
22008 | Phys. Chem. Chem. Phys., 2017, 19, 22008--22015 This journal is© the Owner Societies 2017

Cite this:Phys.Chem.Chem.Phys.,

2017, 19, 22008

A fully general time-dependent multiconfiguration
self-consistent-field method for the
electron–nuclear dynamics

Ryoji Anzaki,*a Takeshi Satoab and Kenichi L. Ishikawa ab

We present a fully general time-dependent multiconfiguration self-consistent-field method to describe

the dynamics of a system consisting of arbitrarily different kinds and numbers of interacting fermions

and bosons. The total wave function is expressed as a superposition of different configurations

constructed from time-dependent spin-orbitals prepared for each particle kind. We derive equations of

motion followed by configuration–interaction (CI) coefficients and spin-orbitals for general, not

restricted to full-CI, configuration spaces. The present method provides a flexible framework for the

first-principles theoretical study of, e.g., correlated multielectron and multinucleus quantum dynamics in

general molecules induced by intense laser fields and attosecond light pulses.

1 Introduction

We are now witnessing rapid progress in ultrashort intense light
sources in different spectral ranges such as terahertz radiation,
optical-parametric-chirped-pulse-amplification mid-infrared lasers,
high-harmonic extreme-ultraviolet (XUV) pulses, and XUV/X-ray free-
electron lasers. These technological advances have triggered various
research activities, including attosecond science,1–3 with a goal
to directly measure and, ultimately, control electron and nuclear
motion in atoms and molecules.

Ab initio simulations of the electronic and nuclear dynamics
in atoms and molecules remain a challenge. A multiconfiguration
time-dependent Hartree–Fock (MCTDHF) method4,5 has been
developed for the investigation of multielectron dynamics in
strong and/or ultrashort laser fields.6 In this approach, the time-
dependent total electronic wave function C(t) is expressed as a
superposition of different Slater determinants FI(t),

CðtÞ ¼
X
I

FI ðtÞCI ðtÞ; (1)

where CI(t) is the configuration–interaction (CI) coefficients.
Both {CI(t)} and the spin-orbitals constituting {FI(t)} are allowed
to vary in time. In the community of high-field phenomena and
attosecond physics, the term MCTDHF is conventionally used
for the full-CI case, in which the sum in eqn (1) runs over all the
possible ways to distribute the electrons among a given number

of spin-orbitals. On the other hand, also under active development
are variants without the restriction to the full-CI expansion,
generically referred to as the time-dependent multiconfiguration
self-consistent-field (TD-MCSCF) methods hereafter. Representative
examples include the time-dependent complete-active-space self-
consistent-field,7,8 the time-dependent restricted-active-space
self-consistent-field,9 and the time-dependent occupation-restricted
multiple active-space (TD-ORMAS)10 methods. These allow a
compact and computationally less demanding description of
the multielectron dynamics, without sacrificing the accuracy. In
particular, the TD-ORMAS method can treat arbitrary CI expansions
of the form eqn (1) in principle.

Among successful approaches for nuclear dynamics is the
multiconfiguration time-dependent Hartree (MCTDH) method.11

Developed for systems consisting of distinguishable particles,
this method expresses the time-dependent total nuclear wave
function as a superposition similar to eqn (1) but that of Hartree
products. The other way around, the MCTDHF method can be
viewed as an extension of the MCTDH method to fermions. By
hybridizing the MCTDHF method for electrons and the MCTDH
method for nuclei, one can construct a multiconfiguration
electron–nuclear dynamics (MCEND) method12,13 to describe
the non-Born–Oppenheimer coupled dynamics. Nuclei forming
molecules are, however, indistinguishable particles, either fermions
or bosons. Alon et al. have explored methods for systems consisting
of identical particles,14–17 e.g., MCTDH methods for mixtures
consisting of two14 and three17 kinds of identical particles, and
inclusion of particle conversion.16 Kato and Yamanouchi have
extended the MCTDHF theory to molecules composed of electrons,
(fermionic) protons, and two heavy (either classical or quantum)
nuclei.18

a Department of Nuclear Engineering and Management, School of Engineering,

The University of Tokyo, 7-3-1 Hongo, Bunkyo-ku, Tokyo, 113-8656, Japan.

E-mail: anzaki@atto.t.u-tokyo.ac.jp
b Photon Science Center, School of Engineering, The University of Tokyo,

7-3-1 Hongo, Bunkyo-ku, Tokyo, 113-8656, Japan

Received 31st March 2017,
Accepted 25th July 2017

DOI: 10.1039/c7cp02086d

rsc.li/pccp

PCCP

PAPER

O
pe

n 
A

cc
es

s 
A

rt
ic

le
. P

ub
lis

he
d 

on
 2

5 
Ju

ly
 2

01
7.

 D
ow

nl
oa

de
d 

on
 1

1/
4/

20
25

 1
1:

13
:5

7 
A

M
. 

 T
hi

s 
ar

tic
le

 is
 li

ce
ns

ed
 u

nd
er

 a
 C

re
at

iv
e 

C
om

m
on

s 
A

ttr
ib

ut
io

n 
3.

0 
U

np
or

te
d 

L
ic

en
ce

.

View Article Online
View Journal  | View Issue

http://orcid.org/0000-0003-2969-0212
http://crossmark.crossref.org/dialog/?doi=10.1039/c7cp02086d&domain=pdf&date_stamp=2017-08-09
http://rsc.li/pccp
http://creativecommons.org/licenses/by/3.0/
http://creativecommons.org/licenses/by/3.0/
https://doi.org/10.1039/c7cp02086d
https://pubs.rsc.org/en/journals/journal/CP
https://pubs.rsc.org/en/journals/journal/CP?issueid=CP019033


This journal is© the Owner Societies 2017 Phys. Chem. Chem. Phys., 2017, 19, 22008--22015 | 22009

In this paper, further stepping forward in this direction,
we present a fully general TD-MCSCF method for a system
comprising arbitrarily different kinds and numbers of inter-
acting fermions and bosons (without particle conversion16).
Treating all the constituent particles on an equal footing, we
expand the total wave function in terms of configurations of the
whole system [see eqn (5) below]. Thus, based on the time-
dependent variational principle, we derive the equations of
motion (EOM) of CI coefficients and spin-orbitals for general
configuration spaces, not restricted to full-CI. As a simple
example, we apply the TD-MCSCF method to high-harmonic
generation (HHG) from a one-dimensional (1D) model hydrogen
molecular ion H2

+ induced by an intense near-infrared (NIR)
laser pulse, for which numerically exact solution is available.

This paper is organized as follows. Section 2 introduces our
TD-MCSCF ansatz for many-particle systems composed of
different kinds of fermions and bosons, and also defines the
target Hamiltonian considered in this work. In Section 3, we derive
the general equations of motion, based on the time-dependent
variational principle. Explicit working equations for a molecule
interacting with an external laser field are shown in Section 4. We
present numerical examples in Section 5. Concluding remarks
are given in Section 6.

2 Definition of the problem
2.1 TD-MCSCF ansatz

We consider a quantum mechanical many-body system with K
kinds of fermions or bosons. The subsystem of kind a consists

of Na identical particles. Thus, there are N ¼
PK
a¼1

Na particles as

a whole. For notational brevity, we call such a system an
N-particle system, where the array of integers N = (N1N2� � �NK)
carries the information of both particle kinds and the number
of particles in each kind.

Let us define, for each kind of particles, the complete

orthonormal set of spin-orbitals wðaÞma
ðtÞ : ma 2 Oa

n o
, which

spans the one-particle Hilbert space Oa, is time-dependent in
general. Then the N-particle Hilbert space is spanned by

FI ðtÞ ¼ Fð1ÞI1
ðtÞ � Fð2ÞI2

ðtÞ � � � � � FðKÞIK
ðtÞ; (2)

where FðaÞIa
ðtÞ is a determinant (or permanent) of a-kind fermions

(or bosons), consisting of Na spin-orbitals chosen from wðaÞma

n o
.

We call FI(t) the I’s configuration, where I = I1I2� � �IK is considered,
at the moment, to collectively label the chosen spin-orbitals. The
objective of this paper is to formulate the TD-MCSCF theory of
the N-particle system within the ansatz of total wavefunction
analogous to that for the electronic system, eqn (1), but using
the configurations of eqn (2).

For rigorous and compact presentation of theory, we resort
to the second quantization formulation by introducing creation

and annihilation operators ĉðaÞyma
; ĉðaÞma

n o
associated with wðaÞma

n o
.

These operators obey the (anti-)commutation relations of
bosons (fermions),

ĉðaÞma
; ĉðaÞna

h i
¼ ĉðaÞyma

; ĉðaÞyna

h i
¼ 0; ĉðaÞma

; ĉðaÞyna

h i
¼ dmana ; (3)

for bosons, where [â, b̂] = âb̂ � b̂â, and

ĉðaÞma
; ĉðaÞna

n o
¼ ĉðaÞyma

; ĉðaÞyna

n o
¼ 0; ĉðaÞma

; ĉðaÞyna

n o
¼ dmana ; (4)

for fermions, where {â, b̂} = âb̂ + b̂â.
Within the TD-MCSCF ansatz, the complete set of spin-

orbitals wðaÞma
ðtÞ

n o
is split into na (ZNa for fermions) occupied

spin-orbitals wðaÞia
ðtÞ : ia ¼ 1; 2; . . . ; na

n o
and remaining virtual

spin-orbitals wðaÞaa ðtÞ : aa ¼ nþ 1; nþ 2 . . .
n o

. We call the sub-

space of Oa spanned by occupied spin-orbitals the occupied
spin-orbital space Oocc

a , and that spanned by virtual spin-orbitals
the virtual spin-orbital space Ovir

a , where Oa = Oocc
a " Ovir

a . The
total state C(t) is expressed as a superposition of configurations
FI(t) of eqn (2), but constructed from occupied spin-orbitals
only. Thus we write

jCðtÞi ¼
X
I

CI ðtÞjIðtÞi; (5)

where CI(t) is the CI coefficient, and |I(t)i is the occupation
number representation of the configuration FI,

|I(t)i = |I1(t)i# |I2(t)i#� � �# |IK(t)i, (6)

Iaj i ¼
1Qna

ja¼1
Ia;ja !

ĉ
y
1a

h iIa;1
ĉ
y
2a

h iIa;2
� � � ĉyma

h iIa;na jvaci: (7)

Now Ia = Ia,1Ia,2� � �Ia,na
is (rigorously) reinterpreted as an integer

array, satisfying
Pna
ia¼1

Ia;ia ¼ Na. Note that Ia,ia A {0,1} for fermions.

Here and in what follows, we use indices ia, ja, ka,. . . for occupied
(Oocc

a ), aa, ba, ca,. . . for virtual (Ovir
a ), and ma, na, ka, ta,. . . for general

(Oa) spin-orbitals of kind a. The indices pa, qa will be used for
numbering the coordinates.

It should be noted that we do not restrict the expansion
eqn (5) to the full-CI one. It should also be noticed that
occupied configurations are specified in terms of the whole
system rather than in terms of each particle kind as,17

jCðtÞi ¼
X
I1

X
I2

� � �
X
IK

CI1I2���IK ðtÞ I1ðtÞj i � I2ðtÞj i � � � � � IK ðtÞj i:

(8)

with summation over I1, I2,. . .,IK taken independently. Eqn (8)
implies that given the set of configurations {Ia} for each kind,
the set of configurations for the whole system {I} must include
all the direct products of {{Ia};a = 1, 2,. . .,K}. Our approach
based on eqn (5), including eqn (8) as a special case, allows a
highly flexible choice of CI space, e.g., including up to double
excitations,10 regardless of particle kind, from a reference
configuration of the whole system, thereby enabling a proper
account of correlation between different kinds of particles
while reducing the computational cost.
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2.2 Target Hamiltonian

In this article, we consider the Hamiltonian of an N-particle
system composed of up to M-body terms,

H = H1 + H2 +� � �+ HM, M r N. (9)

The Hamiltonian is explicitly time-dependent in general, but
the time argument t is dropped in this section for simplicity.
Here, the m-body Hamiltonian is assumed to be given explicitly
in terms of the coordinates (and momenta, see below) in a
general sense characterizing m particles (or degrees of free-
dom), and symmetric under exchange of coordinates among
particles of the same kind. One-particle Hamiltonian, e.g., is
written as

H1 ¼
XK
a¼1

XNa

pa¼1
Ha xa;pa ; xa;pa

0
� �

; (10)

where the non-local form allows us to describe the momentum
dependence of the Hamiltonian, and two-body interaction is
generally given by16

H2 ¼
XK
a¼1

XNa

pa¼1

XNa

qa 4 pa

Haa xa;pa ; xb;qb ; xa;pa
0
; xb;qb

0
� �

þ
XK
a¼1

XK
b4 a

XNa

pa¼1

XNb

qa¼1
Hab xa;pa ; xb;qb ; xa;pa

0
; xb;qb

0
� �

:

(11)

The reasons why we here consider the (non-local) higher-than-
two body terms, which will not actually be used in Section 4, are
(1) that such a form is used in the multiconfiguration Hartree
(MCH) method for distinguishable particles, and (2) their
possible appearance upon coordinate transformations, or in
the effort of removing translational and rotational degrees of
freedom.19,20

The Hamiltonian is equivalently expressed in the second
quantization formalism as

Ĥm ¼
X

m1;...;mK

Ĥm1;...;mK
¼
X
m

Ĥm; (12)

where the net m-body Hamiltonian is further classified into
those contributions Ĥm, hereafter called the m-body Hamilto-
nian, involving ma particles of the kind a, (0 r ma r Na,PK
a¼1

ma ¼ m),

Ĥm ¼
X
l1

� � �
X
lK

X
m1

� � �
X
mK

Hmð Þl1 ���lKm1���mK Ê
l1 ���l1
m1���mK ¼

X
mn

Hmð Þlm Ê
l

m ;

(13)

where l = (l1l2� � �lK), and la = (ma,1ma,2� � �ma,ma
) indexes the set of

spin-orbitals to represent ma particles in the Hamiltonian. Êl
n is

the m-particle replacement operator Ê
l

m ¼ Ê1

� �l1
m1
� � � ÊK

� �lK
mK

, with

Êa
� �la

ma
¼ ĉðaÞyma;1

ĉðaÞyma;2
� � � ĉðaÞyma;ma

ĉðaÞna;ma
� � � ĉðaÞna;2 ĉ

ðaÞ
na;1 ; (14)

and (Hm)m
n is given by

Hmð Þlm ¼
1QK

a¼1
ma!

X
mn

ð
dxdx0jl

�ðxÞHmðx; x0Þjmðx0Þ; (15)

where x = (x1x2,. . .,xK), xa = (xa,1xa,2� � �xa,ma
) is the set of ma

coordinates of particle a, and

jlðxÞ ¼
YK
a¼1

jðaÞla
xað Þ ¼

YK
a¼1

wðaÞma;1
xa;1
� �

wðaÞma;2
xa;2
� �

� � � wðaÞma;ma
xa;ma

� �
:

(16)

For the later discussion, we define the m-body reduced density
matrix (RDM) as

(rm)ln = hC|Ênl|Ci. (17)

One- and two-particle RDMs are also denoted as

rað Þ
ma
na ¼ Ch j Êa

� �na
ma

Cj i ¼ r01���1a���0K
� �ma

na
;

raað Þmaganala¼ Ch j Êa
� �nala

maga
Cj i ¼ r01���2a ���0K

� �maga
nala

;

rab
� �magb

nalb
¼ Ch j Êa

� �na
ma

Êb
� �lb

gb
Cj i ¼ r01���1a ��1b ���0K

� �magb
nalb

;

(18)

with b a a.

3 Equations of motion

In this section, we derive the EOMs for the CI coefficients and
spin-orbitals by imposing the time-dependent variational
principle21–23 on our TD-MCSCF ansatz. We require the action
integral

S ¼
ðt1
t0

dt Ch j Ĥ � i@t
� �

Cj i; (19)

to be stationary, dS = 0, with respect to the variation of the total
wavefunction dC within our TD-MCSCF ansatz eqn (5), subject
to the boundary conditions dC(t0) = dC(t1) = 0. To this end, let
us introduce anti-Hermitian matrices Da and Xa as,

wðaÞma

D ���dwðaÞna E ¼ Dað Þmana ; wðaÞma

D ��� _wðaÞna E ¼ Xað Þmana : (20)

(Recall that indices ma, na refer to both occupied and virtual
spin-orbitals.) We also define,

D̂ ¼
X
a

X
mana

Dað Þmana Êa
� �ma

na
; X̂ ¼

X
a

X
mana

Xað Þmana Êa
� �ma

na
; (21)

with which orthonormality-conserving spin-orbital variations
and time derivatives can be written as

dwðaÞma

��� E
¼ D̂ wðaÞma

��� E
; _wðaÞma

��� E
¼ X̂ wðaÞma

��� E
: (22)

Then, the variation and time derivative of total state are
compactly given by,7,10,24

jdCi ¼
X
I

dCI jIi þ D̂jCi; j _Ci ¼
X
I

_CI jIi þ X̂jCi; (23)
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and their Hermitian conjugates are

hdCj ¼
X
I

dCI
�hI j � hCjD̂; _C

� �� ¼X
I

_CI
�hI j � hCjX̂: (24)

It follows from eqn (19) that,

dS ¼
ðt1
t0

dt dCh j H � i@tð Þ Cj i þ Ch j H � i@tð Þ dCj i½ �

¼
ðt1
t0

dt dCh j HjCi � ij _Ci
� 	

þ hCjH þ ih _C
� 	

dCj i:
(25)

Substituting eqn (23) and (24) into this equation, after some
algebraic manipulation,7,24 we obtain,

dS ¼
ð
dt
X
I

dCI
� hI jH � iX̂ jCi � i _CI


 �

�
X
I

hCjH � iX̂jIi þ i _CI
�
 �
dCI

þ hCjD̂ð1�PÞðĤ � iX̂ÞjCi � hCjðĤ � iX̂Þð1�PÞD̂jCi;
(26)

where P ¼
P
I

jIihI j denotes the projector onto the CI space, i.e.,

the subspace of N-electron Hilbert space spanned by the
configurations included in eqn (5). The action functional S
should be made stationary with respect to all independent

variations; {dCI, dCI*} for CI coefficients and Dað Þmana
n o

for

spin-orbitals.
First, the EOM for CI coefficients are obtained from dS/

dCI* = 0,

i _CI ¼
X
J

Ih j Ĥ � iX̂
� �

Jj iCJ : (27)

Requiring dS/dCI = 0 derives the complex conjugate of eqn (27).
Next from dS=d Dað Þmana¼ 0, one obtains

i
X
b

X
kbtb

Ch j Êa
� �ma

na
�P Êb
� �kb

tb
� Êb
� �kb

tb
�P Êa
� �ma

na

h i
Cj i Xb
� �kb

nb

¼ Ch j Êa
� �ma

na
�PĤ � Ĥ �P Êa

� �ma
na

h i
Cj i;

(28)

where �P = 1�P. Eqn (28) is to be solved for Xað Þmana¼ wðaÞma
_wðaÞna
��D E

,

thus determines the time derivative of spin-orbitals. We now
take a closer look at eqn (28) for the following two
distinct cases:

Case 1: (la, na) = (ia, ja)

In this case we focus on the components of the spin-orbital
variations within the subspace spanned by the occupied

spin-orbitals. Since �P Êa
� �ia

ja
jIia0 and hI j Êa

� �ia
ja

�Pa0 in general,

one needs to directly work with eqn (28) within the occupied
spin-orbital space

i
X
b

X
kb lb

Ch j Êa
� �ia

ja
�P Êb
� �kb

lb
� Êb
� �kb

lb
�P Êa
� �ia

ja

h i
Cj i Xb
� �kb

jb

¼ Ch j Êa
� �ia

ja
�PĤ � Ĥ �P Êa

� �ia
ja

h i
Cj i:

(29)

In the full-CI case, where �P Êa
� �ia

ja
Cj i ¼ 0, Ch j Êa

� �ia
ja

�P ¼ 0,

eqn (29) reduces to an identity 0 = 0. Therefore, the corres-

ponding Xað Þiaja may be arbitrary anti-Hermitian matrix elements,

of which the simplest choice is Xað Þiaja¼ 0.

Case 2: (la, na) = (ia, aa)

In this case we deal with the components of the spin-orbital
variations outside the occupied spin-orbital space. Since

Ch j Êa
� �ia

aa
�P ¼ Ch j Êa

� �ia
aa

and Êa
� �ia

aa
jCi ¼ 0, eqn (28) becomes,

i
X
b

X
kb

X
jb

Ch j Êa
� �ia

aa
Êb
� �kb

jb
Cj i Xb
� �kb

jb
¼ Ch j Êa

� �ia
aa
Ĥ Cj i:

(30)

However, the matrix element in the left-hand side of the above
equation survives only when b = a and ka = aa A Ovir

a , namely

Ch j Êa
� �ia

aa
Êb
� �kb

jb
Cj i ¼ dabd

aa
ka Ch j Êa

� �ia
ja
Cj i ¼ dabd

aa
ka rað Þ

ja
ia

. Thus

eqn (30) is simplified to

i
X
ja

Xað Þaaja rað Þ
ja
ia
¼ Ch j Êa

� �ia
aa
Ĥ Cj i: (31)

The m-body Hamiltonian contribution to the RHS of eqn (31) is
evaluated as follows;

Ch j Êa
� �ia

aa
Ĥm Cj i

¼
X
mn

Ch j Êa
� �ia

aa
Ê

l

m Cj i Hmð Þlm

¼
X
mn

Ch j Ê1

� �l1
m1
� � � Êa
� �ia

aa
Êa
� �la

ma
� � � ÊK

� �lK
mK

Cj i Hmð Þl1���la���lKm1 ���ma ���mK

¼ ma

X
ja

X
k½a�l ½a�

Ch j Ê1

� �k1
l1
� � � Êa
� �iaka

jala
� � � ÊK

� �kK
lK

Cj i Hmð Þk1���aaka���kKl1���jala ���lK

¼ ma

X
ja

X
k½a�l ½a�

Ch jÊiak
½a�

jal ½a� Cj i Hmð Þaak
½a�

jal ½a�

¼ ma

X
ja

X
k½a�l ½a�

Hmð Þaak
½a�

jal ½a�
rmð Þjal

½a�

iak½a�
: (32)

In the second line of the above equation, we note that the matrix
element survives when one and only one of the ma creation operators

in Êa
� �la

ma
refers to aa A Ovir

a , and all the others to the occupied spin-

orbitals. All such cases [ma,p = aa, ma,qap A Oocc
a ;1 r p r ma] give the

same contribution since the phase (8)p�1 [+ (�) sign for bosons
(fermions), arising in (anti-)commuting the creation operators] is
canceled by shifting the corresponding annihilation operator na,p,
and the Hamiltonian is symmetric for interchange of particles
of the same kind. The third line is thus obtained after renaming

Paper PCCP

O
pe

n 
A

cc
es

s 
A

rt
ic

le
. P

ub
lis

he
d 

on
 2

5 
Ju

ly
 2

01
7.

 D
ow

nl
oa

de
d 

on
 1

1/
4/

20
25

 1
1:

13
:5

7 
A

M
. 

 T
hi

s 
ar

tic
le

 is
 li

ce
ns

ed
 u

nd
er

 a
 C

re
at

iv
e 

C
om

m
on

s 
A

ttr
ib

ut
io

n 
3.

0 
U

np
or

te
d 

L
ic

en
ce

.
View Article Online

http://creativecommons.org/licenses/by/3.0/
http://creativecommons.org/licenses/by/3.0/
https://doi.org/10.1039/c7cp02086d


22012 | Phys. Chem. Chem. Phys., 2017, 19, 22008--22015 This journal is© the Owner Societies 2017

summation variables, where k[a] = (k1,. . .,ka,. . .,kK) is the array
of m � 1 indices with ka = (ka,2,. . .,ka,ma

) and kb = (kb,1,. . .,kb,mb
)

for b a a, with l[a] defined similarly. The fourth line introduces
the short-hand notation for the array of m indices, mak[a] =
(k1,. . .,maka,. . .,kK) with maka = (ma,ka,2,. . .,ka,ma

) (mal[a] is defined
similarly), and the fifth line uses the definition of the m-body
RDM, eqn (17).

Now the RHS of eqn (31) is given by the sum over m,

Ch j Êa
� �ia

aa
Ĥ Cj i ¼ ma

X
m

X
ja

X
k½a�l ½a�

Hmð Þaak
½a�

jal ½a�
rmð Þjal

½a�

iak½a�

¼ wðaÞaa

D �� �X
ja

Hað Þjaia wðaÞja

��� E
;

(33)

where Hað Þjaia is the effective one-particle operator,

Hað Þjaia¼
X
m

maQK
b¼1

mb!

X
k½a�l ½a�

Wmð Þk
½a�

l
½a� rmð Þjal

½a�

iak½a�
; (34)

and Wmð Þk
½a�

l½a� is given in the coordinate representation as

Wmð Þk
½a�

l½a� xa; xa
0

� �

¼
ð
dy½a�dz½a�jk½a�

� y½a�
� �ð

Hm xay
½a�; xa

0
z½a�

� �
jl½a� z½a�
� �

;

(35)

where y[a] = (y1,. . .,ya,. . .,yK) is the set of m � 1 coordinates with
ya = (ya,2,. . .,ya,ma

) and yb = (yb,1,. . .,yb,mb
) for b a a, and xay[a] =

(y1,. . .,xaya,. . .,yK) is the array of m coordinates. z[a] and xa0z
[a]

are defined similarly.
Finally, gathering the occupied and virtual components of

the time derivative completes the derivation of the EOM for
spin-orbitals

i _wðaÞia

��� E
¼ i
X
ja

wðaÞja

��� E
Xað Þjaia

þ
X
aa

wðaÞaa

�� E
wðaÞaa

D ��X
jaka

Hað Þjaka wðaÞja

D ��� ra�1� �ka
ia

¼ i
X
ja

wðaÞja

��� E
Xað Þjaiaþ 1� P̂a

� �X
jaka

Hað Þjaka wðaÞja

��� E
ra
�1� �ka

ia
;

(36)

where P̂a ¼
P
ia

wia
�� �

wia
� �� is the spin-orbital projection operator

onto the occupied spin-orbital space, with which the virtual

space
P
aa

wðaÞaa

��� E
wðaÞaa

D ��� ¼ 1� P̂a is referenced as a whole, thus

avoiding the explicit use of virtual spin-orbitals. Xað Þjaia in the

first term is to be obtained by solving eqn (29), and, as
discussed above, can be set zero in the full-CI case. Eqn (27)
for CI coefficients and eqn (36) for spin-orbitals form fully
general TD-MCSCF equations of motion, not restricted to full
CI, for a system composed of any arbitrary kinds and numbers
of fermions and bosons.

4 Molecules interacting with an
external laser field

In this section we present the working equations for a molecule
subject to an external laser field. Let the molecule consist of
electrons and Kn different kinds of nuclei treated quantum mechani-
cally (the kind does not necessarily corresponds to the nuclear
species, see discussion below), and Ncl nuclei treated as a classical
point charge. For clarity and notational simplicity, we assign the
electrons to the first kind of particle (a = 1), and kinds a = 2, 3,. . .,K
represent quantum nuclei with K = 1 + Kn. The numbers of identical
particles are, as before, denoted by {Na}. Then the number of

electrons is N1, the number of quantum nuclei is Nn ¼
PK
a¼2

, and

the total number of atoms is Natom = Nn + Ncl. We use atomic units in
this section.

The spin-independent molecular Hamiltonian in the coordinate
representation is given by

H ¼
XK
a¼1

XNa

pa¼1
ha rpa ; rpa

0
; t

� �
þ
XK
a¼1

XNa

pa¼1

XNa

qa 4 pa

Uaa rpa � rqa
�� ��� �

þ
XK
a¼1

XK
b4 a

XNa

pa¼1

XNb

qb¼1
Uab rpa � rqb

��� ���� �
;

(37)

where Uab(r) = ZaZb/r is the Coulomb interaction with Za being the
electric charge, and

ha r; r0; tð Þ ¼ d r� r0ð Þ �rr0
2

2ma
þ
XNcl

A¼1

ZaZA

r�RAj j

" #
þVext

a r; r0; tð Þ; (38)

is the one-particle Hamiltonian composed of the kinetic energy [the
first term with ma being the mass (not to be confused with the
number of particles)], Coulomb interaction with classical nuclei
with the charges {ZA} located at {RA} (the second term), and the
time-dependent laser-particle interaction Vext

a , given, e.g., within
the dipole approximation either in the length gauge (LG) or in
the velocity gauge (VG), by

V ext
a,LG(r,r0,t) = �d(r � r0)ZaE(t)r, (39)

Vext
a;VG r; r0; tð Þ ¼ d r� r0ð ÞiZa

ma
AðtÞ � rr0 þ

Za
2

2ma
jAðtÞj2; (40)

where E(t) is the laser electric field, and AðtÞ ¼ �
Ð
EðtÞdt is the

vector potential.
The general formulation of Section 3 is readily applicable to

the molecular Hamiltonian of eqn (37). The CI EOM reads

i _CI ¼
X
J

Ih j
X
a

X
ia ja

~ha

� �ia
ja

Êa
� �ia

ja

"

þ 1

2

X
a

X
iajakala

Uaað Þiakaja la
Êa
� �iaka

jala

þ 1

2

X
a

X
baa

X
iajakblb

Uab
� �iakb

jalb
Êa
� �ia

ja
Êb
� �

Þkblb

3
5 Jj iCJ ;

(41)
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where

~ha

� �ia
ja
¼
ð
dxaw

ðaÞ�
ia

xað Þ haðtÞwðaÞja

h i
xað Þ � i Xað Þiaja ; (42)

Uab
� �iakb

jalb
¼ ZaZb

ð
dxadxb

0w
ðaÞ�
ia

xað ÞwðbÞ�kb
xb
0� �
wðaÞja

xað ÞwðbÞlb
xb
0� �

ra � rb
0�� �� ;

(43)

with xa = (ra,sa) being the composite spatial- and spin-
coordinates, and the EOM for spin-orbitals is given by

i _wðaÞia

��� E
¼ i
X
ja

wðaÞja

��� E
Xað Þjaia þ 1� P̂a

� �
ha þ V

ðaÞ
ia

� �
wðaÞia

��� E
; (44)

where the one-body contribution to the second term of eqn (36)

is extracted to lead to ha wðaÞia

��� E
by noting rað Þ rað Þ

�1
h iia

ja
¼ diaja , and

V
ðaÞ
ia

wðaÞia

��� E
¼
X
jaja
0

X
b

X
kb lb

Wab
� �kb

lb
wðaÞ
ja
0

��� E
rab
� �ja0 lb

jakb
ra
�1� �ja

ia
; (45)

Wab
� �kb

lb
xað Þ ¼ ZaZb

ð
dxb

0w
ðbÞ�
kb

xb
0� �
wðbÞlb

xb
0� �

ra � rb
0�� �� : (46)

Finally, eqn (29) is formulated as the linear system of
equations, X

b

X
kb lb

Aab
� �iakb

jalb
Xb
� �kb

lb
¼ Bað Þiaja : (47)

where Aab
� �iakb

jalb
¼ �Aab
� �iakb

jalb
� �Aba
� �kbia

lb ja
, Bað Þiaja¼ Fað Þiaja� Fað Þja

�

ia
, with

�Aab
� �iakb

ja lb
¼ dab rað Þ

la
ib
djaka � Ch j Êa

� �ia
ja
P Êa
� �kb

lb
Cj i; (48)

Fað Þiaja ¼
X
ka

hað Þjaka rað Þ
ka
ia

þ
X
ka

X
b

X
kb lb

Uab
� �jakb

kalb
rab
� �kalb

iakb
� Ch j Êa

� �ia
ja
PĤ Cj i:

(49)

In order for eqn (47) to be solvable (with non-singular coefficient
matrix A), one needs a systematic method of constructing non-
full-CI space analogous to the TD-ORMAS method10 for electrons.
We shall discuss this issue in the future publication.

Equations of motions (41) and (44), with the matrix eqn (47),
define the general TD-MCSCF method, not restricted to full CI,
for molecules interacting with an external field. Our formulation
is very flexible; it includes as special cases both the electron
dynamics at the classical-nuclei approximation (Nn = 0, Ncl =
Natom) and the full quantum molecular dynamics (Nn = Natom,
Ncl = 0). Furthermore, it allows various approaches to the same
physical problem; e.g., the same nuclear species in the molecule
can be treated either as identical particles or distinguishable ones
to investigate the physical outcomes of the particle statistics
during the course of laser-molecule interactions.

5 Numerical examples

In order to demonstrate the utility of the TD-MCSCF method for
an exactly solvable system, in this section, we consider a one-
dimensional model hydrogen molecular ion with the singlet
protonic spin configuration (1D para-H2

+), driven by an intense
near-infrared laser pulse. The Hamiltonian within the dipole
approximation in the velocity gauge is given in terms of electron
coordinate x and proton coordinates X1, X2 by

HH2
þ ¼ � 1

2

@

@x
þ iAðtÞ


 �2
�
X2
p¼1

vne x� Xp

� �

þ
X2
p¼1

�1
2M

@

@Xp
� iAðtÞ


 �2
þvnn X1 � X2ð Þ;

(50)

where M denotes the proton mass, and vneðrÞ ¼ 1
. ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

cne þ r2
p

,

and vnnðrÞ ¼ 1
. ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

cnn þ r2
p

are the electron–proton and proton–

proton soft Coulomb potentials, respectively. Following ref. 25,
we set cne = 1 and cnn = 0.03, and transform the coordinates as
z = x� (X1 + X2)/2, X = (X1 + X2)/2, and R = X1� X2. Neglecting the
terms involving X, q/qX and transforming into the length gauge
lead to the reduced Hamiltonian,25

HH2
þ
0 ¼ � 1

2me

@2

@z2
� vneðz� R=2Þ � vneðzþ R=2Þ � qeffEðtÞz

� 1

M

@2

@R2
þ vnnðRÞ;

(51)

with me = 2M/(2M + 1) and qeff = �(2M + 2)/(2M + 1). This
Hamiltonian was used, e.g., for investigating charge-resonance
enhanced ionization,25 but application of the multiconfiguration
method to this system in the context of highly nonlinear laser-
driven dynamics such as high-harmonic generation has not
previously been reported to the best of our knowledge.

Let us compare the following treatments: (1) numerically
exact solution of the time-dependent Schrödinger equation
(TDSE) for the spatial part Cexact(z,R,t) of the 1D � 1D wave-
function by discretizing electron coordinate z and nuclear
distance R with constant grid spacing dz = 0.4 and dR = 0.2,
respectively, within the simulation volume |z| o 640 and |R| o 80,
(2) the electron only dynamics by solving for electronic wave-
function Cfixed(z,t) given the first line of eqn (51) with a fixed
(near to equilibrium) internuclear distance R0 = 2.6 [fixed
(classical point) nuclei approximation], and (3) TD-MCSCF
method with the total wavefunction given by

Cnðz;R; tÞ ¼
Xn
i¼1

Xn
j¼1

CijðtÞwei ðz; tÞwnj ðR; tÞ; (52)

using n occupied spatial orbitals both for the electron and the R
degree-of-freedom of the protons. Note that n = 1 corresponds,
in this example, to the time-dependent Hartree approximation,
CTDH = C1 = we

1(z,t)wn
1(R,t). (4) Based on this TDH method we also

consider the frozen (quantum) nuclei approximation, where the
protonic orbital is fixed to the initial form,
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Cfrozen(z,R,t) = we
1(z,t)wn

1(R,0). (53)

The same spatial discretization as that in the first treatment is
applied to the latter three. For each method described above we
first obtain the ground state by imaginary time propagation of
the respective EOM, and then investigate the molecular
dynamics induced by the NIR laser pulse with a peak intensity
of 1014 W cm�2 and a central wavelength of 800 nm, with a sin2

envelop of the foot-to-foot pulse duration of 12 optical cycles.
The TDH ground state orbitals are used as initial orbitals in
eqn (53).

Fig. 1 shows the time evolution of the dipole acceleration
a(t) = d2hC(t)|z|C(t)i/dt2 computed using the Ehrenfest theorem.
As shown in Fig. 1(a), both fixed-nuclei (light blue curve) and
frozen-nuclei (red) approximations strongly underestimate the
nonlinear response seen in the TDSE result (black), which
suggests the importance of the dynamical quantum treatment
of nuclei. The TD-MCSCF method with n = 1, or TDH [Fig. 1(b)]
provides improved description of the nonlinear response, but
still fails to quantitatively reproduce the TDSE result. The
TD-MCSCF method with n = 8 [Fig. 1(c)], on the other hand,
produces the dipole acceleration that agrees with the TDSE

result nearly perfectly, on the scale of the figure. The HHG
spectra calculated as the modulus squared of the Fourier transform
of the dipole acceleration are shown in Fig. 2. The fixed and frozen
nuclei approximations underestimate the intensity of the first few
harmonics, while overestimating the higher plateau (the cutoff
position is estimated to be the 39th harmonic from the Lewenstein
model26) [Fig. 2(a)], both suggesting an important contribution from
(more polarizable and loosely bound) the larger |R| region in the
TDSE result. The TD-MCSCF spectrum with increasing n [shown for
n = 1 (Fig. 2(b)) and n = 8 (Fig. 2(c))] shows increasingly better
agreement with the TDSE one, and the TD-MCSCF method with
n = 8 nicely reproduces the overall spectrum obtained using the
TDSE simulations, especially for low-order harmonics, albeit
with a still remaining slight overestimation of the plateau intensity
which implies a strong electron–proton correlation.

Finally, also plotted in Fig. 2(b) with a red line is the result of
TD-MCSCF method directly applied to the Hamiltonian of the
original coordinate, eqn (50), with one electronic orbital and
two protonic orbitals to expand the three-particle wavefunction
C(x,X1,X2), using the method described in ref. 19 to eliminate

Fig. 1 Time evolution of the dipole acceleration of one-dimensional H2
+

exposed to a laser pulse with a wavelength of 800 nm and an intensity of
1.0 � 1014 W cm�2. Comparison of the results of fixed nuclei and frozen
nuclei approximations (a), TD-MCSCF method with n = 1 (b), and
TD-MCSCF method with n = 8 (c) with numerically exact TDSE results.

Fig. 2 The HHG spectra of one-dimensional H2
+ for the same laser pulse

and simulation methods as those in Fig. 1. Comparison of the results of
fixed nuclei and frozen nuclei approximations (a), TD-MCSCF method with
n = 1 (b), and TD-MCSCF method with n = 8 (c) with numerically exact
TDSE results. Also shown in (b) is the result of the TD-MCSCF method
directly applied for the Hamiltonian of eqn (50) with one electronic orbital
and two protonic orbitals.
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the translational degree of freedom. We find a remarkable
agreement between the results from the original Hamiltonian
eqn (50) and the reduced Hamiltonian eqn (51). The former
approach can be applied to more complex systems in general.

6 Summary

We have developed a fully general ab initio TD-MCSCF approach
to describe the dynamics of a many-body system that is a mixture
of any arbitrary kinds and numbers of fermions and bosons
subject to an external field. In this approach, the total wave
function is expanded in terms of configurations constructed from
time-dependent single-particle spin-orbitals. The expansion is
not limited to the full-CI one, and the configurations used in
the expansion can be specified in terms of the whole mixture. The
equations of motion for the CI coefficients and spin-orbitals have
been derived, based on the time-dependent variational principle.
Furthermore, we have presented the working equations applicable
to the investigation of the ultrafast dynamics in a molecule
irradiated by intense laser fields and/or ultrashort XUV pulses.

The present framework is highly flexible. For example, we
can treat identical nuclei in spatially separated subdomains of a
molecule as different particle kinds. We can also treat heavy
nuclei and incident projectiles as classical particles18 instead of
quantum ones. The latter may be handled as an external field
as well. This flexibility will be useful for unraveling the physical
mechanisms underlying the phenomena under investigation.27

As a future prospect, an introduction of a CI space that adaptively
changes following the dynamics as well as an inclusion of particle
conversion16 would enable even more efficient and flexible
simulations.

Whereas our original motivation lies in ab initio simulations
of the electron–nuclear dynamics in molecules driven by a laser
pulse, our method will be applicable to a wide variety of
problems far beyond. Especially, the Hamiltonian can contain
non-local terms and involve many-body (more than two-body)
interactions. Thus, it may also find applications in cold-atom/
cold-molecule physics and nuclear physics.
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