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Fluctuation spectra in polymer nematics and Frank
elastic constants: a coarse-grained modelling study

Patrick Gemiinden and Kostas Ch. Daoulas*

Monte Carlo simulations of uniaxial nematic polymer melts are performed, based on a discrete worm-like
chain model combined with soft, anisotropic non-bonded potentials. Different chain lengths are
considered, the contour length of the longest being an order of magnitude larger than the persistence
length. From equilibrated melt configurations, density and director fluctuation spectra are calculated and
latter typically correspond to
hydrodynamic treatments of correlations and assume that there is no chain backfolding along the

compared with analytical predictions available in literature. The
nematic director. Nevertheless, it is demonstrated that the analytical theories capture several features of
the spectra obtained in the current simulations, where moderate backfolding of polymer chains is
observed. Based on the available analytical expressions for density and director fluctuation spectra,
material properties, such as Frank elastic constants, are extracted. Their dependence on polymerisation
degree is studied and found to reproduce theoretically expected trends. For example, evidence is
provided that the splay constant increases linearly with chain length, when effects of hairpins are negligible.

1 Introduction

In nematic liquid crystals (LC), the thermodynamic cost of
changes in the orientation of the director on the mesoscale,
away from the core of topological defects,"* can be expressed
through the Frank-Oseen free energy.® The latter presents a
volume integral of a free-energy density, corresponding to a
quadratic expansion with respect to the gradient of the director
field. For bulk LC this expansion reduces to a sum of three
distortion modes (splay, twist, and bend) of the director field,
coupled to an appropriate elastic constant.*®

Elastic properties of LC are significant for various techno-
logical applications, including opto-electronics,”® pattern
formation in colloids,” chemical detection,'®' and micro-
fluidics.*” In polymeric LC, elastic properties are a major factor
affecting texture.® Examples where the latter is important
include manufacturing high strength materials'*** and appli-
cations in organic electronics.’*? There it has been suggested®
that thermotropic LC mesophases of conjugated polymers can
facilitate manipulation of their morphology in solid state
through appropriate thermal annealing protocols.

Linking mesogenes into long molecules increases for poly-
meric LC the complexity of elastic behaviour. For instance,
changes in orientational order and density variations are
coupled, affecting splay deformation. Several analytical theories
were formulated**" predicting fluctuation spectra and associ-
ated material properties (including Frank constants) within a
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hydrodynamic treatment of correlations. The “bow-tie” shape of
the density structure factor”=' is one of the representative
theoretical results. At the same time, analytical theories differ in
certain predictions depending on the underlying assumptions
and approximations. One of the most known examples is the
effect of chain length on the splay elastic constant, where both
linear*® and quadratic dependences*** have been predicted.
The former stems from an entropic penalty for an inhomoge-
neous distribution of chain ends required for a splay defor-
mation, as assumed by Meyer.>® The alternative result is due to
de Gennes, assuming that the splay deformation is achieved
through density variations, while chain ends are randomly
distributed.*** Interestingly, for lyotropic LC, taking into
account the dependence of the osmotic compressibility on
chain length (inversely proportional to leading order) elimi-
nates® the discrepancy between the results of de Gennes and
Meyer, ie., they both yield a linear dependence. For polymer
melts (i.e., thermotropic LC), however, the controversy remains.
Notably, other theoretical studies reproduce the result of
Meyer.27_29’31

There have been very few® experimental measurements of
elastic constants in thermotropic polymeric LC.**** Lyotropic
systems have been investigated to a somewhat larger extent,’
considering effects of concentration and chain length on elastic
properties. For instance, results supporting a linear dependence
of the splay constant on chain length have been reported.** In
the same work evidence was provided that in the limit of long,
semiflexible chains, the bending constant becomes indepen-
dent of chain length, as predicted theoretically.?*>*¢-%
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In particle-based computer simulations of LC composed of
small molecules, several approaches have been developed for a
“first principle” determination of elastic constants corre-
sponding to a given microscopic model. Their evaluation from
director fluctuations has been particularly popular,*** while
relationships between elastic constants and orientation-
dependent pair-correlation functions known from density
functional theory*™** have been also utilised.*"***” Recently a
new method based on free-energy perturbations
proposed.*® However, these techniques have been rarely applied
to polymeric LC. For example, an early work** discussed prop-
erties of elastic constants in lyotropic nematics, describing
them as two dimensional semi-flexible chains with hard
excluded volume interactions. Later,* the bow-tie shape of the
density structure factor in lyotropic polymer nematics was
confirmed without addressing, however, director fluctuations
and related material properties.

Here, coarse-grained computer simulations are employed to
study density and orientational order fluctuations, as well as
related material properties in thermotropic polymer nematics
in a unified way. The main-chain LC polymers are represented
with discrete worm-like chains (WLCs), while non-bonded
interactions are described through soft anisotropic poten-
tials.>»*> To obtain a realistic model and facilitate possible
comparison with future experiments, the potentials are para-
meterised to reproduce persistence length and density typical
for poly(3-alkylthiophenes). This is a representative family of
conjugated polymers where LC mesophases have been repor-
ted.?**"** With this model, Monte Carlo (MC) simulations are
conducted to equilibrate monodisperse nematic melts with
different chain lengths. Due to softness of interactions, poly-
mers with contour lengths up to an order of magnitude larger
than the persistence length (as defined from a disordered melt)
could be studied.

Equilibrated configurations are analysed to obtain density
and director-fluctuation spectra. We verify that the spectra can
be described by generic functional forms proposed theoreti-
cally,?”-*"** treating material constants (e.g., compressibility and
Frank constants) entering these expressions as adjustable
parameters. Material constants extracted independently from
density and director-fluctuation spectra are compared with each
other, while their dependence on chain length is also discussed.
The results are compared with theoretical predictions, taking
into account that they assume absence of hairpins as opposed
to moderate chain backfolding in the simulations of the longest
WLCs. For example, evidence is provided supporting the argu-
ments of Meyer®® regarding a linear dependence of the splay
constant on chain length, when there is no significant chain
backfolding.

The paper is organised as follows. Section 2 describes the
simulation strategy and the modelled systems. Section 3 reca-
pitulates the theoretical predictions in the “zero-hairpin” limit
in terms of the molecular model employed in the simulations.
In Section 4 the strength of ordering and chain backfolding are
quantified. Density and director fluctuation spectra are dis-
cussed. Material properties such as Frank elastic constants are
extracted and their dependence on chain length is compared
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with theoretical predictions. Our conclusions follow in the last
section.

2 Modelling approach
2.1 Coarse-grained description

Studying fluctuations in polymer nematics and comparing with
related analytical theories requires the consideration of large
systems. In particular, it is desirable that the dimensions of the
system substantially exceed the largest possible molecular scale
of the problem - the length of a fully stretched polymer chain.
This motivates us to combine a drastically coarse-grained
representation of polymer architecture with soft non-bonded
interactions (i.e. on the order of the thermal energy, kgT). The
latter relaxes excluded volume constraints, increasing signifi-
cantly the computational efficiency. At the same time,
comparing to models with “microscopic” hard sphere excluded
volume,*® achieving nematic polymer order with isotropic soft
potentials (as those in standard Dissipative Particle Dynamics®”)
is more complicated.®® In contrast, it has been demon-
strated®*** that it is straightforward to describe LC mesophases
with anisotropic soft potentials. This strategy will be employed
here, using a special form of anisotropic potentials*>** inspired
by field theoretical approaches to polymeric liquid crystals,**®°
which facilitates parameterisation.

Each of the n polymers is represented® by a discrete WLC
chain with N segments (bonds) so that the bonded interactions
are described by:

N-1
T2 ==y mils+ 1) mi(s) 1)
=1

where n,(s) are unit vectors oriented along the N segments of the
i-th chain. The model is quite generic, however here the
parameters are chosen to represent melts of poly(3-alkylth-
iophenes). Each segment stands for two atomistic repeat units
and corresponds geometrically to the backbone chord con-
necting every second thiophene. Due to the specific geometric
construction, the segment length is set>* to b = 0.79 nm and is
kept constant during the simulations. The stiffness parameter
is set to ¢ = 3.284, which for ideal chains can be shown
analytically>"®® to lead to a persistence length [, = 2.2 nm. This
choice presents a qualitative top-down parameterisation aiming
to obtain a WLC with stiffness representative for this family of
polymers, e.g. [, = 2.2 nm is comparable to values reported for
poly(3-hexylthiophenes) (P3HT) at elevated temperatures.*

In principle, within the current strategy models closer to the
original chemical structure of specific polymers can be also
implemented. For example, in ref. 52 liquid crystalline meso-
phases of P3HT were addressed employing less drastic coarse-
graining, where each effective monomer represented one
atomistic hexylthiophene (thus in that model » = 0.4 nm which
expresses the distance of two neighbouring repeat units).
Bonded interactions were described by torsional and angular
potentials obtained in a bottom-up fashion from systematic
coarse-graining of atomistic chains. In this case, describing the
geometric zigzag of the backbone was necessary for developing
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soft anisotropic potentials leading to biaxial nematic meso-
phases and considering effects of morphology on charge
transport.®> At the same time, for the purposes of the current
study focusing on the long wavelength limit, the WLC model
which neglects microscopic details presents a more natural
choice. The implementation of the discrete WLC in the simu-
lations simplifies the comparison with analytical theoretical
predictions, which were obtained on the basis of the continuum
WLC model (see Section 3). The WLC model is also computa-
tionally more advantageous: to address the same magnitude of
chain lengths (in terms of persistence length) the more detailed
description would involve twice as many coarse-grained
particles.
The anisotropic soft potential describing the non-bonded
interactions is defined®"* as:
_ 2
Vio = u(ry(s,m))|K = 5 4,(s): 4;(m) (2)

where r(s) and r;(m) are the coordinates of the centres of the s-th
and m-th segment in the i-th and j-th chain, so that ry(s, m) =

|r(s) — ri(m)|. The tensor g; qg(s) =gn,-,a(s)niﬁ(s) - d%ﬂ expresses

the segment orientation with respect to the laboratory coordi-
nate frame. The soft core u(ry(s, m)) is proportional®
to the overlap of two spherical density distributions set to
w(r) = 3/4ma® for r = ¢ and zero otherwise, placed at r,(s) and
r/(m). Thus the following form is obtained:”

u(r,-j(s, t)) = i Jdrw(r — r,-(s))w(r — rj(t))

Po

IO T

Since the density distributions can be seen as representa-
tions of the microscopic degrees of freedom underlying the
coarse-grained units,*>**”*"> we choose for the interaction range
¢ = 0.79 nm which is comparable to the length of a hexyl chain
in all-trans configuration. Combined with the density clouds,
the WLC can be considered as a soft tube encasing the back-
bone of the poly(3-hexylthiophene) together with the attached
side chains.”® p, is a reference bulk density; since the bulk
density of P3HT is ~4 hexylthiophenes per nm® and each
segment in our model represents two hexylthiophenes we
choose p, = 2 segments per nm>. The parameter £ controls the
compressibility and we choose K = 7.58kgT, which is compa-
rable to the values used in earlier studies.>** To obtain nematic
ordering, the strength of the orientation coupling between
segments is set to v = 3.33kgT. All simulations are performed at
temperature T'= 500 K.

2.2 Systems studied and simulation details

Monodisperse melts of coarse-grained chains with N = 16, 32,
48 and 64 segments were equilibrated using Monte Carlo (MC)
simulations in the nVT ensemble. Cubic simulation cells with
periodic boundary conditions in all directions were considered.
For the three largest N the length of the cell-edges, Lyox, Was
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Fig. 1 Representative configuration of a nematic WLC melt with N =
32 segments per chain when the macroscopic director of the meso-
phase is aligned along the z-axis of the laboratory frame. The edge
length of the simulation cell is Lyox = 2L (Where L is the contour length
of the WLC). To demonstrate that Ly, is substantially larger than the
actual end-to-end distance of the chains along the director of the
nematic phase, the configuration is presented without periodic
conditions. To improve visibility a two-colour scheme is employed.

chosen to be two times larger than the end-to-end distance of a
fully stretched WLC (which equals the contour length, L = bN).
For the shortest chains, N = 16, simulations in cells with Lyg, =
8L were conducted, while smaller systems, Lyox = 4L, were also
considered to estimate finite system size effects. The number of
chains in each melt was chosen so that the average segment
density reproduced the reference bulk density of P3HT, ie.,
nN/V = po. This requirement leads to systems with a large
number of particles (e.g., for N = 64 there are more than 2 x 10°
segments in the cell), which nevertheless can be equilibrated
due to the softness of the interactions. For each of the longest
melts eight independent simulations were performed, to allow
for an error estimation of the extracted properties (cf. Section 4).
For melts with N = 16 chains the number of independent
simulations was larger - sixteen.

All chains are initially fully stretched and aligned along the z-
axis of the laboratory frame, while their centres-of-mass are
randomly distributed. A MC algorithm based on a combination
of standard random monomer displacement (DIS) and slither-
ing snake (REP) MC moves is employed to equilibrate the
system. The mix of moves contains 30% DIS and 70% REP. A
representative snapshot of an equilibrated nematic melt of
chains with N = 32 is presented in Fig. 1.

3 Theoretical background (zero-
hairpin limit)

In this section, earlier theoretical predictions regarding density
and director fluctuations in polymer nematics will be recapit-
ulated in terms of the discrete WLC model employed in the
simulations. For a nematic mesophase with n continuum
WLCs, it is straightforward to introduce a local areal density of
chains intersecting a plane normal to the average director of the

This journal is © The Royal Society of Chemistry 2015
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mesophase, n. Without loosing generality, it is convenient to
assume that n is parallel to the z-axis of the laboratory coordi-
nate frame. Then z;, sets the position of such a planeand r isa
two dimensional vector defining a point on the plane. In this
setup chains, when oriented without backfolding, can be
described***-* as curves which are single-valued functions of z.
The local areal density becomes:

n_ o ze(i)
o) =3 [ ol —r@o-2a @

i=1 JZo(i)

In the above, z,(7) and z;(i) are z-projections of the two ends
of the i-th chain (L is the contour length of the WLC). Within a
hydrodynamic treatment of correlations, local fluctuations
0p(r ., zp) and on(r, z;) of density and director fields can be
penalised through a free energy:>">"*

B(op\’ G
F:Jdrljdzp |:2 (Fp) +E(azp(3pfﬁ0|7l(3n>2 +Fn[6n] (5)

The first term in eqn (5) stands for a simple equation-of-
state, with p, and B being the average areal chain density and
the two-dimensional bulk modulus, respectively. The latter does
not depend on chain length, up to a (L") term® due to
translational entropy. For a chain to intersect a plane, the
average distance of its centre from z, must be smaller than 7/2
below or above the surface,” where [ is the average length of the
chain projection on the z axis. Thus it follows that p, = ni/V. The
second term in eqn (5) expresses the constraint that changes in
areal density and director fields are coupled, hence G can be
seen as a Lagrange multiplier enforcing this constraint. In
particular*>* azpap — poV | on = py — pr, where py and pr are the
local densities of chain “head” and “tail” ends. In the limit of
infinitely long chains there are no chain ends present, thus the
differential form in eqn (5) is strictly zero. Hence in this case
G — o, For finite chains, to penalise deviations of py — p from
zero (as happens in the case of splay deformation®®), analytical
theories®**”?**3* typically assume G = lkgT/2p,. This corresponds
to the concentration susceptibility of a mixture of “head” and
“tail” ends, considering them as noninteracting ideal gases.
Recently it was recognised that this constraint applies in fact to
polar nematic ordering and care is required when it is imple-
mented in nonpolar nematics™”* (i.e. quadrupolar ordering).
For the latter, an alternative tensorial conservation law has been
developed.” However, to the best of our knowledge this
constraint has not yet been employed when describing fluctu-
ations. The last term, F,, is a “bare” Frank free energy with
splay, Kj, twist, K,, and bend, Kj, elastic constants approxi-
mately equal to those of a system of unpolymerised
mesogenes.>’

From eqn (5), structure factors of areal density and director
fluctuations were obtained®”**** in the hydrodynamic limit and
found in agreement with a more elaborated “microscopic”
description, mapping polymer trajectories on wordlines of two
dimensional bosons.>”***' To cast these results in context of
discrete WLCs, it is helpful to parameterise the continuum WLC
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through the arc length ¢ of the curve. Since there is no back-
folding, z will be a single-valued function of ¢, that is, z = z(t)
and r;, (z/(t)) = r; . (¢). Thus eqn (4) becomes:

p(ri,zp) = Z;: L o(rs —rin(1))0(zp — zi(2))z; dt (6)

Considering that z; = dz;/d¢ is the direction cosine of the
tangent vector of the curve at arc length ¢ with the z-axis, a
discrete analog of eqn (6) can be introduced as:

p(ry,z) = Z Z 8(ry — 11 (5))8(zp — zi(s5))a )

where r{s) = {r; . (s), z{s)} are the coordinates of the centres of
the segments of the discrete WLC and a is a characteristic
microscopic length scale representing an average projection of
the distance between segment centres on z-axis. Based on eqn
(7) a structure factor for the density fluctuations can be defined
as:

(p(q.:9:)p(—q,,—q.)) =

(iz .
V| &

nz: expli(q, i (s) + q-zi(s))]

Angular brackets denote an average in the canonical
ensemble and [ = aN was substituted into p, = nl/Vto obtain a =
Polpo. The scattering function S(q,, g.) is normalised by V
and not the number of scatterers, nN, as is more
common. Direct substitution of theoretical results****' for
(o(q1, g)p(—q., —g)) into eqn (8) leads to the following
prediction for the discrete WLC model:

ks Tp,* ((ILZ + (Klqﬁ + K}C]ZZ)/GﬁOz)
Bg %+ (B/Gp, +q:2) (Kig.* + Ksq:2)

S(qL>qz) =

This corresponds to highly asymmetric scattering, where the
contour lines of constant S(q,, ¢.) create the characteristic
“bow-tie” pattern.””?**' As an illustration, it is helpful to
consider the behaviour of S(q , ¢,) along the g, =0 and ¢, =
0 axes:

o kBTpoz

kyTp?
S(qJ_70)7 B S(Oﬂ:)_ BL

= 10
5Goigr 0

. . . Gpo® .
5(0, g,) has an Ornstein-Zernike form with & = % being

the analog of a correlation length (squared). Indeed the above
demonstrate that for infinitely long chains, [ — o (thatis, G — ),
there should be no scattering® along g, = 0 while constant
scattering is still obtained for g, = 0. According to eqn (10),
chains of finite length scatter also for g, = 0. This scattering
however decays as one moves from the origin of the axes (more
detailed discussion of the predicted contour plots of the struc-
ture factor can be found, for example, in ref. 31).
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To compare with simulations, it is convenient to address
director fluctuations in melts of discrete WLCs in terms of the
nN
nematic tensor,***5475 Q4(r) = p, ! Z Giag(s)0(r — ri(s)). The
is
Fourier transform of this quantity is given by:
n,N

Ousla, . q.)= f% 3" Guaa()explilg, s (s) + .z(9)] (1)

o is=I

For n oriented along the z-axis and small distortions of the
director field, one has:**7® 6n,(r) = 2Q,,(r)/3(S) (here a = x, y
and (S) is the average order parameter). Thus the theoretical
predictions?”?*** for (n,(q ., g.)*) transform to:

4<|Qa:(qL7q:)|2> 1 (1 - qa2>+

9ISV ks T — Kagi?+ Ksq.? q.>
(12)
1 qo’ . B
— (%) withK =K +———
K®q. 2+ Kiq.? (lhz) ! : B 2
— 4
Gp,

As in the case of S(q . , g,) angular brackets denote an average
in the canonical ensemble.

The form of the spectrum of the orientation tensor in eqn
(12) is generic and typical® for nematic LC described by a Frank
free energy, albeit here the splay constant K~ is g-dependent.

1
The limit of K" for ¢,> — 0is Ky(o)f = K + BE> = K; + 5kBTl[)O.

It can be seen®?*3* that KI(O)R ~ N, which agrees with a more
qualitative treatment by Meyer. On the contrary, in the same
limit, an alternative approach by de Gennes*»** leads to a
different scaling, Kl(o)R ~ N?. Notably, for infinite chains all
analytical theories***”***! are consistent with each other, pre-
dicting K,® = K; + Blg,>.

4 Results

4.1 Data analysis

During the discussion of the theoretical predictions, for
simplicity it was assumed that the laboratory and the macro-
scopic nematic director frames match. In simulations, this
takes place in the starting configurations where n is oriented
along the z-axis of the simulation box. However, it is important
to monitor n during the entire MC run since it can reorient**””
due to fluctuations. Thus in each melt configuration the

maximum eigenvalue, S, and the corresponding eigenvector of
1 N

= i.o6(8) were calculated. This
nN 2 Giap(s)

1
the tensor v JQaﬁ(r)dr

analysis demonstrates that for the two shortest melts, N = 16
and 32, the changes in the orientation of n are indeed
substantial. For example, for the N = 16 melt angles as large as 6
= 7.5° between n and the z-axis of the laboratory frame were
observed. At the same time, for the two longest melts N = 48 and
64 the re-orientations of n were found insignificant, ie., the
observed angles were at most # = 1°. During the analysis of the
fluctuation spectra, the differences between the laboratory and
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the nematic director frames are taken into account*®’” as
described below.

To calculate fluctuation spectra, the scattering vectors must
comply with periodic boundary conditions” and it is more
convenient to introduce them in the laboratory frame. There
their components are given by qaL = 2mi,/Lyox, Where i, are
integers and « = x, y, z. For each configuration of the N =16 and
32 melts a density structure factor S(g") is calculated in the
Fourier space of the laboratory frame via the definition in eqn
(8) but replacing q = {q ., g.} with g" (r,(s) are by default in the
laboratory frame). To define the vectors we use —15 < i, =< 15.
Subsequently, a g"-dependent 123-frame is introduced.**”” The
z-axis of this frame in every configuration is set along the cor-
responding n. The y-axis is placed in the plane defined by ¢" and
n, while orthonormality determines the x-axis. The scattering
vector in 123-frame is obtained as q = Tq", where T is the
rotation matrix transforming between the two frames. From the
definition of the 123-frame it follows that g = {0, gy, g.}, with g,
1 nand g, || b. Transforming all available g" into {g,, g.}-pairs,
the values of S(q") can be assigned to a two dimensional spec-
trum S(g,, g) in the director-based frame. Since the § angle
between the director and the z-axis of the laboratory frame
changes during the run, the discrete set of vectors " generates a
continuum set of g-vectors in 123-frames. In practice, these
continuum values of g, and g, are coarse-grained into bins.*’ In
this work the width of the bins is chosen equal to the resolution
27/Lpox Of the Fourier space in the laboratory frame and
final density fluctuation spectra are obtained as averages of the
S(gy, gz) accumulated in each bin over all configurations.

The calculation of the spectrum of the orientation tensor is
similar. Namely, for the two shortest melts the Fourier trans-
form Q,(q") is first calculated replacing in eqn (11) ¢ = {q ., g.}
with g”. The Fourier image is transformed to a g"-dependent
123-frame to obtain Q(qy, g.) = TQ(g")T . Then [Qus(qy 42)|°
are calculated and assigned to the bins of the yz-plane in 123-
frame which correspond to the rotated g". After considering all
configurations, the final spectra are obtained as averages of the
values accumulated in each bin.

For the longest N = 48 and 64 melts, where the variations in
the orientation of n are small, we assume that the director
frame coincides with the laboratory frame, so that ¢ = ¢g~. In
these melts q is placed in the yz-plane of the laboratory frame so
that g = {0, gy, g}, where g, , = 27i, ;/Liox With —20 = 7, , < 20.
Thus S(g,, ¢.) and |Q.s(gy, ¢2)|” are directly calculated from eqn
(8) and (11) respectively, and the final spectra are obtained as
averages of the values accumulated for each discrete {g,, g.}-pair
for all configurations.

4.2 Strength of nematic order and director orientation

In Table 1 we summarise the values of configurational averages
of the maximum eigenvalues, (S), as a function of chain length
N. It can be seen that the strength of nematic orientation
increases with chain length, saturating for longer molecules.
This behaviour stems from orientational correlations along
chain backbone induced by bending rigidity® and is

This journal is © The Royal Society of Chemistry 2015
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Table 1 Average nematic order parameter, (S), as a function of
number of chain segments, N

N 16 32 48 64
(s) 0.62(4) 0.65(1) 0.66(0) 0.66(7)

qualitatively similar to the shift of the isotropic-nematic tran-
sition to higher temperatures as molecular weight

increases.>*”*7®

4.3 Chain backfolding

For the following discussion of fluctuation spectra and material
constants, it is important to quantify the amount of backfolded
chains as a function of polymer length. To comply with the
theoretical description in Section 3, in every configuration, for
each chain the number of intersections with a sequence of
planes normal to the axis of the director, n, was calculated. The
distance between the planes was chosen with fine step (signif-
icantly smaller than the bond length). A chain was considered
as backfolded if found to intersect a plane more than once.
Fig. 2 presents the percentage of backfolded chains (aver-
aged over all configurations) as a function of the number of
segments in the chain. It can be seen that the amount of these
molecules increases substantially with chain length so that for
N = 64 almost 40% of polymers have at least one backfolding.
The apparent linearity of the plot is due to the still moderate
chain lengths. Theoretical arguments based on the continuum
WLC model® within mean-field approximation predict that the
fraction of backfolded chains should eventually saturate to
unity as 1 — exp(—I') with I' = (L/l,)exp(—Un/kgT). The charac-
teristic scales of length, [,, and energy, U, are functions of
chain stiffness, strength of orientational coupling, order
parameter, and temperature. L stands for the contour length.
The small number of backfolding events per chain in our case is
demonstrated by the inset of Fig. 2. The figure presents a log-
arithmic plot of the component of the average radius of gyration
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Fig. 2 Main panel: percentage of chains in a melt having at least one
hairpin, as a function of number of chain segments, N. Inset: the
component of the average radius of gyration (squared), Rgzz, along the
director as a function of N.
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(squared) along the nematic director, Rgzz, as a function of N. It
can be seen that it still obeys a rod-like scaling R,,> ~ N’; in a
regime with many hairpins it should be”** Ry,” ~ N.

4.4 Density fluctuation spectra

A representative contour plot of S(g,, g,) for a nematic N = 32
melt, calculated in the director frame as described in Section
4.1, is presented in Fig. 3a. It agrees qualitatively with the
theoretically predicted bow-tie shape (see previous section),
while similar scattering patterns have been reported in earlier
simulations of lyotropic polymer nematics.”® Fig. 3a demon-
strates that near the origin, the scattering decreases moving
along the g, = 0 axis as predicted theoretically. However, in
simulations this decay is not monotonous and for higher g,, a
sequence of scattering minima is observed.

The additional scattering features in Fig. 3a do not signify
smectic ordering but stem from intramolecular scattering. For a
nematic N = 32 melt, this is shown in Fig. 3b by comparing S(0,
¢.) with the contribution from intramolecular scattering, S,(0,
g.), along the z-axis of the director frame (for clarity only the
region ¢, > 0 is shown). The intramolecular scattering is first
calculated in the laboratory frame from:

S (qL) = Ii/ ’211< Zlexp(iqL-r,-(s)) > = NpoP(lIL) (13)

Angular brackets denote an average over chain conforma-
tions and P(q") stands for the molecular form factor.®* Subse-
quently, the 123-frame transformation is employed to obtain
from S,(q") the S,(0, ¢.) in the director frame. Fig. 3b highlights
that S(0, ¢.) is already affected by the second of the subsidiary
maxima of S,(0, g,). The apparent difference in the location of
some of the maxima of S(0, ¢,) and S,(0, g,) stems from the
binning of the g, vectors used to calculate the former.

The oscillations of S,(0, g,) manifest the strong stretching of
polymers along the nematic director and are observed in all
melts modelled in the current work. This is illustrated in the
inset of Fig. 3b presenting P(0, g.) for systems with N = 16, 32
and 64. It is instructive to compare the intramolecular scat-
tering with the following estimate. In a melt configuration, for
each i-th chain the component of the radius of gyration
(squared) along the nematic director, Ry, (’, is obtained. Each i-
th chain is assigned the form factor of a rod, Proqp)(qz) =
[2 sin(g./2)/q:ly) (g is taken parallel to the rod axis). The
length of the rod, I, is chosen so that it has the same radius of

gyration (squared) as the chain, that is, ;; = |/12Ry;)*. The
approximate intramolecular scattering follows from S,(0, ¢,) =
(Npo){Proa(q2)), where angular brackets denote an average over
all chains and configurations. It is presented in the main panel
of Fig. 3b with dashed line and follows roughly the shape of
So(0, ¢q) calculated exactly via eqn (13). As illustrated in the
inset, the loss of structuring in P(0, ¢.) increases with chain
length, e.g., due to larger variations in chain conformations.

It is interesting to explore whether S(g,, 0) and S(0, g;) can be
described by a constant and an Ornstein-Zernike form
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Fig.3 (a) Contour plot of density fluctuation spectrum, S(g,, q,), in the nematic director frame of a melt with N = 32 segments per chain. Contour
lines correspond to equal magnitude of scattering. (b) Main panel: for the same N = 32 melt solid circles show a one-dimensional “cut” of the
scattering function, S(0O, g,). The contribution from intramolecular scattering along z-axis, So(0, q.), is also presented with solid line. An estimate
of So(0, g,) based on a rod system is shown with dashed line (see main text for details). Inset: form factor, P5(0, g,), for N = 16, 32 and 64 melts.

respectively, as suggested by eqn (10). For this purpose Fig. 4
presents p,’S™'(gy, 0) (lower panel) and p,”S~'(0, ¢.) (upper
panel) as a function of g, and g, respectively, for N = 32 (blue
solid symbols) and N = 64 (black open symbols) melts. The
structure factor presented in the figure is the average of eight
S(qy, g-) calculated from the corresponding number of inde-
pendent runs. Accordingly, errorbars are equal to the standard
deviation m of the structure factor at every scattering
mode.

- 6 s b by by byl
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-1
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Fig. 4 Examples of the inverse density structure factor for N = 32
(solid circles) and N = 64 (open circles) melts. The bottom panel
presents pozsfl(qy, 0) as a function of g, and the approximation (cf. eqn
(10)) with a constant (dashed line) which is practically the same for both
N. The upper panel presents po2S~Y0, g,) as a function of g,. The
parabolic fits for N = 32 and N = 64 are shown with solid and dashed
lines, respectively. In both panels, broken red lines mark the bound-
aries of g-space used for the fit.
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The bottom panel of Fig. 4 demonstrates that for small
wavevectors, the density structure factor normal to the nematic
director can be indeed approximated by a constant, which
should equal B/kgT (cf: eqn (10)). The constant is marked by the
horizontal black dashed line, obtained from a linear least
squares fit* of p,”S™"(gy, 0) in ¢>-space, for |gy| = 0.6 nm ™. The
extracted B/kgT is presented as a function of N in Fig. 5 (open
squares). The errorbars correspond to approximately 1% error
in the estimation of B. They characterise the spread of the values
obtained after splitting the independent runs for each chain
length into groups with four simulations each, and calculating
the B constant separately for each group as described above. The
data in Fig. 5 demonstrate that, for the considered chain
lengths, the two-dimensional bulk modulus B does not depend
on N. In principle, a weak reduction of B as N becomes larger is
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Fig. 5 Simulation results for Gpo2/ksT (black circles, left axis) and
B/kgT (red squares, right axis) as a function of number of chain
segments, N. The arrow marks the constant offset of Gpo2/kgT.

This journal is © The Royal Society of Chemistry 2015


http://creativecommons.org/licenses/by-nc/3.0/
http://creativecommons.org/licenses/by-nc/3.0/
https://doi.org/10.1039/c4sm02075h

Open Access Article. Published on 12 November 2014. Downloaded on 7/19/2025 11:24:59 PM.

Thisarticleislicensed under a Creative Commons Attribution-NonCommercial 3.0 Unported Licence.

(cc)

Paper

expected mainly because of the smaller translational entropy of
chains (cf, Section 3). Such effects however are not discernible
in the plot.

A parabolic approximation to p,*S~ (0, g.), motivated by the
Ornstein-Zernike form of eqn (10), is demonstrated in the
upper panel of Fig. 4 for melts with N = 32 and N = 64 (solid
blue and dashed black lines, respectively). The curves shown in
the figure were obtained through a linear least squares fit of
0.°S7 (0, ¢,) in g*-space, with Gp,*/ksT as a free parameter
while fixing B/kgT to the values calculated from the analysis of
Po°S (gy, 0). As a test, we have fitted the spectra allowing also
for variations of B/kgT and no significant differences were
observed. Moreover, the B/kgT calculated in this way, match the
data obtained from the analysis of p,*S™(g,, 0) (see Fig. 5). For
all melts the choice of the region where the fit was performed is
empirical. Namely, as suggested by the similarity between the
So(0, ¢,) and the approximate intramolecular scattering calcu-
lated from the rod system, the natural choice to avoid the
“jagginess” of p,”S~'(0, g.) would be to consider length scales
larger than the characteristic chain dimension dominating
scattering. This would correspond to |g;| <27/\/12Ry.* (Ry,
follows from Fig. 2). Indeed for the shortest N = 16 chains,
where effects from intramolecular scattering are the strongest,
we follow this condition and fit p,’S~*(0, ¢) by a parabola for
|g| <27/l = 0.5 nm™". At the same time, we have observed that
GpolksT extracted from the parabolic approximation does not
change substantially when the fit regime is expanded beyond
|g-] = 0.5 nm™ " to incorporate periods of oscillations in
0o>87 (0, g,) (presumably because of cancellation effects). For
longer chains, where effects from intramolecular scattering are
less pronounced, p,>S~ (0, g.) is approximated by a parabola for
|g-| = 0.6 nm™". In this case, the fitting region includes several
multiples of 27t/,/12Rg;>.

Fig. 5 presents the Gp,*/kgT obtained from the above
procedure as a function of N (open circles). As in the case of
B/kgT, errorbars characterise the spread of the values for
Gpo’lksT obtained after splitting the independent runs for each
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chain length into groups with four simulations each. Notably,
the Gpo>/ksT calculated from fits where B/kzT was also allowed
to vary, are within these errorbars. The results can be well
described by linear dependence of Gp,*/ksT on chain length
(dashed black line). This observation supports the theoretical
assumption®®*”?** G ~ [ (since [ = aN) with the difference that in
simulations the linear dependence has a constant offset
(marked by the arrow in Fig. 5). It is interesting that there are no
clear deviations from the dependence Gpo*lksT ~ N which was
predicted in the zero-hairpin limit, even in the case of the longer
melts, N = 64, where almost 40% of molecules have at least one
backfolding “defect”.

4.5 Director fluctuation spectra and Frank constants

4.5.1 Twist, K,, and bend, K;, constants. When the scat-
tering vector is located in the yz-plane eqn (12) predicts that the
fluctuations of the nematic tensor corresponding to twist-bend
modes should fulfil:

9k T(S)’

Wx: (qya q:) = Kqu2 + K3q22 (14)

The theoretical result can describe the simulation data in a
rather broad range of wavevectors, for all modelled chain
lengths. This conclusion follows after fitting the right-hand side
of eqn (14) to W,,(q,, g;) calculated from melt configurations.
We perform this fit in g*-space for |g, .| = 1 nm™" using linear
least squares. The statistical error estimate for the individual
modes of W,,(g,, g-) was obtained as described in Section 4.4.
The elliptic shape of the twist-bend fluctuation spectrum is
illustrated in Fig. 6a, presenting for N = 64 a contour plot of
WyAgy, gz)- An example of the accuracy of the fit is provided in
Fig. 6b presenting a subset of simulation data for W,.(g,, g;) asa
function of qy2 at two representative values, g, = 0 and 1 nm ™ *
(squares and circles, respectively). For these g,, dashed lines
show the approximation by K,q,” + Kzq,” (where K, and K;
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Fig.6

(a) Contour plot of the inverse director fluctuation spectrum, W,.(q,. q.), corresponding to twist-bend modes for N = 64 melt. (b) A subset

of simulation data for W,,(q,. g,) as a function of qy2 at two representative values, g, = 0 and 1 nm™ (squares and circles, respectively) is
presented. Dashed lines show the approximation by the analytical expression of eqn (14). (c) Same as (b) but considering W,.(q,. g,) as a function

of g,° at fixed g, =0 and 1 nm™*
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originate from the fit in the whole region |g, .| =1 nm ') and,
within errorbars, are close to the data. Fig. 6¢ presents a similar
plot, considering W.,(g,, g.) now as a function of g,* at g, =
0and 1 nm™—".

The twist and bend elastic constants calculated from the fit
for all modelled chain lengths are presented in Fig. 7. Errorbars
were obtained from the standard deviation of elastic constants
calculated by fitting the fluctuation spectra in each of the
available independent runs, separately. We emphasise the
robustness of the results regarding the choice of the fitting
region. Namely, choosing smaller limits, for example |g,,| = 0.5
nm™ ', yields for K, and K; very similar results. Fig. 7 demon-
strates that both K, and K; tend to constant values as chain
length increases, which is in agreement with theoretical argu-
ments.”® K; is roughly twice as large as K,, while the order of
magnitude of both constants is 10~ N. For thermotropic
nematic polymers, experiments have reported for K, and K; a
rather broad range of order of magnitudes, from** 10~ "> N to*
107'° N. Interestingly, the order of magnitude of the twist and
bend constants obtained in the simulations falls within this
window. The magnitudes of K, and K; in the above experiments
were found to be comparable to each other.

4.5.2 Splay, K,®, constant. For the splay-bend mode, the
theory (see eqn (12)) predicts:

W)’Z (I]y7 qZ) =
2 4 2
_ TSy g ko BEAT ] ol g 1)
4 2 1+§2q”2
’Qy: (5]):7 qz) =
KR

In the above expression an equivalent form for the splay
constant K;%(¢,) (comparing to eqn (12)) is employed, to facili-
tate fitting. It follows from eqn (15) that, in theory, for small
wavevectors the isolines of W,,(g,, ¢,) should form an ellipse in
the yz-plane of the director frame. As g, and g, increase, the
contour plot of Wy,(g,, g;) should transform into a figure-of-
eight shape with the long axis oriented along the director.
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Fig.7 Main panel: splay, K1), twist, K», and bend, Ks, elastic constants
as a function of the number of segments in a chain. The Gp,~ calcu-
lated in Fig. 5 is also reproduced on the plot. Inset: comparison of Ky,
and Gpo“ after subtracting from the latter the offset indicated in Fig. 5.
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In contrast to twist-bend fluctuations, the shapes of splay-
bend spectra W,(gy, ¢;) in the simulations of melts with shorter
chains (N = 16 and N = 32) do not completely match the cor-
responding theoretical predictions. As an illustration Fig. 8a
presents a contour plot of W,,(qy, g;) for a N = 16 melt. While the
general shape of the plot follows the theoretical expectations,
the isolines exhibit a sequence of “wiggles”. Contrary to the case
of density structure factors (¢f. Fig. 3a) these additional features
stem from intermolecular correlations and not directly from
intramolecular scattering. This conclusion follows after
considering the contribution of intramolecular scattering,
obtained by calculating for each i-th molecule first the Fourier
transform of its nematic tensor in the laboratory frame
according to:

(16)

Oias (lIL) = \/_%p Zl Giap(s)eXp (iqL 'ri(s))

For each chain the Fourier image of the molecular nematic
tensor is transformed to a q*-dependent 123-frame to obtain

(a) 1.5

1 —

-0.5 0
-1
qy [nm']

Fig. 8 (a) Contour plot of the inverse director fluctuation spectrum,
W,.(q,. q,), of the splay-bend modes in a N = 16 melt, illustrating the
“wiggles” in the pattern of contour lines. (b) Contour plot of the inverse
single-chain director fluctuation spectrum, w,,(q,. q,), for the same
melt, presenting a cross-like pattern of minima.

This journal is © The Royal Society of Chemistry 2015


http://creativecommons.org/licenses/by-nc/3.0/
http://creativecommons.org/licenses/by-nc/3.0/
https://doi.org/10.1039/c4sm02075h

Open Access Article. Published on 12 November 2014. Downloaded on 7/19/2025 11:24:59 PM.

Thisarticleislicensed under a Creative Commons Attribution-NonCommercial 3.0 Unported Licence.

(cc)

View Article Online

Paper Soft Matter
35 (b) 15— e e f () BT T T ]
30 - 74 .
ol SRR .
25 g‘ : }// : g \§» :
= 9 y -4 &= 9 §\§\ —
20 @ Ol o &~ ~g-
A ¥ -8 $-5-3
Dl - 1= &
15 &6 /@’QE% —0 1 o6 o —
g Looe E/’% eo=lm'] S TR I
10 >3 /% q, A | 53 o (]y*lEm"E
= ﬁ | " m—ﬁ’@a ]
5 4 Sl 4
0 o . TR B A L e R
0 0.25 0.5 0.75 1 0 0.25 0.5 0.75 1
- - - 2 -2 2 -
1.5 1 0.5 0 0.5 1 15 q, [nm] q, [nm”]

q, [nm]

Fig. 9

(a) Contour plot of the inverse director fluctuation spectrum, W,.(q,. g,), corresponding to splay-bend modes for N = 64 melt where no

“wiggles” are observed. (b) A subset of simulation data for W,.(q,. g,) as a function of qy2 at two representative values, g, = 0 and 1 nm™ (squares
and circles, respectively) is presented. Dashed lines show the approximation by the analytical expression of egn (15). (c) Same as (b) but

considering W,,(q,. g.) as a function of g,> at fixed g,=0and1 nm~.

Qi(qy, 9:) = TOA(g")T " so that the total part of intramolecular

n
scattering is given by wy, ' (gy, g.) =4n E Qiyz(gy, q:)/9(S)’ kg T.
=1

Fig. 8b presents the contour plot of wy,(g,, ¢;) for N = 16
demonstrating that it has a different pattern comparing to
Wy(qy, gz). For short chains, the cross-like shape of minima in
wy(qy, ¢;), not observed in total scattering, stems from strong
correlations in the orientation of segments along the same
molecule due to stiffness. The instantaneous polar angle 0
between a segment and n is nonnegative and has an average
value (65) > 0. In Fig. 8b the angles between the branches of the
cross and the g,-axis depend on the magnitude of (f;). Indirectly
however the intermolecular correlations leading to the distor-
tions in Fig. 8a are still coupled to chain connectivity. This
follows from the observation that they are located at wave-
vectors roughly corresponding to the contour length of the
polymer chains. For longer polymers the distortions of the
isolines not only shift to smaller wavevectors but become also
less pronounced. Fig. 9a presents the contour plot of W,,(qy, g,)
for the longest N = 64 melt, which is in very good agreement
with the shape predicted by eqn (15). This can be quantified by
fitting the W,,(q,, ¢,) obtained in the simulations for |g,,| = 1
nm ™" by the functional form suggested by eqn (15). Fig. 9b
considers two representative values ¢, = 0 and 1 nm™" to
demonstrate that the fitted function (dashed lines) describes
the original data (squares and circles, respectively) closely at
different values of g,. Fig. 9c provides a similar comparison,
now considering W(q,, ¢.) as a function of ¢,* at two repre-
sentative values, g, = 0 and 1 nm™'. Notably, the value of the
bend constant K; obtained from this fit matches the value
extracted from the twist-bend fluctuations.

For all chain lengths, the small wavelength behaviour of the
splay constant, Ky (o), is presented in Fig. 7 (open circles). It was
extracted from linear fits to W,(q,, ¢.) as a function of g,*, while
setting g, = 0. For melts without significant hairpin effects, the
plot suggests a linear dependence of K(,)* on N as first pre-
dicted by Meyer. For polymer nematics with a large number of

This journal is © The Royal Society of Chemistry 2015

hairpins per chain, it has been predicted theoretically*” that
Kl(o)R should reach a finite value as a function of N. Thus, for
longer chains with moderate backfolding (such as N = 64) the
onset of saturation, i.e., sublinear dependence of KI(O)R on N,
might be expected. In fact for N = 64 our results suggest the
appearance of such effects, manifested by the slight, within
errorbars, “bending” of the Ky )" plot.

An important question refers to the extent to which the above
results are affected by finite system size effects. For N = 16 the
splay constant obtained from test simulations in smaller cells,
Liox = 4L, matched the Ky()® in Fig. 7 (obtained at Lo = 8L).
However, in simulations of longest melts where Ly,x = 2L is
employed, fluctuations could be more suppressed, resulting
into Frank constants that are larger comparing to those of an
“infinite” system. Therefore, in larger samples of these melts
splay constants might reduce, leading to more pronounced
saturation effects.

In Fig. 7 the quantity Gp,> previously calculated from density
fluctuations (¢f Fig. 5) is also reproduced as a function of N.
According to the theoretical prediction K" = Ky + Gp,~ one
expects that: (a) Kl(O)R has the same slope comparing to Gp,> as a
function of N and (b) Ky()" = Gp,’, since K; is nonnegative. In
Fig. 7 for short chains, Gp,,” has a similar slope with K; ) which
agrees with the first expectation. At the same time in simula-
tions Gp,” is larger than K;(,)". One can argue that this differ-
ence from the theoretical result is due to the constant offset in
the linear dependence of Gp,> on N observed in Fig. 5. The inset
of Fig. 7 compares Ky()* and Gp,’, subtracting from the latter
the offset 1.994gT obtained in Fig. 5. In this case the two curves
are very close to each other, for short chains.

5 Conclusions and outlook

In this work Monte Carlo simulations of nematic polymer melts
described by a soft model were performed to study equilibrium
density and director fluctuation spectra, as well as related
material constants. The model is generic but incorporates
features important for the qualitative study of the above
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properties. The polymer architecture is represented by the
discrete WLC model, accounting for two characteristic molec-
ular scales: the persistence and the contour length. Pairwise
non-bonded potentials have two components. The first is
isotropic and limits the compressibility of the polymeric liquid,
while the second depends on the relative orientation of the
segments, inducing nematic ordering. Nematic WLC melts for
four different chain lengths were considered, their contours
being up to an order of magnitude longer than the persistence
length (as defined in the state of a disordered melt).

Some generic characteristics (such as the bow-tie pattern) of
the shape of density and director fluctuations spectra were
found to agree with theoretical predictions.>”>**" At the same
time, at length scales roughly comparable with the extension of
polymer chains along the nematic director, the density and the
splay-bend spectra exhibited additional scattering features.
These features were evident in melts with short WLC (only a few
persistence lengths long). In such systems, the spectra of the
density fluctuations parallel and normal to nematic director
were well described by the theoretical predictions only for
wavelengths comparable or larger than the contour length. For
short WLC, in contrast to density fluctuations, the secondary
scattering features did not allow us to fit the splay-bend spectra
by the theoretical functional forms. For melts with longer
chains effects from secondary scattering features diminish.
Thus the shape of the density and director fluctuation spectra
(including splay-bend modes) is well approximated by the
theoretical predictions in a broad range of wavevectors. This is
noteworthy since the population of backfolded chains in these
melts is substantial (up to 40%), while the theoretical results
were obtained in the zero-hairpin limit.

Two material constants controlling (for large wavelengths)
density fluctuations normal and parallel to the nematic director
were extracted and their dependence on chain length was
investigated. For all melts, this dependence was found to be
consistent with the theoretical predictions in the zero-hairpin
limit,**>*3* despite the increasing amount of backfolding with
chain length. For the shorter melts, within the accuracy of the
data and the considered system sizes, the splay Frank constant
obtained from director fluctuations was found to increase
linearly with chain length, in agreement with the arguments of
Meyer®® and later theories.?””>**"*” For larger chains (an order of
magnitude longer than the persistence length) our data suggest
the onset of a sub-linear dependence due to larger amount of
backfolded molecules.’” Twist and bend Frank constants were
found to saturate with chain length, in agreement with theo-
retical expectations.>®

Although the interactions are soft, the order of magnitude of
bend and twist constants was found to be 10" N which is
within the window of magnitudes 10~ *>* N to 10~ *° N reported in
some experiments.*** Both constants were found to be signif-
icantly smaller than the splay constant. Taking into account
that the model was mapped on a real family of polymers (i.e.
poly(3-alkylthiophenes)), these observations are encouraging
for a possible comparison of our results with future experiments
in these materials.
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In the current study, no strong effects of chain backfolding
on the dependence of material constants on the length of
polymer chains were observed. This behaviour can be ration-
alised by the fact that the number of hairpins per molecule
remained small. To address in detail how material constants are
affected by chain backfolding, modelling nematic melts with
longer chains would be required. Varying chain stiffness offers
additional possibilities for changing conformational properties
and such effects should be also explored in the future.
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