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Stretching self-entangled DNA molecules in
elongational ﬁelds†
C. Benjamin Renner and Patrick S. Doyle*
We present experiments of self-entangled DNA molecules stretching under a planar elongational ﬁeld, and
their stretching dynamics are compared to identical molecules without entanglements. Self-entangled
molecules stretch in a stage-wise fashion, persisting in an “arrested” state for decades of strain prior to
rapidly stretching, slowing down the stretching dynamics by an order of magnitude compared to
unentangled molecules. Self-entangled molecules are shown to proceed through a transient state where
one or two ends of the molecule are protruding from an entangled, knotted core. This phenomenon
sharply contrasts with the wide array of transient conﬁgurations shown here and by others for stretching
polymers without entanglements. The rate at which self-entangled molecules stretch through this
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transient state is demonstrably slower than unentangled molecules, providing the ﬁrst direct
experimental evidence of a topological friction. These experimental observations are shown to be
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qualitatively and semi-quantitatively reproduced by a dumbbell model with two ﬁtting parameters, the
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values of which are reasonable in light of previous experiments of knotted DNA.

1

Introduction

Advances in nanofabrication, microscopy, and molecular
biology have both motivated and enabled the direct observation
of the static and dynamic properties of single DNA molecules.
These experiments help guide applications such as direct linear
analysis1 or nanopore translocation2 for sequencing genomes.
Experiments on single DNA molecules have a rich history in
addressing a number of fundamental questions in polymer
physics.3–5 Optical tweezers have been used to stretch molecules,6 and the data were well described by the theory of Marko
and Siggia for semiexible chains.7 A wide range of microuidic
devices have been designed to actively manipulate DNA molecules with hydrodynamic ows or electric elds for analysis8,9
such as t-junctions,10 cross-slots,11–13 posts,14–16 contractions,17–19
and nano-scale slits20,21 and channels.22 In particular, cross-slot
microuidic devices have been used as a way to stretch molecules without bulky probes for detection of specic DNA
sequences23 or to understand the subsequent relaxation of
polymers in slits24 or collapse of polymers in poor solvents.25
These devices have also been used to study the transient
dynamics of polymer molecules in well-controlled elongational
ows/elds, and experiments have revealed surprising congurational diversity26,27 and hysteresis in the coil–stretch
transition.28
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One of the most dramatic ndings of such experiments is
that polymer molecules unraveling in elongational ows do so
at distinct rates that are largely controlled by a diverse set of
transient congurations,26,27 referred to as molecular individualism.29 These transient congurational classes, dumbbells,
half-dumbbells, kinks, hairpins/folds, and coils, were investigated in the simulations of Larson and coworkers.30 They
showed that a bead-spring polymer model with only polymer
connectivity, hydrodynamic drag of the solvent, and Brownian
uctuations can recreate the qualitative features of DNA
experiments. From an applications perspective, the intrinsic
variance in the rate of stretching DNA molecules due to
molecular individualism has complicated the design of owbased stretching devices for DNA analysis. In response, crosslinked gels31 or post array32 “preconditioning” devices have been
developed to reduce this variability.
More recently, there has been a focus on how the topology of
a polymer molecule can aﬀect polymer properties.33 Topological
entanglements are found in biological contexts;34 knots occur in
DNA conned to the tight spaces of viral capsids35,36 as well as in
folded proteins.37 Simulations have investigated the statistics of
knots on polymers in conning geometries at equilibrium.38–40
In dynamical processes, simulations have indicated knots can
signicantly slow the ejection of viral DNA,41 slow or jam the
sequencing of DNA through nanopores,42 and reduce the rate at
which a protein is digested by the proteasome.43 Theory suggested that topological entanglements can arrest the swelling of
polymer globules,44 and simulations supported this idea.45,46
More recently, Tang et al. reported an experimental technique
for compressing DNA with electric elds and demonstrated an
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arrested state prior to expanding back to a swollen coil, which
they attributed to self-entanglements.47
In this work, we present experiments in which DNA molecules
are initially preconditioned to a self-entangled state and are then
subjected to a planar elongational eld. We compare these results
with DNA molecules which are stretched in a planar elongational
eld starting from an equilibrium (unentangled) state. We nd
substantial diﬀerences between these two cases, and we quantify
these diﬀerences by analyzing their diﬀerent rates of stretching.
Finally, we present a simple model that is shown to semi-quantitatively capture the mean stretching behavior of the self-entangled molecules in our experiments.

2 Experimental methods
The experimental buﬀer consisted of 4% (vol) b-mercaptoethanol (BME, Cabiochem), 0.1% 10 kDa polyvinylpyrrolidone (PVP,
Polysciences) in 0.5 Tris–borate–EDTA (TBE, Accugene).
T4GT7 DNA (165.6 kbp, Wako) and l-DNA (48.502 kbp, New
England Biolabs) were uorescently labeled with YOYO-1
intercalating dye (Invitrogen) at a 4 : 1 base pair to dye ratio in
the experimental buﬀer, leading to a nal contour length of
75 mm, 38% larger than bare DNA.48 This mixture was allowed to
stain for 12–48 hours prior to viewing. Cross-slot channels, 1.65
mm in height, were manufactured in PDMS (Sylgard 184, Dow
Corning) using so lithography on a silicone master template
(SU8-2 photoresist). Channels were soaked overnight in the
experimental buﬀer at 40  C to mitigate permeation-driven
ow,31 quickly rinsed with RO water, dried with argon, and
sealed to a glass cover slide. Stained DNA solutions were diluted
in the experimental buﬀer 10 to 25-fold for optimal viewing
concentrations and loaded in the channel reservoirs. The
channel was ushed with buﬀer for a minimum of 30 minutes
prior to collecting data via the application of a moderate (50 V)
electric potential at the reservoirs.
A planar elongational eld may be used to linearize a
charged macromolecule such as DNA,12,49,50 and the kinematics
of this eld are described by the following equation:
Vx ¼ 3_ x; Vy ¼ _3y

(1)

where Vx and Vy are the x and y components of velocity and 3_ is
the strain rate of the eld. We used a cross-slot device to
generate a homogeneous elongational eld within a 100 
100 mm eld of view. The strain rate was controlled by varying
the voltages applied at the reservoirs. Molecules were trapped at
the metastable stagnation point at the center of the eld by
manually perturbing the potential (2 V) of the right reservoir.
See the ESI† for device layout and strain rate calibration curve.
For a molecule in an elongational ow or eld, the relevant
dimensionless group is the Deborah number, De h 3_ l, where l
is the longest relaxation time of the polymer molecule. In such
elds, a polymer will undergo the coil–stretch transition at Dec
z 0.5, and the critical strain rate for the onset of this transition
1
:
is 3c ¼ . The longest relaxation time of DNA was measured as
2l
l ¼ 2.6 s by tting the long time decay of the autocorrelation

3106 | Soft Matter, 2015, 11, 3105–3114

Fig. 1 Schematic for stretching self-entangled DNA. (a) A molecule is
brought to an inlet arm and allowed to equilibrate for 30 s with no
applied ﬁeld. (b) A square-wave AC electric ﬁeld (F) of strength Erms ¼
200 V cm1 and frequency f ¼ 10 Hz is turned on for 30 s to compress
and self-entangle a molecule in the channel arm. (c) The elongational
ﬁeld is switched on (F+ > Fo), and the self-entangled molecule rapidly
translates to the stagnation point and is trapped there. (d) The molecule stretches some time after the translation step shown in (c).

function of orientation angles of DNA molecules at equilibrium51 (see ESI†).
For molecules with unentangled initial conditions, the
molecule was brought to the stagnation point and there allowed
to relax for 30 s > 10l, allowing the molecule to thoroughly
sample its equilibrium congurations. The elongational eld
was then turned on, and the molecule was stretched. The
procedures for generating the initial self-entangled molecular
states are more complex and are shown in Fig. 1. For a selfentangled initial condition, the molecule was brought to a
channel arm and allowed to relax for 30 s. An AC square-wave
electric eld of strength Erms ¼ 200 V cm1 and frequency f ¼ 10
Hz was applied for 30 s to compress and self entangle a molecule in a fashion demonstrated by Tang et al.47 Aer entanglement, the reservoir potentials were switched to generate an
elongational eld, and the molecule was quickly (<5 s) swept
into the straining region of the device. The molecule was held in
this region until it stretched.

3 Results and discussion
3.1

Diﬀerences due to entanglements

Representative snapshots of the initial, transient, and fully
stretched congurations of both initially unentangled and selfentangled molecules are shown in Fig. 2. Several stark diﬀerences between the stretching processes for each type of molecule are immediately apparent. The initial congurations for
unentangled molecules are visually diverse and somewhat
anisotropic since the molecules are exploring the full congurational space of a polymer in a good solvent prior to the onset
of the eld. The initial conditions of the self-entangled molecules are highly isotropic “globules,” and the important
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Fig. 2 Snapshots of initially unentangled and self-entangled molecules stretching under an electric ﬁeld of De ¼ 2. The white arrows
indicate the presence of a persistent, localized knot along the fully
stretched contour of the DNA molecule. The white numbers are the
accumulated strain experienced in each snapshot.

Fig. 3 Extension vs. strain trajectories for initially unentangled (top)
and self-entangled (bottom) DNA at De ¼ 2. The snapshots to the right
correspond to the bolded trace in each graph. The white numbers are
the accumulated strain experienced in each snapshot. The reported
extension is the maximum distance along the extensional axis of two
points on the molecule, indicated in the snapshots. Note the diﬀerent
scales of the x-axes.

diﬀerences between their individual congurations exist at a
length scale smaller than can be resolved by uorescence
microscopy. It is important to emphasize that the subsequent
diﬀerences in stretching behavior of unentangled and selfentangled molecules arise solely due to these diﬀerences in the
initial conditions. The so-called “half-dumbbell”, “kink”,
“hairpin/fold”, and “dumbbell” congurations emerge as transient congurations of unentangled molecules. This phenomenon as well as the corresponding diﬀerences in the rates of
stretching grouped by transient congurational class is the key
concept behind molecular individualism. The transient congurations of self-entangled molecules are less diverse, all consisting of a knotted core from which one or two ends of the
chain unravel. The diﬀerences between initially unentangled
and self-entangled molecules even persist in their fully
stretched conformations. While absent in the vast majority of
unentangled molecules, a region of increased uorescence
(indicated with arrows) can be seen in the stretched conformation of an initially self-entangled molecule. These regions
are persistent and suggest that a topological knot has been
pulled tight in the chain. See the ESI† for movies initially
unentangled and self-entangled molecules stretching.
Selected trajectories of extension versus strain are plotted for
both initially unentangled and self-entangled DNA molecules in
Fig. 3. The trajectories of initially unentangled molecules
demonstrate that their stretching dynamics are progressive – the
molecule orients, aligns, and immediately begins stretching
until fully extended. Initially self-entangled molecules exhibit
stage-wise stretching dynamics – the molecule persists in a low
extension arrested state before rapidly stretching. The

snapshots corresponding to the bolded trajectory in each plot
are shown on the right further illustrate this point. The unentangled molecule immediately begins stretching, and within 2
units of strain, the transient “dumbbell” conguration can be
easily seen. The self-entangled molecule persists in its arrested
state until a strain of 15. At a strain of 15, the nascent ends of
the molecule can be seen to rst clearly protrude from the
highly knotted core. This event immediately precedes the onset
of a comparably rapid stretching phase of this molecule,
indicative of a nucleation phenomenon. Nearly all molecules in
experiments follow this general nucleation then stretch
behavior, a phenomenon with qualitative similarities to the
onset of stretching in collapsed polymers in elongational
ows.52,53
In Fig. 4, stretching trajectories are shown for both unentangled (red) and self-entangled (blue) molecules unraveling in
elongational elds of De ¼ 1, 2, 2.9, and 5. The immediate
diﬀerence in time scales associated with stretching the two
populations is evident at all eld strengths, indicating that even
at relatively strong elds of De ¼ 5, the presence of topological
restrictions can dramatically slow the stretching process. At all
eld strengths, the trajectories clearly indicate signicant dispersity in the times to reach a fully stretched conformation for
both initially unentangled and self-entangled molecules. For
unentangled molecules, this dispersity is referred to as molecular individualism and can be largely associated with the
diﬀerences in transient congurations. For initially self-entangled molecules, the variation in the time to fully stretch a
molecule arises almost entirely from the diﬀerent lengths of
time spent in the arrested state.

This journal is © The Royal Society of Chemistry 2015
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Fig. 4 Extension vs. strain trajectories for initially unentangled (left) or self-entangled (right) DNA for all Deborah numbers (De ¼ 1, 2, 2.9, and 5) in
this study.

3.2

Stage-wise decomposition of trajectories

The images and trajectories in Fig. 2–4 all indicate a stage-wise
stretching of a self-entangled molecule. In general, each
trajectory can be decomposed into three distinct stages: a
metastable arrested state, a transient stretching phase, and an
extended steady state, shown in Fig. 5. We now present the
method by which we algorithmically dened these stages for all
experimental trajectories.
The arrested state is the initial phase of a molecule, and the
molecule is considered to remain in this state until its extension
permanently passes a lower extension threshold. The duration
of the arrested state is deemed the nucleation time, denoted
tnuc, since the end of the arrested state corresponds to the
nucleation events described in the previous section. To best
delineate the arrested state from the stretching phase, the value
for the lower extension threshold should be chosen to be the
smallest extension where molecules all immediately stretch
upon passing the threshold for the last time. A value of 10 mm
was found to be suitable for our ensemble of experimental data.
The stretching phase of the molecule begins at the end of the
arrested state and continues until the extension of the molecule
passes an upper extension threshold. The value of the upper
extension threshold is again chosen so that all molecules in the
ensemble continue to stretch rapidly. As the steady state
extension of DNA is a function of De, this parameter, too, is a
function of De. Values for the upper extension threshold of 30,
42, 46, and 50 mm for De ¼ 1, 2, 2.9, and 5 were used in the
following analysis. Both the upper and lower extension
thresholds were chosen empirically to best segregate the
phases.
In Fig. 6, the distributions of nucleation times are shown for
both unentangled and self-entangled molecules. The x-axes of
these distributions are scaled by the here-called “excess strain”
rate. The strain, 3_ t, time scaled by the strain rate, relates the
exponential increase in separation between tracers along
streamlines in an elongational eld, x(t + dt) ¼ x(t)exp(_3dt). The
excess strain, (_3  3_ c)t, time scaled by the strain rate exceeding
the onset of the coil–stretch transition, relates the exponential
increase in separation between two points connected by a
Hookean spring with the same entropic elasticity as the DNA

3108 | Soft Matter, 2015, 11, 3105–3114

molecule, x(t + dt) ¼ x(t)exp((_3  3_ c)dt). This quantity has been
shown to reasonably scale the stretching kinetics in experiments26,27 and nucleation-type behavior of the coil stretch

Fig. 5 Experimental trajectories are decomposed into three stages:
arrested, stretching, and extended. (top) The molecule is “arrested”
until its extension passes and remains above a lower extension
threshold. Afterwards, the molecule is “stretching” until its extension
passes an upper extension threshold for the ﬁrst time. A molecule is
considered stretched thereafter. The extension thresholds were
chosen empirically to best segregate the phases. The lower extension
threshold used was 10 mm. The upper extension threshold was chosen
as 30, 42, 46, or 50 mm for De ¼ 1, 2, 2.9, and 5, respectively.

This journal is © The Royal Society of Chemistry 2015
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Fig. 6 Probability distributions of the excess strain required to
nucleate (begin stretching) a molecule for initially unentangled (left)
and self-entangled (right) DNA at all Deborah numbers (De ¼ 1, 2, 2.9,
and 5) in this study. The excess strain to nucleate is deﬁned as (_3  3_ c)
tnuc. Note the diﬀerent scales for the x-axes.

transition in simulations.54 In Fig. 6, the x-axes thus correspond
to the amount of excess strain accumulated until the nucleation
event occurs at tnuc, i.e. (_3  3_ c)tnuc.
For initially unentangled molecules, the “nucleation time,”
also called the transition time by others,54 represents the time
required for a molecule to begin to align, orient, and immediately stretch to the lower extension threshold. Although this
process is fundamentally diﬀerent than the nucleation-type
events seen in initially self-entangled molecules, we will use the
term “nucleation time,” still the time required to pass the 10 mm
lower extension threshold, for the sake of consistency. The
distributions of nucleation times for unentangled molecules
appear to be properly scaled by the excess strain, in agreement
with the simulations results of Cifre and de la Torre.54 For all
eld strengths, 1.5 “excess strain” is the characteristic quantity required to nucleate the unentangled molecules, and
3 “excess strain” is approximately the characteristic width of
the distributions. The simulations of Cifre and de la Torre54
found (_3  3_ c)httransi ¼ 3.23  0.04, where (_3  3_ c)httransi is
analogous to the nucleation time of an unentangled molecule.
This result appeared universal for ideal chains or chains with
excluded volume as well as chains with and without hydrodynamic interactions. However, the results of these simulations
show some disagreement with our result of 1.5, the reason for
which is not immediately clear.
For initially self-entangled molecules, the nucleation time
represents the time for the ends of the molecule to free themselves from an entangled core a suﬃcient distance to initiate
stretching. The distributions of nucleation times for initially
self-entangled molecules are similarly scaled by the excess
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strain rate, and interestingly, this quantity appears to be able to
reasonably scale these distributions as well, although the
physical reason is not as clear. For all eld strengths, 15 excess
strain is required to stretch these tangled globules and the
width of the distributions is 30 excess strain. These quantities
are an order of magnitude larger than their counterparts in
initially unentangled molecules, underscoring the fundamentally diﬀerent physics in the arrested state that is present in the
self-entangled molecules.
We now turn our attention to the stretching phase. The
distributions of nucleation times in Fig. 6 are useful in quantifying the diﬀerences between the initially unentangled and
self-entangled populations, but the main result, the existence of
a the arrested state in self-entangled molecules, is already
apparent when viewing the images in Fig. 2 or the trajectories in
Fig. 3 and 4. Less obvious, however, are the diﬀerences in the
rapid stretching phase between the two populations. Using the
decomposition criteria described in Fig. 5, the stretching phase
of each molecule can be separated from the prior nucleation
process. This decomposition aﬀords the ability to independently analyze this phase.
In Fig. 7a, trajectories of the stretching phase for initially
self-entangled molecules are shown at a eld strength of De ¼ 2.
From the ensemble of trajectories, a master stretching curve
was created by sorting the extensions of the molecules into 2 mm
bins and calculating the average strain of all trajectories as they
pass through each bin. Such a master curve is shown superimposed over the underlying trajectories in Fig. 7a.
The process of generating master stretching curves was
repeated for all initial conditions and eld strengths. These
curves are plotted versus excess strain in Fig. 7b. The aﬀect of
varying the lower and upper extension thresholds is shown in
the ESI.† For both initially unentangled and self-entangled
molecules, the master curves collapse when scaled by the
excess strain, consistent with previous experiments of unentangled molecules in extensional ows.27 Interestingly,
initially self-entangled molecules stretch 50% more slowly
than initially unentangled molecules. Initially self-entangled
molecules appear to have a localized, knotted core that
shrinks and is tightened during stretching, as can be seen in
Fig. 2, 3b, and 5. However, such a structure is very rare in
stretching unentangled molecules. It follows that the diﬀerence in the rate of stretching between initially unentangled
and self-entangled molecules corresponds to this topological
diﬀerence. In other words, pulling the strands through a
tangled core introduces and additional “topological friction”
into the stretching process. The concept that knots can
introduce an eﬀective topological friction has been seen in
computer simulations of knots slowing (or even jamming) the
translocation of DNA through nanopores,42 the ejection of
viral capsids,41 and the pulling of knotted proteins through
the proteasome.43 To our knowledge, the results in Fig. 7b are
the rst direct experimental observation that is suggestive of
the phenomena of topological friction due to a knotted
domain at the molecular scale.
Aer exiting the stretching window, a molecule will remain
in an extended state as long as the elongational eld is applied.
Soft Matter, 2015, 11, 3105–3114 | 3109
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(a) Ensemble average steady state extension of initially unentangled and initially self-entangled DNA molecules for all Deborah
numbers (De ¼ 1, 2, 2.9, and 5) in this study. Error bars represent 95%
conﬁdence intervals about the mean. (b) Ensemble average excess
knot length, hLknot,excessi, plotted for all Deborah numbers (De ¼ 1, 2,
2.9, and 5) in this study. Error bars represent 95% conﬁdence intervals
about the mean.
Fig. 8

Fig. 7 (a) Generating mean stretching curves from stretching trajectories. All trajectories were binned into 2 mm bins, and the mean strain
within the extension bin was computed by equally weighting the mean
strain within each bin for each individual trajectory. Error bars represent the bin widths (y-axis) and 95% conﬁdence intervals around the
mean (x-axis) (b) mean stretching curves for initially unentangled and
self-entangled molecules at all Deborah numbers (De ¼ 1, 2, 2.9, and 5)
in this study. These mean extension curves collapse into two populations when plotted vs. excess strain, deﬁned as (_3  3_ c)t.

Once extended, initially self-entangled molecules frequently
have a localized area of increased uorescence along the
contour, like those shown in Fig. 2. These regions are likely
localized knots. We estimated the amount of contour stored in
the knots by comparing the ensemble average steady state
extensions, hXssi of initially unentangled and self-entangled
molecules, shown in Fig. 8a. The trend of increasing molecular
extension with increasing eld strength is expected and readily
seen. For all eld strengths, the initially self-entangled molecules exhibit lower hXssi due to the nite amount of contour
length stored within localized knots on the stretched chains.
The diﬀerence in the steady state extension between initially
unentangled and self-entangled ensembles is the excess knot
length, hLknot,excessi ¼ hXss,unentangledi  hXss,entangledi, shown in
Fig. 8b. This quantity was rst introduced as a length reduction
due to a knot in a perfectly tightened string55 and has been used
to characterize the size of knots in the experiments of Bao et al.56
In Fig. 8b, hLknot,excessi is plotted versus De. A gradual decrease of
hLknot,excessi is seen as De increases, consistent with the notion
of tightening a knot. Over the range of eld strengths in this

3110 | Soft Matter, 2015, 11, 3105–3114

study, hLknot,excessi varies approximately from 1 to 3 mm. These
data can be compared to the excess knot lengths found by Bao
et al.56 of 0.25–0.55 mm found for the 31, 41, 51, 52, and 71 knots
held at tension of 0.1–2 pN, suggesting that the interior knots
may be quite complex in our experiments. The large amount of
extra knot length we observe in our experiments may also be an
important factor in our ability to measure a strong signature of
topological friction in Fig. 7b. Overall, the data in Fig. 8 verify
the notion of a topological knot containing some nite amount
of chain contour.
If the applied eld is switched oﬀ, the molecule will relax
back to the equilibrium coil. Images of a relaxing molecule are
shown in Fig. 9. On average, the molecules that begin with
interior bright spots relax more quickly than molecules without.
This increase in the rate of relaxation contrasts with the slowing
of stretching in initially self-entangled globules, shown in Fig. 7.
Both observations, however, can be qualitatively explained by
the electrostatic interactions within the vicinity of the knot.
Stretching a knotted chain requires the knot to be pulled
“tight”, and the electrostatic repulsions in the vicinity of the
knot will act to slow the stretching process. Similarly, when
tension is released from a tightened knot, the electrostatic
interactions seek to swell the knotted core. Swelling can only be
achieved by retraction of the ends of the molecule, and this will
increase the observed rate at which the extension of the molecule relaxes. These observations further reinforce the notion
that localized knots are frequently present upon stretching selfentangled molecules.

This journal is © The Royal Society of Chemistry 2015
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3kB T
at equilibrium and H ¼
is spring constant of the total
2l
p Lc
molecule.49
Given the concept of a varying length of extensible contour,
the Deborah number, De ¼ 3_ l, cannot describe the transient
dynamics of an entangled strand; the relaxation time, l is that
of unentangled state. We therefore dene a “free” Deborah
number as
 2
Lf
Def ¼ De
(2)
Lc

Fig. 9 Relaxation of a stretched DNA molecule. Selected snapshots
for an initially unentangled and self-entangled molecule relaxing after
the shutoﬀ of the ﬁeld.

3.3

Modeling stretching dynamics of entangled DNA

The preceding discussion has emphasized key diﬀerences in
stretching of initially self-entangled and unentangled DNA,
both qualitative (initial, transient, and stretched congurations) and quantitative (nucleation times and stretching rates)
in nature. Here, we lay out a physical framework that is
consistent with these observations, and show that a simple
dumbbell model motivated by this framework can semi-quantitatively capture the mean nucleation times and stretching
curves for the experimental data.
Consider a highly self-entangled blob. The topological
entanglements can be thought to form a transient network
structure. In order to stretch such a blob, this network must be
resolved by transporting contour from a centrally entangled
region to an unentangled region near the ends of the molecule.
We suggest that this transport can occur via two mechanisms:
(i) diﬀusive release of entanglements via cooperative motions of
the DNA ends and entangled loops and (ii) convective transport
of contour to the ends via pulling contour out of the central
entangled region. This process will result in the gradual “soening” of an initially inextensible blob until so enough to be
extended by the ow, which could reproduce the initial arrested
state.
We will seek to model this process by the stretching of a
single non-Brownian dumbbell. The contour of the molecule is
partitioned into both “free” and “entangled” regions such that
Lf + Le ¼ Lc, where Lf, Le, and Lc are the contour lengths of the
free portion, entangled portion, and entire molecule, respectively. We will consider only the free portion of the molecule as
being able to directly interact with the external eld. The beads
of the dumbbell, therefore, have drag coeﬃcients that vary as
 
Lf
zf ¼ z
. Here, z ¼ 4Hl is the total drag on the DNA molecule
Lc

This journal is © The Royal Society of Chemistry 2015

as an estimate for the eﬀective dumbbell of containing Lf length
of contour, assuming a freely-draining dumbbell. For a xed 3_ ,
De is constant while Def changes in time as Lf changes from a
small fraction of Lc to nearly the entire contour length of the
molecule as contour is progressively freed. Given an initially
highly entangled state, Lf z 0, Def will progress from Def z 0 at
time t ¼ 0 to Def ¼ De as time t / N. The dumbbell will persist
in a low extension (coiled) state until Def z 0.5, giving rise to an
apparent arrested state.
We now turn to the specics of the model that give rise to the
evolution equation of the total extension of the molecule. The
initially entangled state is considered to have an extension
between the ends of Xknot ¼ 1.6 mm (experimental diameter of
gyration), and we assume that the extension in this region does
not change. We consider the free contour on each end to be
tethered to this inextensible core. The cumulative extension of
both ends from their tethers is R, and the total extension of the
molecule is R + Xknot. By neglecting inertia, the evolution
equation for the dumbbell becomes

  
dðR þ Xknot Þ
0:5
R
:
¼ ðR þ Xknot Þ 
R 3
f
(3)
dt
Def
Lf
where

#
2
   "
R
Lf
R
4R
1
¼
þ
1
f
Lf
Lf
Lf
6R

(4)

is the dimensionless force law for a wormlike chain of fractional
R
extension . The rst term in the right hand side of eqn (3)
Lf
corresponds to the aﬃne deformation of two points separated
by R + Xknot, and the second term slows this deformation rate
R
due to a nonlinear spring of fractional extension .
Lf
In order to solve eqn (3), an expression for Lf(t) is needed. We
consider two factors can free entangled contour from the
knotted core: (i) cooperative diﬀusion of the ends and knot and
(ii) “pulling” of the ends out of the globule by the external ow.
While both factors (particularly (i)) are quite complex in reality,
we considered the simplest estimates of each for the purpose of
this model, described as follows.
We estimate the rate of diﬀusive release of entangled
contour to the free ends as
pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
Lf;diff ðtÞ ¼ Dknot t while Def \0:5;
(5)
where Dknot is diﬀusion coeﬃcient for release of contour, t is the
residency time in the elongational eld. The constraint on Def
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prevents the diﬀusive release of contour once the dumbbell
stretches and the entangled globule is localized. In this scenario
(Def < 0.5), the ends have been extended and cannot easily
further relax knots via diﬀusion.
We estimate the rate at which contour is pulled out of the
entangled center due to the eld is
ð
1 t
Lf;pull ðtÞ ¼
Fspring dt0 ;
(6)
d 0
where d is a topological friction coeﬃcient and Fspring is the
time-dependent stretching force experienced by the
dumbbell.
The total contour that has been freed from the initially
entangled globule is then written as
Lf(t) ¼ min(Lf,diff(t) + Lf,pull(t), Lc  Xknot),

(7)

where Xknot now represents the contour remaining in the knot
on a fully stretched strand, which is taken to be approximately
the initial diameter of gyration of the entangled globule Xknot ¼
1.6 mm.
Eqn (7) was solved simultaneously with eqn (5) and (6) via a
midstepping Euler integration scheme. The resulting stretching
curves are shown in Fig. 10a. These curves qualitatively reproduce three key experimental ndings. (1) Each curve persists in
an arrested state for some time. (2) The duration of the arrested
state decreases as De increases. (3) The arrested state is followed
by a rapid stretching phase.
The values of d ¼ 0.5z and Dknot ¼ 22 mm2 s1 were chosen to
best match the ensemble average nucleation times and the
master stretching curves from experiments. The results from
the model are compared to the experimental results for average
nucleation times and master stretching curves in Fig. 10b and c.
The model does predict a slowed rate of stretching, seen in
Fig. 10b. It captures the slowed rate of stretching well at high
De, but fails to capture the experimental curve at De ¼ 1. This
discrepancy is likely due to the documented diﬃculty in a
simple dumbbell model in capturing polymer dynamics over
ranges of De (regardless of entanglements); additional
complexity such as congurationally dependent drag is oen
needed to capture this behavior.57 The model and experiment
nd good agreement for the average nucleation time over the
entire range of eld strengths, De ¼ 1, 2, 2.9, and 5, seen in
Fig. 10c. This quantity depends only on the rate of diﬀusive
release of the contour coupled with convective release due to
ow on a globule of low and nearly constant extension, further
supporting the notion that congurationally dependent drag
causes the discrepancy in Fig. 10b.
Given the simplicity of the dumbbell model, the results in
Fig. 10 are encouraging. We now turn to discuss the limitations
of this modeling approach. Foremost, by seeking to capture
average properties, this model ignores the wealth of information encoded in the distributions of nucleation times or
stretching rates. This issue seems likely intractable by any
model of such simplicity. Fine-scaled simulations by Larson
and others30 were the rst successful attempt to recreate the
qualitative congurational classes seen in the molecular
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(a) Stretching curves for generated by the model all Deborah
numbers (De ¼ 1, 2, 2.9, and 5) in this study with d ¼ 0.5z and Dknot ¼ 22
mm2 s1. Note the presence of an arrested state followed by a rapid
stretching phase and ﬁnally a fully extended state. (b) Comparison of
the rates of stretching for curves in the model vs. the experimental data
from Fig. 7b. Error bars represent the bin widths (y-axis) and 95%
conﬁdence intervals around the mean (x-axis). (c) Comparison of the
nucleation times from the model vs. the mean nucleation time from
the data in Fig. 6. Error bars represent 95% conﬁdence intervals around
the mean (y-axis).
Fig. 10

individualism experiments.26,27 We expect that even nergrained simulations that preserve the topology of individual
entanglements will be necessary to make further progress into
our experimental work. Also, the assumptions of constant
diﬀusion coeﬃcients and friction coeﬃcients for the diﬀusive
and convective transport of contour out of the entangled
structure are oversimplications. Both the rate of disentangling
and the friction of pulling an end through an entangled core
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should be functions of the entangled state, but the functional
dependence of each is likely complex and not presently clear.
We now seek to put the values of d ¼ 0.5z and Dknot ¼ 22 mm2
1
s in proper context. With similar experimental conditions,
Tang et al.47 found the relaxation of an initially entangled
molecule to the equilibrium state to proceed via a two stage
process with average durations of 19.7 s and 20 s, giving a total
disentanglement time of 40 s. From our model, the value of
Dknot ¼ 22 mm s1 would give a characteristic time of
Lc 2
sunknot z
¼ 256 s: While this discrepancy appears large at
Dknot
rst, it can be understood in context of experimental results.
The 40 s disentanglement time of Tang et al.47 corresponds to
the average time when the uctuations and size of the molecule
are indistinguishable from the equilibrium state under no
external forces. In Fig. 10, the experimental nucleation time for
De ¼ 1 is 80 s. These results suggest that in the process of
disentangling a molecule under no eld, there exists a period of
time where measurements of the molecule approach their
equilibrium values, yet entanglements signicant enough to
aﬀect an out of equilibrium process remain. This observation
underscores the well-established fact that dynamical measurements, such as stretching a molecule in an elongational eld,
can provide a wealth of information beyond that provided by
experiments at equilibrium.
The value of d ¼ 0.5z means that pulling contour out of the
entangled glob experiences an additional friction of approximately half the total friction coeﬃcient of the molecule. This
value appears eminently reasonable given the cooperative
nature of pulling segments through a topological knot. Our
value
of
d
can
be
estimated
with
units
as
3kB T
1
d ¼ 0:5z ¼ 2l
¼ 8:6 pN ðmm s1 Þ : In experiments
2lp Lc
where knots of specic topologies were tied with optical tweezers, Bao et al.56 were able to directly measure the friction
coeﬃcients of knots via the diﬀusivities of the knot along an
extended contour. They found frictions of 3–8 pN (mm s1)1
for the 31, 41, 51, 52, and 71 knots, and it is interesting to note the
similarity between our results and their measured friction
coeﬃcients.

4 Conclusion
We have presented a systematic study comparing the rates at
which initially unentangled and self-entangled DNA molecules
stretch while in elongational elds. These experiments revealed
two striking qualitative diﬀerences between their stretching
pathways. For initially self-entangled molecules, there exists
and initial topologically stabilized arrested state leading to
nucleation-type behavior aer which molecules stretch at a
slowed rate due to interior knots. The herein observed slowed
rate of stretching represents the rst direct experimental
evidence of a topological friction in polymer molecules, seen
recently in computer simulations of driven knots.58 We
systematically characterized the nucleation times and stretching rates over a variety of eld strengths. Guided by this
experimental data, we developed a simple dumbbell model
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which consists of a gradually soening spring due to diﬀusive
and convective release of contour from the knot. This model is
able to semi-quantitatively capture both the average nucleation
time and stretching dynamics of an initially self-entangled
molecule, reinforcing the key physics in play. Looking forward,
we anticipate this approach will stimulate future work on
expanding the model in more detail, possibly through the use of
ne-grained dynamical computer simulations. From an experimental point of view, we hope our work motivates further
experimental studies of knotted polymers, such as knotted DNA
in nano-scale conning geometries or knotted DNA driven
through nanopores.
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