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Static and dynamic hidden symmetries of
icosahedral viral capsids

Sergey B. Rochal, *a Olga V. Konevtsovaa and Vladimir L. Lormanb

Viral shells self-assemble from identical proteins, which tend to form equivalent environments in the

resulting assembly. However, in icosahedral capsids containing more than 60 proteins, they are enforced

to occupy not only the symmetrically equivalent locations but also the quasi-equivalent ones. Due to this

important fact, static and dynamic symmetries of viral shells can include additional hidden components.

Here, developing the Caspar and Klug ideas concerning the quasi-equivalence of protein environments,

we derive the simplest hexagonal tilings, that in principle could correspond to the local protein order in

viral shells, and apply the resulting theory to nucleocytoplasmic large dsDNA viruses. In addition, analyzing

the dynamic symmetry of the P22 viral shell, we demonstrate that the collective critical modes responsible

for the protein reorganization during the procapsid maturation are approximately equivalent to the

normal modes of the isotropic spherical membrane with O(3) symmetry. Furthermore, we establish the

relationship between the dynamic symmetry of the P22 procapsid and the protein arrangement regu-

larities that appear only in the mature capsid.

Introduction

By the middle of the last century, symmetry became the robust
basis for the exploration and formulation of the fundamental
principles of non-living nature. The symmetry determines the
structural organization and dictates the dynamics of relatively
simple physical and chemical nanoscale systems. In living
organisms, which are incommensurably more complex than
classical objects studied in physics and chemistry, the role of
symmetry appears to be less significant. Nevertheless, sym-
metry in its different forms remains extremely important for
viruses representing relatively simple systems that are inter-
mediate between living and non-living forms.1 On the one
hand, during the maturation,2–4 which usually occurs at the
final stages of virus self-assembly, viral shells reconstruct their
protein structures but preserve their initial icosahedral sym-
metry. On the other hand, the highly ordered viral capsid also
contains a genome and therefore both mechanisms of host
cell infection as well as virulence of viruses are strongly depen-
dent on the structural organization of capsids.5–7 For these
reasons, studying general (including symmetry) principles for
determining the capsid structure and processes of viral
shell reorganization presents a challenging task of great
significance.

In addition, many basic concepts established for viral
capsids are also used in other fields of nanoscience: for appli-
cations in nanobiotechnology, e.g., controlled drug delivery
and nanoparticle encapsulation; and for elucidating the design
and development of antiviral strategies in the rapidly developing
field of nanomedicine,8–10 and then all the way to the funda-
mental problems of nanophysics and nanochemistry.11,12

Capsids have been studied for more than 50 years. As early
as 1962, Caspar and Klug (CK) understood that rotational ico-
sahedral symmetry I is typical of viral shells and proposed the
famous geometrical model of their structure.13 Proteins
forming a capsid are most often identical to each other. So, in
order to minimize the number of conformational states, which
are necessary for a large number of identical protein units to
establish chemical bonds between neighbors, CK modeled the
viral shell with an additional (or hidden) local symmetry,
which made environments of all identical proteins structurally
similar or quasi-equivalent, effectively combining two see-
mingly incompatible concepts: global icosahedral symmetry
and local translational order. The proposed model was based
on smooth mappings of a specific periodic hexagonal structure
onto the surface of a regular icosahedron. The proposed struc-
ture has P6 chiral symmetry and was constructed from proteins
located in one system of equivalent points with the trivial
symmetry.

The identification of a translation (h, k) of the hexagonal
structure with an icosahedral edge allowed CK to match the
planar hexagonal order with the icosahedral shell consisting
of 20 regular triangles. CK showed that if the vertices of 60°
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sectors eliminated from the shell net are situated at the future
5-fold icosahedral axes, then it is possible to fit the hexagonal
orders at the glued faces of the icosahedral shell perfectly. The
resulting capsid structure allows “not to break the type of
lattice chemical bonds”,13 because in addition to the conven-
tional point symmetry, the obtained icosahedral shell pre-
serves the symmetry of the planar hexagonal structure in a
latent form. This latent symmetry converts symmetrically
nonequivalent protein positions into quasi-equivalent ones.

The CK model imposes strong restrictions on both the
number N of proteins in a capsid (N = 60T, where T = h2 + k2 +
hk, and indices (h, k) are non-negative integers) and their
space organization, in particular, imposing the fact that the
capsid should consist of hexamers and pentamers.13 Indeed,
the overwhelming majority of the structures of small- and
medium-sized viral capsids is in full agreement with the CK
model, but there are notable anomalous viral shells with the
structural organization violating the model.14–19 For instance,
the capsid of L–A virus is characterized by T = 2, which is
impossible at integers h and k; the capsid of Dengue virus
characterized by T = 3 and the capsids of other Flaviviridae
(Zika virus, Yellow Fever virus, Western Nile virus, etc.) do not
contain hexamers at all (in contrast to the viral shells
described by the CK model). The capsids of nucleocytoplasmic
large dsDNA viruses of Asfarviridae, Ascoviridae, Iridoviridae,
Poxviridae, Mimiviridae, and Phycodnaviridae20–23 viral
families also do not contain hexamers but instead have
trimers and pentamers as their structural units (SUs).
Although the latter capsids can still be characterized by the CK
triangulation number T, it no longer coincides with the
number of symmetrically nonequivalent protein orbits in the
capsid and the famous equality N = 60T becomes invalid.

The existence of various viral capsids violating the CK
model keeps attracting interest to the interpretation of their
structures. The overwhelming majority of publications devoted
to the anomalous viral shells endows the CK model as absol-
utely inapplicable to such capsids and propose much more
complicated conceptions for their rationalization.24–31 For
example, in ref. 24 the CK idea to map the planar 2D order
onto the shell surface was completely rejected; instead the
tiling approach typical of quasi-crystals was suggested. In the
models of large and giant viral capsids only the regular icosa-
hedron is ordinarily taken from the CK model.32–34 This icosa-
hedron is not covered with a common hexagonal lattice.
Instead, its neighboring faces are decorated with differently
oriented (but symmetrically equivalent) trigonal patterns.

Recently, we modified the CK model and made it suitable
to describe the anomalous capsids of small viruses.35 Both
anomalous and ordinary small viral shells (with T ≤ 4) were
obtained in the framework of the CK projection scheme due to
the chiral mappings of the primitive hexagonal lattice (PHL)
onto the regular icosahedral surface. In the modified model,35

the asymmetric proteins occupy all former PHL nodes, which
obtain the trivial symmetry after the order transfer onto the
icosahedral surface. This approach eliminates too strict sym-
metry restrictions of the CK theory and demonstrates that

small viral shells possess PHL symmetry in a latent form.
However, the question of whether there are other simple
planar structures that can correspond to the order of proteins
in other anomalous capsids is still unanswered.

In the first part of this article, generalizing the CK quasi-
equivalence principle and developing further our approach,35

we deduce a very limited number of regular patterns that can
underlay the protein order in various viral shells, which are
unexplained in the framework of neither the original CK
model13 nor the modified one.35 The obtained patterns
(additional to the PHL) are the simplest hexagonal periodic
tilings generated from the PHL by minimal multiplications of
its unit cell. The tilings found describe, in particular, the local
order of proteins in a wide variety of large and giant viral shells.

The static and dynamic symmetries of the P22 bacterio-
phage considered in the second part of this article are even
more interesting. As is known,4,36 during the P22 bacterio-
phage maturation the initially spherical procapsid becomes
faceted and its volume increases. Additionally, the hexamers
deformed in the procapsid take the regular shape. All these
features are common for maturation of numerous bacterio-
phages. Nevertheless, as we show here, this process in the P22
viral shell is characterized by two intriguing peculiarities.
First, both the changes of the shell shape and the symmetriza-
tion of hexamers represent the procapsid collective critical
modes that are almost equivalent to the normal ones of the
isotropic spherical membrane with the O(3) symmetry. Second,
the hidden dynamic symmetry revealing itself in the specific
form of the procapsid critical modes is not the only one for
the P22 viral shell. As a result of the maturation process, the
local symmetry of the protein order in the mature capsid
increases, giving rise to the structure that could be obtained
directly by means of the symmetry allowed mapping of the
honeycomb lattice onto the icosahedral surface. Thus, two
hidden symmetries revealing themselves in the dynamics of
procapsid critical modes and in the structural regularities of
the mature capsid turn out to be mutually dependent.

Results and discussion
Simplest hexagonal periodic tilings and the structures of large
and giant viral capsids

Considering the structures of small viral capsids, we have
shown35 that the CK choice of the hexagonal structure (which
is mapped onto the icosahedron surface in the CK model) is
too specific because the mapping of any planar hexagonal
structure onto the icosahedral surface breaks the local sym-
metry of the mapped positions. This symmetry breaking
allows locating asymmetric proteins directly on the icosahedral
surface at positions coinciding with those of the symmetry
axes of the initial planar structure. The chiral mappings of
PHL onto the icosahedral surface lead to structural models of
small viral capsids both satisfying and contradicting the CK
original theory.35 Since within the PHL framework it is poss-
ible to explain the organization of only a limited number of
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capsids, we start this section by the construction of other
planar patterns suitable to model the protein order in other
icosahedral viral shells.

To get these structures, it is reasonable to use the well-
known CK ideas, according to which the spatial organization of
identical proteins in capsids should ensure the maximal equiv-
alence of protein environments. For that purpose, the following
conditions should be satisfied. First, only the presence of 6-fold
axes in the periodic structures enables their smooth mapping
onto the icosahedron surface, therefore, in order to construct
the icosahedral capsids, it is reasonable to use the periodic
structures with hexagonal symmetry. Second, the desired struc-
tures should be chiral since in achiral structures constructed
from asymmetrical SUs both left-handed and right-handed
units are required simultaneously. Third, due to the presence
of identical proteins, the structures should include the only
crystallographic position (not mandatory in general as in the CK
approach) containing symmetrically equivalent nodes.

The CK structure13 satisfies all the conditions listed
above. It has P6 symmetry and contains one general crystallo-
graphic position, which can be occupied by proteins directly
before the mapping. However, there also exist three appropri-
ate periodic hexagonal patterns with the positions of 6-fold,
3-fold and 2-fold local symmetries, respectively. The first of
these structures is PHL, while two other ones are ordinarily
called honeycomb lattice (HCL) and trihexagonal tiling (TT),
which is also referred to as the Kagome lattice. All these three
structures are closely related to each other. HCL and TT are
easily obtained from PHL as a result of its unit cell multipli-
cation by 3 and 4, accordingly (see Fig. 1a and b). To increase
the generality of our approach, we decided to also consider
snub trihexagonal tiling (STT) (shown in Fig. 1c) that appears
in the case of the next symmetrically allowed multiplication of
the PHL unit cell by 7. Let us note that due to the same geo-
metrical reasons that cause the CK selection rules,13 the 6-fold
symmetry is conserved if and only if the PHL unit cell is multi-
plied by Tm = h2 + k2 + hk, where (h, k) are integers. Therefore,
above we listed all allowed tilings with Tm ≤ 7. Additionally,
Fig. 1d demonstrates how the well-known CK structure is
obtained from the STT one.

In the structures under consideration the squared length of
a primitive translation is expressed as Ts = h2 + k2 + hk, where
indices (h, k) are integers. For the structures depicted in
Fig. 1a–c, the indices are (1, 1), (2, 0) and (2, 1), respectively. In
all these three cases, the unit cell multiplication and corres-
ponding symmetry lowering lead to the splitting of the PHL
nodes into two regular crystallographic positions. One of them
(denoted with empty circles) constitutes the PHL with an
enlarged cell, while the second one (denoted with filled
circles) forms the tilings, which are used for further investi-
gation of capsid structures.

We now show how the capsid structures of the majority of
nucleocytoplasmic large dsDNA viruses can be interpreted
within the framework of the patterns depicted in Fig. 1a–c. We
consider the virus group that infects eukaryotes and encom-
passes members of the Asfarviridae, Ascoviridae, Iridoviridae,

Poxviridae, Mimiviridae, and Phycodnaviridae20–23 viral
families. One of the most actively discussed representatives of
this virus group is Paramecium Bursaria Chlorella Virus
(PBCV-1), which is the member of the Phycodnaviridae viral
family. According to the experimental data,32 the PBCV-1
capsid contains 5040 protein copies organized in 1680 trimers
and 60 protein copies organized in pentamers. Centers of
trimers and pentamers form a pseudo T = 169d quasi-equi-
valent lattice.32 One more member of the Phycodnaviridae
family, Phaeocystis pouchetii virus (PpV01) with T = 219 (h = 7,
k = 10)37 and Chilo iridescent virus (CIV)38 with T = 147 (h = 7,
k = 7) of the Iridoviridae family have similar capsid organiz-
ations. The local structure of these capsids (as the ones of the
majority of nucleocytoplasmic large dsDNA viruses) is com-
monly interpreted as the PHL, the nodes of which are deco-
rated with trimers; each trimer consisting of 3 elongated
monomers.32,34 Since each monomer, in turn, entails two
domains, the trimers are often treated as pseudohexamers.

As we demonstrate below, the regularities of the local
protein order in the above-mentioned capsids can be under-
stood in the frame of the STT structure (see Fig. 1c). A com-
parison between the panels a–c of Fig. 2 demonstrates that the
elongated monomers form three of each of the six STT edges
of the hexagons’ sides. These edges are shown in Fig. 2a with
double lines. Such arrangement of monomers decreases the
symmetry of the capsid facets from P6 to P3. However, since

Fig. 1 The hexagonal tilings that reflect the hidden regularities of the
local protein order in various capsids. (a) Honeycomb lattice, (b) trihexa-
gonal tiling, and (c) snub trihexagonal tiling are imposed on primitive
hexagonal lattice (PHL). Edges and nodes of the tilings are shown by
black lines and filled circles, respectively. PHL edges are illustrated by
both black and grey lines. The areas of big yellow triangles drawn on
panels (a–c) are 3, 4 and 7 times larger (respectively) than the triangular
area between three nearest PHL nodes. In panels (a and b) the filled
circles are located on 3- and 2-fold axes, while in panel (c) they have no
local symmetry. Since in the latter case the crystallographic position
formed by the filled circles is general, the circles can be shifted consist-
ently without breaking the P6 symmetry. An example of such a self-
consistent displacement is shown in panel (d), where the well-known CK
structure is obtained from snub trihexagonal tiling (c). So, despite the
symmetrical form, the tiling (c) represents only a particular case of the
CK structure (d).
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monomers consist of two domains, the domain centers are
located in the vicinity of the STT nodes (which are denoted by
yellow circles). Thus, the trigonal order of facets turns out to
be very close to the parent hexagonal one. Nevertheless, the
symmetry lowering from P6 to P3 breaks the local translational
order between the adjacent facets near the edges of the icosa-
hedral shell as evidenced also by experiments.38

Although the capsid structures of the majority of nucleocy-
toplasmic large dsDNA viruses are similar and can be
described in the same framework, there exist two known excep-
tions: the capsid of Mimivirus (Mimiviridae family)33 and the
protein shell of the immature virion of Vaccinia virus
(Poxviridae family).39,40 In both exceptional cases, trimers are
located at the HCL nodes (denoted by filled circles in Fig. 1a)
instead of the PHL ones. At the initial stage of the immature
virion self-assembly, D13 proteins (which are not contained in
the mature Vaccinia virion) form trimers with pseudohexago-
nal symmetry. Later these trimers self-assemble into a spheri-
cal shell that becomes brick-shaped during the maturation
process. A surface representation of the Vaccinia virus scaffold-
ing D13 on top of a membrane is shown in Fig. 2d, which is
modified from ref. 40. The most intensive maxima of the 3D
density map (the highest one is chosen for each protein mole-
cule) coincide with the nodes of the superimposed STT (see
this tiling shown in Fig. 1c). We believe that this coincidence
convincingly demonstrates the hidden symmetry of the capsid
under consideration.

In contrast with the spherical shell of immature Vaccinia
virion, the giant shell of Mimivirus is characterized by strong
icosahedral faceting. Nevertheless, according to ref. 34 and 40
the structures of the immature Vaccinia shell and the
Mimivirus one are similar since in contrast to the majority of
nucleocytoplasmic large dsDNA viruses, these shells are based
on the HCL arrangement (instead of the PHL one). The HCL
nodes are decorated with trimers, which are the SUs typical of all
large and giant viral shells. However, apparently the Mimivirus
capsid is not definitively resolved. Xiao et al.33 use a possible
analogy with the structure of Paramecium bursaria chlorella
virus-1 (PBCV-1) and claim that the HCL in the Mimivirus
capsid is decorated with trimers in such a way that the
order of the capsid facets has P6 symmetry. To satisfy this con-
dition, the neighboring trimers located on the HCL nearest
vertices should be mutually rotated by 60° with respect to one
another. In contrast, Klose and Rossmann34 presume that all
trimers inside one facet are parallel to each other (as is the
case in the majority of nucleocytoplasmic large dsDNA viral
capsids based on the PHL arrangement). The parallel orien-
tation of all trimers inside the facet then decreases its sym-
metry down to P3. This symmetry lowering, in turn, should
break the local translational symmetry between the trimers
located near the icosahedron edges and this type of local order
distortion is also confirmed experimentally.33 However, it is
clear that the parallel orientation of all trimers (inside every
facet) is not mandatory to obtain P3 symmetry. Conserving

Fig. 2 Hidden symmetry of the large and giant viral capsids. (a) Decoration of the snub trihexagonal tiling leading to its symmetry lowering from P6
to P3. To break the hexagonal symmetry some STT edges are drawn with the double lines. In the capsids of PBCV-132 and CIV,38 which are shown in
panels (b) and (c), respectively, the monomers form these edges. In the frames of the proposed interpretation, each STT node (these nodes are
denoted by yellow circles) is located near the center of one of domains, pair of which forms a monomer. (d) Protein density map of the Vaccinia
virus scaffolding D13 on top of a membrane (modified from ref. 40). Snub hexagonal tiling is imposed on the density map. The nodes of this tiling
(yellow circles) coincide with the most intensive maxima of the density map.40 (e) Interpretation of the Mimivirus capsid in terms of the trihexagonal
tiling (shown in Fig. 1b). Coloring of triangles with yellow and green corresponds to the two sublattices of trimers discussed in the text. (f ) Mimivirus
viral shell surface simulated by using the homologous PBCV1 capsomer structure.33 (g) High-magnification AFM image of the Mimivirus surface.41

Comparison between panels (e–g) shows that the nodes of the trihexagonal tiling and the most protruding points on the capsid surface form very
similar patterns.
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this symmetry, two types of symmetrically nonequivalent
trimers (located in the nearest HCL nodes) can arbitrarily
rotate around each other. Having no intention of proposing
our own model of the Mimivirus shell, we stress that the ambi-
guities in the interpretation of this structure are not very essen-
tial. The CryoEM reconstruction data33 (see Fig. 2f) and the
AFM images41 (see Fig. 2g) indicate strongly that in this capsid
the most protruding points on the shell surface form a
pattern, which is very close to the arrangement of the TT
nodes (see this tiling in Fig. 2e). Returning to the Mimivirus
shell models,33,34 let us clarify that in both of them the centers
of protein trimers coincide with the centers of triangles
forming the TT structure. As shown in Fig. 2e yellow and green
triangles correspond respectively to the two sublattices of
trimers (which are symmetrically equivalent in the model33

and are not in the other one34).
So, in spite of the fact that in both capsids of Vaccinia virus

and Mimivirus trimers are located in the HCL nodes, a more
detailed analysis reveals the different hidden symmetries
underlying these shells, and the latent regularities of the
protein arrangements in the considered capsids are described
in terms of STT and TT structures, respectively.

Thus, the experimental data discussed above demonstrate
that in a wide variety of large and giant viral capsids the
hidden static symmetry reveals itself in the specific regular
arrangements of the protein order (see Table 1). Depending on
the capsid type, these arrangements can be interpreted in
terms of the periodic trihexagonal or snub trihexagonal
tilings, which can be found in patterns formed by the
protein distribution functions or by the most protruding
points on the capsid surfaces. We note also that the STT
nodes have the trivial local symmetry and can be occupied
by proteins (or their domains) without any symmetry caused
restriction. In contrast, due to the 2-fold local symmetry of
the TT nodes, the asymmetrical SUs can be located in them
only after the tiling is transferred onto the icosahedral
surface. Of course, the nodes mapped onto 2-fold icosahe-
dron axes cannot be filled. This selection rule is, however,
inessential for the Mimivirus capsid since in the considered
models33,34 of this shell the proteins never coincide with the
TT nodes.

The next section is entirely devoted to the P22 viral shell,
for which the restrictions imposed on the local symmetry of
positions occupied by the asymmetrical proteins became
essential. This viral shell is interesting for us since it exhibits
two different hidden symmetries simultaneously. The first of
them reveals the exceptional dynamics of the P22 procapsid
critical modes, which are responsible for morphological
changes of this viral shell during its maturation. The second
latent symmetry appears only in the mature viral shell and
leads to a more regular capsid structure that could be obtained
directly by means of an appropriate mapping of the HCL tiling
onto the icosahedral surface.

Hidden symmetries in the viral shell of bacteriophage P22

It is well known that the final stage of the virus formation is its
maturation, giving rise to its ability to infect the host cell. The
maturation is characterized by a series of significant, corre-
lated changes in the procapsid structure. One of the most
common features of this process, which is typical of a variety
of viruses and widely discussed in the literature, is the change
of the shell’s shape from spherical to faceted.4,42,43 Along with
the biochemical transformations, some purely physical
phenomena play a significant role during the maturation
process. Particularly, it was demonstrated that the main struc-
tural changes of the procapsid during its maturation can be
described as the result of a condensation of several (critical)
normal modes of the procapsid shell.44,45 This idea allows us
to interpret the maturation process (or at least its early stages,
when the formation of the chemical cross-linking bonds
between the capsid’s proteins, typical of the final stages, has
not yet started) as a soft-mode phase transition in analogy to
the structural phase transformations in crystals.46,47

However, the capsids do not have the translational sym-
metry of crystals. Therefore, the analysis of normal modes in
capsids is much more difficult. Following the standard pro-
cedure for the determination of normal modes, one can calcu-
late and diagonalize the Hessian matrix of 3N dimensions,
where N is the total number of the rigid SUs in the capsid.48

However, the selection of elastically coupled rigid SUs is not a
completely reasonable approach, since the capsid’s proteins
consist of domains, which have a complex internal structure.

Table 1 Details of the protein order in the considered viral capsids

Virus Family Triangulation
Location of
trimer centers

Hidden
symmetry Latent peculiarity in protein order

Paramecium bursaria
chlorella virus (PBCV-1)

Phycodnaviridae T = 169; h = 7, k = 8 PHL STT Dimers are located along some of STT edges

Phaeocystis pouchetii
virus (PpV01)

Phycodnaviridae T = 219; h = 7, k = 10 PHL STT Dimers are located along some of the STT edges

Chilo iridescent
virus (CIV)

Iridoviridae T = 147; h = 7, k = 7 PHL STT Dimers are located along some of the STT edges

Immature virion of
Vaccinia virus

Poxviridae The capsid is not
icosahedral

HCL STT STT is formed by the most intensive maxima
of the protein density map

Mimivirus Mimiviridae 972 ≤ T ≤ 1200;
h = 19 ± 1, k = 19 ± 1

HCL TT TT nodes are the most protruding points on
the capsid surface
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While taking into account that the distinct atoms and their
mutual interactions are more appropriate, it is also a much
more complicated task due to the enormous number of atoms
in any capsid and therefore a whole series of different models
have been devoted to the calculation of the normal modes in
capsids.49–52

An alternative methodology was proposed to apply the con-
tinuum approach to analyze different phenomena in
capsids53–56 and we have also used this approach to study the
maturation process in the bacteriophage HK97.57 We have
shown that the experimentally observed rotation of pentamers
and the symmetrization of hexamers, occurring during the
maturation process in this bacteriophage, are approximately
equivalent to the switching-off of the irreducible (with the
wave number l = 6) shear field of an isotropic and homo-
geneous spherical shell.

The advantage of the continuum approach is that it leads to
complex, but observable analytical solutions, which can be
easily compared with the experimental data. Unfortunately, the
continuum approximation by necessity idealizes the viral shell,
treating it as isotropic and homogeneous. Consequently, the
necessary conditions for the continuum approach to be applied
to any system are such that the effective wavelengths of the
modes which can be described within this approximation
should be much larger than the distances between the adjacent
SUs. Even if this condition is satisfied, there remains another
open question: to what extent and in which particular cases is it
justified to replace the icosahedral symmetry of the capsid by
the continuous symmetry of the ideal sphere. In fact, this ques-
tion leads further to another one, which can be ultimately
answered only by analyzing experimental data: to what extent
can the dynamic elastic properties of the viral shell be con-
sidered as spherically symmetric in the long-wavelength limit?

We leave the comparison with the experiment until the end
of this section and first recall briefly the main facts about the
linear dynamics and types of the normal modes existing in the
isotropic spherical membrane. Earlier, both the dynamics of a
spherical shell with a finite thickness53 and that of an infi-
nitely thin membrane58 have been considered in the literature.
The difference between these two models does not affect the
possible types of modes, which can be classified in both cases
according to the irreducible representations (IRs) of the spheri-
cal symmetry group O(3). This is not surprising since it is well-
known that within the linear regime, every normal mode of
any system is spanned by the single IR of the system’s sym-
metry group, while the solutions of the linearized equations of
motion are always the linear combinations of normal modes.

For a thin spherical shell, regardless of the model which
describes its linear dynamics, the O(3) symmetry imposes very
strict constraints on the possible normal modes. Three types
of modes are ordinarily distinguished: bending, stretching and
shear modes. The displacement fields corresponding to
bending and stretching normal modes contain both the radial
and tangent components, since the irreducible radial and
tangent displacement fields with the same wave number l can
be linearly coupled. The mode with the main contribution of

the radial component is conventionally called the “bending”
mode, while the mainly tangential mode is denoted as the
“stretching” mode. In contrast, the shear modes have only a
tangent component. For normal bending-stretching modes the
displacement fields ulm(θ,φ) of the points on the spherical
surface can be represented as:

ulmðθ;φÞ ¼ AlmYlmðθ;φÞer þ Blm gradkYlmðθ;φÞ; ð1Þ
where er, eθ, eφ are unit vectors of the spherical coordinate
system with angular variables (θ,φ), Ylm(θ,φ) are the spherical
harmonics,59 for which index m spans the interval −l to l, and

gradk ¼ eθ@θ þ eφ
sin θ

@θ. All modes with the same l are (2l + 1)

times degenerate and have the same frequency, which is deter-
mined by the parameters of the shell model. These parameters
also define the ratio between the amplitudes Alm and Blm. As
for the shear modes, the corresponding displacement fields
have the following form:

ulmðθ;φÞ ¼ Clm½er � gradkYlmðθ;φÞ�: ð2Þ
Normal modes with displacement fields (2) are also (2l + 1)

times degenerate, so their frequencies do not depend on the m
value. Note also that the parity Pr of functions Ylm(θ,φ) and
that of the displacement fields (1) are the same: Pr = (−1)l,
while for the shear fields (2) Pr = (−1)l+1. Therefore, the parities
of bending–stretching and shear modes possessing the same
wave number l are opposite and these modes are thus linearly
uncoupled.

As is mentioned above, the symmetry of the procapsid is
determined by the spatial distribution of the chiral protein
molecules and is characterized by the rotation group of icosa-
hedron I, which is the subgroup of the symmetry group of
sphere O(3). The procapsid can therefore exhibits different
types of normal modes and the application of eqn (1) and (2)
for the description of procapsid dynamics needs further
elucidation.

In contrast to the group O(3), which has an infinite number
of IRs, the group I possesses only 5 IRs. As a result, several
symmetrically different normal modes of the spherical mem-
brane can contribute to only one normal mode of the procap-
sid. The standard methods to analyze the dynamics of systems
related to the group–subgroup relationship allow constructing
correlation dependencies between the modes of ideal spherical
shells and those of icosahedral procapsids.53 According to the
conventional group theory,53,59 the procapsid mode spanning
the given IR of the group I, can include only those modes of
the spherical membrane that are characterized by the symme-
trically allowed IRs of the group O(3). After the symmetry
restriction O(3) → I each allowed IR of the group O(3) should
contain the given IR of the group I.

In the course of proteins’ reorganization during the procap-
sid-to-capsid reconstruction, the I symmetry of the viral shell
is ordinarily conserved. Therefore, first of all, we are interested
in the relationship between the totally symmetrical normal
modes of procapsid and the normal modes of the spherical
shell. Eqn (1) and (2) show that if some linear combination of
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spherical harmonics fl ¼
Pm¼l

m¼�l
AlmYlmðθ;φÞ has I or Ih symmetry

then the fields

ul
r ¼ er f l; ð3aÞ

ul
str ¼ gradk f l; ð3bÞ

ul
shear ¼ ½er � gradk f l�; ð3cÞ

spanning the lth IR of the O(3) symmetry group are totally sym-
metrical with respect to the procapsid symmetry group I. More
precisely, fields (3a) and (3b) have the same parity and the
same symmetry (I or Ih) as the function fl. Since field (3c) is the
vector product of the vector er and field (3b), field (3c) has the
parity opposite to that of fields (3a) and (3b) and is orthogonal
to them. Let us stress that all fields (3) are invariant with
respect to the capsid symmetry since the spatial inversion
(which is used only to classify the parity of fields (3)) is absent
in the capsid symmetry group I.

The theory of irreducible functions fl was developed
earlier.30,31 Here we note only that the so-called integrity basis
of the symmetry group I consists of 4 invariants, which have
2nd, 6th, 10th and 15th degrees. In addition, the square of the
latter invariant is a polynomial function of the three former
ones and the invariant of the second degree is totally isotropic
on the sphere surface. Based on these facts, the functions fl
can be constructed only for those l values, which satisfy the
following relation:

l ¼ 15k þ 6iþ 10j; ð4Þ

where i and j are the positive integers or zero and k is equal to
0 or 1. The sequence of the l values allowed by eqn (4) is then
given by: l = 6, 10, 12, 15, 16, 18, 20, 21, …. Note also that the
number of linearly independent functions fl with the particu-
lar value of l is equal to the number of different combinations
of i and j values satisfying eqn (4). Therefore, for all acceptable
l < 30, the function fl is unique and its explicit form can be
obtained by averaging the Ylm harmonics over the symmetry
group I:

flðθ;φÞ ¼ Cl

X

g,I

Ylmðĝðθ;φÞÞ: ð5Þ

Here elements ĝ are 60 symmetry operations of the group I.
For different m values, the sum in eqn (5) yields either zero or
functions that differ only by the normalizing coefficient Cl. For
example, we present the first allowed function f6, which in
Cartesian coordinates has the following simple form:

f 6ðx; y; zÞ ¼ ðy 2 � z 2τ 2Þðz 2 � x 2τ 2Þðx 2 � y 2τ 2Þ þ c; ð6Þ

where τ ¼ ð ffiffiffi
5

p � 1Þ=2 is the golden mean, c ¼ �1=21ð ffiffiffi
5

p � 2Þ,
and the radius-vector r = <x,y,z> of a point on a unit sphere is
related in a standard way to θ and φ variables of the spherical
coordinate system. It is also useful to show explicitly the func-
tion f15, which is used below to describe the deformation of

the hexamers in the procapsid P22. In Cartesian coordinates
this function reads:

f15ðx; y; zÞ ¼
Yi¼15

i¼1

ðnirÞ; ð7Þ

where 15 unit vectors ni coincide with 15 two-fold icosahedral
symmetry axes.

It is very important to note that any symmetric (with respect
to the procapsid symmetry I) displacement of the spherical
surface can be expanded into a series of fields (3). However, if
and only if the hidden spherical symmetry indeed reveals itself
in the totally symmetric normal mode of the procapsid, then
the only one normal mode of the spherical membrane should
give the main contribution to this procapsid mode. Since the
main structural changes during the procapsid maturation can
be described as a condensation of several totally symmetric
normal modes of the procapsid shell,44,45 we can state in
addition that if the procapsid dynamics indeed possesses the
hidden spherical symmetry, then the protein reorganization
during the procapsid maturation should be well described by
only several (critical) fields (3) with particular values of l.

Below we proceed to the application of the above theoretical
developments to study the morphological changes in viral
shells upon their maturation. As we mentioned above, during
the maturation of different bacteriophages (including bacterio-
phage P22) the procapsid shape changes from spherical to
faceted. It is not difficult to verify that the appearance of this
icosahedral faceting can be well described by the simplest
radial critical field ur = erf6, which has the symmetry Ih (see
Fig. 3). Also, it is very interesting to stress that two opposite
signs of this radial field lead to both the icosahedral and dode-
cahedral shapes of the initially spherical membrane. While the
capsids with the icosahedral faceting (similar to that of P22)
are well known, there exists also a whole series of viruses
which display the dodecahedral capsid shape. An example of
this type is given by the pathogenic human Parvovirus B1960

(which is shown in Fig. 3d). It is surprising that the simplest
critical function (6) catches the difference between icosahe-
dron and dodecahedron in a very simple and straightforward
way.

Upon the maturation changes in the procapsid shell of bac-
teriophage P22, the hidden symmetry O(3) clearly manifests
itself not only in the appearance of faceting (similar shape
changing is common for a lot of capsids), but also during the
symmetrization of hexamers. Previously, for the case of bac-
teriophage HK 97,57 we showed that the switching-off of the
irreducible shear field (which in terms of the developing
theory reads as [er × grad f6]) is equivalent to the symmetriza-
tion of hexamers. Bacteriophage P22 has an analogous hidden
dynamical symmetry that reveals itself in the other critical irre-
ducible shear field u15

shear = [er·grad f15]. This difference is poss-
ibly related to the fact that HK97 and P22 viruses belong to
two different classes of phages.4 This difference can be justi-
fied by the following known fact. For HK97, the procapsid pro-
teins are found in the solution only in the state of capsomers,
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which form a dynamical mixture of hexamers and penta-
mers.37,62 In contrast, the procapsid proteins of the bacterio-
phage P22 exist as monomers in the solution63,64 and conse-
quently these viral shells are self-assembled in different
pathways.

Fig. 3c shows the capsid of bacteriophage P22,65 which (as
well as the previously mentioned capsid HK 97) consists of 420
proteins. However, in contrast to HK97, the structure of the
mature capsid P22 has the hidden symmetry, which allows one
to model the mature shell in terms of the HCL structure
mapped onto the surface of a regular icosahedron. The posi-
tions of proteins in the mature capsid of P22 bacteriophage
(see Fig. 4c modified from ref. 65) are marked by yellow dots,
located in the most protruding points on the capsid surface.
In addition to Fig. 4c, Fig. 4b helps to understand our
interpretation of the capsid structure, since faceting of the
spherical honeycomb lattice shown in Fig. 4b leads to the
lattice shown in Fig. 4c.

The positions of proteins in the procapsid P22 (see its struc-
ture in Fig. 4d modified from ref. 66) can also be determined
as the most protruding points on the immature shell surface.
Then, by expanding the tangential part of the protein displace-
ment fields into a series of irreducible mutually-orthogonal
fields (3b) and –(3c), it is possible to conclude that the main
contribution to the deformation of hexamers is due to the
shear field u15

shear. This fact is easily checked directly by com-

parison between panels (d) and (b) of Fig. 4. The latter panel
shows both the undistorted spherical honeycomb lattice and
its nodes (small blue circles) shifted by the field u15

shear. In
Fig. 4d the positions with the same angular coordinates are
shown as small yellow dots, superimposed on the experi-
mental structure of procapsid P22. Since the yellow dots and
the most protruding points at the procapsid surface practically
coincide, this demonstrates clearly that the field u15

shear repro-

Fig. 3 (a and b) Spherical surface deformation by radial displacement
fields proportional to the irreducible function f6 given by eqn (6).
Amplitudes of the displacement fields in panels (a) and (b) have opposite
signs. (c and d) Experimental realization of the capsid shapes induced by
displacement fields (a) and (b). Icosahedral viral capsid of the bacterio-
phage P22 (see ref. 61) is shown in panel (c), while panel (d) demon-
strates the viral capsid of the pathogenic human parvovirus B19 (see ref.
60) with the dodecahedral faceted shape.

Fig. 4 The reorganization of the viral shell of the bacteriophage P22
and the hidden symmetries becoming discernible during the maturation
process. (a) The displacement field u15

shear corresponding to the normal
shear mode of a homogeneous and isotropic spherical shell. This
is the simplest irreducible shear field with icosahedral symmetry Ih.
Vectors of the field are given by line segments; the color intensity gradi-
ent of the segment indicates the field direction, while the segment
length is proportional to the field amplitude. (b) The undistorted spheri-
cal honeycomb lattice formed from approximately regular hexagons and
pentagons. The lattice nodes are shifted by the field u15

shear and shown by
the blue circles. (c) Experimental structure of the bacteriophage P22
capsid.65 The yellow dots marked on the structure are located at the
most protruding points on the capsid surface. These dots form the 3D
honeycomb lattice, which can be obtained due to the faceting of the
spherical lattice shown in panel (b). (d) Experimental structure of the
bacteriophage P22 procapsid.66 Yellow dots have the same angular
coordinates as the blue circles in panel (b). These dots and the most
protruding points at the procapsid surface practically coincide. (e) The
local structure of the capsid: the arrangement of six proteins around the
3-fold axis (left panel) and the internal arrangement of the hexamer
(right panel) are similar.36 This fact indirectly confirms the found hidden
symmetry of the capsid. (f ) Local structure of the procapsid: the
arrangement of proteins around the 3-fold axis (left panel) and their
arrangement in the deformed hexamer (right panel) are substantially
different.36
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duces quite accurately the tangent shift of protein positions
during the procapsid to capsid transformation. We can there-
fore state that the latent spherical symmetry reveals itself in
the normal mode responsible for the symmetrization of the
hexamers in the icosahedral protein nanoassembly. Let us
stress that the field u15

shear is the simplest even (with respect to
the spatial inversion) irreducible icosahedral shear field of the
spherical shell, while in the case of the procapsid HK97 the
simplest odd field u7

shear plays the analogous role in the
hexamer symmetrization.57

In both the capsid and the procapsid of the bacteriophage
P22 all 60 hexamers are symmetrically equivalent. Their
centers coincide with 60 from 200 hexagonal tiles (highlighted
by green color in Fig. 4b). From the comparison of Fig. 4c–f, it
is evident that during the maturation process two symmetri-
cally nonequivalent types of hexagonal tiles (the centers of the
first-type tiles lie on the 3-fold icosahedron axes, while the
second-type tiles are equivalent to hexamers in the CK model
of this shell) obtain the regular hexagonal shape (shown in
Fig. 4e) and this symmetrization increases the latent symmetry
of the mature P22 shell. Thus, the dynamics of the procapsid
critical modes and the structure of the mature capsid appear
to be mutually dependent and the two hidden symmetries of
this viral shell are therefore interrelated.

At the end of this section, we discuss in detail the general
features of the viral shells with icosahedral symmetry and
arrangements of proteins similar to that observed in the mature
P22 capsid. Note that if such fullerene-type shell possesses
icosahedral symmetry (as in the case of the P22 capsid), then it
has 20Tf nodes, where the value Tf = hf

2 + kf
2 + hfkf is deter-

mined by the integer indexes (hf, kf ) and in analogy with the CK
theory defines the squared length of the icosahedron edge.
Note also that if all nodes of the fullerene-type shell are filled
with the asymmetrical SUs (as it happens in the P22 capsid),
then the allowed values of Tf are limited. This restriction is due
to the fact that asymmetric SUs cannot be located in sites with
nontrivial local symmetry. Let us recall that 3-fold symmetry
axes pass through all the nodes of the planar HCL. After the
HCL mapping onto the icosahedron surface, the local symmetry
of any node is conserved, if and only if this node is located on
one of the global 3-fold symmetry axes of the icosahedron. In
the fullerene-type icosahedral shells the global 3-fold symmetry
axes always coincide either with the HCL nodes or with the
centers of the hexagonal cells. The coincidence of the latter type
occurs provided Tf is divisible by 3. Thus, only for those HCL
mappings which satisfy the condition Tf mod 3 = 0, all nodes of
the resulting shells lost the symmetry and become suitable for
containing the asymmetrical SUs.

In addition, we make two other remarks. First, we stress
that such shells have exactly the same number of general
orbits as the capsids in the traditional CK model: T = Tf/3. For
example, the capsid P22 is characterized by the simplest chiral
fullerene-type shell with the minimal value of Tf divisible by 3:
Tf = 21, <hf = 4, kf = 1>. The vertices of 60 hexagonal tiles
(which are green in Fig. 4b) correspond to the locations of all
the proteins which form the hexamers in the traditional CK

interpretation (T = 7) of this capsid. Second, we note that the
arrangement of nodes in the fullerene-type shells can in prin-
ciple be achiral and in this case the shell acquires the chiral
symmetry I only after filling its nodes with the asymmetrical
chiral SUs. For instance, in the capsid protein structure of the
Herpes simplex virus (T = 16, <h = 4, k = 0>; see Fig. 4 in ref.
67) one can easily recognize the fullerene-type achiral shell for
which Tf = 48, <hf = 4, kf = 4>.

Conclusions

We presented a detailed study of the hidden static and
dynamic symmetries of the icosahedral viral shells. The first of
them is related to the structural peculiarities and conventional
symmetry of the planar order underlying the protein arrange-
ments in the capsids. As is known, the paradigmatic CK
model13 treats the capsid shell as a regular icosahedron,
smoothly covered with a specific planar hexagonal structure,
which is formed from identical proteins located at equivalent
points with the trivial local symmetry. The CK model implies
that the capsids consist of pentamers and hexamers, while the
protein order in the shells possesses latent symmetry elements
originating from the conventional symmetry operations of the
CK hexagonal structure. However, a lot of capsids violate the
CK type of protein arrangement.14–23,32–34

We considered such anomalous viral shells of the large and
giant viruses and demonstrated that they can be modeled
within the CK mapping scheme, provided that the hexagonal
structures, which are mapped onto the icosahedron surface,
are more symmetric than the CK one. Let us stress that the
original CK theory treats such structures as prohibited since
the nontrivial local symmetry of their crystallographic posi-
tions is incompatible with the protein asymmetry. However,
the positions, which have nontrivial local symmetry on the
plane, can lose it after the order is embedded onto the icosa-
hedron surface, as it occurs if the mapped position is not
located on the icosahedral axis. Thus, all such nonspecifically
located positions become suitable for the proteins to occupy.
Due to this fact, the PHL (the nodes of which have 6-fold sym-
metry on the plane) can underlie the local order of proteins in
small viral capsids.35 Furthermore, developing the CK quasi-
equivalence principle, we have found a very limited number of
hexagonal patterns in addition to the PHL that in principle
could correspond to the local order of proteins in viral shells.
These structures are deduced from the PHL due to its unit cell
multiplications by 3, 4 and 7, and represent the well-known
honeycomb lattice, the trihexagonal tiling and the snub trihex-
agonal one, respectively. The positions in the first two patterns
are located on 3- and 2-fold axes, and the third tiling is inter-
esting because it yields the most regular arrangement of hex-
amers in the frame of the conventional CK hexagonal struc-
ture. Finally, the performed analysis shows that the hidden
symmetry of protein organizations in a wide variety of large
and giant capsids related to nucleocytoplasmic large dsDNA
viruses can be understood in terms of the simple hexagonal
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tilings listed above. Perhaps, developing our ideas, one will be
able to understand the principles of the structural organiz-
ation of vaults,68 which are nanoscale ribonucleoprotein com-
plexes having a form similar to capsids and present in most
multicellular organisms.

It should also be emphasized that both the CK theory and
the approach proposed in this article are based on the capsid
nets of the icosahedral type. However, some exceptional
capsids are not rationalized in this framework since their
structures can be enfolded using the nets of the dodecahedral
type only.28,69 Therefore neither the original CK theory13 nor
its modifications proposed here and in ref. 35 are not appli-
cable to such viral shells. Nevertheless, we would like to
emphasize that this fact does not diminish in any way the
importance of the CK pioneer theory,13 which successfully
explains (even in its original form) the structure of most icosa-
hedral viral shells.

Apparently, the prevalence of the CK-type capsids in nature
is caused by the fact that the protein arrangement in them is
very close to the periodic order of asymmetrical SUs which is
possible on a plane. In contrast, the symmetrical hexagonal
tilings considered can be decorated with asymmetrical SUs
only on the icosahedral surface, where, obviously, an
additional orientational ordering of SUs is needed. Due to this
supplemental ordering, the resulting shell’s structure is
farther from the parent planar order, and consequently, the
anomalous capsids are less common than those satisfying the
CK theory.13 Although an analysis of the orientational ordering
of SUs on the surface of anomalous capsids is beyond the
scope of the present article, in future studies one could con-
sider this problem using known approaches developed to
study phase transitions in crystals.

The hidden dynamical symmetry of capsids elucidated in
this article manifests itself in the maturation processes occur-
ring at the final step of the virus self-assembly cycle. These
processes are extremely important since they enable the
mature viruses to acquire the ability to infect the host cell. The
maturation of any viral shell is characterized by significant cor-
related changes in its structure. The shape of the shell very
often varies from spherical to faceted, and sometimes hexam-
ers, which are deformed in the procapsid, recover a more
regular shape. The main structural changes during the matu-
ration process can be described as a result of the condensation
of several critical normal modes of the procapsid shell44,45,57

and we further developed and generalized this approach by
showing that in some cases, despite the inhomogeneity and
lower geometrical symmetry of procapsid, its normal modes
(namely, those responsible for the faceting appearance and the
change of the hexamers shape) can be quite close to certain
normal modes of the homogeneous and more symmetric thin
spherical membranes. We also formulated significant group-
theory constraints on the types of such modes and proposed a
simple way to calculate their explicit form. The hidden dyna-
mical symmetries of HK97 and P22 bacteriophage shells were
compared and for the latter case only the static and dynamic
hidden symmetries appear to be closely related, since the

maturation of the P22 capsid causes the displacement of its
proteins approximately into the nodes of the more regular ico-
sahedral shell based on the HCL structure. The resulting struc-
ture is the first one in a series of analogous fullerene-type
chiral shells with all nodes available for decoration with asym-
metric SUs.

As we have noted in the previous section, the hidden sym-
metry of protein order in mature Herpes simplex capsids can
also be interpreted in terms of the HCL structure. However, in
spite of the known fact that the protein reorganization during
the Herpes simplex virus maturation is similar to the hexamer
symmetrization occurring in bacteriophage shells,4 the hidden
dynamic symmetry, corresponding to the reorganization
process, is absent. As we have checked, for the shell of the
Herpes simplex virus it is impossible to relate the hexamer
symmetrization with a critical mode being simultaneously the
normal mode of a spherical membrane. The Herpes capsid is
more complex than the P22 and HK97 viral shells since it con-
tains 3 types of nonequivalent hexamers. Therefore in future
studies it would be interesting to search for hidden dynamic
symmetry in large icosahedral viruses (with T > 7), where not
all hexamers are symmetrically equivalent. It is very interesting
to understand whether such capsids can exhibit this symmetry
like it occurs in smaller bacteriophages HK97 and P22, where
all hexamers are symmetrically equivalent.

Finally, the discovered peculiarities in the structural organ-
ization of large and giant viral shells and the established
relations between the structural regularities and the dynamics
of the critical normal modes in capsids of some bacterio-
phages can be easily generalized to the case of abiotic
materials in the context of nanotechnology. This makes the
proposed approach useful for a wide spectrum of scientific
domains, from structural and physical virology to nanoscience
and soft matter physics.
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