; (5)

here K¼ lF/l represents the ratio of the characteristic thickness
of the mobile charges in the bulk electrolyte to that in the FCL.
z ¼ z*/js is the dimensionless wall electrical potential at the
PEL-wall interface. The solutions of eqn (4a) and (4b) under the
boundary conditions (5) are

j(y) ¼ B1 cosh(y/l), �1 + d # y # 0, (6a)

jðyÞ ¼ B3 coshðy=lÞ þ B4 sinhðy=lÞ þ 1

K2
; � 1# y# � 1þ d;

(6b)

B1 ¼ B3 � B4

coshðDÞ
sinhðDÞ ; B3 ¼ 1

coshð1=lÞ
�
B4 sinhð1=lÞ þ z� 1

K2

�
;

B4 ¼ � sinhðDÞ
K2

; D ¼ 1=l� d=l:

2.2 Distribution of the velocity eld

We assume that the pressure gradient along the axial direction
is ignored. When an external electric eld Ex(t) is applied, a pure
784 | RSC Adv., 2017, 7, 782–790
EOF of Jeffrey uid through a PE-graed nanochannel is gov-
erned by the modied momentum equations, i.e.,

r
vu*ðy*; tÞ

vt
¼ vs*yx

vy*
þ reExðtÞ; � hþ d*# y*# 0; (7a)

r
vu*ðy*; tÞ

vt
¼ vs*yx

vy*
þ reExðtÞ � mcu*ðy*; tÞ; � h# y*# � hþ d*;

(7b)

where u*(y*,t) is the axial velocity, t is time, Ex(t) is the applied AC
electric eld, reEx(t) is the electric eld force, r is the uid density,
mc is the drag coefficient within PEL, s*yx is the stress tensor which
satises the constitutive equation of the Jeffrey uid.

s*yx þ l1vs
*
yx

.
vt ¼ m

�
vu*=vy*þ l2v

2u*
�
vy*vt

�
; (8)

where l1 is the relaxation time, l2 is the retardation time, m is
the zero shear rate viscosity. Generally, the retardation time is
smaller than the relaxation time.57 When the relaxation time l1

and the retardation time l2 tend to zero, eqn (8) reduces to the
constitutive equation of the Newtonian uid. We assume that
AC electric eld and the EOF velocity of Jeffrey uid can be
written in the following complex forms:

ExðtÞ ¼ R
�
E0e

iut
	
; u*ðy*; tÞ ¼ R

�
u*0ðy*Þeiut

	
; (9)

where R {} denotes the real part of a complex number, E0 is the
amplitude of the applied AC electric eld and u*0ðy*Þ is the
complex amplitude of EOF velocity, i is the imaginary number
unit and u is the oscillating angular frequency of the applied AC
electric eld. Combining eqn (7a), (7b) and (8), eliminating
stress tensor s*yx, it yields:

d2u*0

dy*2
� iru

m

1þ iul1

1þ iul2
u*0 ¼

3E0

m

1þ iul1

1þ iul2

j*

l*2
; � hþ d*# y*# 0;

(10a)

d2u*0

dy*2
�


iru

m
þ mc

m

�
1þ iul1

1þ iul2
u*0 ¼

3E0

m

1þ iul1

1þ iul2

j*

l*2
;

� h# y*# � hþ d* (10b)

Boundary conditions are given by

du*0
dy*

����
y*¼0

¼ 0; u*0
��
y*¼ð�hþd*Þ� ¼ u*0

��
y*¼ð�hþd*Þþ ; s*yx

���
y*¼ð�hþd*Þ�

¼ s*yx

���
y*¼ð�hþd*Þþ

; u*0
��
y*¼�h

¼ 0: (11)

In above boundary conditions, the rst condition represents
the symmetric velocity about x* axis. The second and third
conditions imply the continuity for the velocity and shear stress
at the interface of the FCL–electrolyte. No-slip condition of the
velocity is satised in the last condition. Notice that the
continuous condition for the shear stress reduces to the

condition du*0
dy*

����
y*¼ð�hþd*Þ�

¼ du*0
dy*

����
y*¼ð�hþd*Þþ

. In fact, substituting

eqn (9) into (8), dividing by l1, we obtain
This journal is © The Royal Society of Chemistry 2017
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s*yx
l1

þ ds*yx
dt

¼ m

l1

du*0
dy*

R
�ð1þ iul2Þeiut

	
: (12)

Then, by integrating eqn (12) and assuming that the uid is in
unstressed state at t ¼ �N, we get the expression of shear stress

s*yx ¼ m
du*0
dy*

R
�
1þ iul2

1þ iul1
eiut



: (13)

Dimensionless velocity is introduced by u0 ¼ u*0=Ueo, where
Ueo ¼ 3E0js/m denotes steady Helmholtz–Smoluchowski EOF
velocity of Newtonian uid. eqn (10a) and (10b) and correspond-
ing boundary conditions (11) in the dimensionless form are

d2u0

dy2
� iReb2u0 ¼ b2j

l2
¼ b2B1

l2
coshðy=lÞ; � 1þ d# y# 0;

(14a)

d2u0

dy2
� �

a2 þ iRe
�
b2u0 ¼ b2j

l2

¼ b2B3

l2
coshðy=lÞ þ b2B4

l2
sinhðy=lÞ

þ b2

l2K2
; � 1# y# � 1þ d; (14b)

du0

dy

����
y¼0

¼ 0; u0jy¼ð�1þdÞ� ¼ u0jy¼ð�1þdÞþ;
du0

dy

����
y¼ð�1þdÞ�

¼ du0

dy

����
y¼ð�1þdÞþ

; u0jy¼�1 ¼ 0; (15)

where Re ¼ ruh2/m is oscillating Reynolds number, a2 ¼ mch
2/m

is dimensionless drag parameter, and b2 ¼ (1 + iul1)/(1 + iul2).
The solutions of eqn (14a) and (14b) are

u0ðyÞ ¼ C1 cosh
� ffiffiffiffiffiffiffiffi

iRe
p

by
�
þ C2 coshðy=lÞ; � 1þ d# y# 0;

(16a)

u0ðyÞ ¼ D1 cosh
� ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

a2 þ iRe
p

by
�
þD2 sinh

� ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
a2 þ iRe

p
by

�

þD3 coshðy=lÞ þD4 sinhðy=lÞ þD5; � 1# y# � 1þ d;

(16b)

where

C1 ¼ 1

coshðg1Þ
½D1 coshðg2Þ þD2 sinhðg2Þ þD3 coshðDÞ

�D4 sinhðDÞ þD5 � C2 coshðDÞ�;

C2 ¼ b2B1

1� iReb2l2
;

D1 ¼ 1

cosh
� ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

a2 þ iRe
p

b
� hD2 sinh

� ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
a2 þ iRe

p
b
�
�D5

�D3 coshð1=lÞ þD4 sinhð1=lÞ
i
;

This journal is © The Royal Society of Chemistry 2017
D2 ¼ 1

M5

ðC2M3 þD3M6 �D4M7 þD5M8Þ;

D3 ¼ b2B3

1� ða2 þ iReÞb2l2
; D4 ¼ b2B4

1� ða2 þ iReÞb2l2
;

D5 ¼ � 1

ða2 þ iReÞK2l2
:

We use the following notations in the above coefficients:

g1 ¼
ffiffiffiffiffiffiffiffi
iRe

p
bð�1þ dÞ; g2 ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
a2 þ iRe

p
bð�1þ dÞ;

M1 ¼
ffiffiffiffiffiffiffiffi
iRe

p
b sinhðg1Þcoshðg2Þ �

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
a2 þ iRe

p
b coshðg1Þsinhðg2Þ;

M2 ¼
ffiffiffiffiffiffiffiffi
iRe

p
b sinhðg1Þsinhðg2Þ �

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
a2 þ iRe

p
b coshðg1Þcoshðg2Þ;

M3 ¼
ffiffiffiffiffiffiffiffi
iRe

p
b sinhðg1ÞcoshðDÞ þ 1

l
coshðg1ÞsinhðDÞ;

M4 ¼
ffiffiffiffiffiffiffiffi
iRe

p
b sinhðg1ÞsinhðDÞ þ 1

l
coshðg1ÞcoshðDÞ;

M5 ¼
sinh

� ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
a2 þ iRe

p
b
�

cosh
� ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

a2 þ iRe
p

b
�M1 þM2;

M6 ¼ coshð1=lÞM1

cosh
� ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

a2 þ iRe
p

b
��M3;

M7 ¼ sinhð1=lÞM1

cosh
� ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

a2 þ iRe
p

b
��M4;

M8 ¼ M1

cosh
� ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

a2 þ iRe
p

b
�� ffiffiffiffiffiffiffiffi

iRe
p

b sinhðg1Þ:
3. Results and discussions

Analytical solutions are derived for the transient EOF of Jeffrey
uid through a PE-graed nanochannel. Next, we will discuss
the inuences of pertinent parameters (d, K, l, Re, l1u, l2u, ut)
on the EOF velocity. In practical engineering problems, typical
parameters are taken as follows: the half height of the channel
is h� 100 nm, r� 1.06� 103 kg m�3, m� 10�3 kg (m�1 s�1), the
AC electric eld frequency changes from 0 to 400 MHz, then the
angle frequency u is from 0 to 2.5 � 109 s�1. The oscillating
RSC Adv., 2017, 7, 782–790 | 785
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Fig. 3 Comparison of the velocity amplitude for Newtonian, Maxwell
and Jeffrey fluids in PE-grafted and rigid nanochannels (l ¼ 0.1, K ¼ 1,
z ¼ 1, Re ¼ 8) at different values of d: (a) d ¼ 0.01, (b) d ¼ 0.1. For
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Reynolds number Re varies from 0 to 25 due to Re ¼ ruh2/m. In
addition, according to the previous studies,15,16,52 we let a ¼ 1,
d/l # 1. Generally speaking, the retardation time l2 is smaller
than the relaxation time l1, and l1 should be smaller than the
oscillating period of the electric eld,50 that is, l2u < l1u # 2p.
In the following gures, letters S and R represent the PE-graed
and rigid nanochannels, respectively. The meanings of all
symbols in the present paper are listed in Table 1.

Fig. 2 provides the variation of the dimensionless electrical
potential j with dimensionless distance y for different values of
the K, d and z when l ¼ 0.1. In Fig. 2a, K¼ 0.1, 1 and 10, d¼ 0.1
and 0.05, z ¼ 1. It is shown that the parameter K ¼ lF/l should
be taken larger than 1 to ensure the validity of Debye–Hückel
linearization. In the following discussion, we always let K$ 1. If
the thickness of PEL in the PE-graed nanochannel is very small
(d ¼ 0.01), Fig. 2b compares the electrical potential in PE-
graed and rigid nanochannels when K ¼ 1, 10 and z ¼ 1,
0.8. It is observed that coincident proles of electrical potential
for PE-graed and rigid nanochannels are plotted under the
same wall electrical potential.

Fig. 3 compares the velocity amplitude u0(y) for Newtonian,
Jeffrey and Maxwell uids in PE-graed and rigid nanochannels
at different values of PEL thickness d when l¼ 0.1, K¼ 1, z¼ 1,
Re ¼ 8 (d ¼ 0.01 in Fig. 3a and d ¼ 0.1 in Fig. 3b). Noted that
l1u ¼ 0, l2u ¼ 0; l1u ¼ 2p, l2u ¼ 0.5p and l1u ¼ 2p, l2u ¼
0 correspond to Newtonian uid; Jeffrey uid andMaxwell uid,
Fig. 2 Variation of the dimensionless electrical potential j with
dimensionless distance y for different values of the d and K when l ¼
0.1 (a) in the PE-grafted nanochannel (d ¼ 0.10, 0.05, z ¼ 1), (b) the
comparison between PE-grafted and rigid nanochannel (d ¼ 0.01, z ¼
1.0, 0.8, K ¼ 1, 10).

Newtonian fluid l1u¼ 0, l2u¼ 0; for Jeffrey fluid l1u¼ 2p, l2u¼ 0.5p;
for Maxwell fluid l1u ¼ 2p, l2u ¼ 0.

786 | RSC Adv., 2017, 7, 782–790
respectively. When the thickness of PEL in the PE-graed
nanochannel is very thin (d ¼ 0.01), the proles of velocity
amplitude for the PE-graed nanochannel agree very well with
those for the rigid nanochannel (see Fig. 3a). However, for thick
PEL thickness (d ¼ 0.1), the velocity in the PE-graed nano-
channel is substantially larger than that in the rigid nano-
channel whenever the values of l1u and l2u (see Fig. 3b).
Among them, the increment of velocity for Maxwell uid (l1u ¼
2p, l2u ¼ 0) is more obvious than Newtonian and Jeffrey uids.
Under the inuence of AC electric eld, negative values maybe
emerge in the EOF velocity prole, which mean the backow of
the uid.

Fig. 4 illustrates the velocity amplitude u0(y) at different
values of d, l and K when Re¼ 1, z¼ 1, l1u¼ 2p, l2u¼ 0.5p. In
Fig. 4a, d ¼ 0.01, 0.05 and 0.10, l ¼ 0.10, K ¼ 1; in Fig. 4b, d ¼
0.10, l ¼ 0.10, 0.15, 0.20, K ¼ 1, 10. As shown in the gure, the
velocity amplitude increases with d, but decreases with l and K.
Physically, in the PE-graed nanochannel, PEL is a layer
comprising polyelectrolyte materials, which contains both
electrolyte ions and xed charge density of positive ions. Under
the action of an applied electric eld, an increase in the thick-
ness of the PEL (d) accompanies the increment of the cations,
and therefore promotes the uid ow. The increase of the EDL
thickness (l) means the augmentation of ionic density inside
the EDL, which indicates the accumulation of the ions and
leads to a high resistance in the uid ow, together with the
decline of the velocity. The increase of parameter K (K ¼ lF/l)
This journal is © The Royal Society of Chemistry 2017
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Fig. 4 Dimensionless velocity amplitude u0(y) at different values of d,
l and Kwhen Re¼ 1, z¼ 1, l1u¼ 2p, l2u¼ 0.5p (a) d¼ 0.01, 0.05, 0.10,
l ¼ 0.10, K ¼ 1, (b) d ¼ 0.10, l ¼ 0.10, 0.15, 0.20, K ¼ 1, 10.

Fig. 5 Dimensionless velocity amplitude u0(y) at different values of l1u
(l1u ¼ 0.1p, 0.5p, p, 2p) when d ¼ 0.1, l ¼ 0.1, K ¼ 1, z ¼ 1 and l2u ¼
0.5p corresponding to (a) Re ¼ 0.5, (b) Re ¼ 3, (c) Re ¼ 10, (d) Re ¼ 25.
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corresponds to the decrease of electrical potential j due to low
ionic concentration inside the PEL, therefore, the velocity would
decrease with K according to the dimensionless momentum
eqn (14a) and (14b).

Fig. 5 and 6 describe the effects of the relaxation time and
retardation time on the velocity amplitude u0(y) of the Jeffrey
uid for different oscillating Reynolds number Re (0.5, 3, 10,
and 25) in the PE-graed nanochannel. In Fig. 5, different
values of relaxation time l1u (0.1p, 0.5p, p, 2p) are dis-
cussed, and Fig. 6 considers different retardation time l2u

(0.1p, 0.3p, 0.5p). It can be observed from Fig. 5 and 6, with
the increase of the oscillating Reynolds number Re, the
velocity proles gradually present oscillating characteristic,
and the oscillating amplitude of velocity tends to be less-
ening whether at high or low values of relaxation time and
retardation time. It is pointed out that near the region of EDL
and the interface of liquid–PEL, the oscillation phenomenon
of the velocity becomes particularly obvious for large oscil-
lating Reynolds number Re. And yet, the EOF velocities are
almost zero at the region far away from the EDL (see Fig. 5c
and d and 6c and d). Physically, it is because that the diffu-
sion time is much longer than the oscillating period in the
case of high oscillating frequency. Therefore, the velocities
near the centre of the channel are almost zero. Furthermore,
according to proles of velocity amplitude in Fig. 5 and 6, the
velocity increases with l1u due to large elastic effect.
However, the prole of velocity decreases with l2u due to
large retard effect of Jeffrey uid. Therefore, the increase of
This journal is © The Royal Society of Chemistry 2017
relaxation time enhances the oscillation of EOF velocity. On
the contrary, the increase of retardation time dampens the
oscillation.
RSC Adv., 2017, 7, 782–790 | 787
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Fig. 6 Dimensionless velocity amplitude u0(y) at different values of
l2u (l2u¼ 0.1p, 0.3p, 0.5p) when d¼ 0.1, l¼ 0.1, K¼ 1, z¼ 1 and l1u¼
2p corresponding to (a) Re ¼ 0.5, (b) Re ¼ 3, (c) Re ¼ 10, (d) Re ¼ 25.

Table 1 List of symbols

Symbol Meaning

d* Thickness of PEL (m)
d Dimensionless thickness of PEL
Ex(t) AC electric eld (V m�1)
E0 Amplitude of AC electric eld (V m�1)
e Elementary electronic charge (C)
h Half height of so nanochannel (m)
i Imaginary number unit
K Ratio of characteristic thickness, K ¼ lF/l
kB Boltzmann constant (J K�1)
L Length of the so nanochannel (m)
N Ionic number concentration of the FCL ions (m�3)
n0 Number concentration of electrolyte solution (m�3)
Re Oscillating Reynolds number, Re ¼ ruh2/m
R Rigid nanochannel
S So nanochannel (PE-graed nanochannel)
T Temperature (K)
t Time (s)
u*(y*,t) Axial velocity for so nanochannel (m s�1)
u*0ðy*Þ Amplitude of velocity for so nanochannel (m s�1)
u0(y) Dimensionless amplitude of velocity for

so nanochannel
ur(y,t) Dimensionless axial velocity for

rigid nanochannel
ur0(y) Dimensionless amplitude of velocity for

rigid nanochannel
Ueo Helmholtz–Smoluchowski velocity of

Newtonian uids (m s�1)
W Width of the so nanochannel (m)
x*, y* Coordinates
x, y Dimensionless coordinates
Z Valence of the FCL ions
z The absolute value of the ionic valence
a Dimensionless drag parameter, a2 ¼ mch

2/m
b Dimensionless parameter, b2 ¼ (1 + iul1)/(1 + iul2)
j* Electrical potential (V)
j Dimensionless electrical potential
jr(y) Electrical potential for rigid nanochannel (V)
js Characteristics of electrical potential (V), js ¼ kBT/ez
3 Dielectric constant (N m�1)
re Free charge density (C m�3),

re ¼ �2ezn0 sinh(ezj*/kBT)
l* Thickness of EDL (m), l* ¼ [(3kBT)/(2nNe2z2)]1/2

l Dimensionless thickness of EDL
l*F Equivalent EDL thickness inside PEL (m),

l*F ¼ �ð3kBTÞ=ðNe2zZÞ�1=2
lF Dimensionless equivalent EDL

thickness inside PEL
z* Wall electrical potential at the interface

of PEL and wall (V)
z Dimensionless wall electrical potential
r Fluid density (kg m�3)
mc Drag coefficient within PEL
s*yx Stress tensor of Jeffrey uid (N m�2)

l1 Relaxation time (s)
l2 Retardation time (s)
m Zero shear rate viscosity (kg (m�1 s�1))
u Oscillating angular frequency of the applied

AC electric eld (s�1)
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The variation of transient velocity with time is an important
characteristic of unsteady electroosmotic ow. Fig. 7 depicts the
EOF velocity proles u(y,t) of the Jeffrey uid as a function of
788 | RSC Adv., 2017, 7, 782–790 This journal is © The Royal Society of Chemistry 2017
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time (t) for different oscillating Reynolds number Re (0.5, 3, 10,
and 25) in the PE-graed nanochannel. From Fig. 7, it is evident
that for lower oscillating Reynolds number, the ow can extend
Fig. 7 Dimensionless velocity u(y,t) at different values ofut (ut¼ 0,p/4,
3p/4, p, 5p/4, 3p/2) when d¼ 0.1, l¼ 0.1, K¼ 1, z¼ 1 and l1u¼ 2p, l2u
¼ 0.5p corresponding to (a) Re¼ 0.5, (b) Re¼ 3, (c) Re¼ 10, (d) Re¼ 25.

This journal is © The Royal Society of Chemistry 2017
to the whole PE-graed nanochannel. However, with the
increasing of oscillating Reynolds number, near the interface of
liquid–PEL, the oscillating characteristic of velocity become
obvious gradually. In the case of large oscillating Reynolds
number, EOF velocity far away from the interface of liquid–PEL
almost maintains zero at any time. These phenomena for Jeffrey
uid are similar to those for Newtonian uid in the PE-graed.53
4. Conclusions

An analytical transient EOF of Jeffrey uid under external
applied AC electric eld in a PE-graed nanochannel is pre-
sented in this work. Based on the Debye–Hückel approximation,
we arrive at the analytical solutions involving the momentum
equations and the constitutive equation of the Jeffrey uid. By
comparing the electrical potentials and EOF velocities between
PE-graed and rigid nanochannels, it can be found that elec-
trical potentials and EOF velocities in PE-graed nanochannel
with thin PEL are in excellent agreement with those in rigid
nanochannel. In PE-graed nanochannel, the PEL has the
positive role of increasing the velocity amplitude. However, the
amplitude of EOF velocity decreases with EDL thickness l and
parameter K. Moreover, with the increase of oscillating Rey-
nolds number Re, the oscillating phenomenon of EOF velocity
becomes obvious, and the weakening amplitude of oscillation is
observed. In the case of high oscillating frequency, the EOF
velocities are almost zero at the region far away from the
interface of liquid–PEL. It is observed that relaxation time of
Jeffrey uid enhances the oscillation of velocity. However, the
retardation time dampens the oscillation of velocity. The results
have theoretical signicance for biouids-based microuidic
transport system.
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