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Positional recurrence maps, a powerful tool
to de-correlate static and dynamical disorder
in distribution maps from molecular dynamics
simulations: the case of Nd2NiO4+d†

A. Piovano,*a A. Perrichon,b M. Boehm,a M. R. Johnsona and W. Paulusb

In order to investigate the on-site motion of the diffusive species in crystalline solids, we have

implemented a code to perform a time-summation of displacements of specific atoms, involving

symmetry and adapted projections. The resulting 2D maps have been called ‘positional recurrence maps’

(PRM). Only displacements are considered, instead of positions, so static deformations are filtered out. In

this paper we present the PRM method and show the type of information on the dynamics of selected

atoms that can be obtained. We take, as an example, the Nd2NiO4+d system in which we were able to

characterize in detail the effects of the dynamical delocalization of the apical oxygen.

Introduction

Oxygen ion conducting materials have been thoroughly investigated
in the past decades.1–4 The property of oxygen ion conduction,
meaning the current flow induced by the diffusion of oxide ions
through the crystal, is of particular interest for technological devices
and in particular for electrodes in solid oxide fuel cell (SOFC).5–8

In order to design optimal oxygen ion conducting materials,
the microscopic mechanism of diffusion must be elucidated
both in terms of the displacement pattern of an oxide ion from
one site of the crystal lattice to another and in terms of the
driving force, i.e. where ions recover energy to diffuse. The fact
that the crystal should contain connected and partially-occupied
oxygen sites restricts the list of the potential candidates to a few
families of structures: the fluorite-type oxides, the perovskite-
related oxides and the K2NiF4-type oxides.

A diffusion mechanism describes the energy required by an
ion to migrate in the crystal, which is a microscopic description
of macroscopic diffusion coefficients. In this respect, due to
their double negative charges and large ionic radius of 1.4 Å,
the mobility of oxide ions would seem, at first sight, to be
unlikely. The migration of an oxide ion is generally attributed to
a thermally-activated hopping process, with typical migration
energies lower than 1 eV. Therefore, high temperatures have

to be considered in order to reach suitable values of ionic
conductivity.

However, recent studies have shown that a few materials of
the Brownmillerite-type and of the K2NiF4-type show significant
and highly anisotropic oxygen mobility even close to room-
temperature.9–11 Such anomalous diffusion cannot be explained by
thermally-activated, stochastic oxygen hopping, usually described
with an Arrhenius law.

In the Brownmillerite system, a phonon-assisted diffusion
mechanism was proposed, implying a coupling of diffusion
events with specific low-energy lattice dynamics.12 Only recently, a
similar scenario, where lattice dynamics triggers low temperature
oxygen diffusion, has been revealed in the case of the K2NiF4-type
materials.13

In these works and in many others dealing with high
temperature, thermally activated oxygen ion diffusion, molecular
dynamics (MD) simulations played a major role in elucidating
the specific migration paths of diffusing species and in clarifying
the underlying mechanism.14–18

A variety of useful information concerning atomic motion,
diffusion pathways, diffusion constants (or at least the statistics
of diffusion events) and lattice dynamics, can be extracted from
MD trajectories. However, while the diffusion events can easily
be seen in a global time-summation of the trajectory, as
available in many MD analysis codes (for example LAMP and
nMoldyn), we did not find any software to visualise and analyse the
on-site motion of the diffusive species, meaning with site occupation
in space and time of an atom respect to its equilibrium position.

For this reason, we have implemented a MATLAB19 code to
perform the time-summation of specific atoms and their
corresponding displacements, involving symmetry and adapted
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projections, to provide 2D maps that are visually similar to
density maps. To avoid any confusion with the ‘nuclear density
map’ from diffraction, which usually refers to the reverse
Fourier transform of elastic coherent scattering, we will use
the term ‘positional recurrence maps’ (PRM) for the present
representations, which also integrates the inelastic scattering.
With the PRM method, as implemented by us, only displacements
are considered instead of positions and so static deformations are
removed.

Filtering out static deformations, as typically found in
complex structures with split site positions with respect to a
high-symmetry structure, is particularly useful in system where
dynamic motion is believed to play a major role on the physical
property of interest, as in the present case for ionic conductivity.

We take as an example the Nd2NiO4+d system in which,
thanks to the use of PRM, we were able to characterize in detail the
effects of dynamical delocalization of apical oxygen and how their
modifications correlate with the real changes in lattice dynamics
measured in inelastic neutron scattering experiments.13

In this particular system, and as in most non-stoichiometric
ionic conductors, diffusive atoms sit in disordered positions
with respect to high-symmetry structures. The ability to isolate
dynamical motion from average occupation probabilities is
thus essential to properly estimate the effective atomic motion
and its role in the microscopic mechanism of diffusion.

In this work, we present in detail the mathematics behind
the PRM method and show how the relevant information on the
dynamics of selected atoms that can be obtained: (i) the
minimal MD simulation time required by an atom to explore
all the space around its equilibrium position; (ii) the minimal
MD time required to see a diffusion event and the time required
to explore all diffusive channels; (iii) the effect of temperature
and lattice parameters on the allowed displacement directions
and on the maximum distance that an atom can reach; (iv) the
effect of stoichiometry on the on-site atom dynamics.

Theoretical method

We performed ab initio DFT MD calculations using the VASP
code.20,21 The calculations have been performed in the NVT
ensemble in a 40 ps time window for an approximately regular
supercell containing 112, 114, and 232 atoms for oxygen excess
contents d = 0, d = 0.125 and d = 0.25, respectively. Projected
augmented wave (PAW) potentials were chosen for the ionic
core–valence electron interactions and the Perdew, Burke, and
Ernzerhof (PBE) scheme for the generalized gradient approxi-
mation (GGA) was used for the exchange–correlation potential.

We performed spin-polarized calculations on the low-
temperature, tetragonal phase of stoichiometric Nd2NiO4.0 with
collinear magnetism on Ni ions only. For Nd, a simplified
pseudopotential with frozen 4f orbitals has been used. For
more detailed information about simulations please refers to
ref. 13. The most important parameter used for the MD
simulations are reported in the ESI† (Table S1 for Nd2NiO4

and Table S2 for Nd2NiO4+d).

The construction process of a PRM is based on the cumu-
lative sum in time of the nuclear trajectories, considering
atomic displacements instead of atomic positions, as described
in eqn (1).

nðx; y; zÞj;T

¼
X
i

Ai
X
j

XT
t¼0

pj xt; yt; ztð Þ � pj xCoM; yCoM; zCoMð Þ þ Bj þ C j

� �
(1)

With n(x,y,z)j,T the positional recurrence map of atoms j limited
in time to the integrated simulation time T, pj (xt,yt,zt) the
atomic position of atom j at step t, pj (xCoM,yCoM,zCoM) its
center-of-mass (CoM) position. In our case the structure has
been optimized before the molecular dynamics, hence

pj (xCoM, yCoM, zCoM) = pj (xt=0, yt=0, zt=0) (2)

Point group symmetry is added through i operations, where
Ai corresponds to the i symmetry equivalence, while the Bj

vectors are used to sum equivalent atoms. The additional
vectors Cj can be added to transform the displacement space
back to Cartesian space. In the PRM method, any non equivalent
atom of the structure can be visualised. The PRM method can
easily reveal the shift of the mean atomic positions away from
the equilibrium site in the form of a splitting in the PRM density.
Considering a 40 ps long MD simulation, a tetragonal supercell
and apical oxygen as the selected atoms, eqn (1) becomes:

n x; yð ÞOap;40ps
¼
X
i

Ai
X
z

X
j

XT
t¼0

pj xt; yt; ztð Þ
�

� pj xt¼0; yt¼0; zt¼0ð Þ þ Bj

� (3)
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;
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;
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;
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;

�1

�1

" #

8>>>>>><
>>>>>>:

9>>>>>>=
>>>>>>;

The best way to visualise the PRM analysis is to plot a 2D map
in a specific plane of the unit cell where the most of the effects
are expected. A complete (or partial) projection of n(x,y,z)j,T along
the direction orthogonal to the selected plane is then performed.

To illustrate the difference between the center-of-mass origin and
the Cartesian origin, simulations of tetragonal Nd2NiO4.0 with
optimized lattice parameters and with a reduced c-axis have been
performed. 2D maps of the apical oxygen atoms in Cartesian space
and in displacement space (PRM) have been extracted and are
shown in Fig. 1. Since the atomic position of the apical oxygen atom
is of the type (x,x,z), a splitting is expected into four lobes in the [110]
direction from (0,0,z) in the Cartesian projection. The simulations
with the reduced c-axis length gives a structure with constrained
amplitude of motion, i.e. small vibration around the equilibrium
position, and the static splitting of the atomic positions is
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effectively observed in Fig. 1b. On the contrary, in the PRM, the
centre-of-mass positions (x,x,z) are re-centred at (0,0,z) and a
single spot defining the constrained motion is observed in
Fig. 1a.

For larger amplitude of motion, as in the case of simulations
with optimal c-axis parameter, the PRM maps give a straight-
forward visualization of the atomic displacement pattern, i.e.
dynamics. Fig. 1c shows that the atomic motions are clearly
along [100] and [010]. On the contrary, using the simple
projection of atomic positions, a more confused picture is
obtained, as shown in the Cartesian projection of Fig. 1d. The
PRM method is thus useful to reveal the dynamics of specific
atoms without the effects of static disorder.

The code is available in the ESI† for the Nd2NiO4+d case. The
PRM approach is easily transferable to any system with an
orthogonal structure (a = b = g = 901) and it has been tested on
K2NiF4 systems and on perovskite and perovskite-related systems,
i.e. already exploitable in the fields of ionic conductors, HT super-
conductors, Mott insulators and multiferroics.

Results and discussion

MD simulations (up to 40 ps) have been carried out on the
Nd2NiO4+d for d = 0, 0.125, 0.25 and at temperatures of 150, 230,
310, 670, 1070 K. As an example, a random step of the MD is
shown in Fig. 2, where we can see the presence of several,
interstitial oxygen atoms and their first neighbour apical oxygen,
but also the presence of metastable positions defining distorted
polyhedra (orange pyramids in Fig. 2) and oxygen in transient
positions in between apical and interstitial sites. Simulations
clearly show that diffusion events have occurred, but no detailed
information about how each atom displaces about its equili-
brium position is evident. Furthermore, in the time integral
there is no clear indication if the atoms have had enough time to
explore phase space. It should be confirmed that the simulation
is long enough to satisfy the ergodic hypothesis, i.e. to be able to
assume that the average of a process parameter over time and

the average over the statistical ensemble are the same. Only in
this case, the evolution of a single MD simulation may be used to
determine macroscopic, thermodynamic properties.

PRM can easily address these issues by looking directly at
the phase space of a particle. The effect of simulation time on
PRM of oxygen apical atoms of Nd2NiO4.25 is shown in Fig. 3.
The time label corresponds to the upper limit of the cumulative
sum over the apical oxygen trajectories. Starting from t = 0 the
oxygen atoms displace and explore the space around their
equilibrium position. Depending on the structure, a specific
atom needs a minimum amount of time to explore all the phase
space around equilibrium depending on parameters like the
potential stiffness and the complexity of neighbouring shells.
For the apical oxygen in Nd2NiO4.25 at least 20 ps of MD
are needed to explore the whole space around equilibrium
position – it is only after 20 ps that the intensity map in the
area inside a displacement radius of 1 Å from the centre of
mass does not change any more.

In the non-stoichiometric cases, as for Nd2NiO4.25, diffusion
events can be also observed where the mobile oxygen is the
apical oxygen jumping along [110] to the nearest, vacant inter-
stitial site. In this case, 40 ps is necessary to have unchanged
intensity in the map in the zones beyond a displacement radius
of 1 Å from the centre of mass (see Fig. 3).

PRM are also useful to reveal displacement patterns and
their modifications, i.e. activation of different dynamics, as a
function of external parameters, namely stoichiometry d and
temperature. Fig. 4 shows the PRM of apical oxygens from 40 ps
MD simulations for Nd2NiO4.0, Nd2NiO4.125 and Nd2NiO4.25 at
five different temperatures: 150, 230 K (LT), 310 K (RT), 670,
1070 K (HT).

In the stoichiometric Nd2NiO4.0 case, the PRM at room
temperature (310 K or RT) shows a cross shape with preferred
displacements in the [010] direction, which is expected since
the low temperature orthorhombic phase (LTO) has its tilt
pattern along [010]. At low temperature (150 K, 230 K or LT)

Fig. 1 (a and c) PRM projected on (uA, uB) plane and (b and d) Cartesian
position projected on (a and b) plane of apical oxygen atoms of Nd2NiO4.0

from molecular dynamics simulations at 310 K. (a and b) Structural model
with slightly compressed c-axis parameter, and (c and d) optimized c-axis
parameter in. The colour scale is logarithmic and white corresponds to
zero background, blue to one count, with respect to the integration unit
box of volume d3r = 5.45 � 10�5 Å3.

Fig. 2 Random step of the MD calculation on the (2O2, 2O2, 1) supercell
of Nd2NiO4.25 at T = 310 K. NiO6 polyhedra are depicted in blue, while
square-pyramid NiO5 polyhedra are in orange. Excess oxygen atom in an
interstitial site is in red and bound to its four apical oxygen neighbours.
Apical-interstitial oxygen pair in saddle state is in orange and bound to its
first neighbour nickel atom.
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the apical oxygen PRM is completely isotropic, which means
that the apical oxygen is rigidly held within the NiO6 octahedron.
At high temperature (670 K, 1070 K or HT), a change is observed
in the displacement from the [010] to the [110] direction, due to
the activation of the [110] tilt mode.

In the most-oxidized Nd2NiO4.25 case, the PRM of apical
oxygen at LT shows [110] delocalization. This comes from the
first neighbour interaction of NiO6 and interstitial oxygen
atoms. In this rigid case, much of the freedom of the NiO6

octahedron is pinned by the interstitial oxygen. At RT the
second neighbour interaction disappears and the [110] pathway

is enabled. At HT the apical oxygen density shows an even
broader [110] delocalization.

In the intermediate Nd2NiO4.125 case, the PRM pattern of the
apical oxygen atom at RT shows both [010] and [110] delocalization.
This is consistent with the quarter filling of interstitial sites by
excess oxygen atoms for d = 0.125, which means that, assuming
only the first shell of Oint neighbours is strained, about 75% of
apical oxygen atoms have ‘normal’ dynamics and contribute to
[010] delocalization, and 25% of them experience a [110] deforma-
tion, which thus activates the [110] delocalization. At LT a similar
PRM is observed, but with fewer [010] displacements and more

Fig. 3 PRM of apical oxygen atoms of Nd2NiO4.25 in function of MD time evolution at 310 K. Each PRM is cut in space to the conventional F-cell (black
border). The colour scale is logarithmic and white corresponds to zero background, blue to one count, with respect to the integration unit box of volume
d3r = 1.08 � 10�4 Å3. The time label corresponds to the upper limit of the cumulative sum over the apical oxygen atom trajectories.

Fig. 4 PRM of apical oxygen atoms from molecular dynamics at T = 150, 230, 310, 670 and 1070 K, of Nd2NiO4.0, Nd2NiO4.125 and Nd2NiO4.25. Each PRM
is cut in space to the conventional F-cell (black border). The colour scale is logarithmic and white corresponds to zero background, blue to one count,
with respect to the integration unit box of volume d3r = 5.45 � 10�5 Å3 for d = 0, d3r = 5.33 � 10�5 Å3 for d = 0.10 and d3r = 1.08 � 10�4 Å3 for d = 0.25.
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pronounced [110] delocalization. In this rigid regime, every
NiO6 octahedron is strongly dependent on its neighbours, which
means that the [110] strained apical oxygen drives the free apical
oxygen from [010] to [110]. At HT, the octahedra become less
constrained, which leads to a renewed [010] delocalization, a
strong [110] delocalization from interstitial oxygen, and an easy
diffusion between apical and interstitial sites.

At the high-temperature limit of 1070 K, the patterns look
almost isotropic. Such behaviour means that the apical oxygens
are freed from the octahedron and behave independently,
which is consistent with the HT, average structural representa-
tion and the incoherent diffusion model. We note that, even at
high temperature, no diffusion events are observed for the
Nd2NiO4.0 model.

PRM can be obtained for any non equivalent atom in the
structure and, for the case under discussion, it is interesting to
map the displacement pattern of excess oxygen atoms initially
located in interstitial sites.

Fig. 5 shows the PRM of interstitial oxygen for the Nd2NiO4.125

and the Nd2NiO4.25 and for the three temperatures, T = 310, 670
and 1070 K. The Nd2NiO4.125 analysis complements in a straight-
forward way the previous results (see Fig. 4 and connected
discussion). A well-defined interstitial site is present for which
the phase space explored does not change with temperature.
Diffusion events are present at each temperature, revealed by the
population of former interstitial sites in the apical sites. With
increasing temperature, a second, more distant site is occupied
(see Fig. 5b and c). This means that at RT, the interstitial oxygen
can diffuse only to the apical oxygen that the [110] octahedron
tilt scheme has brought close and thus that diffusion is linked to
the dynamics of the lattice. At HT interstitial oxygen has enough
thermal energy to diffuse to any possible next neighbour, apical
oxygen site.

The Nd2NiO4.25 scenario is more complex, but still in agreement
with the description of the apical oxygen PRM (see Fig. 4 and

connected discussion). At RT there is a complex swinging
behaviour of the excess oxygen in the interstitial sites towards
the apical sites (see Fig. 5d). At intermediate temperature,
T = 670 K (see Fig. 5e), the phase space of oxygen diffusing to
apical site is completely defined, while the outer spots in non-
defined sites are meta-stable positions as the oxygen has not
had enough time to move further. Indeed at high-temperature
(see Fig. 5d) a pattern is observed which is very similar to the
one of the apical oxygen atoms, yet less pronounced in intensity
due to the lower statistics (there is much less excess oxygen than
apical oxygen). At any temperature, the delocalization pattern is
more complex and the sites better defined after diffusion in the
Nd2NiO4.25 case than in the Nd2NiO4.125. This means that the
inclusion of a high amount of excess oxygen starts to sterically
constrain the available diffusion paths, as the defective clusters
overlap, which leads to energetically unfavorable configurations.
The agreement between the two, related PRM representations
confirms that, at HT, 40 ps simulations are long enough to let
apical or interstitial oxygen have time to completely explore the
phase space up to next neighbour positions.

The simulations reported here are in good agreement with
experimental results obtained for the apical oxygen displacement
factors from neutron single crystal diffraction data for Nd2NiO4.25

and its Pr-based homologous at different temperatures.22 Large
displacement amplitudes along [110] have been shown to be present
already at ambient temperature, while the potential develops with an
anharmonic behaviour for Oap and the Pr atoms, making the Pr2O2

layer a dynamically activated interface for easy oxygen diffusion.
While the information on dynamics is not easy to extract from
diffraction studies, the experimental results are in good agreement
with simulations of Nd2NiO4.25. This suggests that the large dis-
placement amplitudes found experimentally for the apical oxygen
atoms in Nd2NiO4.25 and Pr2NiO4.25 have a pronounced dynamical
contribution. Nd2NiO4.25 and Pr2NiO4.25 are special cases with
respect to homologous K2NiF4-type oxides, as they can uptake a
significant amount of extra oxygen atoms and consequently produce
large displacements. The dynamical origin of oxygen atom deloca-
lization is thus an important factor for easy oxygen diffusion
between apical and interstitial sites down to ambient temperature.
Indeed the same magnitude of displacement amplitudes are found
for example in La2CoO4+d, but only at much higher temperatures.23

Conclusions

We have performed MD simulations on Nd2NiO4+d with different
stoichiometries with the aim of understanding their lattice
dynamics. We have derived position recurrence maps (PRM) as
an efficient way to visualize the on-site motion of the diffusive
species, meaning the occupation in space and time of an atom
with respect to its site.

Since reliable MD simulations are dependent on the simulation
time, satisfactory comparisons on similar systems are possible
only if simulation times are long enough. The PRM method is a
simple way to map the on-site phase space of a specific non
equivalent atom in the structure. This also determines the

Fig. 5 PRM of interstitial oxygen atoms from molecular dynamics on (a–c)
Nd2NiO4.125, and (d–f) Nd2NiO4.25. (a and d) refers to T = 310 K, (b and e) to
T = 670 K, and (c and f) to T = 1070 K. Each PRM is cut in space to the
conventional F-cell (black border). The colour scale is logarithmic and white
corresponds to zero background, blue to one count, with respect to the
integration unit box of volume d3r = 5.33 � 10�5 Å3 for d = 0.10 and
d3r = 1.08 � 10�4 Å3 for d = 0.25.
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minimal time of a MD run that is required to satisfy the ergodic
hypothesis.

PRM reveals the dynamics of specific atoms and the effects
of parameters like stoichiometry and temperature. From the
results on Nd2NiO4+d systems, we have found that, for d = 0, the
low temperature structure forbids any diffusion events on a
40 ps timescale and freezes the NiO6 octahedron in its con-
tracted tilt pattern, with a strong localization of the apical
oxygen atom. High temperatures enable the delocalization of
the apical oxygen and thus the free rotations of the NiO6

octahedra. The change of dynamics from [010] to [110] direction
favours apical oxygen diffusion.

Considering the effect of d, excess oxygen in interstitial sites
activates the [110] dynamics of apical oxygen atoms. At RT the
interstitial oxygen can diffuse only to the apical oxygen that the
[110] octahedron tilt scheme brings closer and therefore that
diffusion is linked to the specific lattice dynamics.

At HT, interstitial oxygen has enough thermal energy to diffuse
to any possible next neighbourhood apical oxygen site. At 1070 K,
the patterns look almost isotropic, meaning that the apical oxygen
atoms are freed from the octahedra and behave independently; this
corresponds well to the HT average representation and to the
incoherent diffusion model. We note that, even at high tempera-
ture, no diffusion events are observed for the Nd2NiO4.0 model.
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