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The interaction of protein-coated bionanoparticles
and surface receptors reevaluated: how important
is the number of bonds?†

Wenjing Wang,*a Andreas Voigtb and Kai Sundmacherab

Specifically designed bionanoparticles with a function-oriented protein-coating layer interact with self-

prepared receptor surfaces as the counterpart. Based on surface plasmon resonance biosensing

experiments, a model framework is validated to estimate the number of bonds formed between these

bionanoparticles and the receptor surface based on multivalent interactions. Our multi-site kinetic

model is able to analyze the adsorption rate constants and the number of bonds from experimental data

of natural and synthetic bionanoparticles. The influence of the mass transport on the adsorption kinetics

is modeled including a diffusional boundary layer where a helpful analytical solution has been derived.

Our model framework extends previous studies to include a higher number of bonds, ranging from 1 up

to 1000. An almost linear relationship between the number of bonds and the adsorption amount of

bionanoparticles makes the model framework suitable to predict, for example, ligand density and to

further assess coating performance. The proposed model framework can serve as a design tool for

multivalent interaction experiments under variable process conditions.

1. Introduction

The functionality of a biological system relies on the interaction
between the individual parts and components. By these inter-
actions, the fundamental processes of recognition,1 transport2

and signaling3 are driven and regulated. Typically, two parts or
entities interact in complex ways, often by multivalent inter-
actions. In order to fulfill a given functionality, for example for
transport, these multivalent interactions can be enhancing or
inhibiting. If multivalent interactions are enhanced, they can
promote for example the avidity between influenza virus nano-
particles and their corresponding receptors in an affinity
chromatography downstream purification process of vaccine
production.4–6 If multivalent interactions are inhibited, for
example by polymer addition,7–9 the attachment of the influ-
enza virus to erythrocytes and subsequently an infection are
prevented. The option to switch between enhancement and
inhibition relies highly on the inherent properties of the multi-
valent interactions. In order to manipulate the properties of
interacting entities, we require a systematical bank of knowledge,

experimentally as well as theoretically. Here, either natural systems
or a specifically designed synthetic system can be applied to create
this important knowledge base.

Two interacting biological entities in a liquid environment
can be either natural or application-oriented synthetic partners.
Synthetic systems have been developed by current nanotechnologies,
examples are nanocarriers targeting cells as a promising pharma-
cotherapy,10,11 or virus like particles.12,13 In Fig. 1a, a typical
partner system is shown, where a spherical particle (entity 1)
interacts with a surface (entity 2) in a liquid flow.14,15 Generally
speaking, studies of such a system may include the scaffold and
linker,16–20 the liquid environment,21 the ligand of entity 122–24

and the receptors of entity 2.25 All of these parts support the
interaction, either monovalent or multivalent as illustrated in
Fig. 1b. The valency of interaction is defined by the number of
bonds (here, a symbol of n) formed between ligands of entity 1
and receptors of entity 2. For monovalent interaction n = 1,
while for multivalent interaction n Z 2. The study of the
interaction mechanism includes adsorption and desorption.
Under changing environmental conditions, the adsorbing and
desorbing behavior depends strongly on the number of bonds.
This number n is important to evaluate cooperativity (bond
strength) or to jointly analyze kinetics and thermodynamics for
interacting biological partners.

The binding models are developed to understand the
adsorption and desorption under the influence of the number
of bonds. The most common kinetic model is the Langmuir
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binding model (n = 1),26–28 which indeed provides an easy way
to evaluate the kinetic rate and equilibrium constants in terms
of simple equations and the cheap computation. Because of
the prevention of the multivalent information in the system,
however, efforts have been made to establish alternative models
in order to improve the interpretation of the binding behavior
between ligands and receptors influenced by the number of
bonds. For this purpose, some bivalent binding models (n = 2)
were developed. Müller et al., for example, proposed a model to
quantitate the influence of bivalent binding.29 Furthermore,
Tassa et al. realized the weakness of the Langmuir binding
model and extended it to a simple binary interaction model
in order to fit the experimental data better.30 Schiavo et al.
measured and interpreted the behavior of bivalent attachments
under force based on an experimental model system of mono-
valent attachments.31 A simple extension of bivalent models to
include trivalent interactions (n = 3) would not lead to a really
appropriate estimation of avidity. If the number of bonds in the
experimental system is higher, the deviation between experi-
mental observations and these models would just increase. In
general, the higher number of bonds leads to alternative models
to study the interaction mechanism. For example, Chou et al.
proposed a linear surface reaction scheme to describe the
ligand–receptor binding events at the cellular surface as a
multistage surface kinetics.32 Dongen et al. proposed a folate-
keyed interaction between a dendrimer (entity 1 with a folate as
ligand) and a surface (entity 2 with a protein as receptor) in the
general framework of slow-onset, tight-binding mechanisms.33

All of the models mentioned here, monovalent, bivalent, or
higher-valent, require the information regarding the number of
the bond n as a known input value. The question raised is: is it
possible to determine the number of bonds formed inherently

between two biological partners? With this number, one could
then closely relate the experimental observation to theoretical
modeling and create a knowledge database for multivalent
interactions.

To answer the question, this work aims to establish a suitable
kinetic model to estimate the intrinsic number of bonds formed
between two multivalent-interacting entities in a biological
system as depicted in Fig. 1, and to analyze the correlations of
the kinetics and the equilibrium related to this number of
bonds. For this purpose, the modeling framework is connected
to the experimental surface plasmon resonance (SPR) biosensing
system. The broadly applied SPR system can monitor multi-
valent interactions (see Fig. 1). Accordingly, a geometrical model
including the microfluidic domain of the SPR unit is required in
our modeling framework. The SPR experimental data may
reflect not only the inherent interaction kinetics at the receptor
surface but also the transport mechanism between the fluidic
bulk and the receptor surface. Thus, the analysis of the mass
transport (convection and diffusion) is necessary to improve the
estimation of adsorption rate constants.34,35 As a consequence
of this consideration, the model framework for the multivalent
interaction contains not only the interaction kinetic model, but
also the model for the transport phenomena, including momentum
and mass. By comparing the transport rates to the intrinsic
interaction kinetic rates, there are two limiting cases where the
model of the mass transport can be simplified: the transport-
limited case36,37 and the kinetic-limited case.38,39 But it is
difficult to differentiate between the transport limitation and
the kinetic limitation in this interaction process. It is highly
possible to either underestimate or overestimate the rate
constants.40 In order to improve our estimation, we model the
transport phenomena based on the boundary layer theory. The
interaction kinetics is simulated by the multisite kinetic model,
which we validated in a previous work in order to estimate the
number of bonds formed between the influenza virus particles
and the biosensing surface.41

Our model framework is then evaluated by adsorption data
from the SPR experiments with three examples in terms of entity 1
in Fig. 1. Entity 1 will be termed briefly as the ‘‘bionanoparticle’’ in
the following. We study the three bionanoparticles: influenza
virus nanoparticles, human IgG ligands, and human IgG coated
nanoparticles. The receptor for influenza virus is chosen as
Euonymus europaeus lectin in accordance with the avidity.41 The
synthetic bionanoparticles were prepared by coating the polystyrene
nanoparticles (110 nm in diameter) with polyclonal human IgG with
the help of a carbodiimide reaction. Correspondingly, Protein A was
chosen as the receptor and immobilized at the SPR sensor
surface. A study performed by Yang et al. showed that two IgGs
bind to one Protein A,42 which verifies that the interaction in
this work belongs to the multivalent interaction. According to
the results of nonlinear least square fitting, the model frame-
work is capable to analyze not only the natural entities (influenza
viruses and human IgG) but also the synthetic entities (human
IgG coated nanoparticles). Furthermore, the developed model
framework has been successfully applied to analyze the adsorption
kinetics of the established multivalent interactions under the

Fig. 1 (a) Illustration of multivalent interactions between two interacting
partners, where entity 1 is a bionanoparticle and entity 2 the receptor
surface. (b) Definition of multivalence. n stands for the number of bonds
formed between the ligands of entity 1 and the receptors of entity 2.
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influence of ligand density and receptor density.43 After the
evaluations, the model framework is used to simulate the multi-
valent interactions between the bionanoparticles and the surface,
especially focusing on the investigation of the number of bonds.

2. Model framework

A multi-site approach describing the kinetics of the multivalent
adsorption at the receptor surface is developed in Section 2.1.
This multi-site kinetic model is later validated using experi-
mental data from SPR spectroscopy. In order to incorporate
transport phenomena of the SPR system which may partially
influence the experimental data set, a model framework com-
bining multi-site kinetics and fluid flow is introduced. Certain
assumptions are made according to experimental constraints.
As shown in Fig. 2 with a step-input signal (upper part), the SPR
device detects the amount of bionanoparticles adsorbed on the
probing area on top of the flow cell while the solution flows
continuously through the cell (x-direction) at the constant flow
rate. A quasi-2D flow is assumed to neglect the model equations
in the z-direction due to the large aspect ratio (w/2h c 1). The
system equations of the model framework in Fig. 2 (bottom
part, middle panel) include three parts: the multisite kinetic
model, the equations for the flow field, and the mass balances.
In Section 2.2, the 2D momentum balances will be simplified
by applying the classical boundary layer theory, which leads to
an analytical expression for the flow field in the SPR flow cell.
Based on that, the mass balance of the bionanoparticles transported
by the fluid flow can be formulated. The mass balance in the
fluid is coupled with the mass balance of bionanoparticles
adsorbed at the receptor surface through the multivalent
interaction (see Section 2.3).

2.1. Multivalent adsorption kinetics

Due to a strong binding and corresponding high avidity of the
bionanoparticles to the receptor surface, we assume an irreversible
and monolayer adsorption which was also experimentally observed
for influenza viruses.40 Regarding the mechanism of the multi-
valent interaction, it is crucial to consider the binding sequence
between the ligands and the receptors. Fig. 3 shows that three

main modes can be proposed in terms of binding: all-or-none
(a - d), zipper-like (a - b - c - d), or an intermediate mode
(a - c - d, or a - b - d). They can be implied from the
observed unbinding pathways of the influenza viruses which
contained both zipper-like and all-or-none events.44 We employ
the all-or-none mode (a - d) and assume the single nano-
particle as one unit and its corresponding group of receptors at
the surface as another unit. Then, the kinetic expression for the
rate of nanoparticle adsorption, r, is formulated as follows:

r = ka�[P](t,x,y = 0)�[Rn] (1)

where ka is the adsorption rate constant, [P](t,x,y = 0) is the
concentration of bionanoparticles in the vicinity of the adsorbing
surface (where y = 0), and [Rn] is the concentration of the group of
receptors at the adsorbing surface.

The coating of polystyrene nanoparticles with the polyclonal
human IgG is performed in homogenous medium and as a
consequence the ligand coverage may be assumed to be homo-
geneous as well. Furthermore, the distribution of Protein A at
the sensing surface has to be considered. The issue of hetero-
geneity of the SPR surface was discussed in details by Schuck
et al.35 and with another statistical approach by Mullen et al.23

We follow the principle of Occam’s razor and assume that the
distributions of both ligand and receptor are homogeneous.

The bonds between the two biological partners are shared by
the ligands of the bionanoparticles and the receptors on the
surface. Thus, there are two possible ways to formulate the
number of bonds as a key parameter studied here, either
related with the ligands or with the receptors. A linear lattice
model proposed first by McGhee and von Hippel is employed45

to formulate the number of bonds, i.e. the multivalent interaction.
By comparing the flat plane of the receptor surface to the sphere of
the bionanoparticle, the multivalence is directly modeled at the
receptor side with the term [Rn], [receptors per mm2]:

Rn½ � ¼ Rmax½ � � n PRn½ �ð Þ Rmax½ � � ðnþ 1Þ PRn½ �
Rmax½ � � n PRn½ �

� �n�1
(2)

where n is the number of the bonds as shown in Fig. 1, [Rmax] is the
capacity of the receptor surface, [receptors per mm2] which was
experimentally determined, and [PRn] stands for the bionano-
particle concentration adsorbed at the surface, [particles per mm2].

Fig. 2 Sketch of the fluid domain (upper part) and illustration of the
system behavior (bottom part). The geometrical parameters are l =
2 mm, w = 0.5 mm, h = 0.01 mm, lp = 1.8 mm, and wp = 0.2 mm. [P]in
is the inlet concentration of the bionanoparticle solution. mPRn

(t) is the
amount of adsorbed bionanoparticles at the receptor surface.

Fig. 3 Binding modes between bionanoparticles and receptors. For one
example, the average number of bonds between one bionanoparticle and
receptor surface was finally shown as n = 3.
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2.2. Flow field equations

The fluid flow in the SPR channel is assumed to be steady and
laminar with a constant total mass density and constant
viscosity. The force of gravity is neglected. The bionanoparticles
are assumed to have the same velocity as the fluid. The feed
profile is assumed to be an ideal plug flow with a given velocity:
vxðx ¼ 0; yÞ ¼ vx and vy(x,y) = 0. As illustrated in Fig. 4, in the
entrance region (0 o x o le), the flow profiles are developing
until the boundary layers meet in the middle of the channel.
Within the entrance region, the velocity profile is approximated
by the following functions:

vx

ve
¼ 2

y

d

� �
� y

d

� �2
ðboundary layer region; 0o yo dÞ (3)

vx

ve
¼ 1 ðpotential flow region; do yo hÞ (4)

with ve = ve(x) and the thickness of the velocity boundary layer
d = d(x). Based on this profile, the 2D momentum balances
along with the 2D total mass balance were solved using the
integral method of von Kármán.46 This yields the following
analytical expression for the length of the entrance region:

le �
0:104h2vx

v
(5)

where, vx is the average velocity and v is the kinematic viscosity.
Thus, the length ratio, le/l E 5 � 10�4 (see ESI†), clearly

indicates that the entrance region can be neglected, i.e. a fully
developed velocity profile is assumed throughout the SPR
flow cell.

The applied fluid flow equation reads as:

vxðyÞ ¼
3

2
vx 2

y

h

� �
� y

h

� �2� �
(6)

2.3. Mass balances of bionanoparticles

As already highlighted in the introduction section, if the rate of
the mass transport is not faster than the rate of the adsorption,
the experimental curves reflect not only the adsorption kinetics
but also the mass transport. Considering the experimental time
in this work, the solution of the nanoparticles was injected in a
timeframe of 390 seconds. The experimental data do not show

an equilibration in this timeframe from which we may assume
that adsorption is still in its initial range. It implies that the
adsorption rate is relatively fast compared to the rate of the
mass transport in the experimental system studied here, and
that a diffusional boundary layer of the bionanoparticles in the
neighborhood of the receptor surface is present. To incorporate
the mass transport phenomena we model the mass balances
using the boundary layer theory in this section. The derivation
starts with the classical mass balance of bionanoparticles in the
fluid. Then the mass balance equations can be reduced by
the analysis of the order of magnitude. The formulation of the
bionanoparticle concentration in the fluid is another point
to help formulate the final equation of the thickness of the
diffusional boundary layer.

Based on the velocity profile in the flow field section, the 2D
mass balance of bionanoparticles in the fluid is given by

@½P�
@t
¼ �vxðyÞ

@½P�
@x
þD

@2½P�
@x2

þ @
2½P�
@y2

� �
(7)

where [P] stands for the bionanoparticle concentration, [particles
per mm3]. The diffusivity of bionanoparticles D is estimated
from the Stokes–Einstein equation D = kT/(6prPZw) (see ESI†). By
introducing dimensionless time, space, and concentration
variables: ta = t/ta, X = x/l, Y = y/dD, yP,l = [P]/[P]in,
vx
�ðYÞ ¼ vx=vx, eqn (7) can be reformulated as follows:

tr

ta

@yP;l
@ta
¼ �vx�ðYÞ

@yP;l
@X
þ 1

Pe

@2yP;l
@X2

þ l

dD

� �
@2yP;l
@Y2

� �
(8)

where Pe ¼ lvx=D stands for the Peclet number and dD is the
thickness of the diffusional boundary layer. From eqn (8) it is
concluded that, due to the fact that l/dD c 1, the diffusional
transport of virus particles in y-direction is dominant, i.e. the
diffusional transport in x-direction is negligible. Furthermore,
the importance of the accumulation term of eqn (8) depends on
the ratio of the residence time, tr, to the characteristic time
constant of the adsorption, ta. The residence time of the
nanoparticle solution in the flow cell is tr ¼ l=vx � 0:024 s.
The characteristic adsorption time can be estimated from the
experimental observations and is in the order of ta = 100 s. The
ratio of characteristic time constants is therefore tr/ta { 1. Thus,
the accumulation term in eqn (8) is several orders of magnitude
smaller than the convective transport term. Consequently, as we
are interested to analyze experimental SPR data on the time
scale of ta = 100 s, the following simplified mass balance of the
bionanoparticles in the liquid solution is applied:

0 ¼ �vx�
@yP;l
@X
þ 1

Pe

l

dD

� �2@2yP;l
@Y2

(9)

The bionanoparticle concentration profile in the diffusional
boundary layer, [P](t,x,y), can be approximated by a third-order
polynomial profile: [P](t,x,y) = a + by + cy2 + dy3 (0 r y r dD(x)),
where a, b, c, and d are functions of x and t. There are four
boundary conditions (BC) in total. BC 1 results from eqn (9) by
introducing the non-slip condition of the velocity at the surface
(vx(y = 0) = 0). BC 2 expresses the fact that the bionanoparticle
diffusion rate to the receptor surface is equal to the bionanoparticle

Fig. 4 Entrance region of the SPR flow cell in terms of the velocity profile.
d(x) is the thickness of the velocity boundary layer. vx(y), eqn (4), is the
velocity of the fluid in the velocity boundary-layer region and ve(x), eqn (1)
and (2), is the velocity of the fluid in the potential flow region between two
velocity boundary layers. Velocity profiles at three different positions are
depicted. le, eqn (5), is the length of the entrance region.
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adsorption rate, r, at the receptor surface. BC 3 and BC 4 are
assumed at the outer edge of the diffusional boundary layer.

BC 1 : y ¼ 0;D
@2½P�
@y2

����
y¼0
¼ 0 (10)

BC 2 : y ¼ 0;D
@½P�
@y

����
y¼0
¼ r (11)

BC 3 : y ¼ dDðxÞ;
@½P�
@y

����
y¼dD
¼ 0 (12)

BC 4: y = dD(x), [P](t,x,y = dD) = [P]in (13)

By introducing the four boundary conditions to the polynomial
profile, the bionanoparticle concentration in the boundary
layer is given by yP,l = 1 � r*dD*/3 + r*Y/2 � r*Y3/6(dD*)2 for
(0 r Y r 1). Finally, the governing equation for the diffusional
boundary layer thickness is yielded by integrating eqn (9) from
Y = 0 to Y = 1, and combined with eqn (6):

18 dD�ð Þ2�5 dD�ð Þ3
� �

r�
ddD�

dX
þ 6 dD�ð Þ3@r

�

@X
¼ 30

l

h

� �2
r�

Pe
(14)

with the dimensionless thickness of the diffusional boundary
layer, dD* = dD/h, and the dimensionless adsorption rate,
r* = (2hr)/(D[P]in).

The mass balance of bionanoparticles at the receptor surface
is given by q[PRn]/qt = r. It is solved simultaneously with the
mass balance of bionanoparticles in the fluid, eqn (14), and the
dimensionless formulation is:

@yP;s
@t
¼ r� (15)

where yP,s = [PRn]/[Rmax], t = t/(2h[Rmax]/(D[P]in)).
The two coupled mass balances, eqn (14) and (15), require

the formulation of two initial conditions (IC):

IC 1: dD*(X = 0) = 0 (16)

IC 2: yP,s(t = 0, X) = 0 (17)

Finally, the multi-site kinetic model in the dimensionless
formulation is derived by introducing yP,l(Y = 0) and putting
eqn (2) into eqn (1):

r� ¼
1� nyP;s
� � 1� ðnþ 1ÞyP;s

1� nyP;s

� �n�1

1

Da
þ dD�

3
1� nyP;s
� � 1� ðnþ 1ÞyP;s

1� nyP;s

� �n�1 (18)

where Da stands for the Damköhler number, Da = 2h[Rmax]ka/D
(see ref. 41).

For the special case n = 1, eqn (18) turns into the classical
Langmuir binding model:

r� ¼ 1� yP;s
1

Da
þ dD�

3
1� yP;s
� � (19)

As a summary, the model framework to evaluate the multivalent
interaction consists of three key equations: eqn (14), (15), and (18).

There are two independent variables (t and X), three dependent
variables (yP,s, dD* and r*), and four dimensionless parameters
(Pe, (l/h), Da, and n). Only Da and n are unknown and have to be
estimated from the adsorption experiments, while all other
quantities are determined either from the SPR flow cell
geometry or the operating conditions. When comparing the
model simulations with the experimental data, one has to
account for the fact that the probing area represents only a
certain proportion of the whole flow cell surface. The observable
cell response is expressed in terms of the width and length of the
probing area in Fig. 2, wp and lp respectively, and the amount

of adsorbed bionanoparticles: mPRnðtÞ ¼ wp

Ð lþlp
2

l�lp
2

PRn½ �ðt; xÞdx.

mPRn
(t) is the output quantity which is fitted to the SPR experi-

mental data with the dimensionless quantity of Y = mPRn
/

([Rmax]lpwp). The parameter estimation of Da and n is implemented
by the least squares fitting based on the Gauß–Newton method. The
calculation details of the equations are included in the ESI.†

3. Experimental
3.1. Synthesis of the bionanoparticles

The nanoparticles were purchased from Invitrogent, Life
Technologies (F8803) and have an average diameter of 110 nm
with the carboxylate groups stretching out from the particle
surface. The synthetic bionanoparticles were prepared by coating
the nanoparticles with polyclonal human IgG (I2511, Sigma
Aldrich, Germany) via a carbodiimide reaction. First, 5.4 � 1012

particles per ml nanoparticle solution was activated by 0.2 M EDC
(N-(3-dimethylaminopropyl)-N0-ethylcarbodiimide hydrochloride,
03449, Sigma Aldrich, Germany) and 0.05 M NHS (N-hydroxy-
succinimide, 130672, Sigma Aldrich, Germany) in 10 mM MES
(2-(N-morpholino) ethanesulfonic acid monohydrate, 6066, Carl
Roth, Germany), pH 6 at 25 1C for 2 hours. After the activation,
the mixture was dialyzed against 10 mM sodium phosphate,
150 mM NaCl, pH 7.4, at room temperature for 24 hours to
remove the unreacted EDC and NHS and to change the buffer
condition as well. Then, the nanoparticle solution was added into
130 mg ml�1 human IgG in 10 mM sodium phosphate, 150 mM
NaCl, pH 7.4. The solution was kept for 24 hours at 1 1C. After
expiry of this period, the unreacted groups were blocked by
100 mM glycine (G8898, Sigma Aldrich, Germany) for 2 hours
at 25 1C. Finally, all unreacted materials were removed from the
coated nanoparticles with Vivaspin 20 (VS2061, Sartorius AG,
Germany). Here, the centrifugation was performed with an
Eppendorf Centrifuge 5702 RH under the conditions: 2000 � g,
4 1C, 5 minutes per time and 3 times. The prepared bionano-
particles were then stored at 4 1C for further use. The size of the
synthetic bionanoparticles was measured with a Malvern Zetasizer
Nano ZS device.

3.2. SPR experiments

The SPR experiments were performed with a BIAcoreTM
3000 device (GE Healthcare, Sweden) at 25 1C. Virus particle
experiments were carried out under conditions given in ref. 41.
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Protein A (B-2001, Vector Laboratories) was immobilized at the
surface of the sensor chip C1 (GE Healthcare Bio-Sciences AB,
Sweden) by an ammine coupling kit under the same operating
conditions as in the case of the influenza virus particles.41

The running buffer (RB) here was 10 mM sodium phosphate,
150 mM NaCl, 0.005% Tween 20, pH 7.4. Before the injections
of the synthetic bionanoparticles, human IgG solutions were
injected to determine the surface capacity of the receptor
surface, [Rmax]. The synthetic bionanoparticles (3� 106 particles
per ml) were then injected through the flow cells at 50 ml min�1,
6.5 minutes, twice with regeneration steps in between. The
bionanoparticle covered surfaces were regenerated by 0.1 M
glycine pH 2 at 50 ml min�1, 30 seconds, followed by another
injection of RB at 50 ml min�1, 6.5 min.

4. Results and discussion
4.1. Evaluating the model framework by SPR experiments

As discussed in the introduction, due to the combination of
mass transport and multivalent interaction kinetics, the model
of the transport phenomena was developed, using estimated
parameters.37,40,47 The lumped parameters would provide us
with a quick approach to analyze the SPR data, but prevent us
to know the dynamics of the particle transport in the flow
direction and its correlation with the adsorption kinetics. In
view of these limitations, we formulate the momentum and
mass transport equations in a distributed way by using the
boundary layer theory. In Section 2, we have shown that for the
microfluidic flow analyzed here by the appropriate assumptions,
the concentration of the bionanoparticles is still in the entrance
region of the diffusional boundary layer while the particle
velocity is already in a fully developed field (see Section 2.2).
The model of the mass transport is finally derived as an
equation of the thickness of the diffusional boundary layer,
see eqn (14). Coupled with the adsorption rate r, the diffusional
boundary layer is also influenced by the other parameters: the
geometrical size of the flow cell (l, h, w), the diffusivity of the

bionanoparticles (D), the flow rate (Q), and the inlet concen-
tration ([P]in).

Using flow field conditions from experiments with influenza
virus nanoparticles,41 Fig. 5 illustrates the dynamic distribution
of the diffusional boundary layer in the flow direction and
the profile development of the concentration of the bionano-
particles diffusing laterally to the receptor surface. By comparing
the longitudinal profiles of the diffusional boundary layer at
t = 0 and t = 1 in Fig. 5a, one can see that the thickness of the
diffusional boundary layer decreases with time. Furthermore,
the decreasing size of the lateral distance is small enough to be
negligible within the timeframe of our experiments of around
hundreds of seconds. The decrease of the thickness of the
diffusional boundary layer corresponds to a lower adsorption
rate (see eqn (1)). The decrease of this adsorption rate in turn is
due to a lower availability of receptors because of their occupation
by bound bionanoparticles. With all parameters fixed we use
eqn (14) to study the influence of the inlet concentration [P]in on
the mass transport in Fig. 5b. It can be seen that even with a 5-fold
increase in concentration, the thickness of the diffusional
boundary layer decreases only slightly. We conclude that smaller
changes in inlet concentration will not influence the thickness of
the diffusional boundary layer.

As the curves in Fig. 5a (spatially dependent) and Fig. 5b
(time dependent) are very close and not deviating from each
other we may assume an established diffusional boundary layer
only depending on initial conditions. It is reasonable to use an
approximate analytical solution which can be derived from the
exact numerical solution. The terms containing (dD*)3 in the
eqn (14) have an order of magnitude of at least 10�3 (taking all
parameters from Fig. 5). They can be neglected, and the
following analytical solution is derived:

dD� ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
5

l

h

� �2
X

Pe

3

s
(20)

This derivation is in full agreement with the order-of-
magnitude estimation presented in the work of Lok.36 The

Fig. 5 Profiles of the diffusional boundary layer thickness dD*. (a) Development in X-direction at the beginning, t0, and end, tend, of the adsorption
experiment. ‘‘A.S.’’ stands for the analytical solution of eqn (20). Concentration profiles, yP,l(X,dD*,tend), at four different X-positions are depicted in the
black lines. The calculation parameters are [P]in,1 = 1.015 � 106 particles per ml, D = 3.76 � 10�12 m2 s�1 as the diameter of 130 nm, and [Rmax] = 1.19 � 109

receptors per mm2.41 (b) Comparison of the diffusional boundary layer thickness at the outlet of the flow cell for three different inlet concentrations:
[P]in,3 = 5[P]in,1, [P]in,2 = 2.5[P]in,1.

Paper Soft Matter

O
pe

n 
A

cc
es

s 
A

rt
ic

le
. P

ub
lis

he
d 

on
 0

6 
Ju

ly
 2

01
6.

 D
ow

nl
oa

de
d 

on
 2

/5
/2

02
6 

6:
56

:4
3 

PM
. 

 T
hi

s 
ar

tic
le

 is
 li

ce
ns

ed
 u

nd
er

 a
 C

re
at

iv
e 

C
om

m
on

s 
A

ttr
ib

ut
io

n-
N

on
C

om
m

er
ci

al
 3

.0
 U

np
or

te
d 

L
ic

en
ce

.
View Article Online

http://creativecommons.org/licenses/by-nc/3.0/
http://creativecommons.org/licenses/by-nc/3.0/
https://doi.org/10.1039/c6sm00995f


This journal is©The Royal Society of Chemistry 2016 Soft Matter, 2016, 12, 6451--6462 | 6457

analytical approximation of the diffusional boundary layer (A.S.
in Fig. 5a), eqn (20), showed to be a good approximation to our
numerical solution (eqn (14)) under the constraint of our given
experimental time when the mass transport rate still limits the
adsorption rate. With the help of this analytical solution, the
computation cost to estimate the unknown parameters (Da and
n) can be reduced to just several seconds.

The numerical solution of the diffusional boundary layer
(eqn (14)) has been applied to estimate model parameters of
influenza virus nanoparticle adsorption successfully in ref. 41.
As shown above, the analytical solution, eqn (20), is a good
approximation to the numerical solution, eqn (14). Therefore,
we predict that the model framework applying eqn (20) is going
to be valid to estimate the parameters from the SPR experimental
data as well. For validation, we take two experimental examples of
the influenza virus particle adsorption into consideration. The
results of the parameters newly estimated by the new model
framework are shown together with the old parameters form the
old framework with the numerical solution in Table 1. The values
of both estimated parameter sets are very close for both
experiments. It seems that our prediction about the suitability
of the new model framework with the analytical solution of
dD* to estimate the parameters is correct. In order to validate
our prediction further, Fig. 6 shows the comparison of the
simulated curves (lines) with the experimental data (symbols).
The simulated curves are plotted employing the model frame-
work with the analytical solution of dD*. They fit to the experimental
data very closely for all three conditions. Moreover, Fig. 6
shows another important aspect of multivalent interaction.
We show that the ratio of the concentration of the two inter-
action partners, bionanoparticles [P]in,3 or receptor at the surface
[Rmax], play an important role in the model validation. The devia-
tion from the initial ratio to a 1 : 5 or to a 5 : 1 ratio leads to a
different outcome. It seems that the decrease of the surface capacity
decreases the amount of adsorbed bionanoparticles more than that
of the bionanoparticle concentration in the solution. It might imply
that, to consider the influences of two partners on the multivalent
interaction, the influence from the side of the surface receptor
could be stronger than the one from the other side. The reason may
be that by a higher surface capacity, the nonspecific interaction can
play a bigger role in the multivalent interaction. Hence, it seems
wise to choose the design of the receptor surface as a starting point
with regard to the process optimization of the multivalent inter-
action. With these validations, we are confident that the analytical
solution of the diffusional boundary layer will work in our model
framework. Hence, from now on all simulations will be done by
using the analytical solution, eqn (20).

As mentioned in the introduction, besides of the natural
biological partners (e.g. the influenza virus) the model frame-
work is also evaluated by using the synthetic multivalent
interaction where the human IgG coated nanoparticles adsorb
to the Protein A immobilized on the surface. One typical
example for the synthetic case is shown in Fig. 7. The increase
of the surface coverage in Fig. 7b (ref. the SPR data shown in the
ESI†) verifies that human IgGs are attached to the nano-
particles. One can see that the model framework with the
multi-site kinetic model (eqn (18)) can be fitted to the experi-
mental data of the bionanoparticles very well. Looking back, in
Fig. 1 we showed that the ligands are the functional elements of
entity 1 interacting with entity 2. This implies that the inter-
acting way of the ligands to the receptor surface can be either
free without any scaffold or assembled by the scaffold. There
should be entropy and enthalpy differences between the free
ligands and the assembled ones, for example, the degree of the
geometrical freedom. As a result, the adsorption kinetics of the
free ligands at the receptor surface should be different from
that of the ligands assembled by the nanoparticles. In order to
display the difference of the adsorption kinetics between free
ligands and assembled ones, with the flexibility of the synthetic
system, the adsorption experiments are performed under the
same experimental conditions.

In Section 2, we have shown that by setting the number of
bonds n to 1, the multi-site model reduces to the classical
Langmuir model (eqn (19)) which is used normally to analyze
the adsorption kinetics of human IgG at the Protein A
surface.48,49 As the experimental data in Fig. 7 show, the
adsorption of the synthetic bionanoparticles is still not in a
state of equilibrium (Fig. 7b) and the adsorption of the free
human IgGs almost reaches the equilibrium level at the end of
the experiment (Fig. 7a). It implies that, in the case of the free
ligands, the adsorption rate is slow enough at a certain time
point to be balanced by the desorption rate in the experimental
process. So, based on the model of the adsorption rate in

Table 1 Estimated parameters by the model framework from the SPR
experimental data

Numerical41 Analytical

n, — [P]in,1 413 388
[P]in,2 330 328

ka, M�1 s�1 [P]in,1 3.20 � 106 2.96 � 106

[P]in,2 8.16 � 105 8.10 � 105

Fig. 6 Comparison of the simulation curves with the experimental data.
The simulation is performed by the model framework with the analytical
solution of eqn (20). The experimental data were obtained in ref. 41. The
parameters used in the simulation are the estimated parameters, ka and n,
from Table 1 and the others from Fig. 5. [P]in,3 is the inlet concentration of
the bionanoparticle solution. [Rmax] is the maximum concentration of
receptors, namely the surface capacity.
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eqn (19), an additional desorption term should be added and
the final equation appears similarly:

r� ¼
1� 1þ kd

ka½P�in

� �
yP;s

1

Da
þ dD�

3
1� yP;s
� � (21)

where, kd is the desorption rate constant. With the help of
eqn (21), the model framework is again used to estimate the
parameters of the free ligand, and the simulated curve of
the classical Langmuir model in Fig. 7a is shown to fit to the
experimental data well. Near the equilibrium there is a slight
but acceptable derivation from the experimental data which
may result from a nonspecific binding of proteins. It is clear
that, with the help of the model framework, one can compare
the adsorption kinetics of the free ligands with that of the
synthetic bionanoparticles not only qualitatively but also
quantitatively by comparing the characteristic parameters,
namely the adsorption rate constant, ka, and the number of
the bonds n. By comparing the values of ka as shown in the
caption of Fig. 7, the adsorption of the free ligands is nearly
two-fold faster than that of the synthetic bionanoparticles.
Furthermore, according to the known number of bonds formed
between single bionanoparticles and the receptor surface, the
efficiency of the receptor surface would be displayed in terms of
the coverage ratio of the adsorbed bionanoparticles at the
receptor surface. Here one has to divide the number of the
total bond ligands summed up from the amount of adsorbed
bionanoparticles by the capacity of the receptor surface, [Rmax].
As in the experimental case of the bionanoparticles in Fig. 7b,
the final surface coverage ratio is about 0.24 (see calculation
details in ESI†). With this information, it is possible to design a
functionalized multivalent interaction in a more economical
way. The parameter estimation elucidates that the size of the
coated nanoparticle can influence the estimated result of n
because the size directly relates to the diameter and the molecular
weight. The diameter is parameterized into the diffusivity, D,

in the model framework, and the molecular weight is involved
in eqn (3) as described in the ESI.† It implies that, with possible
experimental data, the relationship between the number of
bonds and the size of the coated nanoparticle can be analyzed
by estimating n under the influence of the diameter and the
influence of the molecular weight.

The number of bonds n, as seen in the illustration of Fig. 1,
is estimated to have a large order of magnitude (some hundreds
of bonds for the influenza virus41 or even thousands of bonds
for the bionanoparticles here). With n c 1, the multi-site
kinetic model, eqn (18), can be reduced again by cancelling
the power term of n:

r� ¼ 1� nyP;s
1

Da
þ dD�

3
1� nyP;s
� � (22)

Eqn (22) displays an explicit relationship between the adsorption
rate r*(X,t) and the dimensionless amount yP,s(X,t), namely
r*(yP,s). Moreover, based on the reduced kinetic model
(eqn (22)), an approximate explicit solution for the concen-
tration of adsorbed bionanoparticles at the receptor surface,
yP,s in eqn (15), can be derived also as follows:

yP;s ¼
1� e�n�Da�t

n 1þDa
dD�

3
e�n�Da�t

� � (23)

The derivation details can be found in the section of the ESI.†
As the reductions are conducted practically on the basis of the
experimental information, when the number of bonds n c 1,
the reduced model equations can predict the adsorption behavior
reasonably, such as the changing of the adsorption rate with the
concentration of the adsorbed bionanoparticles at the receptor
surface, r*(yP,s), by eqn (22) and the adsorption equilibrium by
eqn (23). Although the reduced model equations are aimed for
the prediction rather than the fitting, one may still argue how
much the adsorption kinetics simulated by the model framework
before and after the reduction deviate. As a demonstration of the

Fig. 7 Comparison of the simulated curves with the experimental data. (a) Adsorption of free ligands (human IgGs, Y) on the receptor surface. The
Langmuir model, eqn (19), was used to estimate adsorption rate constant from the SPR experimental data: ka = 6.28 � 104 M�1 S�1 by setting n = 1.
(b) Adsorption of synthetic bionanoparticles (human IgG coated nanoparticles, NP–Y) on the receptor surface. The multi-site model, eqn (18), was used
to estimate parameters for the synthetic bionanoparticles: ka = 3.72 � 104 M�1 S�1 and n = 6275. The other parameters used in both simulations were
[Rmax] = 1.56 � 1010 receptors per mm2, [P]in,Y = 9.15 � 1011 particles per ml, DY = 0.389 � 10�12 m2 s�1 as the diameter of 15 nm, [P]in,NP–Y = 3 � 106

particles per ml, DNP–Y = 3.42 � 10�12 m2 s�1 as the diameter of 143 nm.
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suitability of the reduced model framework to predict certain
adsorption behavior, Fig. 8 illustrates the comparison of its
simulated adsorption curves with those simulated by the model
framework before the reductions (the same curves in Fig. 6). The
simulated adsorption curves after the reductions in each experi-
mental case deviate from those before the reductions in the same
way, which means that the reduced model framework is still able
to differentiate each adsorption behavior in accordance with the
particular experimental conditions. What is more, it could save
us the experimental efforts, if only a general comparison of the
relative quantity between different adsorption behaviors is purposed.

In summary, the model framework with the multi-site
kinetic model is evaluated to be valid to describe the multi-
valent interactions, not only of the natural partners but also of
synthetic ones. Concerning the mass balances, we derive an
analytical approximation (eqn (20)) to include the effects of the
mass transport to the adsorption kinetics, which is verified to
describe the diffusion rate of the bionanoparticles to the
receptor surface properly. The model framework is shown
to be able to estimate parameters, the number of bonds, n,
and Damköhler number, Da, from the SPR experimental data.

By handling the parameter n, the model framework is flexible
enough to compare the estimated parameters of the mono-site
adsorption interactions (n = 1) with the multi-site adsorption
interactions (n 4 1). Moreover, according to the information
from the experimental data (n c 1), the model framework can
be further reduced into simplified model eqn (22) and (23) to
predict the adsorption behavior which is probably difficult to be
monitored by the experiments.

4.2. Simulating multivalent adsorption by model framework

As pointed out in the introduction, the influence of multi-
valence on the adsorption behavior needs to be investigated in
order to design the multivalent interacting system efficiently, to
be either enhancing or inhibiting. To evaluate the influence of
multi-valence, a contrast in the degree of the avidity among
different valences in terms of ligands is already considered for
the selectivity in the targeting process. However, another
important criterion is the contrast in the amount of adsorbed
bionanoparticles at the receptor surface, Y, among different
valences. This amount still is seldom evaluated quantitatively.
In addition, it is also interesting to investigate this contrast
because the measurement of the ligand density on the bio-
nanoparticle surface after the coating process could be qualitatively
achieved, which will be discussed in the following. In Fig. 9, a
series of adsorption curves are simulated by varying the number
of bonds, n (see Fig. 1), where all other parameters are kept
constant. By changing these parameters according to different
experimental conditions and varying the number of bonds, n
likewise, a very similar pattern of the results is observed. So,
although the results are simulated for one example only, all of
the following discussions are applicable in a wide range.

By comparing the adsorption curves in Fig. 9a, we show that
with the increase in the number of bonds, the curves bend
down accordingly. From a mathematical point of view, it means
that the curvature of the adsorption curve relates to the number
of bonds. We observe that the bigger the curvature appears, the
higher the number of bonds is. This observation seems to
be applicable for a general assessment of the bionanoparticle

Fig. 8 Comparison of simulations by the model framework with and
without reduction. The dashed curves are calculated by the model frame-
work without reduction and are the same as in Fig. 6. The solid curves are
calculated by the model framework with reduction with eqn (22) and (23).
The parameters used in the simulation are the same as in Fig. 5 and 6.

Fig. 9 Influence of the number of bonds on the adsorption behavior. (a) Dynamic growth of the adsorbed amount Y under the influence of the number
of bonds n. (b) Profiles of Y as a function of the number of bonds n at certain time points t taken from (a) where a clear distribution for 1 r n r 200 is
displayed by the inset. The parameters used in the simulation were Da = 8, [P]in = 5� 106 particles per ml, [Rmax] = 1.19 � 109 receptors per mm2, D = 3.7�
10�12 m2 s�1 as the diameter of 130 nm and the time was 6.5 minutes.
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performance after the coating. As discussed above, the density
of the ligands coated on the same type of the bionanoparticle
surface can be qualitatively measured, because there is a linear
relationship between the number of bonds and the curvature,
if all other experimental conditions, especially the receptor
density, are kept constant. Then, the adsorption curvature
corresponding to each type of bionanoparticle like the one
seen in Fig. 9a will reflect the density of ligands, and therefore
inform the experimentalist which coating strategy would result
in a high ligand density.

In Fig. 9b we show the surface coverage Y as a function of
the number of bonds, n, at selected time points t (depicted
as color lines in Fig. 9a). The value of t = 1 corresponds to
390 seconds of an experimental measurement with the SPR
system. One can see, that with the increase of the number of
bonds, the adsorbed amount decreases (see the corresponding
bending-down trend in Fig. 9a). The reason is that each
individual bionanoparticle allocates a required number of
bonds on the surface. As the capacity of the receptor surface
[Rmax] is kept constant for all of the simulations, the amount of
adsorbed nanoparticles naturally decreases with increasing the
number of bonds. Moreover, the slope of the curves in Fig. 9b
reflects the bending rate in Fig. 9a, and thereby a phenomenon
is seen that the bending rate is larger when the number of
bonds is smaller. In particular, for the number of bonds
between 1 and 200 (see inset in Fig. 9b) an almost linear
decrease of the adsorbed amount along with the increase of
the number of bonds can be seen. This observation would be of
interest for experimental design approaches targeting this
relatively low multivalence situation between two biological
partners. If this relative decrease in the amount of adsorbed
bionanoparticles on a certain receptor surface would be detectable,
the number of bonds could be predicted based on this linear
relationship. It is also seen in Fig. 9b that if the adsorption time
increases, as for example shown for t = 0.5, t = 0.75 to t = 1,
when the number of bonds is increased by the same value, the
decreasing value of the surface coverage Y becomes bigger.

As shown in the last section, when the number of bonds is
much bigger than one (n c 1), the model equations can be
further reduced to equations, eqn (22) and (23). Eqn (22) can be
used to predict the changing behavior of the adsorption rate, r*,
as a function of the concentration of the adsorbed bionano-
particles at the receptor surface, yP,s. One example is shown in
Fig. 10. It is visible that r* decreases with an increasing yP,s, but
these profiles are locally different. This is correlated with the
enlargement in the thickness of the diffusional boundary layer,
dD*. According to Fig. 5a, the diffusional boundary layer grows
thicker as the solution flows into X direction. By comparing the
r*-profiles at different X positions in Fig. 10, we conclude that
along the flow direction r* decreases as dD* increases. Further-
more, r* decreases more quickly at the positions near the inlet
(X = 0) than near the outlet (X = 1). Additionally, Fig. 10 shows
that the local maximum adsorption rate, rmax*, exits at yP,s = 0.
According to eqn (22), rmax*(X) = Da/(1 + Da dD*/3) while rmax*
(X = 0) = Da (see eqn (20)). These two equations can be used to
explain the physical phenomenon, namely that all space-dependent

adsorption rates are maximal at the start of an experiment, t = 0.
Moreover, the global maximum adsorption rate is observed at
the entrance point, X = 0. The local maximum concentration of
adsorbed bionanoparticles, yP,s,max, appears when r* = 0, and its
value can be estimated from the plots of yP,s by eqn (23), shown
in Fig. 11.

Fig. 11 shows that the local concentration of bionano-
particles adsorbed at the receptor surface (simulated by eqn (23))
is increasing over time until it saturates for a longer experimental
time. The flat plateau happens, because the receptor surface is
then saturated by the occupation of the adsorbed bionano-
particles, namely at the ‘‘saturation point’’ in Fig. 11. Although
only the adsorption of the multivalent interaction is considered
in the model framework, the saturation behavior can be used to
predict the adsorption equilibrium. Especially, the time to
reach the equilibrium can be estimated by the time to reach the
saturation (see cross in Fig. 11). The equilibrium concentration
can be estimated by the maximum concentration of adsorbed

Fig. 10 Dimensionless adsorption rate r* versus adsorbed particle
concentration yP,s. The curves were plotted by eqn (22) at four different
locations, X. The parameters used in the simulation are Da = 33.6, n = 413,
[P]in = 1 � 106 particles per ml, [Rmax] = 1.19 � 109 receptors per mm2,
D = 3.76 � 10�12 m2 s�1 with the bionanoparticle diameter of 130 nm and
the experiment time of 6.5 minutes.

Fig. 11 Dynamic evolution of local virus concentration at the receptor
surface. yP,s is simulated by eqn (23) at different locations, X in the flow
channel. The parameters used in the simulation are the same as in Fig. 10,
except an increase in time to 110 minutes. The cross shows the approx-
imate starting point of the saturation period and the saturation value is
marked by the blue line.
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bionanoparticles, yP,s,max, under saturation conditions (see blue
line in Fig. 11). From the example shown in Fig. 11, yP,s,max, is
equal to 1/n (compare again to eqn (23)). Under the given
conditions saturation is reached after about 4400 seconds (see
cross in Fig. 11). These results provide options to analyze
experimental data of similar SPR systems. For example, if
yP,s,max would be experimentally determined, the number of
bonds could approximately equal to 1/yP,s,max. Besides, the total
amount of receptors required to reach equilibrium can be
obtained by multiplying n with the total amount of bionano-
particles, Y. This information could help to optimize an experi-
mental design for the receptor surface. As observed from our
SPR experiments, the equilibrium is difficult to achieve mainly
due to the volume limit of the system. However, with the
approximated saturation time from the model estimates, the
equilibrium time could still be obtained for further investigations.
For example, this information could be used to calculate the
injection volume of the bionanoparticle solution for a given flow
rate in order to reach the equilibrium.

5. Conclusions

A model framework with a multi-site kinetic model has been
proposed to analyze the multi-valence interaction between
two biological partners, namely bionanoparticles and receptor
surface in a microfluidic SPR system. The system equations in
the model framework have been built on the basis of the
classical boundary layer theory and by using a multi-site kinetic
model to describe the adsorption kinetics. Supplementing pure
theoretical studies, we have built the model framework closely
related to an experimental system so that key phenomena of the
experiments can be interpreted by modeling parameters. In
this way, extended simulations of the model framework do
provide a more detailed knowledge of multivalent interactions,
especially those concerning the bonds formed between two
biological entities as illustrated in Fig. 1.

Multiple bonds between two biological partners are the intrinsic
characteristics of the multivalent interaction. Accordingly, the
number of bonds is an important parameter to any experimental
design as well as to new model developments. Concerning the
number of bonds, there are still only a few theoretical model
studies, especially when related to experimental design issues.
Particularly, calculations of the number of bonds formed naturally
between two biological entities are rare. One true advantage of our
model framework is its ability to estimate the number of bonds
from experimental data. This estimate can provide important
additional inherent information in order to analyze for example
the specific system performance. Besides, our model framework is
useful not only for natural bionanoparticles like virus particles, but
also for function-oriented synthetic systems like antibody
coated nanoparticles. Hence, it can serve as a design tool for
the experimentalist in order to interpret the coverage of the
receptor surface, to predict the adsorption behavior from model
equations, or to simulate the adsorption kinetics according to
specific key process parameters. A number of recent studies

have varied such key parameters as flow rate, the size of bionano-
particles, the capacity of the receptor surface, or others. These
studies can now be analyzed using the proposed model framework
and from that, the number of bonds can be estimated. Here, we have
shown that the presented interesting curvature of the adsorption
curve is related to the number of the bonds. The obtained
certain linear relationship between the adsorbed amount of
the bionanoparticles at the receptor surface and the number of
bonds could be a useful information for further interpretation.

One advantage of the proposed model framework is that it
includes the influence of the mass transport on the adsorption
kinetics in more detail. We have formulated a distributed
equation of the thickness of the diffusional boundary layer in
the flow direction, both numerically and analytically. The mass
transport has been coupled to the adsorption rate not only time-
dependent but also space-dependent. We find that in the flow
direction, the increase in thickness of the diffusional boundary layer
leads to a slower adsorption rate. Besides, the adsorption rate
decreases more quickly at the entrance region than at the exit region.
An analytical solution of the diffusional boundary layer, eqn (20), has
been derived which is simpler than its numerical counterpart and
still very useful to interpret the influence of mass transport.

Our model framework has a wide range of applications in
view of the number of bonds considered. When the number of
bonds equals to one, n = 1, the kinetic model becomes the
classical Langmuir model, eqn (19). When the number of bonds is
much bigger than one, n c 1, reduced model equations can be
obtained to predict the adsorption rate (eqn (22)) and the equili-
brium (eqn (23)). The model framework has further applications to
thermodynamic studies of multivalent interactions, because it can
be linked to other important thermodynamic parameters, for
example, the cooperativity,50 or the enhancement factor51 (ratio
of two adsorption constants). Our model validation by experiments
with synthetic bionanoparticles implies that this model framework
could significantly help to analyze multivalent interactions at the
nanoscale, like DNA, cells, and antibody-coated nanomedicine.
Furthermore, our experiments and modeling with human IgG
bionanoparticles show a potential impact for studies in various
biological systems, like dynamic studies of bionanoparticle
targeting in mixtures of human tumor cells.52 Hence, it is
reasonable to argue that this work would also contribute to
the study of nanoparticle related human antibody application.
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