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Dynamics of flexible active Brownian dumbbells in
the absence and the presence of shear flow

Roland G. Winkler

The dynamical properties of a flexible dumbbell composed of active Brownian particles are analytically

analyzed. The dumbbell is considered as a simplified description of a linear active polymer. The two beads

are independently propelled in directions which change in a diffusive manner. The relaxation behavior of the

internal degree of freedom is tightly coupled to the dumbbell activity. The latter dominates the dynamics for

strong propulsion. As is shown, limitations in bond stretching strongly influence the relaxation behavior.

Similarly, under shear flow, activity determines the relaxation and tumbling behavior at strong propulsion.

Moreover, shear leads to a preferred alignment and consequently to shear thinning. Thereby, a different

power-law dependence on the shear rate compared to passive dumbbells under flow is found.

1 Introduction

The constituents of active matter convert internal chemical energy
or utilize energy from their environment for their propulsion.1

The resulting nonequilibrium dynamical behavior gives rise to
rich physical phenomena, such as swarming,2–6 turbulence,5

activity-induced clustering, and phase transitions.7–20 The spectrum
of biologically active systems is wide and ranges from moving
bacteria,1,21,22 the cytoskeleton in living cells22–31 to the macroscopic
scale of flocks of birds and mammalian herds.32 For synthetically
active particles, chemical or physical propulsion mechanisms are
exploited for spherical colloids8,33–35 or objects of other shapes.35,36

Various propulsion strategies are realized in nature. Bacteria
are typically propelled by one or several flagella.1,2,4,21,37 In the
cytoskeleton, actin filaments are driven forward by myosin
motors.27–31,38 Similarly, in vitro experiments demonstrate pro-
pulsion of microtubules by surface-bound dyneins.39

Various active systems exhibit not only common features,
but also distinct differences. From a theoretical point of view,
the challenge is to find an adequate description for a particular
class of systems, which captures their main characteristics. In a
rather generic model, the activity-induced hydrodynamic flow
field of a microswimmer is described by a force dipole.5,40,41

Indeed, experiments, theoretical calculations, and simulations for
E. coli bacteria5,42–45 and Chlamydomonas reinhardtii algae42,43,46,47

confirm such a description for the far-field flow. However, the
near-field flow is rather complex.42,43,45–47

Neglecting hydrodynamics completely, various fundamental
aspects of microswimmers are captured by their description as
active Brownian particles (ABPs).7,15,16,20,33,48,49 This stochastic

model provides fascinating self-organized structures induced by
propulsion and excluded-volume interactions.7,15,16,20,49 Moreover,
it is a valuable theoretical model to gain insight into the none-
quilibrium statistical properties of active Brownian systems.50–58

Excluded-volume interactions are of paramount importance for
collective phenomena in motility assays and active gels (cyto-
skeleton). The high aspect ratio of actin filaments or microtubules
leads to the alignment of interacting units. These ‘‘alignment
interactions’’ can be captured in various ways. Originally, an
alignment rule depending on the preferred propulsion direction of
some neighborhood of an active particle has been introduced.32,59

Alternatively, semiflexible of rodlike polymers can be studied
directly.60–65

Propelled flexible and semiflexible polymeric structures are
particular interesting systems, because of the intriguing coupling of
their conformations and the activity. Correspondingly, various
aspects of active polymers have been studied theoretically and by
computer simulations. The linear viscoelastic response of an
entangled, isotropic solution of polar semiflexible polymers has
been investigated in ref. 66 and, e.g., a novel time dependent
power-law regime for the shear modulus is obtained. Other
aspects, such as activity-induced ring closer,67 emerging beat
patterns,68 and collective phenomena,63 have been studied. The
intramolecular dynamics has been addressed,64 and activity
induced aggregation of individual polymers in two dimensions.65

Hydrodynamic interactions have been taken into account explicitly
in the studies of ref. 69 and 70 to elucidate their influence on the
polymer conformational properties. Specifically, activity driven
oscillations and beating patterns of the semiflexible polymer are
found. The influence of hydrodynamic interactions on the
dynamics of two driven polymers has been considered in ref. 71.

An analytical description of the dynamics of an active
polymer with its (infinitely) many degrees of freedom may be
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rather challenging. Here, a simpler approach by adopting a
dumbbell model as a first step in understanding the specificities
of polymers can be very useful. Dumbbells are indeed used to
describe the motion of active particles, typically as a model for a
force dipole. Thereby, hydrodynamic interactions are taken into
account,72–74 or the dumbbells are modelled as active Brownian
objects.75–77 Simulation studies of such systems show collective
effects72 and phase transitions.76,78

The Brownian dumbbells considered in the literature are
typically driven along the connecting bond. In terms of an
active polymer, this description is more adequate for a rodlike
rather than a flexible or semiflexible polymer. For the latter, the
conformational degrees of freedom will lead to a misalignment
of the direction of the driving forces along the polymer. This is
independent of the local propulsion mechanism, whether it is
parallel to the local tangent,65,68,71 perpendicular to it,66 or even
random.63,64

For passive systems, dumbbells are traditionally and successfully
applied to describe the dynamical79 and rheological properties of
polymers.79–82 The two beads might be considered as the polymer
ends. The dumbbell bond mimics the conformational properties of
the polymer. A rodlike polymer is described by a rigid bond.79

Flexibility can be implemented in different ways, either by a
completely flexible (Gaussian, Hookian) bond, a finitely extensible
nonlinear elastic (FENE) bond,79,83 or by a macroscopic constraint
of a constant mean square bond length.83,84 The latter yields exactly
the same force–extension relation as the FENE dumbbell,83,84 and
is an established mean-field approach for polymers.82–90

In this article, the dynamical and rheological properties of a
flexible active Brownian dumbbell (ABDB) are studied by an
analytical approach as a minimal model for a flexible polymer.
Thereby, each of the two beads is considered as an active
Brownian particle. The emphasize is on the dynamical and
rheological dumbbell properties due to the intimate coupling
of its entropic degrees of freedom with the activity of the beads
and an external shear flow. The diffusive motion of the propulsion
velocity of the beads is described by an independent Gaussian, but
non-Markovian process. The bond length fluctuates to some
extend, but its mean square length is maintained at a prescribed
value. The linear stochastic Langevin equation of motion of the
bond vector can be solved analytically. In addition, an expression
for the conditional probability distribution function can be
provided due to the Gaussian nature of the stochastic process.
We demonstrate that the relaxation behavior of the bond vector
strongly depends on the activity, giving rise to time regimes,
which are not present in passive systems. Thereby, activity leads
to a faster decay of correlation functions, especially at large
propulsion velocities. An applied shear flow implies a shear rate
dependent relaxation time, which decreases with increasing
shear rate. Hence, activity leads to a speed-up of the dynamics.
This is reflected in the bond vector correlation function, which
depends on the activity and shear rate. As for passive polymers,
shear leads to a preferred bond vector alignment with respect to
the flow and correspondingly to shear thinning. Both the alignment
angle and the viscosity show a distinctively stronger dependence
on the shear rate compared to that of passive dumbbells and

asymptotically decay with a different power-law than passive
systems. Hence, the calculations shed light on the coupling of
the polymer entropic degrees of freedom, activity, and shear flow.

This paper is organized as follows. In Section 2, the model of
an active Brownian dumbbell is introduced. The solution of the
equations of motion is presented in Section 3, and the dependence
of the relaxation time and the bond vector correlation function on
the activity is discussed. The dynamics of the ABDB under shear
flow is analyzed in Section 4. The dependence of the relaxation time
and the bond-vector correlation function on the activity and the
shear rate is analyzed. In addition, rheological properties are
addressed, specifically the shear induced ABDB alignment and its
shear-thinning behavior. To underline the differences between an
entropy elastic dumbbell with the constraint of a constant mean
square bond length and a purely enthalpic harmonic dumbbell,
various results for the latter are presented in Section 5. Finally,
Section 6 summarizes the findings. The Appendix illustrates the
calculation of averages and correlation functions.

2 Active dumbbell model

As stressed in the Introduction, we are interested in the
dynamical properties of active flexible polymers. In a simple,
least degree of freedom description, a polymer can be described as
an elastic dumbbell, i.e., by two connected beads. To add activity,
the two beads are considered as active Brownian particles (ABPs).
The internal entropic (conformational) degrees of freedom of the
polymer are captured by the harmonic bond potential

U = lkBTR2, (1)

where R = r2 � r1 is the bond vector between the ABPs at the
positions ri (i = 1, 2), T is the temperature, kB is the Boltzmann
constant, and l is a Lagrangian multiplier. The latter ensures
that the constraint of a constant mean squared bond length

h(r2 � r1)2i = hR2i = l2 (2)

is fulfilled (cf. remarks in the Introduction). The length l is referred
to as the dumbbell length. The constraint captures an important
aspect of a polymer, namely its limited extensibility.82–84,87–89 Under
equilibrium conditions, the Lagrangian multiplier follows from
the partition function as l0 = 3/2l2 and a Gaussian bond vector
distribution is obtained.82–84

The overdamped equations of motion of the active dumbbell are

dri

dt
¼ vi � ð�1Þi

2lkBT
gT

Rþ 1

gT
Ci; (3)

with the self-propulsion velocities vi of the ABPs, the forces
Fi = (�1)i2lkBTR/gT due to the bond, and the friction coefficient
gT of the translational motion. The Ci(t) are Gaussian and
Markovian stochastic forces with zero mean and the moments

hGa,i(t)Gb, j(t0)i = 2kBTgTdijdab(t � t0), (4)

i, j A {1, 2} and a, b A {x, y, z}. The translational friction
coefficient is related to the diffusion coefficient DT of an
independent ABP via DT = kBT/gT.
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The two ABPs account for the overall activity of the flexible
(coiled) polymer. Hence, we assume that the self-propulsion
velocities of the ABPs are independent and describe them by
the equations of motion

dvi

dt
¼ �gRvi þ gi; (5)

where gi(t) are Gaussian and Markovian stochastic forces with
the zero mean and the moments

hgi(t)�gj (t0)i = 2(d � 1)DRv0
2dijd(t � t0), (6)

with the rotational diffusion coefficient DR = gR/(d� 1), the damping
factor gR, the magnitude v0 of the propulsion velocity (activity), and
the dimension d. Here, d = 3 will be considered. In contrast to the
often applied approach vi = v0ei,

7,15,16,20,58 with a constant self-
propulsion velocity v0 and the unit vector ei of the propulsion
direction, the magnitude of the velocity vi is non-constant.1 How-
ever, the second moment (6) ensures that hvi

2i = v0
2. We like to point

out that the fluctuations gi are not necessarily thermal. Activity can
cause larger rotational diffusion coefficients than thermal noise,
which has been confirmed experimentally for E. coli bacteria1,5,91,92

and Chlamydomonas reinhardtii cells.5

The equations of motion (5) for the propulsion velocities are
decoupled from eqn (3), and their solutions are

viðtÞ ¼
ðt
�1

e�ðt�t
0Þgiðt 0Þdt 0; (7)

in the stationary state. Since the correlation functions are
given by

hvi(t)�vj (t0)i = dijv0
2e�gR|t�t0|, (8)

it suffices to consider eqn (3) only, with vi as Gaussian but non-
Markovian processes with zero mean.16,64,93 We like to point out
that the correlation function eqn (8) follows similarly from the
equation of motion dei(t)/dt = ei(t) � gi(t) of the unit orientation
vector e with the appropriate choice of the random forces gi.

58

Hence, the equation of motion eqn (5) yields the same correlation
function [eqn (8)] for an isotropic system as that for the propulsion
velocity with the unit vector e. Thus, the same results are obtained
for v independent of the underlaying dynamics. In the following,
we will work with the correlation function eqn (8).

3 Dynamics of the active dumbbell
3.1 Center of mass motion

The equation of motion of the center of mass rcm = (r1 + r2)/2 of
a dumbbell is

drcm

dt
¼ vcm þ

1

gT
Ccm; (9)

with the abbreviations vcm = (v1 + v2)/2 and Ccm = (C1 + C2)/2.
The center-of-mass mean square displacement (MSD) in
three dimensions (d = 3) is then given by the well-known
expression1,33,34,77,93

rcmðtÞ � rcmð0Þð Þ2
D E

¼ 3kBT

gT
tþ 2v0

2

gR2
gRtþ e�gRt � 1ð Þ: (10)

For gRt { 1, the MSD reduces to h(rcm(t) � rcm(0))2i = 3kBTt/gT +
v0

2t2, i.e., a linear diffusive contribution by the Brownian
motion of the dumbbell and an activity-induced ballistic motion.
In the limit gRt c 1, the diffusion coefficient is D = DT/2 + v0

2/6DR.
Compared to the diffusion coefficient of an individual ABP,
naturally only half of the Brownian diffusion coefficient appears.
However, the activity-induced diffusion is identical to that of an
individual ABP. A detailed discussion of the center-of-mass mean
square displacement is presented in ref. 78.

3.2 Bond vector dynamics

The equation of motion for the bond vector is given by

dR

dt
¼ �4lkBT

gT
Rþ Dvþ 1

gT
DC: (11)

Here, we use the terms Dv = v2� v1 and DC = C2� C1. The linear
equation is easily solved,93 and we find

RðtÞ ¼ R0e
�t=t þ

ðt
0

e�ðt�t
0Þ=t Dvðt 0Þ þ 1

gT
DCðt 0Þ

� �
dt 0; (12)

with the relaxation time

t ¼ gT
4lkBT

(13)

and the initial bond vector R0 at time t = 0. Since our stochastic
processes are Gaussian, we can (in principle) calculate all
desired moments from the solution eqn (12).

Even more, the conditional probability distribution c(R,t;R0,0)
can be given due to the Gaussian nature of the processes and
despite the non-Markovian character of Dvi.

94 Explicitly, the
distribution function reads

c R; t;R0; 0ð Þ ¼ 3

2p DR2h i

� �3=2

exp �3 R� hRið Þ2
.
2 DR2
� �� �

;

(14)

with the average hRi = R0e�t/t and the mean square displacement
hDR2i = h(R(t) � R(0))2i. In the stationary state t - N, the
distribution function turns into a Gaussian with the zero mean
and, as required by the constraint (2), the width hR2i = l2.

3.3 Lagrangian multiplier—relaxation time

In order to determine the Lagrangian multiplier to satisfy eqn (2),
the mean square bond vector is required. Using eqn (12), we find

R2
� �

¼ 6kBT

gT
tþ 2v0

2

1þ gRt
t2 (15)

in the stationary state (cf. Appendix A for a more detailed
calculation). Setting hR2i = l2, we obtain

t ¼
l2gTgR � 6kBT þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
6kBT þ l2gTgRð Þ2þ8l2gT2v02

q
12kBTgR þ 4v02gT

: (16)

The Lagrangian multiplier itself follows via eqn (13). The
relaxation time and l depend in a complex manner on the
self-propulsion velocity, an aspect neglected in the analytical
studies of the Gaussian polymer of ref. 95. The inextensibility
property of a polymer leads to bond forces, which depend on
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self-propulsion and strongly affect the relaxation behavior. This
is expressed, in our mean-field description by eqn (16). Introducing
the Péclet number1,13,51

Pe ¼ v0

lDR
(17)

and the abbreviation

D ¼ DT

l2DR
(18)

for the ratio of the diffusion coefficients, the equation for the
Lagrangian multiplier m = l/l0 becomes

t
t0
¼ 1

m
¼ 3D

1� 3Dþ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð1þ 3DÞ2 þ 2Pe2

p
6Dþ Pe2

; (19)

with t0 = gTl2/6kBT being the relaxation time of a passive
dumbbell. In the asymptotic limit D - 0, i.e., the rotational
diffusion coefficient is much larger than that for translational
motion, eqn (19) yields

m ¼ Pe2

3D 1þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ 2Pe2
p	 
: (20)

For Pe c 1, the expression (20) reduces to m ¼ Pe
�
3
ffiffiffi
2
p

D.
Evidently, the bond force increases with increasing rotational
diffusion coefficient and increasing Péclet number. Without
propulsion (Pe = 0), eqn (19) yields m = 1.

Fig. 1 displays Lagrangian multipliers as a function of Pe for
various values of D. We assume that the rotational diffusion
coefficient DR is equal to or larger than the thermal value.
Hence, we use D r 1. The individual curves are well described
by the analytical expression (20) for large Péclet numbers. For
large D values, m increases essentially linearly with the Péclet
number (Pe \ 10). However, for D t 10�2, there exists an
intermediate regime, where m increases approximately quadratically

with Pe (Pe o 1). We like to emphasize that the increase of m
with increasing Péclet number is a consequence of the constraint
(2). Without such an condition, the Lagrangian multiplier would
be equal to unity and independent of the activity. Thus, such a
model would miss an essential aspect of polymers, namely their
finite extensibility.

The relaxation time is conveniently scaled by the friction
coefficient gR. Hence,

gRt ¼
1� 3Dþ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð3Dþ 1Þ2 þ 2Pe2

p
6Dþ Pe2

: (21)

In the limit Pe = 0, i.e., v0 = 0, this expression yields the
Lagrangian multiplier l0 = 3/2l2. Moreover, for D = 0, i.e., zero
translational friction, we find

gRt ¼
1þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ 2Pe2
p

Pe2
: (22)

This expression reduces to gRt ¼
ffiffiffi
2
p �

Pe in the limit Pe - N.

Thus, the relaxation time t ¼ l
� ffiffiffi

2
p

v0 approaches zero for
v0 - N.

The dependence of the relaxation time on the Péclet number
is presented in Fig. 2 for various ratios D. Since the activity
dependence of t is completely governed by the Lagrangian
multiplier, the figure exhibits the same features as Fig. 1. In
the asymptotic limit of large Péclet numbers, gRt decreases as 1/
Pe. For Pe o 1 and small D, there is an intermediate regime,
where gRt decreases as 1/Pe2 with increasing Pe. In the asymp-
totic limit D - 0, the functional dependence on Pe is captured
by eqn (22).

Fig. 1 and 2 reflect the tight coupling between the entropic
degrees of freedom of a polymer, its finite extensibility, and
activity, an aspect specific to polymers with their internal
conformational degrees of freedom.

Fig. 1 Lagrangian multiplier m = l/l0 [eqn (19)] as a function of Péclet
number for the diffusion coefficient ratios D = DT/l2DR = 10�3, 3 � 10�3,
10�2, 3 � 10�2, 10�1, 0.3, and 1 (left to right). The colored lines (left and
right) correspond to the approximation of eqn (20) with the respective
value of D.

Fig. 2 Scaled dumbbell relaxation times gRt [eqn (21)] as a function of
Péclet number for the diffusion coefficient ratios D = DT/l2DR = 10�3,
3 � 10�3, 10�2, 3 � 10�2, 10�1, 0.3, and 1 (top to bottom). The red line
correspond to the approximation of eqn (22).
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3.4 Bond vector autocorrelation function

The dynamics of the bond vector can be characterized by the
correlation function

RðtÞ � Rð0Þh i ¼ l2e�t=t þ 2v0
2t2

1� ðgRtÞ2
e�gRt � e�t=t
� �

; (23)

which is straightforwardly obtained as illustrated in Appendix A. In
terms of the Péclet number (17), the correlation function reads

RðtÞ � Rð0Þh i ¼ l2e�t=t 1� gRtð Þ2Pe2

2 1� gRtð Þ2
� �

0
@

1
A

þ l2 gRtð Þ2Pe2

2 1� gRtð Þ2
� �e�gRt:

(24)

There are two exponentially decaying contributions to the
correlation function, a contribution with the relaxation time t,
which strongly depends on the activity, and a contribution com-
prising gR, where the exponent is independent of self-propulsion.

In the asymptotic limit Pe - N, gRt ¼
ffiffiffi
2
p �

Pe� 1 and the
correlation function reduces to

hR(t)�R(0)i = l2e�gRt. (25)

Here, the decay of the correlation function is independent of
the propulsion force and solely governed by the orientational
dynamics of the ABPs. This is similar to a rodlike active object
propelled along its director, which changes by Brownian diffusion.
In the previously addressed intermediate Pe regime, gRt can be
approximated by gRt = 2/Pe2, which is much larger than unity for
Pe o 1 (cf. Fig. 2), hence,

RðtÞ � Rð0Þh i ¼ l2e�t=t 1þ Pe2

2

� �
� Pe2l2

2
e�gRtðt=tÞ

� l2e�t=t 1þ Pe2

2

� �
:

(26)

The correlation function decays with the relaxation time t, which
strongly depends on Pe (cf. remarks at the end of Section 3.3). In
the limit Pe - 0, the relaxation behavior of a passive dumbbell is
obtained.

In the exponentially decaying regimes, we can determine
dumbbell-rotational diffusion coefficients Dd

R. With the defini-

tion RðtÞ � Rð0Þh i � e�2D
d
R
t, eqn (25) and (26) imply

Dd
R ¼

DR; Pe� 1

DRð6Dþ Pe2Þ
1� 3Dþ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð3Dþ 1Þ2 þ 2Pe2

p ; 0oPeo 1

3kBT=l
2gT; Pe ¼ 0

8>>>>><
>>>>>:

: (27)

Hence, even for a moderate Péclet number, the rotational
dynamics of the dumbbell is determined by the activity.

Fig. 3 provides an example of the bond vector correlation
function. For the ratio of the diffusion coefficients, we choose
D = 10�2, assuming that DR is larger than the thermal value. The

correlation function decays exponentially in the limits Pe -N

and Pe - 0 according to eqn (25) and (26), respectively. The
correlation functions decay in a non-exponential manner over a
wide range of Péclet numbers including the considered values
Pe = 0.5�5. Thereby, the decay is slower than exponential at
short times. On longer time scales, the exponential decay is
reached according to eqn (25) for Pe 4 2 and eqn (26) for Pe o 2. In
summary, the coupling of the internal polymer degrees of freedom
and activity leads to a complex, in general, non-exponential decay of
the bond vector correlation function.

4 Active dumbbell in shear flow

The nonequilibrium properties of passive Gaussian dumbbells
in shear flow have been studied intensively. Various results are
presented in ref. 79. Finite extensible Gaussian dumbbells, with
the constraint of a constant mean square bond vector, have
been studied in ref. 82. In particular, it has been shown that the
finite extensibility of dumbbells and polymers is fundamental
for shear thinning.79,82,85 In this section, an extension to active
Brownian dumbbells under shear flow is provided.

4.1 Equation of motion

In shear flow with shear rate _g, the equations of motion
eqn (11) become

dRb

dt
¼ �1

ts
Rb þ Dvb þ

1

gT
DGb þ _gRydbx: (28)

Flow is along the x-direction and the gradient is along the
y-direction of the Cartesian reference frame. Here, the relaxation
time ts = gT/4lskBT is introduced with the index ‘s’ to indicate the
dependence of the relaxation time on the shear rate. Similarly, ls

Fig. 3 Bond vector autocorrelation functions of a dumbbell as a function
of the scaled time gRt for the Péclet numbers Pe = 0 (green), 0.5, 1.0, 1.5,
2.0, 3.0, 5.0, and N (blue) (top to bottom). The diffusion coefficient ratio is
set to D = 10�2. The red lines correspond to the two exponentially
decaying terms of eqn (24). For Pe o 2, the long-time decay is determined
by the decay of the first term on the right-hand side of eqn (24)
(cf. eqn (26)), and for Pe 4 2 by the second term (cf. eqn (25)).
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denotes the Lagrangian multiplier in the presence of shear flow.
These are linear and independent equations as long as we
assume the validity of eqn (5) and the correlation functions

Za;iðtÞZb;jðt 0Þ
D E

¼ 2ðd � 1Þ
d

DRv0
2dijdabdðt� t 0Þ (29)

in d dimensions. This implies the relation

va;iðtÞvb;jðt 0Þ
� �

¼ dijdab
v0

2

d
e�gR jt�t

0 j; (30)

i.e., independent velocity correlations for the Cartesian compo-
nents, which does not necessarily apply to active systems with a
velocity v = v0e, with the unit vector e. Here, the Cartesian
components are coupled. However, we expect a minor (quanti-
tative) difference between our approach, eqn (28) and (30), where
hv2i = v0

2, and an approach applying the condition |v| = v0, as
long as bond vectors are considered. Under this assumption, the
solution of eqn (28) is

RbðtÞ ¼
ðt
�1

e�ðt�t
0Þ=ts Dvbðt 0Þ þ DGbðt 0Þ þ _gRyðt 0Þdbx
	 


dt 0:

(31)

4.2 Lagrangian multiplier

The calculation of the mean square bond vector yields
(cf. Appendix A)

R2
� �

¼ 6kBT

gT
ts þ

2v0
2

1þ gRts
ts2 þ _g2

kBT

gT
ts3 þ _g2

v0
2 2þ gRtsð Þ

3 1þ gRtsð Þ2
ts4:

(32)

As usual, we introduce the Weissenberg number85,96

Wi = _gt (33)

as a product of the shear rate and the relaxation time at a zero
shear rate, which in our active system is t of eqn (16). In
addition, for the sake of brevity, we introduce the Lagrangian
multiplier ms = ls/l0 = t0/ts. Hence, the constraint (2) turns into
the condition for ms

1 ¼ 1

ms
þ Pe2

18D2 1þ 3Dmsð Þ�1
� � 1

ms2
þWi2m2

6

1

ms3

þ
Wi2Pe2m2 2þ 3Dmsð Þ�1

� �
108D2 1þ 3Dmsð Þ�1

� �2 1

ms4
:

(34)

The Lagrangian multiplier m is the solution of eqn (19) at
zero shear.

Eqn (34) yields the following asymptotic dependencies:
	 Passive dumbbell (Pe = 0, m = 1)

ms
3 � ms

2 �Wi2

6
¼ 0: (35)

This is the expression derived in ref. 82.

	 D - 0 and Pe { 1, or msD { 1

ms
m

� �3

� ms
m

� �2

�Wi2

6
¼ 0: (36)

Here, the same equation as for Pe = 0 is obtained, i.e., we find
the same dependence on the Weissenberg number as for
the passive dumbbell. However, it has to be kept in mind that
m = Pe2/6D in this limit. For Wi c 1

ms ¼ m
Wi2=3ffiffiffi

63
p ¼ Pe2

6D
Wi2=3ffiffiffi

63
p : (37)

Hence, the Lagrangian multiplier depends quadratically on the
Péclet number.
	 D o 1, Pe o N, and Wi - N

ms
m
¼ Wi2=3

ð6mÞ1=3: (38)

	 D o 1, Pe c 1, and Wi o N

ms
m

� �4

� ms
m

� �2

�Wi2

3
¼ 0: (39)

The solution of this equation is

ms
m
¼ 1ffiffiffi

2
p

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ 4

3
Wi2

rs
; (40)

which yields in the asymptotic limit Wi - N

ms ¼ m

ffiffiffiffiffiffiffi
Wi
p ffiffiffi

34
p ¼ Pe

3
ffiffiffi
2
p

D

ffiffiffiffiffiffiffi
Wi
p ffiffiffi

34
p ; (41)

i.e., ms depends linearly on the Péclet number. Note that ls of an
active dumbbell at large Péclet numbers exhibits a qualitative
different dependence on the Weissenberg number as a passive
dumbbell.

In eqn (36) and (40), the dependence on the Péclet number
is solely via m. As shown by the asymptotic expressions (37) and
(41), we obtain a crossover from a Pe2 dependence for Pe { 1 to
a linear dependence for Pe c 1.

Fig. 4 shows Lagrangian-multiplier ratios ms/m as a function
of the Weissenberg number for D = 3 � 10�3 (a) and D = 0.3 (b)
and various Péclet numbers. For the small diffusion coeffi-
cient ratio D = 3 � 10�3, we find a gradual change in the slope
of ms/m with increasing Pe. Starting from the curve of a passive
dumbbell with the dependence ms B Wi2/3 for Wi c 1, the
asymptotic dependence ms B Wi1/2 is assumed for Pe - N.
Thereby, the asymptotic dependence Wi2/3 for Wi - N is
essentially maintained for Wi 4 103 and Pe o 0.1. Note,
however, that for Pe \ 1 and Wi oN, there is a large range of
Weissenberg numbers, where the Lagrangian multiplier
exhibits the slope ms/m E 0.53 before the asymptotic depen-
dence BWi2/3 is assumed.

The changes of ms/m with increasing Péclet number are qualita-
tively different for D = 0.3 compared to those for D = 3 � 10�3. For
the large D value, we find a gradual change from the curve of a
passive dumbbell to a curve which is described by eqn (40) and is
dominated by activity. For small D, e.g., D = 3 � 10�3, however,
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we find first a gradual change of the slope to smaller values in
the range 1 o Wi o 103 with increasing Pe o 0.1, and then, for
Pe 4 0.1, a ‘‘shift’’ of the whole curve to large Wi until the
asymptotic behavior of eqn (40) is assumed.

4.3 Relaxation time

The nonequilibrium relaxation time ts follows via eqn (33) from
the Lagrangian multiplier ms. Hence, it is evident that ts

strongly depends on the Péclet number. In terms of the friction
coefficient gR, the equation for the scaled relaxation time gRts is

1 ¼ 3DgRts þ
Pe2

2 1þ gRtsð Þ gRtsð Þ2 þWi2D
2

gRtsð Þ3

gRtð Þ2

þWi2Pe2 2þ gRtsð Þ
12 1þ gRtsð Þ2

gRtsð Þ4

gRtð Þ2

(42)

in analogy to that of the non-sheared dumbbell in Section 3.3.
The following asymptotic dependencies are obtained:
	 Pe = 0 and D o 1

At zero Péclet number, m = 1 and ms ¼Wi2=3
� ffiffiffi

63
p

. Combined
with gR follows for Pe { D

gRts ¼
ffiffiffi
63
p

3DWi2=3
: (43)

	 D - 0 and 0 o Pe { 1

gRts ¼
2
ffiffiffi
63
p

Pe2Wi2=3
: (44)

	 Do1 and Pe { 1
With eqn (40)

gRts ¼
2

Pe

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ 4Wi2=3

pq ����!Wi!1
ffiffiffiffiffi
124
p

Pe
ffiffiffiffiffiffiffi
Wi
p : (45)

An example of the non-equilibrium relaxation times is
provided in Fig. 5 for D = 3 � 10�3. As predicted, ts decreases
with increasing Weissenberg number according to Wi�2/3 for
Pe t 0.2 and Wi�1/2 for Pe 4 0.2. The strong influence of
activity on the relaxation time is already visible for Pe \ 0.1 in
the vicinity of Wi 4 1. Here, and even more for larger Péclet
numbers, the relaxation times exhibit the dependence ts B
Wi�1/2. However, the asymptotic dependence for Wi - N is
gRts B Wi�2/3 as long as Pe o N. In the limit Pe - 0, a Péclet
number-independent asymptotic curve of a passive dumbbell is
assumed already for Pe t 10�2. This is a consequence of the
fact that D is finite and hence m is equal to unity. Taking the
limit D - 0 first yields a different behavior, where gRts B
Pe�2Wi2/3 over a broad range of Péclet numbers Pe { 1. Hence,
the relaxation time diverges with decreasing Pe. The asymptotic
dependence of eqn (40) for Pe c 1 is not yet reached for
Pe = 10, as reflected by the small deviation between the
analytical and numerically determined curve. The plateau
values for Wi { 1 follow from eqn (21)

Fig. 4 Ratios of Lagrange multipliers for active dumbbells under shear
flow as a function of Weissenberg number for various Péclet numbers. The
ratio of the diffusion coefficients is (a) D = 3 � 10�3 and (b) D = 3 � 10�1.
In (a), the Péclet numbers are Pe = 0 (blue), 10�1, 3 � 10�1, 5 � 10�1, 100,
3� 100, 101, and N (red) (left to right). The Péclet numbers in (b) are Pe = 0
(blue), 1, 3, 101, 3 � 101, 102, and N (red) (left to right).

Fig. 5 Relaxation times gRts as a function of Weissenberg number. The
ratio of the diffusion coefficients is D = 3 � 10�3 and the Péclet numbers
are Pe = 0 (blue), 10�1, 2 � 10�1, 3 � 10�1, 5 � 10�1, 100, 3 � 100, and 101

(top to bottom). The curve for Pe = 0 (blue) corresponds to the solution of
eqn (36) with m = 1 (see also eqn (43)). The bottom curve (red) is calculated
via eqn (40).
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4.4 Bond vector autocorrelation function

Straightforward calculations yield the bond-vector correlation
functions for the Cartesian components (t Z 0) (cf. Appendix A)

RyðtÞRyð0Þ
� �

¼ l2

3ms
� 2v0

2gRts
3

3 1� gRtsð Þ2
� �

0
@

1
Ae�t=ts

þ 2v0
2ts2

3 1� gRtsð Þ2
� �e�gRt;

(46)

RxðtÞRxð0Þh i ¼ RyðtÞRyð0Þ
� �

þ 2 _g2v02ts4

3 1� gRtsð Þ2
� �2e�gRt

þ _g2ts2

2

l2

3ms
� 2v0

2gRts
3

3 1� gRtsð Þ2
� �

0
@

1
A 1þ t

ts

� �2
4

� 2 _g2v02gRts
5

3 1� gRtsð Þ2
� �2

3
75e�t=ts ;

(47)

RxðtÞRyð0Þ
� �

¼ 2 _gv02ty3

3ð1� gRtsð Þ2Þð1� gRtsÞ
e�gRt

þ _gts
2

l2

3ms
� 2v0

2gRts
3

3 1� gRtsð Þ2
� �

0
@

1
A 1þ 2t

ts

� �2
4

� 4 _gv02gRts
4

3 1� gRtsð Þ2
� �2

3
75e�t=ts :

(48)

The bond-vector correlation function is then

RðtÞ � Rð0Þh i ¼ 2v0
2ts2

1� gRtsð Þ2
1þ _g2t2s

3 1� gRtsð Þ2
� �

0
@

1
Ae�gRt

þ l2 þ _g2ts2

2

l2

3ms
� 2v0

2gRts
3

3 1� gRtsð Þ2
� �

0
@

1
A t

ts

2
4

� 2v0
2ts2

1� gRtsð Þ2
1þ _g2ts2

3 1� gRtsð Þ2
� �

0
@

1
A
3
5e�t=ts ;

(49)

when we account for the constraint (2) and eqn (32). As for the
non-sheared dumbbell, the correlation function is determined
by two exponentially decaying contributions. The term includ-
ing the relaxation time ts depends on both the Péclet number
and the Weissenberg number. For gRts { 1, which follows for
Pe c 1 independent of the ratio D, the decay of the correlation
function is determined by the first term on the right-hand side
of eqn (49). Here, we find hR(t)�R(0)iE l2e�gRt in the limit Wi c 1.

In the opposite limit, gRts c 1, both exponential terms con-
tribute to the relaxation for moderate shear rates.

Fig. 6 displays examples of correlation functions for various
diffusion coefficient ratios, Péclet numbers, and Weissenberg
numbers. For an ABDB with a very large rotational diffusion
coefficient, i.e., D { 1 and small Pe values, both terms of
eqn (49) contribute to the relaxation process. For Wi o 1, the
relaxation is dominated by the second term of eqn (49) (e�t/ts)
over several orders of magnitude of the correlation function.
With increasing Wi, we observe a gradual crossover to the
exponential decay l2e�gRt for Wi 4 102. Note that even for smaller
Weissenberg numbers, the long-time decay of the correlation
function is given by e�gRt. For larger Péclet numbers at the same
D, gRts c 1 and, hence, the decay of the correlation function is
dominated by the first term on the right-hand side of eqn (49). The
shear-rate dependent term in the brackets dominates at large

Weissenberg numbers, however, the dependence ts � 1
� ffiffiffiffiffiffi

Wi
p

of

Fig. 6 Bond-vector autocorrelation functions of a dumbbell under shear
flow as a function of the scaled time gRt for various Weissenberg numbers.
(a) Correlations are displayed for D = 3 � 10�3, Pe = 1, and Wi = 0, 1, 2, 5,
10, 20, 100, and N (red) (top to bottom). The blue line represents the
exponential e�t/ts, and the red line e�gRt. (b) Correlations are shown for
D = 3� 10�1, Pe = 10, and Wi = 0, 101, 4 � 101, 102, 2� 102, 5� 102 and 103

(top to bottom). The red dashed lines represent the exponential decay
(e�gRt) of the first term on the right-hand side of eqn (49). The inset shows
the same curves in a semi-log representation.
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the relaxation time renders the correlation function shear rate
independent for these parameters.

A smaller rotational diffusion coefficient yields a clear two-
state decay of the correlation function, as shown in Fig. 6(b) for
D = 0.3. In the limit gRt - 0, the term with the exponential
decay e�t/ts dominates. Since gRts o 1, this term decays faster
than the term e�gRt. Thus, the latter term determines the long
time behavior. This term is clearly shear rate dependent.
Specifically for larger Weissenberg numbers, the ‘‘plateau’’
decreases with increasing Wi (cf. Fig. 6(b)). This is related
to the fact that gts B Wi�k with an exponent k 4 1/2, such
that a dependence on the Weissenberg number remains, i.e.,
hR(t)�R(0)iB Wi2�4k. Note that aside from this relation, ts itself
depends on the shear rate.

4.5 Shear-induced deformation

The correlation functions (46) and (47) yield the Cartesian
components of the mean square bond vector under shear

Ry
2

� �
¼ l2

3ms
þ 2v0

2ts2

3 1þ gRtsð Þ; (50)

Rx
2

� �
¼ Ry

2
� �

þ l2 _g2ts2

6ms
þ _g2v02ts4 2þ gRtsð Þ

3 1þ gRtsð Þ2
; (51)

and hRz
2i = hRy

2i. Evidently, the gradient component hRy
2i only

depends on the shear rate via ts, whereas the flow component
hRx

2i explicitly depends on _g additionally. In terms of the Péclet
number, and taking into account the constraint (2), eqn (50)
and (51) become

Ry
2

� �
¼ l2

3ms
þ l2Pe2

54D2 1þ 3msDð Þ�1
� � 1

ms2
; (52)

hRx
2i = l2 � 2hRy

2i. (53)

These equations depend on the Weissenberg number only
implicitly via ms. Most importantly, the constraint couples the
various Cartesian components of the bond vector. At zero shear,
the bond orientation is isotropic, hence hRx

2i = hRy
2i = hRz

2i = l2/3.
Shear flow breaks the symmetry, and hRy

2i - 0 for Wi - N,
since ms - N in that limit as is evident from Fig. 4. As a
consequence, hRx

2i - l2 for Wi - N, which indicates the
alignment of the dumbbell along the flow direction.

Fig. 7 provides an example of the dumbbell deformation for
various Péclet numbers. For Pe = 0, eqn (50) and (51) reduce to
those provided in ref. 82. Here, hRy

2i decreases as Wi�2/3 with
increasing Weissenberg number. For large Péclet numbers the
second term on the right-hand side of eqn (51) dominates, and
the deformation transverse to the flow direction decreases as
Wi�1 for moderate Pe. In the asymptotic limit Wi - N,
hRy

2i decreases as Wi�2/3 with increasing Wi. As discussed in
Section 4.2 in connection with the Lagrangian multiplier, a
somewhat different dependence on the Weissenberg number
can be observed, depending on the particular Péclet number.

The inset of Fig. 7 displays the deformation along the flow
direction. Starting from the equilibrium value l2/3, hRx

2i

assumes the value l2 in the limit Wi - N, as required by the
constraint (2). Thereby, the increase of hRx

2i depends on the
Péclet number, and hRx

2i increases somewhat faster at larger
Péclet numbers.

4.6 Shear-induced alignment

Shear flow implies a preferred alignment of the ABDB with
respect to the flow direction, as is well known for passive
polymers.82,84,96 This alignment is characterized by the angle
w between the bond vector R and the flow direction. The angle
itself is obtained from the relation

tanð2wÞ ¼
RxRy

� �
Rx

2h i � Ry
2

� �: (54)

Insertion of the correlations eqn (46)–(48) yields

tanð2wÞ ¼ 2ms
Wim

; (55)

where m and mS are the solutions of eqn (19) and (34), respec-
tively. For Pe = 0, eqn (55) reduces to the expression provided in
ref. 82.

For Wi { 1, ms = m and tan(2w) decreases as 1/Wi. The latter
dependence would also apply for dumbbells/polymers with
extensible bonds (Rouse/Zimm model), i.e., under shear flow
the polymer-contour length could increase ad infinitum. In the
case of the dumbbell, this nonphysical behavior is prevented by
the constraint (2). As a consequence, the alignment of finite
extensible passive dumbbells is given by tan(2w) B Wi�1/3 at large
shear rates.82,84 Activity changes the large-Weissenberg-number
behavior and leads to the dependence tan(2w) B Wi�1/2 as
illustrated in Fig. 8.

Alignment is tightly linked to the rheological properties of
polymers and rodlike colloids,84,96 thus activity strongly affects
the viscosity of a dilute solution of ABDBs.

Fig. 7 Deformation transverse to the flow direction (gradient direction) of
an ABDB as a function of shear rate for D = 0.3 and the Péclet numbers
Pe = 0 (blue), 1, 3, 10, 30, 100, 500, and N (red) (top to bottom). The straight
lines indicate the power-law decay Wi�2/3 for Pe = 0 (top) and Wi�1 for
Pe -N (bottom). The inset displays the deformation along the flow direction
for the Péclet numbers Pe = 0 (blue), 1, 3, 10, and N (red) (right to left).
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4.7 Shear viscosity

The shear viscosity Z of a dilute solution of ABDBs follows from
the relation Z = sxy/_g, where sxy is the stress tensor. The stress
tensor itself is calculated from its virial representation,58,82,83 i.e.,

sxy ¼ �
1

V

X2
i¼1

Fx;iry;i
� �

(56)

for a single ABDB, with the volume V of the system and the forces
defined in eqn (3). The ‘‘swimm’’ force gTvi does not provide a
contribution to the shear stress,58 hence, the shear stress is
solely determined by the bond forces. Evaluation of the averages
yields the viscosity

Z ¼ kBT

2V
ts þ

gTv0
2ts2ð2þ gRtsÞ

3kBT 1þ gRtsð Þ2

 !
; (57)

which explicitly and via ts depends on the propulsion velocity.
The shear rate dependence enters only via the relaxation time.
The zero-shear viscosity Z0 follows for Wi = 0, i.e., ts has to be
replaced by t of eqn (16).

The zero-shear viscosity itself depends on the Péclet number.
For Pe = 0, Z0 = kBTt0/2, or, expressed in units of gR,

Z0 ¼
kBT

2gR
gRt0 ¼

kBT

6gRD
: (58)

In the asymptotic limit Pe - N, gt!
ffiffiffi
2
p �

Pe, and hence,
Z0(Pe = N) = 2Z0(Pe = 0), i.e., the viscosity at large Péclet numbers
is twice as large as that at zero Pe. The explicit dependence of Z0

is presented in the inset of Fig. 9. Activity evidently yields an
increase of the zero shear viscosity.

The shear rate dependence of the viscosity is illustrated in
Fig. 9. As expected, a dilute solution of ABDBs is shear thinning.
Thereby, activity significantly affects the extent of shear thinning.
For passive systems, the viscosity decreases asymptotically as
Wi�2/3 at large shear rates. The slope changes gradually with

increasing Péclet number, and Z decreases as Wi�1 with increasing
shear rate in the limit Pe - N. However, already for moderate
Péclet numbers on the order of P E 10, we observe a nearly linear
decrease of Z over a large range of shear rates.

5 Enthalpic dumbbell

As pointed out several times, the dumbbell harmonic bond (1)
mimics the conformational properties of a polymer, i.e., its
entropic degrees of freedom, and the constraint (2) accounts for
the finite polymer extensibility. In the case of an enthalpic
bond, i.e., a harmonic bond, where eqn (1) describes the
stretching energy of the bond, no constraint exists and l is
connected to the spring constant K of the harmonic potential
via l = K/2kBT. An activity and shear independent spring
constant changes the conformational, dynamical, and rheolo-
gical properties of the dumbbell qualitatively. Specifically, the
Lagrangian multipliers obey l = ls = l0, and thus, the relaxation
times t and ts are independent of activity and shear rate and are
given by t = ts = gT/2K. As a further consequence, m = ms = 1.

For convenience, we list several of the important quantities
of the enthalpic dumbbell.

(i) No shear flow
	 Mean square bond vector
Without shear, eqn (15) is given by

R2
� �

¼ 3kBT

K
1þ Pe2

6D 1þ DKl2=kBTð Þ

� �
(59)

in terms of the Péclet number. Evidently, the mean square
bond length is affected by the activity and hR2i grows
quadratically with Pe.
(ii) With shear flow
	 Mean square bond vector transverse to the flow direction
Without constraint, the Cartesian components of any quantity
are decoupled. Hence, the deformation along the gradient
and vorticity directions of the mean square bond vector is

Fig. 8 Dependence of the shear-induced alignment of an ABDB
[eqn (54)] on the shear rate for D = 0.3 and the Péclet numbers Pe = 0
(blue), 1, 3, 10, 30, 100, and N (red) (top to bottom). The straight
lines indicate the power-law decay Wi�1/3 for Pe = 0 (top) and Wi�1/2 for
Pe - N (bottom).

Fig. 9 Dependence of the shear viscosity of an ABDB on the shear rate for
D = 0.3 and Pe = 0 (blue), 1, 2, 3, 5, 10, and N (red) (top to bottom). The
straight lines indicate the power-law decay Wi�2/3 for Pe = 0 (top) and Wi�1

for Pe - N (bottom). Inset: Zero shear viscosity (Wi = 0) as a function of
Péclet number.
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independent of the shear flow and is given by hRy
2i = hRz

2i =
hR2i/3, with hR2i of eqn (59).
	 Mean square bond vector along the flow direction
In the direction of flow, we find

Rx
2

� �
¼ Ry

2
� �

þ kBTWi2

2K
1þ Pe2

6D
1þ 2DKl2

�
kBT

1þ DKl2=kBTð Þ2

" #
: (60)

Thus, the deformation increases quadratically with the
shear rate and the bond is stretched ad infinitum with
increasing Wi.
	 Alignment
The bond alignment [eqn (55)] is independent of activity
and decreases with increasing Weissenberg number as
tan(2w) = 2/Wi.
	 Viscosity
Since ts = t is independent of the shear rate, the viscosity
[eqn (57)] is independent of Wi. Thus, the harmonic enthal-
pic dumbbell shows no shear thinning behavior. However,
the viscosity depends on activity and increases quadratically
with increasing Péclet number.
In summary, finite polymer extensibility leads to a drastic

qualitatively different nonequilibrium behavior.

6 Summary and conclusions

We have investigated the dynamical properties of an active
Brownian dumbbell, both in the absence and the presence of
shear flow. The dumbbell is comprised of two active Brownian
particles, which are linked by a flexible bond. The finite
extensibility of the bond is captured in a mean-field manner
by a prescribed mean square bond length. The latter limitation
strongly couples the entropic degrees of freedom with activity
and the external field. The simple model allows us to find
analytical solutions for the relaxation time and the bond-vector
correlation function. Both quantities strongly depend on the
Péclet number. Thereby, Péclet number regimes are obtained
with distinctly different dependencies on Pe for small D = DT/
l2DR, i.e., large rotational diffusion coefficients.

Activity strongly affects the dynamical properties of ABDBs
in shear flow. Specifically, the shear rate dependence of the
relaxation time is qualitatively different from that of a passive
dumbbell; it changed for Wi 4 1 from ts B Wi�2/3 for Pe { 1 to
ts B Wi�1/2 for Pe 4 1. Since the relaxation time is essentially
determining the tumbling time under flow,84 a weaker depen-
dence of the tumbling time on the shear rate is obtained. In
addition, ABDBs are better aligned with the flow, which results
in a stronger shear thinning behavior and, hence, smaller
viscosity at the same Weissenberg number.

In general, the obtained results highlight the effect of
activity on the non-equilibrium dynamical properties of active
systems with internal degrees of freedom. The dumbbell relaxa-
tion can be linked to the longest relaxation time of a polymer.
Naturally, the many more internal degrees of freedom of
flexible and semiflexible polymers give rise to an intricate
dynamical behavior on the respective time scales, which are

affected by activity. Nevertheless, we expect that the long-time
behavior is captured by our dumbbell model. The dynamical
aspects on shorter time scales, specifically for semiflexible
polymers, remain to be elucidated. As is well known, the
dynamics of long passive polymers in dilute solution is governed
by hydrodynamic interactions.79,97–99 Such interactions are
absorbed in the friction coefficient for dumbbells. However,
hydrodynamic interactions are expected to be important for
active polymers. This is another aspect, which deserves to be
considered in detail.95

A Bond-length constraint and bond
vector correlation functions
A.1 Bond length constraint

In the stationary state, the bond-length constraint (15) is given by

R2
� �

¼
ðt
�1

ðt
�1

e�2t=teðt
0þt 00Þ=t

� Dvðt 0Þ þ DGðt 0Þ½ 
 � Dvðt 00Þ þ DGðt 00Þ½ 
h idt 0dt 00
(61)

in terms of the solution (12) of the equation of motion (11). The
correlation functions of the random variables Dv and DC follow as

hDC(t)�DC(t0)i = 12gTkBTd(t � t0), (62)

hDn(t)�Dn(t0)i = 2v0
2e�gR|t � t 0|. (63)

Insertion of these correlation functions leads to

R2
� �

¼
ðt
�1

ðt
�1

e�2t=teðt
0þt 00Þ=t

� 2v0
2e�gT jt

0�t 00 j þ 12kBT

g
dðt 0 � t 00Þ


 �
dt 0dt 00:

(64)

Evaluation of the integrals yields eqn (15).

A.2 Bond vector correlation function: no shear

The bond vector correlation function (23) is obtained in a
similar fashion. In terms of the solution (12) of the equations
of motion, the correlation function reads

RðtÞ � Rð0Þh i ¼
ðt
�1

ð0
�1

e�t=teðt
0þt 00Þ=t

� Dvðt 0Þ þ DCðt 0Þ½ 
 � Dvðt 00Þ þ DCðt 00Þ½ 
h idt 0dt 00:
(65)

The calculation of the correlation functions of the random
forces leads to

RðtÞ � Rð0Þh i ¼
ðt
�1

ð0
�1

e�t=teðt
0þt 00Þ=t

� 2v0
2e�gTjt

0�t 00 j þ 12kBT

g
dðt 0 � t 00Þ


 �
dt 0dt 00:

(66)

Evaluation of the integrals and insertion of eqn (2) yield
eqn (23) and (24).
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A.3 Bond vector correlation function: shear

Under shear, the bond vector correlation function along the
shear direction is

RxðtÞRxð0Þh i

¼
ðt
�1

ð0
�1

e�t=teðt
0þt 00Þ=t Dvxðt 0Þ þ DGxðt 0Þ þ _gRyðt 0Þ

� ��
� Dvxðt 00Þ þ DGxðt 00Þ þ _gRyðt 00Þ
� ��

dt 0dt 00:

Inserting the correlation functions of the random variables,
the correlation function becomes

RxðtÞRxð0Þh i ¼
ðt
�1

ð0
�1

e�t=teðt
0þt 00Þ=t 2

3
v0

2e�gT jt
0�t 00 j




þ 4kBT

g
dðt 0 � t 00Þ þ _g2 Ryðt 0ÞRyðt 00Þ

� ��
dt 0dt 00:

(67)

Since the correlation functions along the gradient and vorticity
directions are unaffected by shear flow, they are given by the
respective Cartesian components of eqn (66), hence

RxðtÞRxð0Þh i ¼ 1

3
RðtÞ � Rð0Þh i

þ _g2

3

ðt
�1

ð0
�1

e�t=teðt
0þt 00Þ=t Rðt 0Þ � Rðt 00Þh idt 0dt 00:

(68)

The correlation function hR(t0)�R(t00)i follows from eqn (23) with
the argument |t0 � t00|, i.e., t is replaced by |t0 � t00|. Finally,
eqn (46)–(48) follow by integration.
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