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On the Gaussian approximation in colloidal hard
sphere fluids
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Roel P. A. Dullens*a
We study the behaviour of the self-intermediate scattering function and self-van Hove correlation
function for quasi-two-dimensional colloidal hard sphere fluids at a range of area fractions. We compute
these functions first directly from the particle coordinates and secondly from the mean squared
displacement via the Gaussian approximation. This allows us to test the validity of this approximation
over a range of length and time scales, where we find that the Gaussian approximation holds if the
hydrodynamic limits are appropriately probed. Surprisingly, only small deviations from Gaussian
behaviour are seen at intermediate times, even for dense fluids. We next consider these deviations from
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Gaussian behaviour firstly via the non-Gaussian parameter and secondly by considering the relaxation
times of the intermediate scattering function. From these measurements we develop a scaling relation in
order to directly determine the combinations of wavevectors and times at which the non-Gaussian
behavior is seen. This allows for the clear identification of the hydrodynamic regimes and thus provides
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new insight into the crossover between long- and short-time self-diﬀusion.

1 Introduction
Scattering techniques have long played an important role in
the study of complex fluids, where they have been used to
probe a wide range of phenomena related to the structure and
dynamics of systems such as colloidal fluids, polymer solutions
or proteins in membranes.1–8 In scattering experiments, the
central dynamic quantity is the intermediate scattering function (ISF), F(k,t) with k the wavevector, which is directly related
to the fluctuations in the intensity of the scattered light as a
function of time.9 F(k,t) can be split into two components,
which describe either the self or collective behaviour. The
calculation of the self-part, Fs(k,t), allows a number of other
properties to be determined indirectly, most importantly
the mean squared displacement (MSD), dr2(t), and the selfdiffusion coefficients.
The conversion between the self-ISF obtained from scattering measurements and the MSD requires the use of the
Gaussian approximation.10,11 This assumes that the self-ISF is
Gaussian and related to the MSD as
Fs(k,t) = exp(dr2(t)k2/2d),
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(1)

with d the dimensionality. Eqn (1) is known to hold in a variety
of circumstances, including in the description of the motion of
a harmonic oscillator12 and that of a system of diﬀusing
particles,13 and has been used to interpret results from a wide
range of experimental techniques,14 e.g. inelastic neutron
scattering6 and spin-echo spectroscopy.5 For many systems,
however, the self-ISF is seen to be Gaussian only for certain
combinations of wavevectors and timescales, which implies
that eqn (1) is only valid in certain regimes. In the case of
diﬀusion this regime is termed the hydrodynamic limit.11
Identifying these regimes is far from trivial, but crucial for the
correct interpretation of results. Thus, eﬀorts to characterise and
quantify the deviations from Gaussian behaviour, and therefore
to probe these regimes, are of widespread importance.
For colloidal diﬀusion in particular, single particle transport
is diﬀusive at both short and long times. As such, two diﬀusion
coeﬃcients may be defined, with two corresponding hydrodynamic limits. These are associated with Gaussian behaviour as
Fs(k,t) = exp(Dik2t), i = S, L,

(2)

where Di either corresponds to the short-time self-diﬀusion
coeﬃcient, DS, or the long-time self-diﬀusion coeﬃcient, DL.15
For diﬀusion, the use of the Gaussian approximation arises from
the fact that particles exhibit a random walk, characterised by a
sequence of small independent displacements with zero mean,
such that the central limit theorem applies. For short-time
diﬀusion, the hydrodynamic limit is associated with length and
time scales that are large compared to the characteristic scales
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of the surrounding solvent, but small compared to the typical
length and time scale of the colloidal particle. This implies that
values of k c kp – which we describe as ‘large k’ – must be
considered, where kp = 2p/s is the wavevector associated with the
diameter, s, of the colloidal particle. For long-time diffusion, the
opposite limit of k { kp – termed ‘small k’ – has to be examined.16
At intermediate length and time scales, correlated collisions for
fluids at intermediate densities and the caging of particles in
dense fluids lead to a failure of the Gaussian approximation.17–19
Deviations of Fs(k,t) from the Gaussian approximation are thus
expected to be largest close to kp,20 though even for this range of
wavevectors the deviations may be small in magnitude.
As the hydrodynamic limit is an asymptotic regime, for longtime self-diﬀusion it is only reached in the limit of very large
length and long time scales. Therefore, at finite length and time
scales, quantitative deviations from the asymptotic limit are
seen.10 Interestingly, these deviations can be very diﬀerent in
magnitude for diﬀerent quantities, as has been recently explored
for the diﬀusion dynamics of diﬀerent colloidal fluids.14,21,22 While
the MSD in these systems shows a linear dependence on time, as
expected in the hydrodynamic limit, the self-part of the van Hove
correlation function, Gs(r,t), i.e. the inverse Fourier transform of
Fs(k,t), displays significant deviations from a Gaussian function.
This has led to suggestions that the Gaussian approximation is
in fact not applicable in many systems.14,21,23 A clear method by
which to determine the regimes in which the Gaussian approximation holds is, however, currently lacking.
Here, we aim to quantify deviations from the behaviour in
the hydrodynamic limit by studying the full spatial and time
dependence of Fs(k,t) for a quasi-two-dimensional colloidal
hard sphere fluid. In particular, we firstly calculate both the
Fourier space quantity, Fs(k,t), and the real-space quantities,
MSD and Gs(x,t), directly from the particle coordinates as
obtained from video-microscopy experiments.24–28 Secondly,
we also compute Fs(k,t) and Gs(x,t) via the Gaussian approximation using the MSD. From a comparison of these results we
are able to test the validity of the Gaussian approximation
over a range of length and timescales and to probe the two
hydrodynamic limits, corresponding to the long- and shorttime self-diffusion coefficients defined for colloidal fluids.
Deviations from Gaussian behaviour are quantified primarily
using the non-Gaussian parameter but also through a consideration of the relaxation times of Fs(k,t). From the latter we develop
a scaling relation that is used to determine directly the combinations of wavevectors and times at which the non-Gaussian
behaviour is seen and to study the crossover between the two
diffusive regimes.

where k is the wavevector, h  i denotes a time and ensemble
average and rj (t) is the two-dimensional position vector of a
particle with index j at time t. The function Fs(k,t) is the timedependent autocorrelation function of the microscopic density
P
variable r(k,t) 
exp(ikrj (t)) and, for a homogeneous fluid,
depends only on the magnitude of the wavevector, k = |k|.
At small k, Fs(k,t) may be written as a cumulant expansion of
the form29
 2 2 2
k2 dr2 ðtÞ 1 2D
k dr ðtÞ
þ a2 ðtÞ
ln Fs ðk; tÞ ¼ 
þ... :
(4)
4
2
4
Here dr2(t) is the MSD, defined as dr2(t) = h(rj (t)  rj (0))2i, with
rj(t) the position of a tagged particle at time t and h  i an
30
ensemble average, and a2D
2 (t) is the non-Gaussian parameter,
in 2D defined as
a2D
2 ðtÞ ¼

1 dr4
 1;
2 ½dr2 2

(5)

with drn(t) the nth moment of the self-part of the van Hove
Ð
correlation function Gs(r,t): drn ðtÞ ¼ rn Gs ðr; tÞdr.
The real-space analogue of the self-ISF is the self-van
Hove correlation function, Gs(r,t). The self-van Hove function
corresponds to the probability that a particle, j, has moved to
position rj, after a time t, given that it was at a certain position
at t = 0. In analogy to the self-ISF, Gs(r,t) quantifies the timedependent correlation of the microscopic one-particle density
P
variable, r(r,t) =
d(r  rj (t))10 and for a homogeneous fluid,
Gs(r,t) depends only on the absolute value of the position
vector, r  |r|. The self-van Hove function can also be computed
separately in each spatial direction as
*
+
N


1X
Gs ðx; tÞ ¼
d x  xj ðtÞ þ xj ð0Þ :
(6)
N j¼1
For a homogeneous, isotropic system in 2D, calculation of
eqn (6) for movement in the x or y direction leads to identical
results. As with the self-ISF it is possible to calculate Gs(x,t)
from the mean squared displacement via the Gaussian approximation as

1=2



1
Gs ðx; tÞ ¼
exp x2 2dx2 ðtÞ ;
(7)
2pdx2 ðtÞ
with dx2(t) = h[xj (t)  xj (0)]2i, the 1D MSD. The degree of nonGaussian behaviour may be quantified by the 1D non-Gaussian
parameter, a1D
2 (t), defined as
a1D
2 ðtÞ ¼

dx4 ðtÞ
3½dx2 ðtÞ2

 1:

(8)

2 Theoretical background

This is calculated from the MSD and the analogous measurement for dx4(t).

The self-ISF, Fs(k,t), for a system of N particles in two-dimensions
may be calculated as

3 Experimental methods

*
Fs ðk; tÞ ¼

+
N



1X
exp ik  rj ðtÞ  rj ð0Þ
;
N i¼1
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Our colloidal model system is composed of melamine formaldehyde particles (Microparticles GmbH) with a hard sphere diameter
of s = 2.79 mm.31 The particles are dispersed in a 20/80 v/v%
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ethanol/water mixture and sediment to form a monolayer with
area fraction f on the base of a glass sample cell. The cell has a
height of 200 mm and is cleaned before use with a 2% solution
of Hellmanex. The particle mass density of 1.57 g cm3 results
in a gravitational length of 0.07 mm and thus out of plane
fluctuations are negligible and the system is structurally twodimensional. The area fraction, f, is varied over a range from
approximately f = 0.05 to 0.66.
The system is imaged at a rate of 2 frames per second for
up to 30 minutes using a simple video-microscopy setup,
consisting of an Olympus CKX41 inverted microscope with a
40 objective and equipped with a PixeLink CMOS camera
(1280  1080 pixels). This image size corresponds to an area of
218  174 mm2 with the number of particles in the field of view
varying with area fraction from approximately 460 to 3950.
Standard particle tracking software32 was used to obtain particle coordinates, with an error of 12  10 nm in the particle
position.31 The self-ISF and self-van Hove correlation functions
are calculated directly from particle coordinates from eqn (3)
and (6), respectively. For Fs(k,t) values of k = |k| are chosen to
range from approximately k = 2.5 to 0.1 mm1, where the length in
k-space corresponding to the particle diameter is kp = 2.25 mm1
for the s = 2.79 mm system. The smallest value of k chosen
is larger than the minimum value of k set by the field of view,
i.e. k E 0.04 mm1. The self-ISF and the self-van Hove correlation functions are also both computed from the MSD using the
Gaussian approximation according to eqn (1) and (7).

4 Results and discussion
First, we consider the behaviour of the self-ISF at a variety of
area fractions. In Fig. 1a and b, Fs(k,t) is shown for systems with
f = 0.08 and 0.66, for a range of wavevectors, k. Here, the selfISF has been calculated both directly from particle coordinates
as described by eqn (3) and from the MSDs (shown in Fig. 1c)
via the Gaussian approximation as in eqn (1). Fig. 1 demonstrates a key strength of the self-ISF with respect to the MSD in that
by varying k it is possible to separately probe the self-dynamics

Paper

of particles over diﬀering lengthscales. For example, here it can
clearly be seen that as the value of k decreases, indicating that
larger real-space lengthscales are being probed, Fs(k,t) exhibits
a much slower decay. Additionally, for the system at f = 0.66,
slower decay of Fs(k,t) at a particular value of k is seen when
compared to the system at f = 0.08. This is consistent with
the smaller particle displacements and thus slower particle
motion seen at higher f in the MSDs. The self-ISF calculated
directly from the particle coordinates shows excellent agreement with Fs(k,t) calculated via the Gaussian approximation for
all area fractions considered. However, small deviations are
seen at long times for the system with f = 0.66 at almost all
values of k.
Next, the self-van Hove functions, Gs(x,t), corresponding to
the self-ISFs in Fig. 1a and b are computed using eqn (6) and
are shown in Fig. 2a and b. Here, we again present data for both
a direct calculation of Gs(x,t) using eqn (6) and for a calculation
via the Gaussian approximation as in eqn (7). For comparable
time delays, much smaller particle displacements are observed
at higher f. This is consistent with the slower diﬀusion seen at
higher f, which is clearly shown in the MSDs in Fig. 1c.
Consistently, the Gaussian approximation is seen to be in good
agreement with Gs(x,t) calculated directly from particle coordinates, however, there are deviations at intermediate times for
the system at higher f.
Fig. 1 and 2 illustrate the general trends in the behaviour of
Fs(k,t) and Gs(x,t) with varying area fraction: in both cases,
deviations from the Gaussian approximation are seen at certain
values of t and k, which are small in overall magnitude, but
larger for higher f. This is consistent with previous results for
the van Hove function from microscopy28,33 and for the intermediate scattering function in 3D from DLS measurements.1,18
This variation of the non-Gaussian behaviour can also be seen
in Fig. 2c where we show the non-Gaussian parameter, a1D
2 (t),
calculated by eqn (8) for a variety of values of f. Here, a1D
2 (t)
shows that deviations from Gaussian behaviour are largest at
intermediate time and increase with increasing f. However,
this parameter clearly gives only an indication of the average
behaviour with time, and does not provide any detailed

Fig. 1 The self-ISF, Fs(k,t), as a function of time, t, and for a range of wavevectors, k, at (a) f = 0.08 and (b) f = 0.66. Values of k in (b) apply to both panels.
Symbols show Fs(k,t) computed from eqn (3) and lines are calculated from the MSD, as shown in panel (c), using the Gaussian approximation, eqn (1).
In (c) the solid line corresponds to the asymptotic slope, DL at long times for f = 0.66 and the dashed vertical orange line corresponds to the time
2
at which a1D
2 (t) reaches a maximum (see Fig. 2c). The inset of (c) shows the ratio dr /4DLt at long times for the system at f = 0.66 with the black dashed
line indicating the long-time limit of dr2/4DLt = 1.
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Fig. 2 The variation of the self-van Hove function, Gs(x,t), with time at (a) f = 0.08 and (b) f = 0.66. Symbols show Gs(x,t) computed from eqn (6) and
lines are calculated from the MSD using the Gaussian approximation, eqn (7). Values of t in (b) apply to both panels. (c) The variation in the non-Gaussian
1D
parameter, a1D
2 (t), with f. The dashed vertical orange line indicates the time at which a2 (t) for f = 0.66 reaches a maximum.

information about the lengthscale dependence of the deviations from Gaussian behaviour.
To address the relationship between Fickian diﬀusion and
the Gaussian approximation,14,21 we show in Fig. 1c a straight
line with a gradient corresponding to the self-diﬀusion coeﬃcient at long times, which appears to be in agreement with the
experimental data for approximately t 4 200 s. We also indicate
the time at which a1D
2 (t) reaches a maximum, which lies close to
this apparent onset of the long-time diﬀusive regime, seeming to
indicate that we observe Fickian diﬀusion combined with nonGaussian behaviour in agreement with previous reports.14,21 To
probe this further, however, we consider the quantity dr2/4DLt as a
function of time, which we plot in the inset of Fig. 1c. In this
representation, it is clear that the MSD is in fact only slowly
approaching the hydrodynamic limit for times t 4 200 s, and thus
our observations do not imply a failure of the Gaussian approximation, but simply that it is diﬃcult to infer from the MSD visually
whether the true, asymptotic, long-time limit has been reached.
In order to consider both the time and lengthscale dependence
of the non-Gaussian contributions to Fs(k,t) and Gs(x,t) in more
detail we now attempt to determine directly the combinations
of wavevectors and times at which the non-Gaussian behavior is
seen. To this end, we consider the relaxation time scale tA(k) at
which Fs(k,t) decays to a given value A:
A = Fs(k,t = tA(k)).

(9)

If Fs(k,t) is Gaussian, then in the hydrodynamic limits for the
colloidal system eqn (2) applies and eqn (9) becomes
A = exp(Dik2tA(k)),

(10)

where Di with i = S, L is the short- or long-time self-diﬀusion
coeﬃcient. From the definitions of the hydrodynamic limits,
behaviour at large k and small t is expected to be governed by
DS, while that at small k and large t by DL. It follows that
ln A
¼ Di k2 ;
tA ðkÞ

(11)

such that a new function, C(k), may be defined as
CðkÞ ¼ 

ln A
:
tA ðkÞk2

(12)

For a fixed value of A, C(k) approaches DL for small values of k
and DS for large values of k. The intermediate k regime of C(k)
describes the crossover between the two diﬀusive regimes.
In Fig. 3 we show the variation of tA with k for A ranging from
0.9 to 0.1 for systems at f = 0.08, 0.43, and 0.62. Here, results are
considered in the form described by eqn (11) and thus the gradient
is equal to Di. As such, lines corresponding to eqn (11) computed
using the short- and long-time self-diﬀusion coeﬃcients measured
from the MSDs34 are also shown. The comparison between the
relaxation times of Fs(k,t) and the two limiting gradients set by
the self-diﬀusion coeﬃcients in Fig. 3a–c clearly demonstrates

Fig. 3 The relaxation time as defined by eqn (11) as a function of k2 shown for a range of values of A at (a) f = 0.08, (b) f = 0.43 and (c) f = 0.62. Values of
A relate to all panels. Lines show the expected gradient from an independent measurement of the self-diﬀusion coeﬃcients using the MSD. Here, the
dashed line is calculated from the short-time self-diﬀusion coeﬃcient, DS, and the solid line from the long-time self-diﬀusion coeﬃcient, DL.
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Fig. 4 (a) The dependence of the self-diﬀusion coeﬃcient via eqn (11) on k for three diﬀerent values of the parameter A at f = 0.62. Vertical dashed lines
indicate the value of k* for each curve. (b) The value of k* as a function of A for systems at f = 0.08, 0.43 and 0.62. (c) The variation of C(k) (eqn (12)), with
k rescaled by k* for f = 0.08, 0.43 and 0.62.

that there is a crossover from short to long-time behaviour with
decreasing k and A. This is consistent with the fact that k is an
inverse length scale and therefore relaxation times measured at
higher k will reflect behaviour over shorter length scales which
is naturally associated with shorter times. The value of A
impacts upon the timescale probed; a longer time is required
for Fs(k,t) to decay to a lower value of A, and this automatically
results in a consideration of behaviour at longer times.
The dependence of tA upon A is clearly much stronger for
the systems at higher f. This reflects the greater diﬀerence
in the magnitude of the long- and short-time self-diﬀusion
coeﬃcients at higher f.34 Also evident is the diﬀerence in the
timescales related to the short and long-time behaviour. For
systems at low f, a particle experiences relatively few direct
interactions during a certain period of time due to the large
average distance between particles. As such, the diﬀerence
between the short-time and long-time diﬀusion coeﬃcients,
which arises from direct interactions, is relatively small, and
only at very long times and length scales is the crossover to the
long-time behaviour seen (see Fig. 3a). In contrast, for higher
area fractions, the distance a particle must travel in order
to directly interact with another particle is very short, resulting
in significant number of direct interactions at short times.
This both significantly reduces the value of the long-time
self-diﬀusion coeﬃcient relative to its short-time value, but
also results in a crossover from the short- to long-time regime at
much earlier time and smaller length scales. This is illustrated
in Fig. 3c where ln A/tA exhibits a gradient consistent with
the long-time self-diﬀusion coeﬃcient up to reasonably high
values of k.
We now consider the trends displayed by Fig. 3 using
the function C(k) defined in eqn (12). In Fig. 4a we show the
variation of C(k) with k for three values of A for the system with
f = 0.62. For each line it is possible to determine an inflection
point at a certain value of k, which we denote as k*, and these
values are also indicated in Fig. 4a. The value of k* indicates a
crossover point between short- and long-time behaviour, and in
Fig. 4b, k* is plotted as a function of A. For all three values of f,
k* increases with decreasing A. This arises from the fact that the
behaviour at small A corresponds to that at long times and thus

This journal is © The Royal Society of Chemistry 2016

long-time behaviour is seen even for large values of k. Furthermore, k* for a fixed value of A is seen to increase with f,
demonstrating that as the area fraction increases, the length
scale associated with the crossover between short- and longtime behaviour decreases. This is due to the fact that at lower
f the distance between particles is much greater and thus
particles must diﬀuse further in order for suﬃcient collisions
to occur to reach the long-time regime.
In Fig. 4c, C(k) computed for all values of A is replotted with
k now rescaled by k*. This scaling relation is shown for systems
with f = 0.08, 0.43, and 0.62, where data for diﬀerent values
of A for each f are seen to fall onto one master curve. Here, the
presence of the long- and short-time regimes for the three
diﬀerent area fractions is clear, with the diﬀerence in long- and
short-time behaviour seen to increase with f. In addition to this,
universal behaviour is seen with respect to the scaling relation
at intermediate values of k close to k*. This is surprising, due to
the fact that the mechanisms that govern particle motion at
intermediate lengthscales, and therefore times, are complex, and
expected to diﬀer with area fraction. Importantly, it is clear
that both Fig. 3 and 4 provide significantly more information
regarding the nature of the crossover from long- to short-time
behaviour than that available from calculation of the nonGaussian parameter. In particular, by determining the quantity
k* we are able to estimate the ranges of k for which the two
hydrodynamic limits as a function of f are seen.

5 Conclusions
We have computed the self-intermediate scattering function,
Fs(k,t), and the self-van Hove correlation function, Gs(x,t), for a
quasi-two-dimensional colloidal system, with a particular focus
upon the estimation of these quantities using the Gaussian
approximation. The Gaussian approximation is found to be in
excellent agreement with a direct measurement of Gs(x,t) and
Fs(k,t) for the full range of fluid area fractions in the relevant
hydrodynamic regimes. This indicates that, in contrast to
recent reports, the Gaussian approximation remains a useful
tool in the discussion of particle dynamics providing that these
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regimes can be identified. Furthermore, the fact that deviations
from Gaussian behaviour disappear in the hydrodynamic
regimes suggests that reports of Fickian yet non-Gaussian
diﬀusion may arise from measurements outside the asymptotic
long-time limit.
Small deviations from Gaussian behaviour are, however,
found at intermediate times, and depend sensitively upon the
area fraction and the wavevector at which the system is probed.
These deviations are further quantified both through the nonGaussian parameter, and more thoroughly via the relaxation
times of Fs(k,t). These relaxation times for systems at all area
fractions are seen to obey a scaling relation, which allows the
combinations of wavevectors and times at which the nonGaussian behavior is seen to be determined. Furthermore, as this
relation approaches the long-time self-diﬀusion coeﬃcient for
small values of k and short-time self-diﬀusion coeﬃcient for large
values of k it can be used to identify the two diﬀusive regimes and
provides new insight into the crossover between them.
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