
This journal is© the Owner Societies 2015 Phys. Chem. Chem. Phys., 2015, 17, 5849--5860 | 5849

Cite this:Phys.Chem.Chem.Phys.,

2015, 17, 5849

Surface controlled reduction kinetics of nominally
undoped polycrystalline CeO2

Nicole Knoblauch,a Lars Dörrer,b Peter Fielitz,*b Martin Schmückera and
Günter Borchardtb

Ceria is an interesting material for high temperature redox applications like solar-thermal splitting of CO2

and H2O. Technical implementation and reactor design for solar-thermal redox-based fuel generation

requires reliable data for the chemical surface exchange coefficient and the chemical diffusivity of oxygen.

The results of thermogravimetric relaxation experiments and equilibrium oxygen isotope exchange

experiments with subsequent depth profiling analysis suggest that the reduction reaction of even dense

samples of pure ceria (1 mm thickness, 93% of theoretical density) with a grain size of about 20 mm is

surface reaction controlled. The chemical surface exchange coefficient exhibits a negative apparent

activation energy (�64 kJ mol�1). This finding is corroborated by similar data from literature for the tracer

surface exchange coefficient. The structure of the derived expression for the apparent activation energy

further suggests that the chemical surface exchange coefficient should show only a very weak dependence

on temperature for ceria doped with lower valence cations.

1 Introduction

Non-stoichiometric ceria is a promising redox material for
water and CO2 splitting not only because of suitable thermo-
dynamics but also because of beneficial reaction kinetics. The
H2O/CO2-splitting cycle consists of two thermochemical reac-
tions,1 a high-temperature reduction step

CeO2 ! CeO2�d þ
d
2
O2 (1)

and a low-temperature re-oxidation step going along with the
splitting of water or CO2

CeO2�d + dH2O(g) - CeO2 + dH2(g) (2a)

CeO2�d + dCO2(g) - CeO2 + dCO(g) (2b)

Reduction of CeO2 occurs at elevated temperatures and/or
low oxygen partial pressure by the formation of oxygen vacancies
as a consequence of gradual oxygen release. Resulting non-
stoichiometric ceria is characterized by the suboxide parameter d
determined by applied T/pO2

conditions (1). Subsequent re-oxidation
of CeO2�d in the presence of H2O and/or CO2 according to eqn (2a)
and (b) causes H2O/CO2 splitting and hence H2 and/or CO release.

A deeper insight into mechanisms and kinetics of ceria reduction
and re-oxidation is required in view of future technical realization.

In general, redox kinetics of ceria is either controlled by surface
exchange reactions or by bulk transport of oxygen. Previous
studies of the reaction kinetics comprise oxygen isotope exchange
in chemical equilibrium and relaxation experiments based on
oxygen potential changes. Depending on the microstructure of
the sample material used in the different studies, the respective
authors derived surface exchange coefficients, K, or diffusivities,
D, of oxygen, or both of them.2–10 There is also comprehensive
literature on the general relation between the tracer parameters,
K* and D*, and the corresponding chemical parameters, K̃ and D̃
(see, e.g., Maier11 and references therein) or on the tracer surface
exchange coefficient, K* (see, e.g. De Souza,12 Armstrong et al.13),
which evoke, however, some controversies as to the meaning of
the obtained parameters, especially with respect to the transport
regime characterized by a characteristic thickness lc = D/K.14

Especially chemical relaxation experiments are sometimes diffi-
cult to categorize with respect to the reaction regime as both K̃
and D̃ depend on the oxygen activity (which changes with time
during the experiment).

Further, due to the high (chemical) diffusivity of oxygen in
nominally undoped (as well as in appropriately doped) ceria the
surface exchange regime should not be excluded a priori even
for fairly dense samples (490% of theoretical density) for the
high temperature reduction step. This position will be elabo-
rated in the following section for both the reduction and the
(re)oxidation step simultaneously as the phenomenological
treatment is the same. The conclusions will then be applied
in Sections 3 and 4 to the reduction step of a prototype chemical
relaxation experiment (thermogravimetric analysis, TGA) in
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combination with a prototype equilibrium tracer isotope exchange
experiment. The interpretation of the data will partially rely on
supporting evidence from the literature.

2 Mathematical modelling

In this section we will mathematically model the kinetics of
reduction–oxidation processes of solid oxides in a narrow oxygen
potential range. For that, we assume, in a first approximation, that
it is sufficient to model the reduction–oxidation process by two
constant parameters D̃ and K̃ which depend only on temperature,
where D̃ is an effective chemical oxygen diffusion coefficient and
K̃ an effective chemical surface exchange coefficient of oxygen at
the gas/solid interface. For convenience we simply refer in this
chapter to D̃ as oxygen diffusion coefficient and to K̃ as surface
exchange coefficient of oxygen and we use in the equations (D,K)
instead of (D̃,K̃). The advantage of such a simple model is that it
allows one to derive analytical solutions which yield significant
insight into the role the microstructure of a given material has
on the overall kinetics of the reduction–oxidation process.

2.1 Reduction–oxidation kinetics of a sphere

Reduction–oxidation experiments are often performed with powders,
which are characterised by an average diameter of the powder
particles, so that it is useful to model the reduction–oxidation
kinetics of a sphere of radius R. Solving the diffusion equation in
the case of radial diffusion and constant diffusion coefficient, D, and
considering a constant oxygen surface exchange coefficient, K, at the
gas/solid interface the relative mass change of a sphere during the
reduction–oxidation process is given by Crank15 (p. 96)

mðtÞ �m0

m1 �m0

����
����
sphere

¼ 1�
X1
n¼1

6L2 exp �bn2Dt
�
R2

� �
bn2 bn2 þ L2 � Lð Þ

with L � R
K

D

(3)

where m0 is the mass of the sample at time t = 0, mN is the
(equilibrium) mass of the sample at time t = N. The values of the
dimensionless parameter bn are positive roots of bn cot bn =
1 � L. The first six roots are tabulated by Carslaw and Jaeger16

(p. 492). The infinite sum in eqn (3) converges rapidly17 so that it is
practically sufficient to consider the first term of eqn (3)

mðtÞ �m0

m1 �m0

����
����
sphere

’ 1�
6L2 exp �b12Dt

�
R2

� �
b12 b12 þ L2 � Lð Þ

with b1 cot b1 ¼ 1� L

(4)

The characteristic time constant of the relative mass change
of the sphere is, therefore, given by

t1ð Þsphere¼
1

b21

R2

D
(5)

where R is the radius of the solid sphere, D is the oxygen
diffusion coefficient in the solid and the dimensionless b1 value
is the first positive root of bn cot bn = 1 � L. See Fig. 1 to get an
impression how the term 1/b1

2 of eqn (5) depends on L = RK/D.

From Fig. 1 one gets the approximation b1
2 C 3L for values

L o 0.3 (see also Appendix A) so that eqn (4) and (5) simplify

mðtÞ �m0

m1 �m0

����
����
K regime

sphere

’ 1� exp � t

t1

� �

with t1 ¼
R

3K
if D4 3RK

(6)

This equation describes the kinetics of the surface exchange
regime which is controlled by the surface exchange coefficient, K,
of oxygen. This regime is generally reached if the radius of the
grains becomes sufficiently small. The factor 3 in the condition
D 4 3RK was graphically estimated (see L = RK/D o 0.3 in Fig. 1).

In the mixed regime (see 0.3 r L r 30 in Fig. 1) the observed
kinetics of the reduction–oxidation process is influenced by
contributions of both parameters K and D. For sufficiently large
spheres the dimensionless parameter L in Fig. 1 becomes
sufficiently large (at about L 4 30) so that one has b1

2 C p2.
In this case eqn (4) and (5) simplify

mðtÞ �m0

m1 �m0

����
����
D regime

sphere

’ 1� 6

p2
exp � t

t1

� �

with t1 ¼
R2

p2D
if Do

RK

30

(7)

In contrast to eqn (6) this approximation will become
inadequate for very short times (one gets 1–6/p2 = 0.39 instead
of zero for t = 0). However, as demonstrated in Section 2.3,
eqn (7) will be practically applicable if one monitors the time
dependence of the reduction–oxidation process up to equili-
brium (practically at t 4 5�t1).

2.2 Reduction–oxidation kinetics of a plane sheet

We now consider a plane sheet of thickness h = 2l in which oxygen
can leave/penetrate both surfaces in the reduction–oxidation step.
This geometry is often a good approximation if powder is pressed
and then sintered to dense samples. Solving the diffusion

Fig. 1 Graphical representation of the term 1/b1
2 of eqn (5) or (10), respec-

tively. Open points are first roots of bn cot bn = 1 � L and bn tan bn = L,
respectively, which are tabulated by Carslaw and Jaeger16 (pp. 491–492).
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equation in the case of one-dimensional diffusion and constant
diffusion coefficient, D, and considering a constant oxygen sur-
face exchange coefficient, K, at the gas/solid interface one obtains
for the relative mass change of a plane sheet during the
reduction–oxidation process (Crank15 p. 60)

mðtÞ �m0

m1 �m0

����
����
plane sheet

¼ 1�
X1
n¼1

2L2 exp �bn2Dt
�
l2

� �
bn2 bn2 þ L2 þ Lð Þ

with L � l
K

D

(8)

where m0 is the mass of the sample at time t = 0, mN is the
(equilibrium) mass of the sample at time t = N. The dimension-
less bn values are positive roots of bn tan bn = L where l is half the
thickness of the plane sheet. The infinite sum in eqn (8) converges
rapidly17,18 so that eqn (8) can be approximated by

mðtÞ �m0

m1 �m0

����
����
plane sheet

’ 1�
2L2 exp �b12Dt

�
l2

� �
b12 b12 þ L2 þ Lð Þ

with b1 tan b1 ¼ L

(9)

That is, a characteristic time constant of the relative mass
change of a plane sheet is given by

t1ð Þplane sheet¼
1

b12
l2

D
(10)

A graphical representation of the term 1/b1
2 of eqn (10) is

presented in Fig. 1. Analogous to the discussion in Section 2.1 one
can consider the surface exchange regime which is practically
reached for values L o 0.3 so that one has the simple relation
b1

2 C L (see also Appendix A). In this case eqn (9) and (10) simplify

mðtÞ �m0

m1 �m0

����
����
K regime

plane sheet

’ 1� exp � t

t1

� �

with t1 ’
l

K
if D4 3lK

(11)

The surface exchange controlled regime is generally reached
for sufficiently thin sheets. For sufficiently thick sheets the

diffusion controlled regime in Fig. 1 is reached (at about
L 4 30) so that one has b1

2 C p2/4. In the diffusion controlled
regime eqn (9) simplifies

mðtÞ �m0

m1 �m0

����
����
D regime

plane sheet

’ 1� 8

p2
exp � t

t1

� �

with t1 ’
4

p2
l2

D
if Do

lK

30

(12)

where l = h/2 is half the thickness of the plane sheet. As
discussed above (see discussion related to eqn (7)) this approx-
imate solution of the diffusion controlled regime does not work
for very short times (t { t1) so that we will discuss the correct
application of the approximate solutions in the next section.

2.3 Application of the approximate solutions as fit equations

To test the accuracy of the approximate equations we calculated
the normalized mass change data with the aid of the exact
eqn (3) and (8) using Maple software (Waterloo Maple Inc.,
Canada). For that the first six roots of bn tan bn = L and bn cot
bn = 1� L were used which are tabulated by Carslaw and Jaeger16

(p. 491–492). The calculated data were then fitted by Origin
software (OriginLab Inc., USA) using this fit equation

y ¼ y0 þ A1 exp �
x� x0

t1

� �
(13)

which is a standard fit equation (ExpDecay1) in Origin software.
Comparing this fit equation with the approximate eqn (6), (7),
(11) and (12) one sees that A1 must be negative and one must fix
the fit parameters y0 = 1 and x0 = 0.

As discussed above (see remarks related to eqn (7)) one can
conclude that in the diffusion controlled regime the approx-
imate solutions will not work for very short times (t { t1).
However, in this paper we discuss the kinetics of a reduction–
oxidation process which is typically monitored until equili-
brium is reached. In Fig. 2 we tested the approximate solution
(fit eqn (13)) for this case. If one simply fits eqn (13) to the
complete calculated data set one can expect an error of the

Fig. 2 Open points are calculated values for L = 100 (diffusion controlled regime). In (a) eqn (3) was used and in (b) eqn (8) was used (the first six roots in
both cases). Fit #1: The complete set of calculated data was fitted by eqn (13). Fit #2: All calculated data in the range 0 r y r ystart were excluded from
the fitting procedure, with ystart = 0.5 in the case of a sphere (a) and ystart = 0.4 in the case of a plane sheet (b).
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evaluated time constant of about 17% in the case of the sphere
and about 5% in the case of the plane sheet. However, if one
excludes short time data one gets significantly more accurate fit
values for the time constants. In Fig. 2a (sphere) all data in the
range 0 r y r ystart = 0.5 were excluded during a second fitting
procedure. One can see that the fit becomes significantly better
now and that the error of the evaluated time constant is
reduced to about 5% which is practically acceptable. The same
strategy (excluding short time data from the fitting procedure)
leads in the case of a plane sheet even to an accuracy of 0.2%
(see fit #2 in Fig. 2b).

Fig. 3 shows the dependence of the error of the evaluated
time constant if the range 0 r y r ystart is excluded during the
fitting procedure. One can see that one gets in the case of a
plane sheet very accurate time constants if one excludes the
data range 0 r y r ystart = 0.3 from fitting. However, in the case
of a sphere the same strategy leads to an error of about 10%. To
reduce the error to about 5% one must exclude the data range
0 r y r ystart = 0.5 from the fitting procedure. One could argue
that this result makes the discussed approximate solutions unu-
sable for spheres. However, one has to keep in mind that we
consider typically spheres of microscopic dimensions where one
can expect lower values than L = 100 (diffusion controlled regime).
Fig. 3 shows that in the mixed regime (L = 5) the accuracy is about
3% if one excludes the data range 0 r y r ystart = 0.3 from fitting.
That is, the exclusion of short time data from the fitting procedure
with fit eqn (13) is generally a good strategy to evaluate time
constants with practically sufficient accuracy.

2.4 Reduction–oxidation kinetics of polycrystalline solids in
the A regime

Powders are pressed into any desired form to produce macroscopic
bodies and then sintered at high temperatures to polycrystalline
solids. The oxygen transport, and hence, the reduction–oxidation
kinetics, of a polycrystalline solid is influenced at least by 4
parameters: In the single crystalline grains of average radius R
oxygen is transported with the bulk diffusivity D. In the grain

boundaries oxygen is typically transported significantly faster
with the grain boundary diffusivity Dgb. The average width of
the grain boundaries is taken into account by the parameter o.

The mathematical treatment of grain boundary diffusion is
described comprehensively by Kaur et al.19 In the A regime
mathematical modelling is significantly simplified because a
polycrystalline solid behaves in this regime like a homogeneous
medium with some effective diffusivity, Deff, which is given by
the Hart–Mortlock equation20,21

Deff = sgDgb + (1 � sg)D (14)

where g E qo/(2R) is the volume fraction of grain boundaries
and q a geometrical factor. For cubic grains one gets q E 3
(Kaur et al.19 p. 206). The segregation factor, s, is equal to one
for self-diffusion of oxygen in oxides.

The A regime is reached after the annealing time tA regime

if the characteristic diffusion depth into the grain is much
larger than the mean grain size (2R) of the polycrystalline solid
(Kaur et al.19 p. 210) so that one has

tAregime �
4R2

D
(15)

That is, for annealing times t 4 tA regime the reduction–
oxidation kinetics of a polycrystalline solid can be modelled
like in Sections 2.1 and 2.2 if one replaces D by Deff (defined by
eqn (14)) in the corresponding equations.

2.5 Concluding remarks

In Sections 2.1 and 2.2 we mathematically modelled the
reduction–oxidation process of a homogeneous solid oxide. At
least two parameters determine the kinetics of this process,
first, the oxygen exchange coefficient, K, at the gas/solid inter-
face, and second, the oxygen diffusion coefficient, D, in the
solid. If one assumes that these parameters depend on tem-
perature only one can model the reduction–oxidation process
analytically for different geometries of the solid (see eqn (3) and
(8)). The analytical solutions allow one to define a dimension-
less regime parameter L = xK/D where x corresponds to a
characteristic length of the solid (half the thickness of a plane
sheet or the radius of a sphere, respectively). Fig. 1 shows that
one can distinguish three fundamental kinetic regimes: the
surface controlled regime for L o 0.3, the mixed regime in the
parameter range 0.3 o L o 30, and the diffusion controlled
regime for L 4 30. Because the regime parameter L is propor-
tional to the characteristic length of the solid one will generally
reach the surface controlled regime if the characteristic length of
a given solid at a given temperature (fixed parameters D and K)
becomes sufficiently small. That is, the ad hoc hypothesis that
the kinetics is surface controlled is principally more reasonable
for microscopic geometries than for macroscopic geometries.

As discussed in Section 2.3, in the whole range of the dimen-
sionless regime parameter L one can evaluate the characteristic
time constant of the reduction–oxidation process by a simple
exponential decay function (eqn (13)) with practically sufficient
accuracy if the mass loss/gain is monitored up to equilibrium.
However, the characteristic time constant is generally, even in this

Fig. 3 Percentage error of the evaluated time constants, t1, if one
excludes the range 0 r y r ystart from the fitting procedure.
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simple model of two constant parameters, a complicated function
of the parameters K and D (see eqn (5) and (10)). In the mixed
regime one has to know one parameter to evaluate the conjugate
parameter by the measured time constant. In the surface con-
trolled regime one can evaluate K and in the diffusion controlled
regime one can evaluate D. This, however, requires a correct
hypothesis related to the kinetics regime as defined in Fig. 1.

In Section 2.4 we considered a polycrystalline solid. Eqn (15)
allows one to estimate the time interval which is required to
reach the so called A regime in which a polycrystalline solid can
be mathematically modelled like a homogeneous solid. If the A
regime is reached the reduction–oxidation process of a poly-
crystalline solid oxide can be modelled as in Sections 2.1 and
2.2 with an effective oxygen diffusion coefficient (eqn (14)).

3 Experimental
3.1 Sample preparation

CeO2 powders were synthesized using a citric acid assisted
combustion method.22 For that the required amount of
Ce(NO3)3 � 6H2O (Sigma Aldrich) was dissolved in deminer-
alized water. Afterwards citric acid (VWR chemicals) solution
was added in a molar ratio of 1 : 2 (cations : citric acid) and the
obtained mixture was stirred at 100 1C for 1 h. Stepwise
increase of the temperature up to 200 1C resulted in a more
and more concentrated solution due to water evaporation thus
leading to the formation of a very viscous yellow gel. The
viscous product was heated to 450 1C for self-ignition. The
newly formed yellow powder was calcined in an electrical
furnace at 800 1C in air for 2 h to remove any remaining
carbonaceous species. The obtained oxide powder was analyzed
by X-ray diffractometry (D-5000, Siemens, Germany) using Ni-
filtered Cu-Ka radiation. The CaF2-type CeO2 phase (Fig. 4) was
identified according to reference data ICDD PDF-00-034-0394.23

To prepare pellets the powder was milled using a laboratory
ball mill [planetary micromill pulverisette 7, Fritzsch, Germany
(3 � 10 min, 500 rpm, mass ratio of 1 : 10 : 60 powder: isopropyl
alcohol: ZrO2 balls)] and uniaxially cold-pressed at a pressure of
283 MPa. After sintering at 1650 1C for 2 h the pellets had a
density of 93% (see Table 1). Beside X-ray diffraction the

sintered samples were characterized by scanning electron
microscopy (SEM, Ultra 55 FEG Carl Zeiss, Germany) equipped
with an energy-dispersive X-ray spectroscopy (EDS) system (Fig.
5 and 6). EDS analyses (INCA-Software, Oxford Instruments,
Abingdon, UK, Fig. 6) revealed minor impurities of Zr of about
0.58 � 0.03 at% (at%[Ce] + at%[Zr] + at%[O] = 100 at%) which
leads to Ce0.98Zr0.02O2. In a first approximation homovalent Zr
does not act as an acceptor in ceria in such a low concentration.
Therefore, we refer to our material as nominally undoped.

3.2 Thermogravimetric analysis

Thermogravimetric (TG) analyses were performed using a
thermo-balance system STA 449 F3 Jupiter (Netzsch, Germany).

Fig. 4 XRD pattern of the synthesized CeO2 sample (reference data
according to ICDD PDF-00-034-039423 as red solid vertical lines).

Table 1 Dimensions and density of the (fully oxidized) CeO2 pellet used
for thermogravimetric analysis

Parameter Value

Thickness 1.05 mm
Diameter 13.44 mm
Weight 911.4 mg
Density 6.7 g cm�3

Theor. density23 7.2 g cm�3

Fig. 5 SEM image of the sintered CeO2 pellet with a grain size of about 20
mm and a density of 93% (Angle Selective Backscatter detector).

Fig. 6 EDS analysis of the sintered CeO2 pellet.
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A sintered CeO2 pellet (see Table 1) was placed on Pt foil on
an Al2O3 plate (diameter: 13 mm). For the reduction steps
(at different high temperatures with a heating rate of 20 K min�1,
see Fig. 7) argon 5.0 was passed through the sample tube at a
flow rate of 85 ml min�1. The partial pressure of the employed
gas atmosphere during the reduction step was calculated to be
approximately 7 � 10�4 atm by comparing the obtained sub-
oxide compositions with literature data.24 The reduction tem-
peratures were held for several hours for complete reduction.
For the subsequent oxidation step the pellet was rapidly
cooled (50 K min�1) to 800 1C. After a dwell time of 5 min at
800 1C an argon–oxygen gas mixture was employed for 30 min
(35 ml min�1 O2, 50 ml min�1 Ar which corresponds to an
oxygen partial pressure of about 0.4 atm). Next, the gas was
switched back to pure Ar 5.0 followed by a new reduction step.

For data analysis the obtained mass loss curve was corrected
by subtraction of a blank run (TG measurement without sample)
to minimize device artefacts. Three reduction–oxidation cycles
of the CeO2 pellet are shown in Fig. 7. Dashed lines show the
monitored time dependence of the temperature and of the
oxygen partial pressure. Oxygen nonstoichiometry, d, of ceria
was calculated by

d ¼ �MCeO2

MO

Dmeq

ms
(16)

where M is the molar mass, Dmeq the equilibrium value of the
mass loss during the reduction cycle and ms the sample mass
(911.4 mg) in the fully oxidized state. Because of the relatively
high pO2

during oxidation it was assumed d = 0 after each
oxidation cycle.25

3.2.1 Observed reduction–oxidation kinetics. Reduction
cycle #1 (see R1 in Fig. 7) was induced by increasing (20 K min�1)
the temperature to 1300 1C and keeping the (low) oxygen partial
pressure constant. Because the reduction equilibrium is temper-
ature dependent7 one observes that the CeO2 pellet is loosing
some mass during the temperature increase. However, the time
required to reach the reduction temperature is not sufficient to
reach equilibrium at the reduction temperature. Therefore, one
can also observe an isothermal mass loss which starts when the

reduction temperature begins to become constant in Fig. 8. This
isothermal mass loss is separately plotted in Fig. 8 for all
monitored reduction cycles (reduction temperatures). Fig. 8
shows that the isothermal mass loss is well fitted by an
exponential decay function (eqn (13)) so that the isothermal
mass loss is well characterised by a single time constant, t, as
compiled in Table 2. The evaluated characteristic time
constants are increasing for increasing reduction temperatures.

Considering oxidation cycle #1 (see O1 in Fig. 7) one
observes that the CeO2 pellet gains mass linearly because the
oxidation kinetics is sufficiently fast to follow the linear tem-
perature change (50 K min�1). An increase of the oxygen partial
pressure does not change the oxidation state because the pellet
is already oxidised up to its maximum oxidation state. However,
at oxidation cycles #2 and #3 the pellet does not reach its
maximum oxidation state when the oxidation temperature
(800 1C) is reached. One can now observe that a rapid increase
of the oxygen partial pressure induces a rapid increase of the
oxidation kinetics.

3.3 Oxygen isotope exchange

Considering a plane sheet the tracer diffusion coefficient, D*,
and the tracer surface exchange coefficient, K*, of oxygen are
defined by (compare with eqn (22) which defines the corres-
ponding chemical coefficients for oxygen)

j18Oj j ¼ D�
@c18O
@x

����
����

� �
x¼0
¼ K� c18O

g � c18Oðx ¼ 0Þj j (17)

where j18O is the oxygen tracer isotope (18O in this work) flux
through the gas/solid interface, c18

g
O is the concentration of the

oxygen isotope in the gas phase and c18O the actual concen-
tration of the oxygen isotope in the solid. The analytical
solution of the diffusion problem with such a boundary condi-
tion (eqn (17)) in a semi-infinite homogeneous media is given

Fig. 7 Reduction cycles (R1–R3) und oxidation cycles (O1–O3) during thermo-
gravimetric analysis of a nominally undoped polycrystalline CeO2 pellet
(see Table 1). Dashed lines show the time dependence of the temperature
and the oxygen partial pressure pO2

(low: 7 � 10�4 atm, high: 0.4 atm).

Fig. 8 Isothermal time dependence of the mass loss during the reduction
cycles R1–R3 in Fig. 7 where m0 is the mass at time t0 when the temperature
starts to become constant. Time constants, t, to reach mass equilibrium are
evaluated by fit eqn (13) where the R2 values quantify the fit quality.
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by Crank15 (the special notation of the solution was proposed
by Fielitz and Borchardt26)

c18Oðx;tÞ�c18O
1

c18O
g�c18O

1 ¼ erfc
x

s�

� 	
�exp 2

x

s�

ffiffiffiffiffi
t

t�

r
þ t

t�

 !
erfc

x

s�
þ

ffiffiffiffiffi
t

t�

r !

with s� �2
ffiffiffiffiffiffiffiffi
D�t
p

and t� � D�

K�2

(18)

where c18
N

O is the natural abundance of 18O in the sample
(at x - N), s* is the diffusion length of the tracer isotope and
t* the characteristic time constant to reach tracer isotope
equilibrium at the gas/solid interface.

D* and K* data measured by 18O tracer exchange experi-
ments in nominally undoped CeO2 ceramics are already avail-
able in the literature.3 Furthermore, tracer coefficients (D*,K*)
are not directly applicable to rationalise the features of the
reduction–oxidation kinetics during thermogravimetric analysis
because the observed kinetics is controlled by chemical coeffi-
cients (D̃,K̃) which generally differ significantly from tracer coeffi-
cients.11 Nevertheless, it was useful to perform also an 18O tracer
exchange experiment because in Section 4.1 we will discuss that
fast diffusion paths in CeO2 ceramics support the hypothesis that
the observed reduction–oxidation kinetics during thermogravi-
metric analysis is surface controlled. That is, it was in the context
of this work interesting to confirm, at least qualitatively, such fast
diffusion paths by an 18O exchange experiment.

Fig. 9 shows SIMS depth profiles measured in a nominally
undoped polycrystalline CeO2 sample (93% of theoretical density
with an average grain size of about 20 mm) which was annealed

for 900 s in 200 mbar 18O2 gas (96% atomic fraction) at 700 1C.
The sample was pre-annealed for 3 hours in 200 mbar 16O2 at
700 1C. Fig. 9a shows SIMS raw data of the depth distribution of
the negative secondary ions 16O�, 18O�, 140Ce� using a Hiden
Analytical instrument. Positive 5 keV argon ions were used as
primary beam with 400 nA ion current and a spot size of about
60 mm. The raster-scanned area was 450 � 350 mm2 and the area
of the analysed zone was 170 � 130 mm2. Negative secondary ions
were used for the analysis of the samples. Sample charging was
prevented by an electron flood gun. Depth calibration was done by
measuring the SIMS crater depth using a surface profiler (Tencor,
Alpha Step 500). Differences in sputter yield and ionisation yield
can be neglected for isotopes so that the depth distribution of the
atomic fraction of 18O isotopes can be quantified by

c18O ¼
I 18O
� �

I 18Oð Þ þ I 16Oð Þ (19)

from the raw data, where I is the intensity of the SIMS signal.
The depth distribution of the atomic fraction of 18O isotopes

is shown in Fig. 9b. One can see that the atomic fraction of 18O
in the sample at x = 0 does not yet reach the atomic fraction of
18O of the gas phase (96%) which clearly indicates a tracer
surface exchange coefficient, K*, which is sufficiently low to
prevent tracer isotope equilibrium at the gas/solid interface
during the annealing time t = 900 s at 700 1C. The most
interesting feature of this depth profile, in the context of this
work, is the significant tail (above the natural abundance of
18O) which clearly indicates (at least qualitatively) the existence
of fast diffusion paths in the CeO2 samples investigated.
The 18O tracer coefficients (K*,D*) were evaluated using

Table 2 Computed chemical surface exchange coefficients, K̃, of oxygen from the time constants shown in Fig. 8 where l = x = 0.5 mm. The
corresponding d values are from Fig. 7. The expected high temperature range of the chemical diffusion coefficient, D̃, was estimated from Fig. 1b of
Ackermann et al.8

T (1C) pO2
(atm) d t (min) K̃ = l/t (m s�1) D̃ (m2 s�1) L = xK̃/D̃

1300 7 � 10�4 0.0048 3.64 2.29 � 10�6 10�7� � �10�8 1.1 � (10�2� � �10�1)
1355 7 � 10�4 0.0078 4.16 2.00 � 10�6 10�7� � �10�8 1.0 � (10�2� � �10�1)
1410 7 � 10�4 0.0128 5.02 1.66 � 10�6 10�7� � �10�8 8.3 � (10�3� � �10�2)

Fig. 9 SIMS depth profiles measured in a nominally undoped polycrystalline CeO2 sample which was annealed for 900 s in 200 mbar 18O2 gas at 700 1C.
(a) SIMS raw data. (b) Atomic fraction of 18O computed by eqn (19).
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eqn (18) as fit equation and are plotted in Fig. 10. From these
data one can estimate that the characteristic time constant to
reach tracer isotope equilibrium at the gas/solid interface is t*
= D*/K*2 = 12 000 s at 700 1C.

4 Discussion

The features of the observed reduction–oxidation kinetics
during thermogravimetric analysis of nominally undoped poly-
crystalline CeO2 (93% density) are summarized in Section 3.2.1.
Before one tries to rationalise these observed features one must
first make a correct decision concerning the kinetics regime.
This will be facilitated by an estimation of the kinetics regime
during oxygen tracer exchange.

4.1 Estimation of conditions to reach the surface controlled
regime during oxygen tracer exchange

As discussed in Section 2.5 one can principally expect that the
observed kinetics becomes surface controlled for sufficiently
small grains. This principal conclusion is supported by an experi-
mental work of Rutman et al.10 where SIMS analysis and com-
bined residual gas analysis of nano crystals (5 to 50 nm size) of
CeO2 + 10%Gd2O3 were used to measure tracer surface exchange
and tracer diffusion of oxygen at low temperatures, 337 1C r T r
461 1C. However, isotope surface exchange was found to be the
limiting step and solely K* could be determined from the
performed tracer exchange experiments.

The CeO2 grains in the sintered nominally undoped samples of
this work have an average size of about 20 mm. The question arises
whether reactions on individual isolated crystals of this size are
surface controlled at temperatures used during the reduction step of
the thermogravimetric analysis (T Z 1300 1C). That is, we first ask
what we can expect if we use CeO2 powder (crystals of about 20 mm

size) instead of sintered ceramics. To get an estimation we consider
D* and K* data measured by 18O tracer exchange experiments in
nominally undoped CeO2 (Kamiya et al.3 and this work) which are
plotted in Fig. 10a. The left hand axis of Fig. 10b shows the
corresponding ratios K*/D*. To evaluate whether small grains are
surface controlled during an oxygen tracer exchange one has to
consider the regime parameter L = R�K*/D* which indicates a surface
controlled regime for values L o 0.3 (see Fig. 1). The regime
parameter L is plotted on the right hand axis of Fig. 10b for grains
of R = 10 mm. This clearly indicates that the oxygen tracer exchange
kinetics of small grains of Gd doped CeO2 (GDC) is surface
controlled in the whole temperature range because the ratio K*/D*
tends to become temperature independent at higher temperatures.2

(To show that this tendency is not accidental also K*/D* values of
Y doped ZrO2 are plotted.2)

After we have seen that the oxygen tracer exchange for small
grains (R = 10 mm) of GDC is clearly surface controlled we will
answer the question whether a thin dense polycrystalline plane
sheet of GDC could also be surface controlled. For that we consider
a plane sheet of dense polycrystalline GDC of 1 mm thickness
(x = 0.5 mm = half the thickness) with an average grain radius R = 10
mm. At T 4 600 1C grain boundary blocking effects vanish in GDC27

so that one can describe the oxygen tracer transport in fine-grained
polycrystalline GDC by an effective diffusion coefficient Deff* as
discussed in Section 2.4. That is, the (surface controlled) regime of
polycrystalline GDC will not change if the following equation holds
(see Fig. 10b where L r 0.01 for GDC)

x
Deff

�K
� 	 R

D�
K� ¼ L 
 0:01 if R ¼ 10mm (20)

so that one has (considering eqn (14) with s = 1)

x
R
¼ 0:5 mm

10 mm
¼ 50 	 Deff

�

D�
¼ g

Dgb
�

D�
þ ð1� gÞ (21)

Fig. 10 (a) D* and K* data measured by 18O tracer exchange experiments in nominally undoped polycrystalline CeO2 (Kamiya et al.3 and this work).
(b) calculated K*/D* values from the data of (a). For comparison K*/D* values are also shown for Gd doped CeO2 (GDC) and Y doped ZrO2 (YSZ).2 The
regime parameter L = R�K*/D* was calculated for grains of R = 10 mm and shows which material can be expected to be surface controlled in which
temperature range.

Paper PCCP

O
pe

n 
A

cc
es

s 
A

rt
ic

le
. P

ub
lis

he
d 

on
 2

0 
Ja

nu
ar

y 
20

15
. D

ow
nl

oa
de

d 
on

 1
0/

20
/2

02
5 

10
:2

2:
49

 P
M

. 
 T

hi
s 

ar
tic

le
 is

 li
ce

ns
ed

 u
nd

er
 a

 C
re

at
iv

e 
C

om
m

on
s 

A
ttr

ib
ut

io
n 

3.
0 

U
np

or
te

d 
L

ic
en

ce
.

View Article Online

http://creativecommons.org/licenses/by/3.0/
http://creativecommons.org/licenses/by/3.0/
https://doi.org/10.1039/c4cp05742b


This journal is© the Owner Societies 2015 Phys. Chem. Chem. Phys., 2015, 17, 5849--5860 | 5857

where g is the volume fraction of grain boundaries and Dgb* the
tracer diffusion coefficient of oxygen in the grain boundaries. A ratio
of Dgb*/D* E 104 for the oxygen tracer diffusivities in polycrystalline
mullite ceramics has been reported.28 Assuming a similar ratio a
value g E 0.5% would be sufficient to ensure a surface controlled
regime. Simplifying the real grain structure by cubic grains (q = 3)
a value g = qo/(2R) E 0.5% requires, however, an unrealistic grain
boundary width of oE 33 nm to ensure a regime parameter of L r
0.01 (o E 1 nm was assumed by Fielitz et al.28). A more realistic
average grain boundary width of o E 3 nm shifts the regime
parameter to L r 0.1 so that the kinetics regime remains surface
controlled also for a plane sheet (1 mm thickness, average grain
radius R = 10 mm) of polycrystalline dense GDC if Dgb*/D* E 104.
Unfortunately, there are no grain boundary oxygen tracer diffusion
coefficients, Dgb*, available in the literature for GDC to quantify this
discussion. Nevertheless, it demonstrates that a surface controlled
kinetics regime is not unrealistic even for dense polycrystalline GDC
of 1 mm thickness. Strictly speaking, the details of the physical
nature of the rapid diffusion paths are not important as long as the
effective diffusion in the bulk is fast enough to yield L o 0.3. For
example, if one assumes that the porosity of about 7% (see Table 1)
is essentially an open one and consists of pores in the diameter
range 1 to 5 mm and a specific total pore cross section of about
20 mm2 per grain (grain size = 20 mm) the resulting Knudson
diffusivity, DK, of oxygen molecules would fall into an interval
10�4 m2 s�1 r DK (1 bar, 1300 1C) r 10�3 m2 s�1 which is much
more rapid than any realistic estimate of Dgb* from the D* values
published for GDC (see Kamiya et al.3). In reality, for small values of
the porosity, both diffusion in the pores and in the grain boundaries
will contribute to the enhanced oxygen transport in the material.

The situation is different for nominally undoped CeO2

(as used in this work) because the oxygen tracer exchange
kinetics of small grains (R = 10 mm) tends to be in the mixed
regime at lower temperatures and tends to be in the surface
controlled regime at higher temperatures (see Fig. 10b). The
reason that small grains of GDC are clearly in the surface
controlled regime is that the oxygen diffusivity in the grains
is increased significantly by Gd doping compared to nominally
undoped CeO2.3 The Gd doping increases the concentration of
oxygen vacancies, and hence, the diffusivity of oxygen which is
assumed to be based on a vacancy mechanism.3

Furthermore, one has to keep in mind that the measured D* and
K* data represent CeO2 samples which were pre-annealed in air3

(200 mbar 16O2 gas in this work), and hence, in a highly oxidized
state during the 18O exchange experiments. Fig. 10b indicates that
even highly oxidized CeO2 grains tend to reach the surface controlled
regime at high temperatures, T Z 1300 1C, if the radius of the CeO2

grains is about 10 mm. As the reduction of nominally undoped ceria
increases the vacancy concentration and thus the oxygen diffusivity
one can conclude that a surface controlled regime is also plausible
for nominally undoped polycrystalline CeO2 of 1 mm thickness
(93% density). This argument and the fact that one can generally
expect much higher chemical oxygen diffusion coefficients than
tracer oxygen diffusions coefficients11 suggests a surface controlled
kinetics regime for the polycrystalline ceria sample used in this work
during TG analysis, which will be discussed in the next section.

4.2 Reduction kinetics of CeO2 in the surface controlled
regime

We now postulate that the observed reduction kinetics during
the performed thermogravimetric analysis (see Fig. 7) is surface
controlled. This ad hoc hypothesis is motivated by the above
discussion of oxygen tracer diffusion data and will be supported
if it allows one to rationalise the observed features of the
kinetics summarized in Section 3.2.1.

Considering a plane sheet the chemical diffusion coefficient,
D̃, and the chemical surface exchange coefficient, K̃, of oxygen
are defined by (compare with eqn (17) which defines the
corresponding tracer coefficients for oxygen)

jOj j ¼ ~D
@cO
@x

����
����

� �
x¼0
¼ ~K ceqO � cOðx ¼ 0Þ

�� �� (22)

where jO is the oxygen flux through the gas/solid interface, ceq
O is

the equilibrium and cO the actual concentration of oxygen in
the solid. In the surface controlled regime the observed kinetics
of an isothermal mass change (induced by oxygen loss/gain) is
given by (see eqn (6) and (11))

mðtÞ �m0

m1 �m0

����
���� ¼ 1� exp �t� t0

t

� 	
with t ¼ l

~K
(23)

where m0 is the mass of the solid at t = t0, mN is the equilibrium
mass of the solid (at t = N), t is the observed time constant and
l a characteristic length of the solid (l = R/3 for a sphere of
radius R and l = h/2 for a plane sheet of thickness h).

In Table 2 chemical surface exchange coefficients, K̃, of
oxygen are computed with the aid of eqn (23) from the time
constants evaluated from the isothermal mass loss in Fig. 8
where l = 0.5 mm. The expected range of the chemical diffusion
coefficient, D̃, in the considered temperature range was esti-
mated from Fig. 1b of Ackermann et al.8 so that also the
expected range of the corresponding regime parameter L is
computed in Table 2. The range of L is for all three tempera-
tures less than 0.3 which supports the ad hoc hypothesis of a
surface controlled kinetics regime (see Fig. 1).

If one compares the chemical surface exchange coefficients,
K̃, in Table 2 with the tracer surface exchange coefficients, K*,
in Fig. 10 one finds that K̃ is about one order of magnitude
larger than K* at 1300 1C which is due to the average thermo-
dynamic factor: a straightforward calculation using the data
published by Panlener et al.25 shows that it varies between
60� � �500 for 0.2 Z d Z 0.03 and that it is virtually independent
of temperature. This is in accordance with the general observa-
tion K̃ c K*.11 Furthermore, there is a surprising temperature
dependence of the evaluated chemical surface exchange coeffi-
cient, K̃. It decreases with temperature which is in contrast to
the tracer surface exchange coefficients, K*, which increases
with temperature (see Fig. 10). From the data of Table 2 one
can evaluate the following Arrhenius relation for the chem-
ical surface exchange coefficient of nominally undoped CeO2

(at pO2
= 7 � 10�4 atm)

~K ¼ 1:7þ1:2�0:7
� �

� 10�8
m

s
exp

ð64� 7ÞkJmol�1

RT

� �
(24)

PCCP Paper

O
pe

n 
A

cc
es

s 
A

rt
ic

le
. P

ub
lis

he
d 

on
 2

0 
Ja

nu
ar

y 
20

15
. D

ow
nl

oa
de

d 
on

 1
0/

20
/2

02
5 

10
:2

2:
49

 P
M

. 
 T

hi
s 

ar
tic

le
 is

 li
ce

ns
ed

 u
nd

er
 a

 C
re

at
iv

e 
C

om
m

on
s 

A
ttr

ib
ut

io
n 

3.
0 

U
np

or
te

d 
L

ic
en

ce
.

View Article Online

http://creativecommons.org/licenses/by/3.0/
http://creativecommons.org/licenses/by/3.0/
https://doi.org/10.1039/c4cp05742b


5858 | Phys. Chem. Chem. Phys., 2015, 17, 5849--5860 This journal is© the Owner Societies 2015

Note the negative apparent activation energy in eqn (24).
Its absolute value in common units is (64 � 7) kJ mol�1 or
(0.67 � 0.07) eV at�1, respectively.

Considering Table 2 one notes that there is an empirical
relation, K̃ B d �0.32, between the chemical surface exchange
coefficient and the oxygen nonstoichiometry. Because d is
approximately equal to the concentration of vacancies in nom-

inally undoped CeO2 one can conclude that ~K � V��O
� ��0:32.

Please note that our data analysis assumed that K̃ is a constant
so that eqn (23) is not exact as K̃ = K̃(d). However, the assumption
K̃ E const. is reasonable if d is close to the equilibrium value, d
E deq, which was approximately the case for the isothermal mass
loss curves considered in Fig. 8. Furthermore, if one considers
the oxidation cycles in Fig. 7 the ‘‘jump’’ of the oxidation rate,
which is induced by a ‘‘jump’’ of the oxygen partial pressure, can
immediately be rationalised if one sets K̃ BpO2

1/n. The relation

K* B pO2

1/4 has been reported for the tracer exchange coefficient
in polycrystalline Gd doped CeO2.29

Summarising, the observed kinetics (see Section 3.2.1) during
TG analysis of nominally undoped ceria can be empirically ratio-
nalised if the chemical oxygen surface exchange coefficient obeys
the following relation

~K ¼ ~k
pO2

1=n

V��O
� �

1=m
(25)

where k̃ = k̃(T) is a temperature dependent constant of propor-
tionality.12 A value of m E 3 is estimated from the data for K̃ in
Table 2. For the oxygen tracer surface exchange coefficient of
acceptor-doped perovskite and fluorite oxides the empirical

relation K� ¼ k�pO2
1=4 V��O
� ��1=2 has been reported.12 That is,

the assumption that n E 4 in eqn (25) is, at least, a good starting
assumption if one tries to confirm eqn (25) quantitatively by
future investigations. In this work it was not possible to estimate
n in eqn (25) because the oxygen partial pressure was rapidly
switched in only one step (from low values to high values or in
the opposite direction) and because the response of the mass
change was too rapid to be detected reliably (see Fig. 7).

From eqn (25) one concludes that the negative apparent
activation energy of the chemical surface exchange coefficient,
K̃, is given by

DE
~K
a ¼ DE

~k
a �

1

m
DE

V��
O

a ¼ �64 kJmol�1 (26)

so that one has to quantify DEk̃
a and DE

V��
O

a in this equation. The
latter parameter can be identified as the formation energy of
oxygen vacancies in nominally undoped CeO2. For this quan-
tity, Kamiya et al.3 found 142 kJ mol�1, which is close to the
value given by Panhans and Blumenthal,30 152 kJ mol�1.

Inserting the average value of 147 kJ mol�1 for DE
V��
O

a into
eqn (26) one gets for m E 3 the negative apparent activation
energy DEk̃

a E �15 kJ mol�1. Due to the typical errors of
experimentally determined energies of activation this value is
in fact close to zero and should be observed if the formation
energy of oxygen vacancies is negligible. A negligible formation
energy of oxygen vacancies can be expected in Gd doped CeO2

(GDC) during oxygen tracer exchange experiments because
Gd doping forms temperature independent oxygen vacancies
according to the reaction

Gd2O3 þ 2CeCe þOO ! 2Gd0Ce þ V��O þ 2CeO2 (27)

Armstrong et al.6 reported an apparent activation energy

DEK�
a ¼ 3 kJmol�1 for the oxygen tracer surface exchange coeffi-

cient, K*, of GDC. Their experimental method is based on rapid
switching of the reactor/furnace feed line between gas streams
containing different isotopes of oxygen (18O, 16O) which are
monitored by a mass spectrometer.31 Ideally, the only change
induced by the switch is a step in oxygen labelling. Temperature,
pressure, flow rate, and oxygen partial pressure remain approxi-
mately undisturbed. Because powders of the investigated oxides
were used (size o1 mm) it was assumed that the oxygen isotope
exchange kinetics is surface controlled.

Interestingly enough Armstrong et al.13 recently reported appar-
ent activation energies of K* for different perovskite oxides which
have also negative or very small positive values. The reported range

of apparent activation energies, DEK�
a , of the oxygen tracer surface

exchange coefficient is �97 kJmol�1 
 DEK�
a 
 þ12 kJmol�1

(see Armstrong et al.13 Table 5). Armstrong et al.13 assume that
such small, and even negative, apparent activation energies
indicate a surface exchange controlled kinetics regime. On the
contrary, reported apparent activation energies from SIMS
isotope depth profiles or electrical conductivity relaxation are
typically measured in the mixed kinetics regime and have much
larger positive values (73 kJ mol�1 to 333 kJ mol�1, see
Armstrong et al.13 Table 5). The reason is yet unclear why the
measured value of the apparent activation energy of the oxygen
surface exchange coefficient depends on the kinetics regime.

5. Conclusions

In Section 3.2.1 the observed features of the reduction–
oxidation kinetics during thermogravimetric analysis of nom-
inally undoped CeO2 ceramics are summarized. Before one
tries to rationalise these observed features one needs a correct
ad hoc hypothesis concerning the kinetics regime (surface
controlled kinetics, mixed kinetics, diffusion controlled kinetics,
as shown in Fig. 1). The most important parameter to estimate
quantitatively the correct kinetics regime is the dimensionless
regime parameter, L = x�K̃/D̃, where x is half the thickness of a
plane sheet or the radius of a sphere, respectively. The problem
is, however, that both chemical coefficients (K̃,D̃) are often not
available in the literature so that one must consider measured
tracer coefficients (K*,D*) together with the thermodynamic
factor (if available). As discussed in Section 4.1. measured tracer
coefficients of nominally undoped and Gd doped CeO2 sug-
gested the hypothesis that the observed reduction–oxidation
kinetics during the performed thermogravimetric analysis is
surface controlled for dense polycrystalline samples of 1 mm
thickness and 20 mm grain size–especially, if one takes into account
that chemical oxygen diffusion coefficients are generally observed
to be much larger than oxygen tracer diffusion coefficients.11
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Further, the effective oxygen diffusivity can be significantly
enhanced due to grain boundary transport.

In Section 4.2 we postulated a surface controlled kinetics
regime during the performed thermogravimetric analysis
(see Fig. 7) of the sintered nominally undoped CeO2 pellet
(see Table 1). This ad hoc hypothesis allowed us to evaluate
chemical oxygen surface exchange coefficients, K̃, as compiled
in Table 2, from the observed isothermal reduction kinetics.
The chemical oxygen surface exchange coefficients empirically
obey a relation expressed by eqn (25). Considering chemical
oxygen diffusion coefficients, D̃, from the literature (see Table 2)
our ad hoc hypothesis is supported because the computed
regime parameters, L, indicates a surface exchange regime. This
finding is an important design criterion for an efficient micro-
structure of the ceria inventory of a solar-thermal splitting
reactor.

The observed negative apparent activation energy, DEK̃
a =

�64 kJ mol�1, of the chemical oxygen surface exchange coeffi-
cient, K̃, is in the range of apparent activation energies of the
oxygen tracer surface exchange coefficient, K*, for different
perovskite oxides.13 Considering reported formation energies
of oxygen vacancies in nominally undoped CeO2,3,30 one can
conclude that the apparent activation energy becomes approxi-
mately zero if the formation energy of oxygen vacancies
becomes negligible as, e.g., in Gd doped CeO2. Armstrong
et al.6 reported an in fact negligible value for the apparent

activation energy DEK�
a ¼ 3 kJmol�1

� �
for the oxygen tracer

surface exchange coefficient, K*, of GDC.

Appendix A

If cot b1 is expressed as an infinite series32

1� L ¼ b1 cot b1 ¼ 1� b1
2

3
� b1

4

45
� . . . if b1j jop (A1)

one can conclude

L ¼ b1
2

3
if b1 ! 0 (A2)

Combining equations (A2) and (4) one gets eqn (6). Analo-
gously, one can express tanb1 as an infinite series32

L ¼ b1 tanb1 ¼ b1
2 þ b1

4

3
þ . . . if b1j jo

p
2

(A3)

so that one has

L = b1
2 if b1 - 0 (A4)

Combining equations (A4) and (9) one gets eqn (11).
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