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prediction of drop size distribution
in a liquid–liquid extraction column

Mehdi Asadollahzadeh,* Meisam Torab-Mostaedi, Rezvan Torkaman
and Jaber Safdari

In this study, a new model for prediction of drop size distribution is proposed in the asymmetric rotating disc

pilot plant column (ARDC) by the maximum entropy density approximation technique. The liquid extraction

systems including toluene–water, n-butyl acetate–water and n-butanol–water were used with this

column. An image analysis technique was applied to determine the drop size distribution as a function of

operating parameters and physical properties. By applying abrupt changes of the operating parameters, the

drop behaviors in the column were investigated. The results show that the agitation speed has a main

effect on the drop size distribution in the column. However, the effects of phase flow rates are not

significant. The empirical correlations are proposed to describe Lagrange multipliers in the maximum

entropy function in terms of operating variables and physical properties of the systems. Except for these

findings, an empirical correlation is proposed for estimation of the Sauter mean drop diameter in terms of

operating variables, column geometry and physical properties. The proposed correlations are evaluated

based on the goodness of fit statistics, namely, c2, R2 and RMSE. The fitting results by the maximum

entropy principle method seem to be fairly accurate and reasonable on the basis of the experimental data.

These completed sets of data could be used for modeling approaches in the liquid–liquid extraction columns.
1. Introduction

Liquid–liquid extraction is a mass transfer operation in which
a mixture of a solute and a carrier liquid is brought into inti-
mate contact with a second immiscible liquid (solvent) in order
to achieve transfer of the solutes from the feed to the solvent.1

Solvent extraction is now very well established, featuring
extensively as a selective separation process.2

In the process industry, a great variety of different equip-
ment designs are used in extraction processes. This is due to the
fact that the density difference between the two liquid phases is
very small (Dr < 100 kg m�3). The small density difference
restricts the velocities of the phases to very small values and it
reduces the rates of mass transfer.3 This problem is solved by
using external motions such as pulsation or agitation in the
system. Three types of solvent extractors can be distinguished
such as static devices, pulsed devices and agitated devices.4,5

Rotary agitated extraction column consists of a tall column
having a long rotating sha tted with a set of impellers. The
column is divided into a number of compartments by a set of xed
partition plates. These extractors provide a pretty large number of
theoretical plates in a single unit and have a low HETS.6,7
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The rotating disc contactor developed in the 1950s by the
Shell Company in the Netherlands, has been widely used in the
chemical and petroleum industries. Nowadays, this is the best
known agitated column extractor. The modication of RDC
column is the asymmetric rotating disc contactor.8,9 In this
equipment, the sha with its agitating discs is placed asym-
metrically away from the center-line in the column. Typical
industrial applications are found in the different elds such as
organic and petrochemical, inorganic and metallurgical and
miscellaneous domains. The asymmetric rotating disc column
extractors are currently in operation in more than 100
processes.4,10

The motion of droplets through liquid–liquid extraction
equipment are inuenced by several aspects such as agitation
speed, temperature, physical properties or phase volume frac-
tions of the systems. The power input to the agitated column
extractors is thus transferred to the kinetic, surface, potential
and heat energy of the droplets.11 The same mean drop size can
be obtained from various drop size distributions which have
different interfacial areas. Knowledge of the drop size distri-
bution is used to process monitoring, to control or to charac-
terize and to improve the product quality. Therefore, the change
in the mean drop size and drop size distribution with agitation
speed is very important in these extractors.12 Misek and Marek13

have shown that the maximum droplet diameter under mild
agitation in the ARDC extraction column is independent of
rotor speed and is given by:
This journal is © The Royal Society of Chemistry 2016
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dmax ¼ 2:03

�
g

Drg

�1=2

(1)

For intensive agitation, the expression was proposed for dmax

in terms of column variables and physical properties, the
transition rotor speed and the droplet size distribution. Kumar
and Hartland14 reported that the equations for drop size
proposed by Misek and Marek13 gave an average deviation of
54% in the case of rotating disc contactors. The unied corre-
lations for prediction of the drop size in mechanically agitated
columns are shown in Table 1.

The adequacies of various conventional probability density
functions such as normal, log-normal, gamma, inverse
Gaussian and Weibull functions were investigated by
researchers for the prediction of drop size distribution in the
liquid–liquid extraction column. There are many innovative and
exciting statistical methods now being developed and applied to
predict experimental data. The maximum entropy principle
(MEP) has been successfully applied to many problems arising
in a wide variety of elds such as physical, chemical, biological,
computer science, etc.15–17 The maximum entropy method
allows determining the least biased probability distribution
function when the information available is limited by some
macroscopic constraints.

There are a few literature data on the study of the drop size
and drop size distribution in the pilot plant ARDC column,
experimentally. In addition, a statistical approach with the
maximum entropy method has not been attempted to derive the
most probable drop size distribution in these columns.

In the present paper, the inuence of operating conditions
and physical properties of the three systems on drop size
changes due to breakage and coalescence processes in the
ARDC pilot plant column was investigated. The maximum
entropy method according the previous research work in the
multi-impeller extraction contactor18 were used for prediction of
Table 1 Unified correlations for prediction of the drop size in mechanic
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This journal is © The Royal Society of Chemistry 2016
drop size distributions in the ARDC pilot plant column. The
relevant Lagrange multipliers in the maximum entropy
approach were correlated with effective variables such as oper-
ating parameters and physical properties of the three systems.
2. Fitting performance evaluation

The coefficient of determination (R2) is utilized to evaluate the
performance of the maximum entropy distributions. This
coefficient dened as a percentage indicate, show much of the
total variation in the dependent variable can be accounted for
by the experimental distribution. A higher R2 represents a better
t employing the theoretical or empirical function. The deni-
tion of the R2 is:19

R2 ¼ 1� sd;x

sd

(7)

where R is the correlation coefficient and sd is the standard
deviation of the experimental data from its own mean value dm,
and is dened as:

sd ¼

Xn
i¼1

ðdi � dmÞ2

n� 1

2
6664

3
7775

1=2

(8)

sd;x ¼

Xn
i¼1

ðdi � dicÞ2

n� 2

2
6664

3
7775

1=2

(9)

where, di is the experimental value of d, and dic is the value
computed from the proposed correlation for the same value of
x. A better tting between the proposed distribution and the
measured data is obtained with the larger values of R2. Two
other goodness of t parameters in statistical analysis, root
ally agitated columns

Column Reference

cg
��0:05�

hc

dR

�0:42 (2) Rotating disc column 25

(3) Rotating disc column 14
Asymmetric rotating disc column
Kühni column
Wirtz column
Pulsed column
Karr column

(4) Rotating disc column 26

(5) ARDC column 23

(6) Perforated rotating disc column 24
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Fig. 1 Schematic flow diagram of ARDC pilot plant column.

RSC Advances Paper

Pu
bl

is
he

d 
on

 2
4 

A
ug

us
t 2

01
6.

 D
ow

nl
oa

de
d 

by
 F

ai
l O

pe
n 

on
 7

/2
3/

20
25

 8
:1

2:
29

 A
M

. 
View Article Online
mean square error (RMSE) and c2, are also introduced as
additional factors of evaluation for the tting performance of
the maximum entropy prediction, the denition of these
parameters are:19

RMSE ¼
"
1

n

Xn
i¼1

ðdi � dicÞ2
#1=2

(10)

c2 ¼
Xn
i¼1

ðdi � dicÞ2
di

(11)

A smaller value of these parameters indicates a better tting
between the proposed probability distribution function and the
experimental data. The values should be zero for these two
parameters in the ideal case.

3. Experimental
3.1. Chemical systems

Three various systems with different interfacial tensions con-
sisting of toluene–water (high interfacial tension), n-butyl
acetate–water (medium interfacial tension) and n-butanol–
water (low interfacial tension) were used for experiments
without mass transfer. The European Federation of Chemical
Engineering (E.F.C.E) has adopted these systems as Recom-
mended Systems.20 The physical properties of the three systems
are listed in Table 2. The organic phase solvents with 99.5%
purity were used in the experiments.

3.2. Description of the ARDC pilot plant column

A pilot scale asymmetric rotating disc column consists of
a cylindrical shell, a baffled stator, and a multistage agitator.
The shell houses an extraction section and two settling zones.
The extraction section consists of a 1430 mm long glass tube of
Table 2 Physical properties of systems studied a 20 �C (ref. 20)

Physical property
Toluene–
water

n-Butyl acetate–
water

n-Butanol–
water

rc [kg m�3] 998.2 997.6 985.6
rd [kg m�3] 865.2 880.9 846.0
mc [mPa s] 0.963 1.027 1.426
md [mPa s] 0.854 0.734 3.364
g [mN m�1] 36 14.1 1.75

Table 3 Dimensions of the pilot plant ARDC column

Column diameter (m) 0.113
Rotor diameter (m) 0.042
Stator diameter (m) 0.11
Column working height
(m)

1.43

Compartment height (m) 0.033
No. of compartments (-) 36
Degree of asymmetry (-) 120�

82498 | RSC Adv., 2016, 6, 82496–82504
113 mm internal diameter, enclosing a stock of 36 discs
mounted on a vertical sha and driven by an electronic motor
via a variable speed gearbox. The extraction section is divided by
an asymmetrically positioned vertical stator baffle into a contact
zone and a transportation zone. Both of these are subdivided by
horizontal baffles into a series of staggered chambers that
communicate with each other through openings on both sides
of the vertical baffle. Disc impellers mounted on the agitator
sha and centered in each contact chamber provide mechanical
agitation. The specic column geometries studied are summa-
rized in Table 3 and the scheme of the ARDC pilot scale unit is
shown in Fig. 1.

A settler of 168 mm diameter at each end of the column
permitted the liquids to coalesce and be decanted separately.
Four stainless steel tanks with 85 L capacity were used to store
the liquid feeds, and to collect the extract, and to the raffinate
streams. The interface is maintained at the required level by
means of an optical sensor as previously described by Torab-
Mostaedi et al.21
3.3. Determination of drop size

A digital camera (Nikon D5000) was used to record successive
pictures of drop size in the ARDC pilot plant extraction column.
The photographs were analyzed with the soware CAD for drop
size determination. The real drop sizes were measured by
comparing the size of the drops with the size-dened articles
which were the thicknesses of stators in our investigation. The
pictures of drop sizes for the three systems are shown in Fig. 2.

It is found that the curved surface of the glass extraction
column and signicant differences between air and the glass
refractive indices leads to a parallax deformation of the objects
photographed in the extraction column. In order to omit this
phenomenon, a container lled with water was attached to the
extraction column and the photographic approach was used to
This journal is © The Royal Society of Chemistry 2016
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Fig. 2 The photos of drops for three systems (a) toluene–water, (b) n-butyl acetate–water, (c) n-butanol–water.

Fig. 3 Effect of agitation speed on the Sauter mean drop diameter.

Fig. 4 Effect of dispersed phase velocity on the Sauter mean drop
diameter (toluene–water (T/W), n-butyl acetate–water (Bu/W), n-
butanol–water (B/W)).
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calculate the size of the stator thickness served as the reference
for drop size measurements.

The Sauter mean diameter is a popular representation of the
mean drop size, dened as:

d32 ¼

XN
i¼1

nidi
3

XN
i¼1

nidi
2

(12)

To measure the number density and drop size distribution at
each run, the size of drop is divided into several ranges (di � 0.1
mm). The number of drops is then determined in each part and
obtained according to the following equation:

PDf ¼ number of drops of classes i

total number of drops
(13)

when the operation became steady state, the dispersed phase
and continuous phase inlet and outlet valves were quickly
closed. The dispersed phase was allowed to settle and the
difference in the interface level location was used to measure
the total holdup. Measurements were made in triplicate to verify
experimental reproducibility.

4. Results and discussion

Three vital operating parameters including aqueous and
organic phase ow rates and rotor speed were chosen for the
investigation of drop size distribution and the Sauter mean
drop diameter in the pilot plant ARDC extraction column.

4.1. The Sauter mean drop diameter

The Sauter mean drop diameters in the liquid–liquid systems
are mainly a function of agitation speed, as well as the organic
and aqueous phase velocities.

The effects of agitation speed on the Sauter mean drop
diameter for three different systems were analyzed (Fig. 3). For
all systems, agitation had a strong effect on the Sauter mean
drop diameter. The reason for this is that the energy input by
the rotor blades increases with increasing agitation speed, so
the dispersed phase is dispersed more easily. The droplet
breakage is carried out with an increase in the energy supplied
via agitation.
This journal is © The Royal Society of Chemistry 2016
The difference in the physical properties of the liquid–liquid
systems shows the different values of d32. The decrease in
droplet size is expected with a decrease in the interfacial tension
of systems.

Fig. 4 and 5 illustrate the effect of continuous and organic
phase velocities in the Sauter mean drop size diameter. As
depicted in Fig. 4, the mean drop diameter increases with an
RSC Adv., 2016, 6, 82496–82504 | 82499
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Fig. 5 Effect of continuous phase velocity on the Sauter mean drop
diameter (toluene–water (T/W), n-butyl acetate–water (Bu/W), n-
butanol–water (B/W)).
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increase in dispersed phase velocity, while a slight increase
occurred at low interfacial tension. This observation relates to
the increasing drop collisions with the acceleration of the
dispersed phase velocity and consequently, the coalescence
frequency among the drops is increased. Fig. 5 shows that the
continuous phase velocity has a negligible effect on the mean
drop size. Therefore, the continuous phase velocity is not the
main factor affecting the dispersed phase mean drop sizes.
Fig. 6 Comparison of experimental values of Sauter mean drop
diameter with previous correlations in Table 1.

Table 4 The statistical analysis parameters for the prediction of Sauter m

Kumar and Hartland,
1985

Kumar and Hartland,
1996

Al-Ra
2007

c2 0.135 0.168 0.194
RMSE 0.018 0.015 0.014
R2 0.81 0.75 0.89

82500 | RSC Adv., 2016, 6, 82496–82504
4.1.1. Comparison of the previous models with the exper-
imental results. A few correlations for predicting the Sauter
mean drop diameter are available in the literature (Table 1). A
comparison of the experimental values of d32 with those pre-
dicted by eqn (2)–(6) is shown in Fig. 6. The statistical analysis
for different correlations is listed in Table 4. It is observed that
the previous correlations do not have enough accuracy for
prediction of d32 in the ARDC column.

4.1.2. Development of a correlation for predicting mean
drop size in ARDC column. Experimental data in the research
ARDC pilot plant column and the data from the literature have
been collected in order to develop a correlation for predicting
the Sauter mean drop diameter over a range of operating
conditions, and physical properties. Therefore, the following
correlation can be suggested:

d32 ¼ f(dR, N, Vd, Vc, rd, Dr, md, mc, g) (14)

According to the dimensional analysis method, all the drop
sizes obtained from this study have been correlated by the
following equation:

d32 ¼ 0:089

�
N4dR

4
rc

gg

��0:015�
mc

4g

Drg3

��0:10�
1þ Vc

Vd

�0:10

� Vd�
gDrg

rc
2

�0:25

0
BBB@

1
CCCA

�0:07�
hcdR

DcH

��0:26

(15)
Fig. 7 Comparison between experimental data and the estimated
values using eqn (15).

ean drop diameter

hawi et al., Kadam et al.,
2009

Hemmati et al.,
2015

Present work
(eqn (15))

0.031 0.033 0.024
0.008 0.007 0.005
0.91 0.92 0.99

This journal is © The Royal Society of Chemistry 2016
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In the above equation, the geometric parameter was dened
by the last dimensionless number. The experimental data by
Moreira et al.22 (RDC column), Kadam et al.23 (ARDC column)
and Hemmati et al.24 (PRDC column) were used for prediction of
Sauter mean drop diameter.

The results obtained are shown in Fig. 7 and the statistical
errors are summarized in Table 4. This gure and the statistical
errors indicate that the suggested correlation can make highly
accurate estimate for the Sauter mean drop diameter with
the experimental data and the experimental works by other
researchers.22–24
Fig. 8 Effect of agitation speed on the drop size distribution for three
systems.

Fig. 9 (a) Effect of dispersed and continuous phase velocity on the drop
continuous phase velocity on the drop size distribution for n-butyl aceta
on the drop size distribution for n-butanol–water system.

This journal is © The Royal Society of Chemistry 2016
4.2. Drop size distribution investigation

The drop size distributions in agitated systems are mainly
a function of agitation speed, dispersed and continuous phase
and the physical properties of the systems.

4.2.1. Effect of agitation speed on the drop size distribu-
tion. Fig. 8 displays the drop size distributions for three
different systems versus different levels of agitation. The size
distribution clearly shis towards the le upon an increase in
the rotor speed, evidencing drop breakup. The increase in the
agitation speed results in greater average and maximum
turbulent energy dissipation per unit mass. The extra energy
leads to the greater drop breakage rates and smaller coalescence
rates. So, the size distribution is shied towards a smaller
diameter. In addition, the drop size distributions are also found
to be narrower and more evenly congured about the mean
value for n-butanol–water (lower interfacial tension). The
observation in this column is in good agreement with the
results reported by Moreira et al.22 in the RDC column.

4.2.2. Effect of phase ow rates on drop size distribution.
The effect of the continuous and dispersed phase ow rates on
the drop size distribution in the column is presented in Fig. 9a–
c.

According to these gures, the phase ow rates (continuous
or dispersed) do not have any considerable effect on drop size
distribution, hence they can be neglected. Thus, the drop size
distribution is independent of both phase ow rates. Never-
theless, Moreira and co-workers observed that drop size distri-
butions in the RDC column under low agitation were shied to
the larger drop by an increase in the phase ow rates.22
size distribution for toluene–waters system, (b) effect of dispersed and
te–water system, (c) effect of dispersed and continuous phase velocity

RSC Adv., 2016, 6, 82496–82504 | 82501
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4.2.3. Prediction of probability distribution function with
maximum entropy method. The maximum entropy method was
used to obtain the probability density functions for drops in the
ARDC pilot plant column. The Lagrange multipliers in
following equation (a0, a1 and a2) were obtained by the
numerical method and the program in Matlab Soware for
determination of probability drop size distribution.

Pi ¼ exp(�a0 � a1f1
2(di) � a2f2

3(di)) (16)

where the set of l is a collection of Lagrange multipliers which
must be evaluated for each particular solution. The constraints
for drop size distribution are written as follows:

S ¼ �k

ðN
0

P lnðPÞdðdÞ (17)

ðN
0

PfkdðdÞ ¼ Fk (18)

ðN
0

PnðdÞdðdÞ ¼ 1 (19)

ðN
0

PnðdÞd3dðdÞ ¼ d30
3 (20)

ðN
0

PnðdÞd2dðdÞ ¼ d30
3

d32
(21)

To evaluate the Lagrange multipliers in the eqn (16), the
above constraints (eqn (17)–(21)) are used and the probability
drop size distribution is obtained by solving non-linear equa-
tions. A more complete description for maximum entropy
approach in the multi-impeller extraction contactor was re-
ported in a previous research work.18

These parameters were correlated as a function of operating
variables and physical properties of the systems. The derived
correlations are given below:

an¼0;1;2 ¼ C1

�
N2dR

g

�C2
�
rc

Dr

�C3
�
mc

md

�C4
�
mcg

0:25

rcg
0:75

�C5
�
1þ Vc

Vd

�C6

(22)

The effects of physical properties and operating variables on
the parameters in different probability distribution functions
are shown by constant parameters, C1, to C6 in the above
equations. The values of these parameters for Lagrange multi-
pliers (a0, a1 and a2) are presented in Table 5.
Table 5 Constant parameters for Lagrange multipliers in eqn (22) for
maximum entropy method

Lagrange multipliers C1 C2 C3 C4 C5 C6

a0 2.68 �0.08 0.51 �0.44 0.27 0
a1 �10.25 0.39 2.29 0.59 0.91 0
a2 58.85 0.45 2.14 0.29 1.47 1.76

82502 | RSC Adv., 2016, 6, 82496–82504
In the latter equations, N, dR, rc, mc, g, Dr, Vc, Vd and g denote
the agitation speed, rotor diameter, density of the continuous
phase, viscosity of the continuous phase, interfacial tension,
density difference between continuous and dispersed phases,
continuous velocity, dispersed velocity and gravity acceleration,
respectively. It is observed from the above equations that the
drop size distribution proles are strongly affected by rotational
speed.

The histogram data for the three systems and the compara-
tive plots for probability distribution function from maximum
entropy method is shown in Fig. 10.

The tting performance evaluation was implemented for the
evaluation of proposed model, the obtained values are 0.99,
0.001 and 0.003 for coefficient of determination, root mean
square error (RMSE) and c2, respectively.

The result from tting performance evaluation and Fig. 10
show that the maximum entropy method can be used as an
alternative method to estimate the drop size distributions in
ARDC pilot plant column.

4.2.4. Uncertainty and sensitivity analysis. The prediction
model from maximum entropy approach was subjected to
a statistical analysis for quality assurance using sensitivity
analysis and uncertainty analysis to estimate the condence
intervals on the parameters and in the model prediction. The
Fig. 10 Comparison of maximum entropy distribution functions with
a broad drop size distribution for (a) toluene–water, (b) n-butyl
acetate–water.

This journal is © The Royal Society of Chemistry 2016
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Fig. 12 Sensitivity analysis of the Sauter mean drop diameter.

Fig. 11 Uncertainty analysis of the Sauter mean drop diameter.
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physical properties and operating variables such as tension,
viscosity, density, rotor speed and phase velocities were selected
to identify the most critical parameters and variables under
uncertainty in the drop size distributions.

Contribution of parametric uncertainty analysis was
assessed by Monte Carlo simulation with program in Matlab
soware. In each run, the numerical solver executed 5000
Monte Carlo trails and the maximum entropy probability
distributions were used for each uncertainty input parameter. A
histogram of the probability size distribution for the toluene–
water system is presented in Fig. 11.

The results of the uncertainty analysis of the drop size for
toluene–water system show an expected mean value of 2.09 with
a standard deviation of 0.5%. The results of the sensitivity
analysis are described in a bar diagram (Fig. 12), which shows
the six major contributors to the uncertainty of the mean drop
size. The sensitivity analysis of the model parameters indicated
that the rotor speed parameter is the major source of uncer-
tainty in the modeling of drop size distribution with the
maximum entropy method. The density and viscosity of the
selected system have the least sensitivity on the drop size
distribution.
5. Conclusion

This paper focuses on the study of the maximum entropy
principle applied to t the drop size distribution in the ARDC
pilot plant column. A series of experiments have been per-
formed to investigate the effect of operating parameters and
physical properties on the drop size distributions and Sauter
mean drop diameter. The drop size distributions predicted
This journal is © The Royal Society of Chemistry 2016
from the statistical approach are compared with the experi-
mental data. The empirical correlations are proposed to
describe Lagrange multipliers in the maximum entropy func-
tion in terms of operating variables and physical properties of
the systems. Also, an empirical correlation is proposed for
estimation of the Sauter mean drop diameter. The maximum
entropy distribution is found to perform adequately and accu-
rately in tting the drop size distribution. Therefore, the
maximum entropy probability distribution is more suitable for
assessment of the drop size distribution and the performance of
liquid–liquid extraction equipment.

Nomenclature
CII
 Constant parameter in eqn (3) (-)

CJ
 Constant parameter in eqn (3) (-)

CU
 Constant parameter in eqn (3) (-)

d30
 Volume drop diameter (m3)

d32
 Sauter mean drop diameter (m)

Dc
 Column diameter (m)

Di
 Droplet diameter (m)

dic
 Value of drop size from calculated correlation (m)

dm
 Mean value of drop size (m)

dmax
 Maximum drop diameter (m)

dR
 Rotor diameter (m)

e
 Fractional cross sectional area (-)

g
 Acceleration due to gravity (m s�2)

H
 Effective height of the column (m)

hc
 Compartment height (m)

m
 Mass (kg)

N
 Rotor speed (s�1)

ni
 Number of droplets of mean diameter di (-)

P
 Probability of number density (-)

P/V
 Power per unit volume (W m�3)

PDf
 Probability distribution function (-)

Q
 Flow rate of the continuous or dispersed phase (m3 s�1)

R2
 Coefficient of determination (-)

Re
 Reynolds

RSME
 Root mean square error for drop size (m)

S
 Shannon entropy (-)

V
 Supercial velocity (m s�1)
Greek
a
 Lagrange multipliers of probability maximum entropy
function
g
 Interfacial tension (N m�1)

Dr
 Density difference between phases (kg m�3)

3
 Power dissipated per unit mass (m2 s3)

m
 Viscosity (Pa s)

r
 Density (kg m�3)

s
 Standard deviation of drop size (m)
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