
614 | Soft Matter, 2016, 12, 614--618 This journal is©The Royal Society of Chemistry 2016

Cite this: SoftMatter, 2016,

12, 614

Critical nucleation mesh-size of coarsening
transient colloidal networks

Florian Johannes Maier and Thomas Martin Fischer

Isotropic magnetic field modulations cause the formation and coarsening of transient two dimensional

paramagnetic colloidal networks. We show that the virgin transient network consists of sub- and supercritical

meshes. In the initial coarsening process subcritical meshes shrink while supercritical meshes grow. While the

coarsening is a truly non-equilibrium process, the critical nucleation size is independent of transport

coefficients and can be theoretically described by the competition of first order long range collective

dipolar interactions and short range second order dipolar pair correlations.

1 Introduction

The equilibrium formation of modulated phases with a character-
istic length scale of modulation is known to arise via the competition
of long- and short range interactions.1 One prominent example
of such modulated phases are quasi two dimensional coexistence
structures of dipolarly interacting phases which occur in thin low-
coercivity perpendicular magnetic films,2 Langmuir monolayers3,4

and coexisting nonmagnetic and magnetic fluids.5 It is an
interesting question whether analogues of such modulated
phases could also occur as a transient metastable state in an
evolving non-equilibrium system. A wet foam is a typical non-
equilibrium structure that occurs via nucleation droplets and
coarsens via Ostwald ripening6,7 with the larger droplets growing
on expense of the smaller ones. The behavior of paramagnetic
beads in an isotropically fluctuating external magnetic field8–10

bares many similarities with both the structure modulated
phases and with the coarsening behavior of non-equilibrium
foams. The similarities arise since time averaged and non-time
averaged dipolar interactions determine the dynamics of these
colloids in similar ways as in modulated equilibrium phases. It
has been shown9 that isotropic external field fluctuations favor
the formation of locally uniaxial structures and disfavor isotropic
arrangements. Chains having a prolate uniaxial anisotropy
require less beads and are the structures that due to kinetic
reasons form first. Membranes having an oblate uniaxial anisotropy
are more stable, however they require a larger amount of beads and
therefore only form after chains have been formed. The result of the
coexistence of membranes and chains is a transient network. The
question we try to understand with this work is, whether the length

scale of the transient network structure is truly dynamic or whether it
can be determined solely using energetic arguments like in
dipolar equilibrium foams.11

The problem has been pioneered by Martin and coworkers.8

One observation is the collective nature of the interactions
causing a pair of beads to interact quite differently in the
presence of other beads. The subtle effects of third and other
beads on the pair interaction of a pair of beads renders the
theoretical description in terms of single particle interactions
quite complex. Contrary to the work of Martin and the work of
Babic and Dobnikar,9 we use a continuum description of the
arrangement of the beads, that treats a close packed membrane
as conserved area of homogeneous susceptibility. In this treat-
ment the driving forces are line tensions arising at the bound-
ary of the membrane,3,4 while the resulting motion is that
of an incompressible probably viscoelastic10 two dimensional
fluid.

2 Experimental

We followed the method of Babic et al.9 to create transient
networks in a semi-dilute suspension of superparamagnetic
spherical colloids (Dynabeads M-270, diameter 2.8 mm). The
colloids are dispersed on top of a glass substrate, where they
sediment to form a two dimensional dispersion above the glass
surface. A cover slip placed on spacer particles of diameter
9.6 mm created a sample of known thickness allowing for at
most two superparamagnetic beads to hop on top of each other.
A magnetic field normal to the glass surface induces a repulsion
that causes a structure of well separated beads on the surface to
build up. Two pairs of coils oriented along the x and y direction
and one single coil oriented along z direction arranged around
the sample provide the possibility to produce time dependent
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magnetic fields of arbitrary orientation. At t = 0 we switch on a
back and forth precessing field of the form

Hext(t) = Hext(cos(j(t)) sin W,sin(j(t)) sin W,cosW) (1)

at a magnitude of Hext = 3.0 kA m�1 at the magic angle
W = 54.741 and using a zig zag modulation of the azimuth
(j(t) = (�1)n2(ot � np) for (2n � 1)p/2 o ot r (2n + 1)p/2) that
changes its rotation direction every 3601 to suppress time
averaged torques acting on the particle ensemble. We follow
the dynamics of the ensemble using video microscopy. All data
shown here were obtained from one video recorded at a
precession frequency of f = 80 Hz and a magnetic field strength
of Hext = 3.0 kA m�1 (flux density of 3.8 mT).

3 Results

Fig. 1 shows a two dimensional ensemble of paramagnetic
colloids right before (t = �1 s) and after (t = 0.8 s + n�10 s,
n = 0, 1, 2, 3, 4) switching on the dynamic time reversal
invariant magnetic field modulation12 of eqn (1). For negative
times (t o 0), the ensemble consists of a two dimensional
dispersed collection of individual, well separated colloidal
particles at an area fraction of F = 0.44. After switching on
the modulation (t 4 0), within less than a second a virgin
colloidal network forms in the focal plane of the microscope
that then (t 4 0.8 s) coarsens over time. It is the coarsening of
the 2D-network that we intend to describe and understand with
the current manuscript. To analyze the coarsening dynamics,
we extract the centers of the positions of each colloidal particle
in every frame of the recorded video and mark the excluded
area of each particle by a solid black circle of radius a = 1.4 mm,
such that particles with distances closer than d o 2.8 mm cause
a connected excluded area, while particles separated more than
d 4 2.8 mm will result in two separate excluded areas. Free area
A that is fully enclosed by excluded area is denoted as a mesh of
the network if it exceeds the area A 4 2.4 mm2. The free area of a
triangle of three connected colloidal particles is smaller than

this threshold. A free area below the size of A o 2.4 mm2 is
hence called an interstitial.

In Fig. 2 we plot the number of meshes n in the field of view
of the microscope as a function of time. The number of meshes
n rapidly increases during the nucleation process (0 o t o 2 s)
of the network, reaching a maximum after about two seconds.
Afterwards the coarsening process begins and the number of
meshes decreases exponentially (solid line in Fig. 1) with a
decay time of t = 35 s.

The area of an individual mesh can change with time. In
Fig. 3 we show the occurrence of meshes of a size A having a
growth rate dA/dt. There is a broad distribution of growth rates
for small sized meshes. The distribution somewhat narrows for
larger meshes and peaks at positive growth rates. The mean
growth rate as a function of the size of the mesh is depicted in
Fig. 4. On average, sub-critical meshes below the critical mesh-size
Ac = 120 mm2 shrink and super-critical meshes above the critical
mesh-size grow. The dividing mesh size separating growing from
shrinking meshes is corresponding to an area having the capacity
of incorporating roughly 20 colloidal particles.

The fate of sub-critical meshes is to collapse into a cluster,
reducing the number of persisting meshes. On the time scale of
the experiments, coalescences of super-critical meshes are very
rare. Coalescence processes of super-critical meshes are important

Fig. 1 Transmission microscope images of a two dimensional dispersion
of paramagnetic colloids (t = �1 s) in a magnetic field normal to the film.
An isotropically modulated magnetic field precessing back and forth at the
magic angle W = 54.741 is switched on at t = 0. After the virgin network is
formed (t = 0.8 s), a coarsening of the transient network is observed (t =
0.8 s + n�10 s, n = 0, 1, 2, 3, 4). The shrinking of subcritical meshes and
growth of supercritical meshes are the major coarsening events.

Fig. 2 Time evolution of the number of meshes n (red datapoints). The
solid black line is a fit to the falling part of the curve, using an exponential
decay with time constant t = 35 s.

Fig. 3 Two-dimensional histogram of meshes with mesh-size A and
growth rate dA/dt.
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on much larger time scales. The focus of the current work is not the
formation of the finally stable membrane where coalescence
processes dominate, but the coarsening of the virgin network,
where sub-critical mesh collapse processes are more important.

4 Discussion

The coarsening dynamics happens via the disappearance of
meshes. In the time frame investigated, the overwhelming
amount of disappearances of meshes occurs via the collapse
of small size meshes into clusters. The growth direction of the
structures depends on their local anisotropies which cause
local anisotropies of the magnetic field. We can describe the
relation between the local and the external magnetic field using
the demagnetization tensor. Only the anisotropic traceless part
of the demagnetization tensor leads to a non-vanishing time
average of the dipole interaction of a particle at this particular
location with its surroundings. Whether this interaction is attrac-
tive or repulsive is determined by the sign of the eigenvalue of the
traceless part of the demagnetization tensor. The demagnetization
tensor in turn is a function of the local particle structure. Since the
sum of all eigenvalues of the traceless part of the demagnetization
tensor vanishes, there may be only one or two not three attractive
directions. In a purely paramagnetic system a pair of particles
causes a demagnetization field that tilts the local field with respect
to the external field slightly toward the connecting line between the
particles (Fig. 5). This tilt turns the initially indifferent dipole
interactions slightly attractive in the direction along the connecting
line. A self-consistent feedback loop amplifies the growth along the
chain axis.

The chain structure of the paramagnetic system is metastable.
A paramagnetic particle adsorbing sideways onto a paramagnetic
chain might alter the local magnetic field orientation such that
instead of tilting the local field with respect to the external field
toward the chain axis, the local field is tilted now toward the plane
defined by the chain axis and the additional particle. This leads to
the attraction of further paramagnets to the structure in the plane
of adsorption. Chains cross linked with paramagnets will grow into

a two dimensional membrane from the cross links. The eigen-
value of the traceless part of the demagnetization tensor along
the adsorption direction (sideways, perpendicular to the chain)
changes sign upon the adsorption. A transition from uniaxial
prolate growth along the chain to planar oblate growth in the
plane of adsorption occurs. The instability of chains to the sideways
adsorption of paramagnetic particles causes the transient character
of the network. The network starts to grow the finally stable
membrane from the paramagnetic cross links.

We hence understand that the transient network structure
arises because chains in the network are metastable structures,
that transform into the final membrane by having to pass a
saddle point in the energy landscape. The passing probability
of such a saddlepoint is a kinetically determined quantity that
cannot be computed solely using the energy landscape in
conformational space. One might think that also the critical
nucleation size of a mesh is such a kinetic quantity. We will
show that this is not the case. The final membranous structure
can be considered as one final node of the network surrounded
by the last and biggest mesh. It is therefore clear that the meta-
stability of the network and the stable membrane is the reason
why the number of meshes decreases.

If the interactions were short range the system should be
described macroscopically similar to other coarsening short
range interacting systems. In two dimensional short range
systems the line tension between the dense and the diluted
phase is an intensive materials parameter independent of the
shape of the structure. In long-range interacting system with
super extensive line energy13 the line tension is not a material
parameter and depends on the shape of the whole structure. In
short-range case the bulk and line free energy of the system
compete and give rise to an Ostwald ripening system with large
sized meshes growing on the expense of smaller sized meshes,
thereby increasing the dividing length scale between growing

Fig. 4 Average growth speed dA/dt of meshes of mesh size A. Small sized
meshes shrink while large sized meshes grow. The fate of meshes below
and above the dividing mesh-size Ac = 120 mm2 is thus different.

Fig. 5 External and local field modulation differ because of demagnetization
effects.
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meshes and disappearing meshes as a function of time. Instead
the system looks more like a nucleating system, with a critical
size of nucleated meshes that shrink if they are below the
critical nucleation size and grow via Ostwald-ripening once
beyond the critical nucleation size.

In the paramagnetic colloidal system, dipole interactions
between paramagnetic particles are long range interactions.13

The far field of a dipole decays with the third power of the
inverse distance from the particle. The isotropic modulation of
the external field lets the time average of the dipolar interactions
vanish in an isotropic surrounding with only the correlations of
the dipolar interactions surviving. The surviving correlated inter-
actions are isotropic and similar to van der Waals interactions
that decay with the sixth power of the inverse distance from the
particle and they are thus short range.13 This behavior has been
pointed out for our colloidal system in the work of Martin et al.8

From the short range van der Waals type of interactions one
would expect the coarsening to follow an Ostwald ripening
process. However, the surroundings only appear isotropic on
length scales larger than the meshes, such that differently oriented
long range dipolar interactions survive the time averaging
procedures on those mesoscopic length scales.

We believe that the surviving long-range interactions on the
mesoscopic scale cause the broad distribution of growth rates
seen in Fig. 3, since there is a broad range of different particle
surroundings of both prolate and oblate anisotropy. The com-
petition of isotropic second order short range interactions with
the long range time averaged dipolar pair interactions in the
presence of an anisotropic arrangement of other colloidal
particles causes a characteristic length scale. We test this idea
by computing the time averaged energy (that we have regularized
on the length scale 2a of the diameter of the beads to mimic the
hard core repulsion part of the interactions) for a model mesh
surrounded by particles having an excluded area A.

W ¼ 1

2

m0
4p

ð
A

d2r

ð
A

d2r0d2MðrÞMðr0Þ

: rr�r2 1
� � 1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

ðr� r0Þ2 þ ð2aÞ2
p (2)

Our model mesh is a circle of free area surrounded by a flat
(thickness d) ring of beads of inner and outer radius Ri and Ro,
(d { Ro � Ri) and conserved excluded area A = p(Ro

2 � Ri
2). Our

derivation is restricted to this circular ring. The effect of further
facettes of a foam extending from a dipolar equilibrium bubble has
been analyzed by Heinig et al.11 Additional facettes further renorma-
lize the line tension and the stationary shape, but are of minor
importance as compared to the effect of an individual ring. The time
averaged dyadic product of the external magnetic field of eqn (1),

HextHext ¼
Hext

2

3
1; (3)

is isotropic (1 is the unit tensor in three dimensions). The flatness
of the ring allows us to approximate the internal magnetic field of
the ring as

Hintðr; tÞ ¼ 1þ wezezð Þ�1�HextðtÞ (4)

such that the time averaged dyadic product of the magnetization

MðrÞMðr0Þ ¼ w2
Hext

2

3
1� 2wþ w2

ð1þ wÞ2
Hext

2

3
ezez

� �
(5)

is anisotropic although the averaged dyadic product of the
external field eqn (3) is isotropic. The demagnetization of the
local field is a collective renormalization of the dipolar interactions
that cause their survival under the time averaging in an anisotropic
surrounding. The integrals in (2) lead to elliptic integrals that in the
limit of small a and large fixed area A simplify to

W ¼ �
2w3 þ w4
� �

d2m0Hext
2

6pð1þ wÞ2 2p

ffiffiffiffi
A

p

r
ln
4
ffiffiffiffiffiffiffiffiffi
A=p

p
ae2

þ 2pRi ln
4Ri

ae2

 !
:

(6)

At fixed area of the ring, the energy has a maximum at the critical
inner radius

Rnucl;dip
i ¼ e

4
a; (7)

suggesting a rather small radius of the critical nucleation mesh of
the order of the radius of a bead. van der Waals types of attraction
arise from a perturbation theory of the dipolar pair interaction of
second order9 when neglecting the presence of other beads:

U2 ¼ �
w3V3m0Hext

2

8p2r6
(8)

They survive the time averaging procedure also in an isotropic
surrounding. At the boundary of an assembly they cause additional
line tension lvdW, because the coordination number of the beads at
the boundary is smaller than in the bulk. We estimate

lvdW ¼
w3pa2m0Hext

2

108
: (9)

The van der Waals tension will increase the nucleation mesh size to

Rnucl
i ¼ e

4
a exp

p2ð1þ wÞ2
18ð2þ wÞ : (10)

With the susceptibility w = 0.5 of the beads14 we predict a nucleation
mesh size that is slightly larger than eqn (7) that should be
compared with the experimental value of Ri,exp = 5a. The estimate
is conservative since we assumed a full demagnetization in eqn (4).
A weaker demagnetization in a network as compared to the full
membrane would further enlarge the critical nucleation size.

The major cause for the length scale of the network therefore is
the competition of time averaged dipolar interactions surviving in
the anisotropic surroundings of the two dimensional network with
the short range isotropic second order pair interactions.

The dynamics of the transient network coarsening, however,
is not only determined by energetic effects as suggested by
Osterman et al.9 but also influenced by thermal fluctuations. In
particular, the sideways adsorption of the first paramagnetic
particle to a paramagnetic chain is associated with a change in
sign of the eigenvalue of the traceless part of the demagnetization
tensor. The chain switches from repelling the adsorbing particle to
attracting the adsorbing particle. On energetic grounds one passes
a saddle point of the energy landscape in conformational space.
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This corresponds to an activated process that would not occur
without thermal fluctuations. It would also not occur with patchy
particles15 whose bond energy is independent of the presence of
other beads. Besides the energetic conditions Brownian fluctua-
tions are playing an important role. The activation energies at the
saddle point are proportional to the square of the magnetic
moment of the particles and thus scale with the sixth power of
the radius. We expect that the activation energy of larger particles
can no longer be overcome such that the sideways adsorption of a
particle to a chain does not occur. If on the other hand the particles
are small also the desorption of a previously sideways adsorbed
particle becomes possible. At fixed magnetic field there should be a
window of particle sizes for which transient networks occur. At a
fixed size of particles on the other hand we have to adapt the
magnetic field amplitude accordingly to get a high activation
barrier of desorption but a low activation barrier for adsorption.
In this way the mobilities of the particles would not only set the
timescale with which one passes a certain pathway but also choose
a particular conformational pathway into the final equilibrium
respectively non-equilibrium structure.

5 Conclusions

The competition of the long-range dipolar pair interaction
renormalized by the presence of other particles creating an aniso-
tropic surroundings with the short-range isotropic second order
dipolar pair correlations defines a dividing length scale. Meshes
smaller than this length are below the critical nucleation mesh size
and hence shrink, while larger meshes grow on the expense of
subcritical meshes. The Ostwald ripening on the scale of seconds
and minutes is governed by this dynamics. Only a few processes of
coalescence of meshes contribute to the coarsening in this regime.
The coarsening is a dynamic process, while the critical nucleation
mesh-size is determined by purely energetic reasons.
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