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Slip on a particle surface as the possible origin
of shear thinning in non-Brownian suspensions

Martin Kroupa, Miroslav Soos* and Juraj Kosek*

Concentrated suspensions of non-Brownian particles exhibit a decrease in their viscosity with the

increasing shear rate, a phenomenon called shear thinning. We present a possible explanation for this

long-standing problem based on recent advances in the connection between the slip on the surface of

the particles and the suspension viscosity. By expressing the energy dissipation between a pair of

particles as a function of the local shear rate, it is possible to directly link the decrease of the viscosity

with the shear rate to the slip of solvent molecules on the particle surface. Good agreement with

various experimental data suggests that the surface slip might be important for the rheology of

suspensions. The implications of this idea are relevant for a broad spectrum of applications as they show

that not only the bulk properties, but also the properties of the solid–liquid interface are crucial for the

flow in crowded systems.

Introduction

The shear thinning behavior in non-Brownian hard-sphere suspen-
sions is a puzzling phenomenon that has not yet been satisfac-
torily explained.1,2 The experimental evidence of this effect goes
back to Krieger (1972) or de Kruif et al. (1985) with more recent
experimental works confirming the decrease in viscosity with
the shear rate under carefully controlled conditions.3–6

Theoretical descriptions of shear thinning often consist
merely in using the classical equations of Krieger and Dougherty
(1959) or Maron and Pierce (1956) and plugging in different
values of the maximum packing fraction fmax for the low-shear
and the high-shear viscosity.7,8 The same approach is used also
in the more recent theory based on the differential viscosity
model.9 The main disadvantage of this approach is that it does
not contain any underlying physical mechanism to explain the
shear-thinning behavior.

For the case of colloidal hard-sphere suspension, i.e., parti-
cles that are subject to the Brownian motion, the presence of
shear thinning is often explained by shear-induced changes in
the microstructure.10–13 For small values of the shear rate, the
structure of the suspension is random owing to the Brownian
motion. With increasing shear rate, the thermal motion is not
sufficient to preserve the random configuration and particles
start to align with the flow decreasing their resistance and
therefore the suspension viscosity also decreases. When the
shear rate is increased even more, the particles start to form

hydroclusters, which leads to the increase of the viscosity, i.e.,
shear thickening.14

When it comes to the explanation of shear thinning in
non-Brownian hard-sphere suspensions, the decrease of the
viscosity with the shear rate clearly cannot be ascribed to the
competition between the Brownian motion and hydrodynamic
forces, because for particles larger than roughly 10 mm the
random motion is negligible. In the literature, the loss of
symmetry (e.g., upon reversal of the flow) at high concentrations
caused by the chaotic nature of particle flow15 or the presence of
many-body interactions16 is often quoted as the possible explana-
tion. The relation between the microstructure and the rheology in
noncolloidal suspensions was modeled by Sierou and Brady (2002)
revealing a strongly non-Newtonian behavior in terms of the
normal stresses as a result of anisotropy.17 These findings are very
important for the understanding of the complicated issue of
hydrodynamics at high particle volume fractions. However, the
microstructure in concentrated suspensions is quite difficult to
measure.18 Furthermore, it is difficult to actually use these results
for the prediction of viscosity or for the comparison with
experimental data.

We suggest a different mechanism responsible for the shear
thinning behavior and this mechanism is the slip of solvent
molecules on the surface of the particles, particularly the shear-rate
dependence of the slip length b, which is the measure of the extent
of the slip. In the following, we first provide arguments highlighting
the possible importance of the slip for the suspension rheology,
then we derive the governing equations for the proposed model
and finally we compare the predictions of the model with
experimental data and draw some major conclusions from
our observations.
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Surface slip

The classical description of the solid–liquid interface in the fluid
mechanics relies on the no-slip boundary condition. This condition
was however often found not to be valid on the micro- and nanometer
scale due to various effects, such as the surface roughness or the
presence of a lubricating gas film on the surface.19 The presence of
the partial slip has important consequences for microfluidics or
micro- or nano-structured materials (super-hydrophobicity). How-
ever, there is a potentially important consequence of the partial
slip on the particle surface to the rheology of suspensions and this
idea has not yet been addressed in the literature.

There are multiple reasons why the surface slip should be
important in concentrated suspensions. Firstly, several studies have
found the slip length to increase with the surface roughness.19–22

Since only a very small fraction of materials exhibit molecular
smoothness,23 this effect is likely to be important for typical
suspensions. Secondly, the surface slip was observed to be more
pronounced for hydrophobic surfaces, although non-negligible
values of the slip length were observed also for hydrophilic
materials.19–21,23,24 This is of particular importance for latexes
as they are commonly used as model systems for rheological
measurements. Finally, a large number of studies showed the
slip length to increase with the increasing shear rate.20,21,24–28 As
we demonstrate later, for concentrated suspensions, the local
shear rate g between a pair of particles can be much larger (by
orders of magnitude) than the imposed shear rate G (e.g., in a
simple shear flow). Together with our recent finding that the
increasing slip length causes the suspension viscosity to
decrease,29 this suggests that the surface slip might be respon-
sible for the viscosity decrease with the increasing shear rate.

It is difficult to quantify the extent of the surface slip for
given conditions and attribute it to a particular cause, as more
effects usually take place at the same time. Also, direct mea-
surements using an AFM colloidal probe often show significant
scatter.21,30 While the presence of a lubricating gas layer is
improbable due to the large shear rate, the combined effect of
surface roughness and hydrophobicity can lead to a significant
slip as reported by the aforementioned experimental studies.

It was recently pointed out that the rich experimental evidence of
the slip length increasing with the shear rate is incorrect due to
inaccurate interpretation of AFM colloidal probe experiments.31 The
authors argue that b must decrease with G because otherwise the
slip velocity would diverge upon the contact of particles, in the
framework of the lubrication theory. However, the usage of this
continuum-based approach is highly questionable in this limiting
case of a molecularly-thin lubrication layer and other mechanisms
originating from the discrete nature of solvent molecules are likely to
play an important role. Furthermore, the evidence of b increasing
with G was observed not only in AFM colloidal probe measurements,
but also in a cone-plate rheometer21 and micro-channel flow.21,27

Theory

We begin the derivation of the model equations with a simpli-
fied consideration of a flow between two isolated particles.

Let us consider the case of two equal-sized particles approaching
each other. We define a cylindrical coordinate system (r,z) as
shown in Fig. 1 with the angular coordinate not important due to
the symmetry of the system. In this setup, h0 is the distance of
the closest separation between the particle surfaces and R is the
radius of the particles. The r-dependent distance between the
particle surfaces is defined as follows:

hðrÞ ¼ h0 þ 2 R�
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
R2 � r2
p� �

: (1)

With the assumption of a creeping flow, the gradient of the
fluid pressure between the spheres in the framework of the
classical lubrication theory is defined as:31

@pðr; zÞ
@r

¼ Z0
@2vrðr; zÞ
@z2

; (2)

where p is the pressure, vr is the radial velocity and Z0 is the
fluid dynamic viscosity.

At the surfaces of the particles z ¼ �hðrÞ
2

� �
, we define the

local shear rate:

gðrÞ ¼ @vrðr; zÞ
@z

����
z¼�hðrÞ

2

(3)

and the fluid slip velocity:

vr r;�hðrÞ
2

� �
¼ gðrÞbðgðrÞÞ; (4)

where b(g(r)) is the slip length dependent on the shear rate.
The solution of eqn (2) with the boundary conditions given

by eqn (4) is:31

vrðr; zÞ ¼
p0ðrÞ
2Z0

z2 � hðrÞ2
�
4

	 

� gðrÞbðgðrÞÞ; (5)

where p0ðrÞ ¼ @pðr; zÞ
@r

, assuming that the gradient does not vary

with z. Finally, the local shear rate at the surface is:

gðrÞ ¼ @vrðr; zÞ
@z

����
z¼�hðrÞ

2

¼ �hðrÞ
2Z0

p0ðrÞ: (6)

Let us now focus on the case of the two spheres moving
towards each other, the velocity is expressed as the change of
separation

:
h (

:
h o 0 for approach and

:
h 40 for retraction).

Applying the mass conservation of the fluid, the rate of change

Fig. 1 Schematics of the cylindrical coordinate system considered in this
work.
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of the volume of a cylinder with radius r must be equal to the
rate of fluid flow across the side walls of the cylinder:32

pr2 _h ¼ �
ðhðrÞ=2
�hðrÞ=2

2prvrðr; zÞdz

¼ �2pr p0ðrÞ
24Z0

hðrÞ3 � bðgðrÞÞgðrÞhðrÞ � gðrÞ
4

hðrÞ2
� �

:

(7)

The shear-dependent slip length b(g(r)) typically has a low-shear
limiting value bmin and a high-shear limiting value bmax with a
transition between these two limits occurring at a certain value
of the shear rate gc.24,26 This dependence can be conveniently
described using the following relation:

bðgðrÞÞ ¼ bmax �
bmax � bmin

1þ gðrÞj j
gc

: (8)

The typical shape of the curve described by eqn (8) is shown in
Fig. 2a.

Plugging eqn (8) into eqn (7), we obtain a quadratic equation
for p0(r) with the following solution:

p0ðrÞ ¼ �B�
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
B2 � 4AC
p

2A
; (9)

where

A ¼ 2hðrÞ4
48Z02gc

þ bmaxhðrÞ3
4Z02gc

; (10)

B ¼ 2hðrÞ3
24Z0

þ bminhðrÞ2
2Z0

��r
_hhðrÞ

4Z0gc
; (11)

C ¼ �r
_h

2
: (12)

In eqn (9), the plus sign applies to the retraction ( p0(r) 4 0)
and the minus sign to the approach ( p0(r) o 0). The shear rate
g(r) is obtained from eqn (6).

For the determination of the viscosity of the suspension, let us
develop the following consideration. We define f as the particle
volume fraction of equal-sized spheres and fmax as the maximum
achievable f, at which the spheres touch each other. We assume
that we can arrive to an arbitrary f by starting at fmax (i.e., a
jammed system) and then by shrinking all the spheres (i.e.,
decreasing R) equally until the desired f is reached. In that case,
the mean distance between two spheres in the system is:

�h0 ¼ 2R

ffiffiffiffiffiffiffiffiffiffi
fmax

f
3

s
� 1

 !
: (13)

When this expression is plugged into eqn (1), we get after the
procedure detailed above the local r-dependent shear rate g(r)
as a function of particle volume fraction.

Further, considering a pair of spheres in a simple shear flow
with global shear rate G, we can express the approach rate of
these spheres as:

:
h = �GR. (14)

This, of course, assumes certain orientation of the spheres
in the flow, but it can serve as a good approximation for
the argument presented in this work. For the retraction, the
solution would be entirely analogical due to the fore-aft sym-
metry of the creeping flow. Using this expression together with
eqn (6) and (9) one can obtain the local shear rate g(r) as a
function of both particle volume fraction f and the applied
shear rate G, which is a typical example in a rheological
measurement.

Interestingly, this local shear rate g(r) varies quite significantly
with both the radial coordinate r and the separation distance h0.
For small h0, it can reach much higher values than the value of the
applied shear rate G (see Fig. 2b for a comparison with the no-slip
boundary condition).

Finally, the local shear rate g(r) between the particles can be
viewed as an additional source of energy dissipation that
originates from the presence of particles. As such, it should
lead to an increase of the viscosity. We denote the maximum

Fig. 2 (a) The slip length b as a function of shear rate g. The values of
the parameters were bmin = 0 nm, bmax = 5 nm and gc = 1 � 103 s�1. (b) The
local shear rate g(r) as a function of the radial coordinate r. The values of
the parameters were bmin/R = 0, bmax/R = 0.04 for the partial slip condition,
bmin/R = bmax/R = 0 for the no-slip condition, gc = 1� 103 s�1, G = 1� 105 s�1

and h0/R = 0.02.
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local shear rate with respect to r as gmax = max|g(r)| and we
make an assumption that it is this maximum local shear rate
that contributes most to the increase in viscosity. Then, we can
express the total shear stress s as follows:

s = s0 + sp = Z0G + Z0gmax(f,G). (15)

where s0 is the stress due to the fluid and sp is the additional
stress due to the presence of the particles.

If we divide the whole equation with the global shear rate G,
we arrive to the expression for the suspension viscosity:

Z ¼ Z0 1þ gmaxðf;GÞ
G

� �
: (16)

Note that the maximum local shear rate gmax is a function of f
and G and that it depends on the parameters bmin, bmax, gc and fmax.

Results and discussion

The viscosity predicted by eqn (16) is compared with the
experimental data for a hard sphere system in both the low-
shear limit and the high-shear limit in Fig. 3. It is clear that
there is a very good agreement between the predictions of our
model and the experimental data.

In Fig. 4, we show the comparison with experimental data
of5 and6 for the shear-rate dependent viscosity. Our model
correctly captures the trend of more pronounced shear-thinning
behavior for larger f. Also, the quantitative agreement in terms of
the dependence of Z on f is good. The sharp decrease of viscosity
for values of the shear rate close to G = 1 � 102 s�1 in the
experimental data is an artifact caused by the so-called edge
fracture1,5,6 and thus it does not represent a disagreement
between the experiments and our model.

Experimental data from four various measurements were
successfully captured by the presented model. The fact that the
minimum slip length bmin is equal to zero in all cases suggests
that the slip does not occur (or is negligible) for small values of
the shear rate. This also effectively reduces the number of

parameters of our model. Also, the maximum slip length was
the same in all four cases and its value bmax/R = 0.04 is
reasonable when compared to direct measurements using an
AFM colloidal probe.20,33–35 The critical shear rate was equal
to gc = 1 � 103 s�1 for the measurements reported in ref. 3, 4
and 5. The fact that the value of gc was nearly three orders of
magnitude lower for the case of ref. 6 reflects the fact that the
shear thinning occurs at much smaller values of the shear rate
in this case. It is however not clear, whether this parameter has
some actual physical meaning.

It is worth noting that the values of fmax resulting from the
fitting to various experimental data are smaller than the values
commonly used in the literature (usually between fmax = 0.63
and fmax = 0.743,9). However, one could encounter also values as
low as fmax = 0.524.36 Other reasons for this discrepancy include
the fact that the viscosity in the present model is evaluated based
on the energy dissipation between an isolated pair of particles,
while in reality the many-body interaction in a concentrated
suspension might further increase the dissipation.

Fig. 3 Suspension viscosity as a function of particle volume fraction f in
the low-shear and high-shear limit. The symbols represent experimental
data of3 (triangles) and4 (circles). The values of parameters were bmin/R = 0,
bmax/R = 0.04, gc = 1 � 103 s�1 and fmax = 0.60.

Fig. 4 Suspension viscosity as a function of shear rate for different values
of the particle volume fraction. (a) Both symbols and lines from bottom to
top, f = 0.306, 0.356, 0.407, 0.457, 0.507 and 0.557. The symbols represent
experimental data of Zarraga et al. 2000.5 The values of parameters were
bmin/R = 0, bmax/R = 0.04, gc = 1� 103 s�1 and fmax = 0.57. (b) Both symbols
and lines from bottom to top, f = 0.10, 0.20, 0.30, 0.35, 0.40 and 0.45. The
symbols represent experimental data of Dai et al. 2013.6 The values of
parameters were bmin/R = 0, bmax/R = 0.04, gc = 2 s�1 and fmax = 0.51.
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In the model, a static configuration of particles is consid-
ered for the determination of %h0, while in an actual flowing
system, there will be a time-dependent distribution of the inter-
particle distances. This distribution also differs locally, leading
to an anisotropic microstructure of the suspension. For large
values of the shear rate, the changes in the microstructure can
lead to the formation of hydroclusters and the subsequent
increase of the suspension viscosity. As this is a process
primarily caused by lubrication forces, the shear-dependent
slip may affect it as well. Also, we consider the lubrication as
the only source of dissipation in the system neglecting the long-
range hydrodynamic interaction. Although this limits our
approach to concentrated systems, for which the lubrication
is dominant, the agreement with experiments is quite good also
for less concentrated suspensions. Nevertheless, even with
these simplifications, the model is able to fit various experi-
mental data for non-Brownian hard-sphere suspensions very
well and with reasonable values of the model parameters.

Conclusions

The presented model connects the shear thinning behavior in
hard-sphere suspensions to the phenomenon of the slip on the
surface of particles and its dependence on the local shear rate.
To the best of our knowledge, this connection and derivation is
presented for the first time. The big advantage of the proposed
approach when compared to different models is the fact that it
can be well tested experimentally. The preparation of a suspen-
sion with different surface properties (hydrophobic vs. hydro-
philic) or changing the roughness of the particles is technically
possible. The slip length can be measured using an indepen-
dent technique (such as the AFM colloidal probe) and the
predictions of our theory can be subsequently compared to
actual rheological measurements. In fact, the study of Moon
et al. (2015) showed more pronounced shear-thinning behavior
for rougher particles,37 which using our theory can be explained
by the increase of the slip length. An open question in this
respect is the ratio of the length-scale of the surface roughness
to the particle size, i.e., the possible dependence of the viscosity
on the size of particles.

The possible impact of the main idea of this work is much
broader than the field of hard-sphere suspension rheology. The
fact that the viscosity of a dispersion might be affected by the
slip of the solvent molecules on the surface of the particles is
relevant also for the behavior of bio-based systems, such as
proteins or biological fluids.
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