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Theory and simulation of DNA-coated colloids:
a guide for rational design

Stefano Angioletti-Uberti,7° Bortolo M. MognettiTb and Daan Frenkel*©

By exploiting the exquisite selectivity of DNA hybridization, DNA-coated colloids (DNACCs) can be made
to self-assemble in a wide variety of structures. The beauty of this system stems largely from its
exceptional versatility and from the fact that a proper choice of the grafted DNA sequences yields fine
control over the colloidal interactions. Theory and simulations have an important role to play in the
optimal design of self assembling DNACCs. At present, the powerful model-based design tools are not
widely used, because the theoretical literature is fragmented and the connection between different
theories is often not evident. In this Perspective, we aim to discuss the similarities and differences between
the different models that have been described in the literature, their underlying assumptions, their
strengths and their weaknesses. Using the tools described in the present Review, it should be possible to
move towards a more rational design of novel self-assembling structures of DNACCs and, more generally,
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of systems where ligand—receptor are used to control interactions.

|. Introduction

Colloidal suspensions are well described by the same statistical
mechanical equations as systems of atoms or small molecules.
As a consequence, colloids behave in many respects as ‘scaled-up’
models of atoms, and like atoms, colloidal suspensions can be
found in phases that resemble gases, liquids or crystals. There
are, however, important differences. One is that colloids move
in a solvent, rather than in vacuum. The other is that, through
modification of the colloid or the solvent, we can tune the
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interactions between colloids in a way that is not possible for
atoms or small molecules. Due to our ability to control colloidal
interactions, colloids exhibit a much richer phase behaviour
than atomic systems. Over the past two decades, our ability to
design colloidal interactions has undergone a quantum jump
with the development of so-called DNA-coated colloids (DNACCs),
colloidal particles functionalised with short sequences of single-
stranded DNA (ssDNA). DNA allows the colloids to bind selec-
tively, either directly or through single-stranded linkers, to
other particles or surfaces coated with complementary ssDNA
sequences.

DNA-coated colloids were developed by the groups of Mirkin
and Alivisatos®? in the 1990s. Over the past decades, DNACCs
(sometimes referred to as “spherical nucleic acid”?) have been
studied intensively because of their promise for the develop-
ment of new classes of ordered colloidal materials (see e.g.
ref. 4-7). Furthermore, this system has interesting biomedical
applications as ultra-sensitive biomarkers, detectors or efficient
drug- and gene-delivery carriers.®™° In all cases, applications
exploit the selectivity of DNA-DNA hybridization between a
complementary pair, as well as specific features of the physics
of multivalent interactions.

Several reviews on DNACCs have appeared in the literature,
both from an experimental™>? and from a theoretical****
perspective. Very recently, Jones have provided a general over-
view describing the use of DNA-mediated interactions for the
programmable self-assembly of nanomaterials,'®> highlighting
the connections, and the differences, between DNACCs and
DNA-based nanotechnology.

The focus of the present Perspective is different. It is not
our aim to provide a comprehensive overview of all simulation
and modelling results in the field, but rather, to present a
critical assessment of the various theoretical and computa-
tional approaches that have been proposed to describe DNACCs.
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However, this Perspective is not just a Review: to illustrate the
points that we make, we also include new results. We aim to
highlight the connections between different theoretical models,
and explain the differences between various coarse-graining
strategies used to describe DNACCs. We believe that the present
perspective is timely, as the rational design of novel DNACC-
based materials will require a complete integration of theory
and experiment.

At present, theory and computational work are mostly used
to explain experimental observations a posteriori. Yet these
experiments are still largely driven by empirical or semi-empirical
rules.'® Even when model predictions preceded experiments,
the link between theory and experiments is often less than clear.

At present, there is a bewildering variety of DNACC models
in the literature, and this very fact makes it difficult for the non-
expert to decide what approach to use. The net result is that
most models are never used by experimentalists. More worrying
is the fact that theoretical models that have been shown to be
based on questionable premises continue to be used in the
literature, thus carrying the risk that analysis of the experimental
data is flawed. For these reasons, the aim of this review is to
discuss the various models in terms of their underlying assump-
tions, their range of applicability and their relative strengths
and weaknesses, so that experimentalists can use them in an
informed way.

The remainder of the paper will be structured as follows.
In Section II, we describe the general principles common to
the various analytical theoretical models, and then proceed to
discuss the connections between them. In particular, we aim
to establish a ‘hierarchy of accuracy’ in terms of the effects
included. These analytical models contain input parameters
that depend on the molecular structure of the system, e.g. the
specific DNA-sequence grafted on the colloids, or details of the
spacer used for grafting. When a systematic study of the effect
of these parameters is required, and in order to relax some
simplifying assumptions necessarily included in the analytical
models, one should resort to computer experiments, i.e. simu-
lations. We will deal with these “‘experiments” in Section III,
where we will focus on the various coarse-graining strategies
that have been proposed in the literature. In particular, we
discuss which microscopic features are retained in the various
models, and which are ignored. In particular, we will focus on
the question if the model can yield meaningful predictions of
the relevant experiments. In the Concluding section (Section IV),
we will identify possible new directions where the existing
theoretical and computational framework could be profitably
integrated with experiments to yield a more rational design of
DNACC-based systems.

ll. Theory

The common idea behind basically all theoretical models to
describe DNA-mediated interactions in DNACCs'” %’ is to account
correctly for the interactions induced by the DNA strands that coat
the colloids (a schematic of the system is depicted in Fig. 1).
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Fig. 1 A schematic representation of a typical DNA-coated colloid, and
the working principle behind their induced attraction. In DNACCs, single-
stranded DNA, here represented as a red or white circle, is grafted onto a
colloidal core via a spacer, typically another polymer or double-stranded
DNA (dsDNA). Upon recognition of a complementary sequence, a single-
stranded DNA can hybridise with it to form a joining dsDNA helix, leading to a
highly-specific ligand-receptor bond. The figure presents two possible,
mutually exclusive binding configurations, ¢, and ¢,,. Considering all possible
binding configurations and their energy provides the binding thermo-

dynamics of the system.
‘
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On the one hand, as in general for all colloidal systems stabilised
by (non-absorbing) grafted polymers, a non-specific repulsion
arises from compression of the DNA strands trapped between
the colloidal cores. On the other hand, a highly specific inter-
particle attraction occurs because of the decrease in free-energy
due to bond formation"? (Fig. 2 provides a schematic illustration).
That bond-mediated interactions are the driving force leading
to aggregation is also evident from experimental studies that
show no aggregation between DNACCs grafted with non-
complementary strands.”*?” In fact, other (non-specific) attrac-
tive interactions, in particular those arising from the van der
Waals forces between the colloidal cores, are typically much
weaker than those arising from bond formation on the length-
scales at which bond-mediated binding occurs. This is mainly
due to the fact that the non-specific steric repulsive forces due
to DNA compression prevent the colloids to approach at short
distances where dispersion forces are strong.*® For similar
reasons, the length-scale for binding, i.e. the typical distance
between colloidal cores between bound particles, is dictated by
the length of the spacer used to graft DNA on the surface of

Fig. 2 Schematic representation of the origin of attractive and repulsive forces, here shown for a simple system of strands considered as rigid rods and in

the case where only a single bond can be formed. (a) Upon binding, the system acquires an additional energy AGEO”d, which depends on both the

chemical identity of the active strands (white and red circles) as well as on details of the spacer (black sticks) and position of the tethering points
(see eqn (3)). In particular, note that whereas in the unbound state (left) the active strands can freely move on a hemisphere, upon binding (right) they are
forced to stay on a circle: this reduction in configurational space is at the origin of AG™, (see eqn (4)). (b) When all colloids are far apart from each other,
the active strands can span a whole hemisphere. However, this space is again reduced once colloids start to get closer. This reduction is at the origin of
the dominant repulsive forces Fe, between DNACCs.
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the colloids, which is typically in the range of nanometers to tens
of nanometers."” In various practical realisations of DNACCs,
other polymer chains than DNA are grafted to the colloidal
surface. Using an additional different polymer for steric stabilisa-
tion makes it possible to tune repulsion and attraction separately.
Both theory and experiments have shown that tuning the relative
strength of attraction and repulsion can lead to self-assembly of
aggregates of different types.”*°

It is crucial to note that the interaction between two grafted
colloid is due to both energy and entropy, the latter accounting
for the fact that often not just one but several binding configu-
rations are possible (see Fig. 1). Hence, to compute the inter-
action strength, we need to evaluate a free energy, rather than an
energy, as would be the case for atoms in vacuum. To compute
the free energy of interaction of DNACCs, we start from the
statistical mechanical relation between the free energy F of a
system and its partition function Z. We consider an arbitrary
number of colloids, each of which has an arbitrary number of
strands grafted on its surface. We choose a reference state
where all colloids are at infinite distance from each other, and
calculate the free-energy with respect to this state:

ﬁFimeraction = - kB T IOg@
= — kBTlog% - kBTlog% )

:Fall+Frep

where Z = Zy + Zpoung 18 the partition function of all strands in
the system (i.e. a sum over Boltzmann weights), which depends
on their grafting points {r}, as well as on the positions of all
colloids {R}. Z, is the partial sum over all spacer states where no
bond forms, Zyouna the partial sum over all states with at least
one bond, and finally Z* = Z({R = o0} is the partition function
when all colloids are at infinite separation. With this splitting,
we can identify two terms, Fy and Fip, i.e. the attractive and
repulsive component of the interaction, respectively. Note that
when binding between strands on the same particle can occur,
this identification cannot be made, although the general
approach to calculate Fiperaction (S€€ eqn (1)) still holds. We
stress that no approximation has been made in the derivation
of eqn (1).

Since Z = Zy + Zpound, Fare 1S always negative (and, hence,
attractive). Instead F,, is the ratio between two partition
functions where bonds are never allowed, although in one case
(Zo) strands can feel the excluded volume due to all colloids,
including the one on which they are grafted, whereas in the
other (Z*) strands can only feel the latter. If we assume that
only repulsive interactions between the colloidal cores and the
strands occur, i.e. we consider non-adsorbing polymers, a good
approximation for most type of polymers used in DNACCs, then
Zy/Z* < 1, and Fyp, is always positive (i.e. repulsive).

Use of eqn (1) would allow one to calculate the interaction
between DNACCs including all type of many-body interactions
arising from bond formations, and for arbitrary position of the
colloids. This expression does not assume that DNA-mediated
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interactions are pairwise additive — and, in fact, often they are
not.®33> For this reason, the general expression is needed to
compute the interaction free energy of dense phases of DNACCs.
Let us next consider how F, and Fyej, can be calculated. One
route is both obvious and pointless: ‘brute-force’ atomistic
simulations. Simulations that would describe the colloids, the
DNA and the solvent in atomistic detail are simply much too
expensive to be used to predict, say, phase diagrams. Fully
atomistic simulations can certainly be used to study certain
aspects of DNACCs, but not to study a suspension containing
hundreds or thousands of such particles. In what follows,
some degree of coarse-graining is therefore essential. Typically,
this means that we will use an implicit solvent model and that we
will assume that the binding free energy between complementary
DNA strands is known. In other words: models to describe
systems consisting of many DNACCs are always coarse-grained.
To arrive at an analytically tractable coarse-grained model,
the following assumptions are commonly made: (1) we usually
ignore the spatial extent of the nucleotide sequences that can
hybridise to bind two strands together. The hybridising strand
is then represented as a point-like attractive site, also called
‘active site’ or ‘sticky end’, tethered to the colloidal surface by
a long chain - the spacer or linker'”"'**” (see also Fig. 1).
Representing the ‘sticky’ binding sequence as a point is a
reasonable approximation as long as the spacer is much longer
than the sticky end, a situation typically encountered in experi-
mental systems.">>'7*! Considering extended sticky ends
results in slightly different binding affinities between con-
structs.>** Accounting for the finite spatial extent for sticky
end does not qualitatively change the theoretical treatment of
DNACCs, and hence we limit our discussion to point-like sticky
ends. (2) We ignore steric interactions between different strands
and, more generally, any non-selective strand-strand interaction.
This approximation is very common, but it is likely to break
down for dense DNA ‘brushes’.
With the above assumptions, Fe, can be expressed as:
Frep = kaTZIOg g?;’
i i

(2)

where the index i runs over all strands in the system, and ©; and
Q;° are, respectively, the partition function of a single linker
when the colloids are in positions {R} and the partition func-
tion for the case where all colloids are at infinite separation. For
specific geometries and simple polymer models for the linker,
such as rigid rods or gaussian chains, there are either exact or
very accurate approximate expressions to calculate Fyep.>"**2°
For more complex cases, Frp can be obtained using standard
Monte Carlo techniques to sample polymer conformations.>*?
Rogers and Crocker showed that a simple algorithm that assumes
that polymers can be described as ideal, non-interacting chains
that cannot intersect the colloids gave essentially quantitative
agreement with the repulsive interaction determined in experi-
ments.>® This agreement suggests that in this specific system,
the neglect of chain—-chain and attractive chain—colloid interactions
is justified. It also suggests that electrostatic interactions due to
the dense clouds of counter ions around DNA can be included

This journal is © the Owner Societies 2016
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in an effective way via their influence on the single-chain con-
formations. These depend on the chosen length of the segments
in the freely-jointed chain, which is the quantity directly affected
by electrostatics.®>® In Section III we discuss non-specific inter-
actions between spacers in more detail.

The calculation of F, is more challenging, since here we
need to account for all possible binding configurations with an
arbitrary number of bonds (see Fig. 1). In order to do that, it is
useful to split the problem of calculating F, into two parts. The
first stage involves calculating the bond formation energy for all
individual pairs of (i, j) strands, and the second stage accounts
for the fact that there may be many ways in which the DNA
strands on adjacent colloids may be connected (as illustrated
in Fig. 1). If the spacer does not influence the structure of the
sticky end, one can split the bond formation free energy into
two tern,ls:21,23,26,28

AGE™ = AGY + AG™(r;, 1, {R)). (3)

The first term on the r.h.s. of eqn (3) is the free-energy of
binding for untethered, complementary DNA strands i and j in
solution: exp[—BAGY] = Ki'p°®, where Ki? denotes the equili-
brium binding constant, and p° the standard concentration of
1 M. The second term represents the configurational entropic
cost associated with linking two tethered strands i and j: the
number of configurations of a linked ij strand is less than that
of the unlinked 7 and j strands®” (see Fig. 2a). AG™(r;, 1, {R})
depends on the exact positions of the grafting points, and on
the position of all nearby colloids in the system, since these
exclude all strand configurations that would intersect them.
Ref. 22 and 23 give an explicit expression that can be used to
calculate this quantity for arbitrary linkers and colloids positions,
which in its most general case reads:

Q;(ri, v, {R})
Qi (rix;, {R;}) p”’

where Q; is the partition function for two bound linkers i and j,
whereas ;; is the partition function for the unbound case.
Both terms depend on r;, r; and {R;}, and can be calculated using
coarse-grained models for the linkers.”® When strand-strand
interactions can be neglected, an equivalent and possibly more
illuminating form of eqn (4) useful for calculations is:

W“
. . )
AG™ (l’,‘,l‘j, {Ri}) = —kgTlog (pee(d)Wj,po) (5)

AG (ri, 1, {R;}) = —kgT log (4)
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it can be approximated analytically."”*">* The different theories
that have been proposed to estimate F,, make different approxi-
mations to calculate this quantity. However, all models®® 2223
assume that strands are non-interacting (although the inter-
action can still be included in calculating the bond energy®?).
This approximation is reasonable when different chains are not
close to each other. At higher grafting densities (see e.g. ref. 31
and 32), the simple analytical approaches break down, but the
simple theories can still be used to gain insight in the effect of the
structure of the spacer (e.g. rigid rods or freely jointed chains) on
the interactions between DNACCs. For example, “theory accounts”
quite well for the experimentally observed trends in the melting
properties of DNACCs.>"*?

Under the assumption that the binding free energy
AG2°"d between i and j does not depend on the presence of
other strands (i.e. the non interaction assumption), knowledge
of AGy°™ for all possible pairs of constructs (i, ) is sufficient to
write down an exact expression for the partition function Z:

V4
Zzgexp —

where the sum runs over all binding configuration ¢ of the
system (see Fig. 1), i.e. Z/Z, is simply equal to the sum of all
Boltzmann weights due to bonds energies over all possible
binding configurations. Note that AG};"“d depends on the posi-
tion of the strands via AG™, see eqn (3), and hence depends on
the spatial configuration of the colloids.

An exact enumeration of the terms in eqn (6) becomes

Z ﬂAGgond (6)

(ij)ed

rapidly intractable since the number of binding configurations
increases very rapidly with the number of strands in the system.
Hence eqn (6) is typically simplified under some assumptions.
It is at this level of approximation that differences between the
various analytical theories show up.'”*%?1:2*2%:%7 Short of exact
enumeration, Z/Z,, and hence F,, can be calculated to any given
accuracy via Monte Carlo simulations using thermodynamic
integration,*® providing a route to fully include all possible
competitive effects between formation of different binding con-
figurations, as well as about the spatial distribution of the strands.
The exact solution reads:**>*>¢

BAGY(T)

> pi(BAG”)dpAc,  (7)

o0 i<j

BFu (BAGY) = J

where p;; is the probability that a bond between strands i and

where p..(d) denotes the fraction of all random configurations of  j is observed, as sampled by MC simulations. In ref. 23 and 27

the two chains tethered at two grafting points at separation d,
that have overlapping sticky ends, i.e. it is the probability that
two non-interacting tethers will form a ‘bridging’ configuration.
The terms W; and W, account for the effect of hard-core
overlaps with the colloids: they denote the number of i, j or ij
configurations that do not overlap with the colloidal cores
(see Fig. 2). Note that, Wy ;) for the unbound linkers is equal
to the Q, ;s appearing in the definition of F.p, eqn (2).
AG*(r;, 1, {R}}) can be either calculated analytically for simple
polymer models, or computed via Monte Carlo simulations, as we
discuss in Section III. In a small number of (important) cases,

This journal is © the Owner Societies 2016

we have shown that the ‘exact’ Monte Carlo results are approxi-
mated extremely well by a very simple expression:

1
Fau = ZIOgPi “'5(1 = Di); (8)
and
pit > pi; exp<—ﬁAGg°"d) =1, Vij (9)
J
where the indexes i and j run over all possible strands in the

system. In eqn (8), p; is the probability that strand i is not bound,
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found by solving the set of coupled self-consistent equations
represented by eqn (9). Eqn (8) and (9) can be derived using a
recursion formula to count all possible binding configurations
(see ref. 27).

In our derivation of eqn (8) and (9) we used an approximate yet
very accurate formula for counting the degeneracy of each binding
configuration, accounting for the fact that no two linkers can bind
to the same target.>” From a combinatorial point of view, it turns
out that our procedure can be mapped onto Wertheim’s theory for
the equilibrium properties of fluids with highly directional inter-
molecular forces.””° Wertheim’s solution is a basic ingredient of
the widely used SAFT theory.”” In practice, each reactive DNA
strand (or, more generally, each binder) must be considered in the
Wertheim picture as a spatially and orientationally fixed particle
with a single binding site, but each having a unique bond energy,
which in our case must also be defined as in eqn (3). In our
system, we also have the additional benefit that some of the
approximations Wertheim used are always exactly satisfied
conditions, in particular the fact that if two strands are bound
a third one cannot bind at the same time. Once the problem is
cast in these terms, it becomes mathematically equivalent to
that of Wertheim.

The approximations underlying eqn (8) and (9) become exact
in the case of mobile constructs, see ref. 28 and Section III for
more details. Finally, we stress that although these equations
provide the F,. induced by the interaction between grafted
strands. It is easy to show that they remain the same when
binding between these strands is not direct, but is mediated
by (or compete with), free complementary strands in solution,
another widely used bonding scheme in DNACCs. In practice,
eqn (8) and (9) remain valid, as well as the configurational part of
the bond free-energy AG™™, whereas the solution hybridisation
free-energy AGy; between strands must be shifted with a density
dependent factor.

Since eqn (8) and (9) agree extremely well with the corres-
ponding MC simulations, they also properly reproduce all the
(important) correlations introduced by the competition between
strands for the same binding partner. Moreover, they are com-
pletely general in that they can be used to treat an arbitrary
number of different binding pairs, with any spatial distribution.
Hence, they can be used to calculate colloid—colloid interactions
also when highly non-homogeneous DNA coatings are present,
as in the experimental system reported by Pine and coworkers
mimicking patchy particles.*!

Earlier expressions that have been proposed in the litera-
ture'”'®*12% can be derived as approximations of eqn (8) and
(9) under different assumptions.?” In particular, the afore-
mentioned models all shared a mean-field approximation for
binding, i.e. unlike eqn (8) and (9) they do neglect correlations
that are due to the fact that two strands cannot bind simulta-
neously to the same binding partner (the ‘valence constraint’>?).
Furthermore, strands were not only treated as if they were com-
pletely independent from each other, but also as if they were all
statistically equivalent. The first approximation becomes pro-
gressively worse as the binding strength of bonds increases
(relative to kpT). This drawback can be heuristically corrected by
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a self-consistent mean field treatment,*> which yields the mean-field
version of eqn (9). The assumption that all bonds are statistically
equivalent gets worse as the grafting of chains becomes more
heterogeneous, since in this case each strand will experience a
different environment. However, if we assume that both approxima-
tions are justified, then the expression for Fy simplifies:'”*>"**

Fae ® —kgT(n) (10)

where (n) is the number of bonds formed in the system. This
expression for Fy is called the “weak binding” or the ‘“Poisson”
approximation.'”*****>?3 1t provides a lower bound for the real
interaction energy, as it always overestimates the number of
possible bonds: any correlation would reduce the number of
bonds that can form. It has been pointed out® that models that
are based on the Poisson approximation may overestimate the
attractive interaction by as much as two orders of magnitude,
corresponding to approximately = 5kgT per DNA bridge. The
“weak binding” approximation can be obtained formally from
the expression given by eqn (7) by a simple assumption. The
integrand in eqn (7) is nothing but the expected number of
bound pairs in the system. If this number can be approximated
by a Poisson distribution (an approximation that breaks down at
higher binding strength**), then eqn (10) follows from eqn (7).
It can be also shown that eqn (10) corresponds to a first-order
approximation of eqn (8) and (9) (the second-order correction is
positive), and its validity is limited to a region where each strand
has very few binding partners or small binding energy (hence the
“weak binding regime”).>” Another possible drawback of eqn (10)
is that it cannot be generalised easily to treat an arbitrary number
of binding partners with different binding energies, since eqn (10)
was derived considering not just independent, but also equivalent
strands. This is a serious limitation, as the phase diagram of
DNACCs can be ‘designed’ by making colloids with more than one
type of strand (see e.g. ref. 29).

A possible way to estimate F, for an arbitrary number of types
of strands was proposed by Rogers and Crocker.”® Heuristically
keeping eqn (10) as the expression for the attractive contribution,
they proposed to use mass balance equations valid for chemical
reactions in solution to describe binding between grafted strands,
an approach dubbed “Local Chemical Equilibrium” (LCE). In
ref. 25 it is assumed that the binding for grafted strands can be
treated as an equilibrium binding reaction in solution with a
non-homogeneous distribution of active sites. This distribution is
obtained by Monte Carlo sampling the position of the end-point
of polymer chains. F, is then approximated as:

Cop(r) = %exp(—ﬁAGSﬁ) (11)

Colr) m CY(r) = > Coy(r)  Va (12)
B

BFu=-Y Jydr Coplh), (13)

a<f

where C,5)(r) are the equilibrium local concentrations, of free,
unbound active sites of type «(f) (note that in this formalism all
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strands with the same active site are considered equivalent,
whereas in eqn (8) and (9) all strands have different identities)
Cyp)(x), the initial concentration of active sites when no binding
occurs, and C,g(r) the concentration of bound o-f pairs once
binding is allowed. Note that eqn (13) represents a very strong
constraint: in general, mass conservation makes it valid when
concentrations are integrated over the whole volume. Eqn (12)
and (13) instead assume that this is true at each point in space, a
much stronger statement. In fact, the approximation in eqn (13)
is in general not justified,*® as we discuss in more detail below.

A. Equilibrium in bulk binary reactions

In order to derive the (LCE) expression for DNA binding, it is
important to realise that tethered DNA strands are distinguish-
able. The derivation of the condition for local chemical equili-
brium is therefore different from the case where the reactants
and products comprise molecules that are indistinguishable. As
an illustration, we will assume that the tethering of DNA strands
results in a confinement of the ‘reactive’ ends, but that the free-
energy cost of tethering can be ignored (this assumption can
subsequently be refined). We consider the hybridisation reaction
o+ f = aff. As we can ignore the tethering free energy, we can
treat the mixture of o, f and off strands as an ideal gas of
distinguishable particles. We assume that, o, f and «ff are
confined to a volume V that is small, but large enough to contain
many molecules. The partition function of a system with N, (N4)
monomers of type o () and N, complexes is then:

NOI NOI
O(No, Ny, Nopp, V, T) = 2 b 1N =Noy

T NN NN

it (X) M
X H A 3N ?
x=a,p,08 X

(14)

where Nj (Nf) denotes the original (i.e. pre-reaction) concen-
tration of o (), and N° = Ny + N§, and gin(x) is the internal
partition function of complex x (x = «, f8, aff). Note that the
combinatorial factors in eqn (14) are not related to indistinguish-
ability but to the number of ways to select N,z reaction partners
from N, and from Ny monomers. The factor N,g4! accounts for
the number of ways in which N, distinguishable particles of
type « and the same number of type f§ can be paired. The partition
function is a function of N,g. It is maximised for

NaNg  C.Cg ( 0 0
= =exp ( —fAG, )/ .
NV Cyp P(~PAGy) /P

(15)

Hence, for large enough numbers of reactive particles in the
volume V, the hybridisation of tethered strands obeys the same
equilibrium expression as a binary gas mixture. However, for
small particle numbers this expression fails even qualitatively
(see Appendix A). This means that the LCE is reasonable in the
‘mean-field’ limit where any given DNA strand can bind to many
others, but it fails badly when this number is ¢/(1) or less. This is
typically the case when the average distance between grating
points is not small compared with the length of the tether.

It may seem surprising that the approach of ref. 25 yields
results that were compatible with the experimental data, given the
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fact that eqn (12) is based on an approximation, and that the
mean-field assumption is not expected to be particularly good
in the case studied in ref. 25. It is probably more likely that the
accuracy of the experiments reported in ref. 25 was insufficient
to discriminate between different models.***?

For this reason, the best way to discriminate between various
approximate models is to use computer ‘experiments’ in which
‘exact’” Monte Carlo simulations of a specific model are used to
compare between different approximations. In particular, if a
model cannot reproduce the behaviour of a well-characterised
model system, its agreement with experiments must be fortuitous.
In ref. 24, we compared the different analytical theories with
MC calculations to test the validity of mass balance equations
and found that LCE can give results that differ substantially
from the ‘exact’ simulation results, especially at high binding
strengths (see also Fig. 3). It should come as no surprise that
the agreement worsens at high binding energies as eqn (10) is
only recovered from our analytical theory eqn (8) in the weak-
binding limit p; — 1.7

A more positive finding is that, in the weak-binding limit
eqn (10) remains still valid for an otherwise arbitrary distribution
of binding strengths. No such good news is in store for the LCE:
it fails, even in the weak-binding limit because mass-balance
equations can only be used to calculate the bond densities when
considering the binding between free-strands in solution, not for
grafted strands, where the local mass-conservation implicit in
eqn (12) does not hold. However, starting from our self-consistent
equations, eqn (8) and (9) we can show that a better LCE
approximation for the binding densities is given by:

Cy(x) = C,(1)/p, (16)
together with the self-consistent condition:
Jdr C,(r) + Z Cyp(r) = Ny, (17)
B

N, being the number of strands of type o in the system. Once
corrected, the LCE treatment gives essentially exact results, at
least for weak binding where eqn (10) is valid, when compared
with full Monte Carlo simulations, unless the number of binding
partners per linker is very small (see Appendix A and Fig. 3). The
advantage of eqn (8) and (9) is that these equations agree with
the MC simulations over a wide range of binding regimes, not
just in the weak binding limit (see Fig. 3). In this figure, we also
show a comparison with a form of LCE that was recently
proposed by Rogers and Manoharan. The latter theory assumes
local mass balance but uses a different approximation for Fy
(ref. 44, ESI).

The theoretical work presented thus far is based on various
assumptions, as summarised in Table 1. The validity of the
approximations involved in the theory should be tested against
numerical simulations for the same model system, whereas the
quality of the underlying molecular model (flexibility, binding
strength, inter-molecular interactions) should be checked against
experiments. The most stringent experimental test to date is the
ability to reproduce the inter-colloidal potentials as measured
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Scaled distance

High
Pgraft

Scaled distance

Scaled distance

Monte Carlo simulations, (Eqn 7 [Ref. 26 ]

EE s EE .-

LCEo [Ref.25 ]
LCE1 [Ref.40 ]
Fig. 3

Self Consistent Theory ( Egn 8,9 [Ref. 27])
Self Consistent Theory ( Egn 8,9 [ Ref.27 ] ), Mean-Field version

Fae @s a function of distance between DNA-functionalized planes at various temperatures and coating densities, calculated via different

approximate analytical theories (dashed lines) and Monte Carlo data (shaded region representing the uncertainty determined in the simulations). Different
panels represent different combinations of SAG® = [~10,—15] from left to right (roughly proportional to temperature), and strands grafting densities
Pgrart = [0.006,0.03] strands per nm? from top to bottom. For reproducibility of these results, we mention that planes have a surface area of 14 884 nm?
and either 93 or 19 (randomly grafted) strands in the high and low density regime, respectively. Color code: red = self-consistent theory with added spatial
averaging of receptors,? blue = self-consistent theory, green = LCE, as in the original version,?® orange = LCE,, as modified by Rogers and Manoharan.**
Note that only the self-consistent theory properly describe the Monte Carlo data in all ranges of densities and SAGP. Both forms of LCE provide a decent
comparison at high AG® (=high temperatures) and high grafting densities, but fail outside this regime.

Table 1 Assumptions used in the theoretical work

Main approximations implicit in analytical theories
1. No strand-strand interaction besides those contained within A
2. No interactions besides excluded volume between colloids and strand

bond
G

Features included in analytical theories

1. Effects induced by changes in binding strength in solution via AGy
2. Effects of spacer configurational entropy, i.e. spacer structure

3. Presence of multiple bond formation

4. Competition for bonds between different strands - but only in
general treatment of eqn (8) and (9) and equivalent LCE, i.e. effects due
to competing binding configurations
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