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Force spectroscopy of polymer desorption: theory
and molecular dynamics simulations

Jarostaw Paturej,®® Johan L. A. Dubbeldam,® Vakhtang G. Rostiashvili,
Andrey Milchev®® and Thomas A. Vilgis®

Forced detachment of a single polymer chain, strongly adsorbed on a solid substrate, is investigated by two
complementary methods: a coarse-grained analytical dynamical model, based on the Onsager stochastic
equation, and Molecular Dynamics (MD) simulations with a Langevin thermostat. The suggested approach
makes it possible to go beyond the limitations of the conventional Bell-Evans model. We observe a series of
characteristic force spikes when the pulling force is measured against the cantilever displacement during
detachment at constant velocity v, (displacement control mode) and find that the average magnitude of
this force increases as v, increases. The probability distributions of the pulling force and the end-
monomer distance from the surface at the moment of the final detachment are investigated for different
adsorption energies ¢ and pulling velocities v.. Our extensive MD simulations validate and support the
main theoretical findings. Moreover, the simulations reveal a novel behavior: for a strong-friction and
massive cantilever the force spike pattern is smeared out at large v.. As a challenging task for
experimental bio-polymer sequencing in future we suggest the fabrication of a stiff, super-light,

www.rsc.org/softmatter nanometer-sized AFM probe.

1 Introduction

In recent years single-molecule pulling techniques based on the
use of laser optical tweezers (LOTs) or an atomic force micro-
scope (AFM) have gained prominence as a versatile tool in the
studies of non-covalent bonds and self-associating bio-molec-
ular systems.' The latter could be exemplified by the base-pair
binding in DNA as well as by ligand-receptor interactions in
proteins and has been studied recently by means of Brownian
dynamic simulations and the master equation approach.'>*
The LOT and AFM methods are commonly used to manipulate
and exert mechanical forces on individual molecules. In LOT
experiments, a micron-sized polystyrene or silica bead is trap-
ped in the focus of the laser beam by exerting forces in the range
0.1-100 pN. Typically, AFM (which covers the force interval in
the 20 pN-10 nN range) is ideal for investigation of relatively
strong inter- or intramolecular interactions which are involved
in pulling experiments in biopolymers such as polysaccharides,
proteins and nucleic acids. On the other hand, due to the
relatively small signal-to-noise ratio, the AFM experiments have
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limitations with regard to the mechanochemistry of weak
interactions in the lower piconewton regime.

The method of dynamic force spectroscopy (DFS) is used to
probe the force-extension relationship, rupture force distribu-
tion, and the force vs. loading rate dependence for single-
molecule bonds or for more complicated multiply bonded
attachments. Historically, the first theoretical interpretation of
DFS has been suggested in the context of single cell adhesion by
Bell” and developed by Evans.*** The consideration has been
based on the semi-phenomenological Arrhenius relationship
which describes surface detachment under time-dependent
pulling force, f = nt, with r; being the loading rate. It was also
assumed that the effective activation energy, E,(f), may be
approximated by a linear function of the force, i.e., Ey( f) = t(,o) —
xpf- Here xg is the distance between the bonded state and the
transition state where the activation barrier is located. The
resulting Bell-Evans (BE) equation then gives the mean
detachment force as a function of temperature T and loading
rate r, Le., f = kB—T ln( il

X kg Tk
in the absence of applied pulling force.

As one can see from this BE equation, the simple sur-
mounting of the BE-activation barrier results in a linear
dependence of the detachment force on the logarithm of the
loading rate, provided one uses the applied force as a governing

), where «, is the desorption rate

parameter in the detachment process (i.e., working in an iso-
tensional ensemble when fis controlled and the distance D from
the substrate to the clamped end-monomer of the polymer
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chain fluctuates). For multiply bonded attachments the inter-
pretation problem based on this equation becomes more
complicated since a non-linear f~In r, relationship is observed.*®
In this case chain detachment involves passage over a cascade of
activation barriers. For example, Merkel et al.'® suggested that the
net rate of detachments can be approximated by a reciprocal sum
of characteristic times, corresponding to jumps over the single
barriers. In particular, regarding the detachment of biotin-
streptavidin single bonds, it was suggested that two consecutive
barriers might be responsible for the desorption process.

A simple example of multiply bonded bio-assembly is pre-
sented by a singe-stranded DNA (ssDNA) macromolecule,
strongly adsorbed on the graphite substrate. The force-induced
desorption (or peeling) of this biopolymer has been studied
analytically and by means of Brownian dynamics (BD) simula-
tions by Jagota et al.'’?° In ref. 17 the equilibrium statistical
thermodynamics of ssDNA force-induced desorption under
force control (FC) and displacement control (DC) have been
investigated. In the latter case one works in an isometric
ensemble where D is controlled and f fluctuates. It has been
demonstrated that the force response under DC exhibits a series
of spikes which carry information about the underlying base
sequence of ssDNA. The Brownian dynamics (BD) simulations*®
confirmed the existence of such force spikes in the force-
displacement curves under DC.

The nonequilibrium theory of forced desorption has been
developed by Kreuzer et al*> on the basis of the master
equation approach for the cases of constant velocity and force-
ramp modes in an AFM experiment. The authors assumed that
the detachment of individual monomers represents a fast
process as compared to the removal of all monomers. This
justifies a two-state model where all monomers either remain
on the substrate or leave it abruptly. The corresponding tran-
sition rates (which constitute a necessary input in the master
equation approach) must satisfy a detailed balance. As a result
of the master equation solution, the authors obtained a prob-
ability distribution of detachment heights (ie., distances
between the cantilever tip and the substrate) as well as an
average detachment height as a function of the pulling velocity.

Irrespective of all these efforts, a detailed theoretical inter-
pretation of the dynamic force spectroscopy experiments is still
missing. For example, in terms of Kramers reaction-rate
theory** the Arrhenius-like BE model holds only when the
effective activation energy Ep( f) >> kgT. On the other hand, it is
clear that for large forces (which we experience in AFM), the case
when Ey( f) = kgT occurs fairly often. In this common case the
general approach, based on the BE-model, becomes question-
able. Besides, it can be shown,* that the activation energy vs.
force dependence, Ey( f), is itself a nonlinear function, so that
the conventional BE-model, based on the linear approximation,
Ep(f) = EY) — x; f, should be limited to small forces. Moreover,
the Arrhenius-like relationship for the detachment rate, which
was used in the BE-model, is a consequence of a saddle-point
approximation for the stationary solution of the Fokker-Planck
equation.” This contradicts the typical loading regimes, used in
experiments, where the applied force or distance grows linearly
with time.
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The present paper is devoted to the theoretical investigation
of a single molecule desorption dynamics and aimed at inter-
pretation of AFM- or LOT-based dynamic force spectroscopy in
the DC constant-velocity mode. The organization of the paper is
as follows: in Section 2 we give the equilibrium theory of
detachment for the case of strong polymer adsorption. The
mean force (measured at the cantilever tip) versus displacement
diagram is discussed in detail. In particular, the characteristic
force “spikes” structure (which was first discussed in ref. 17
and 18) can be clearly seen. In Section 3 we give a dynamical
version of the detachment process. Our approach rests on
construction of general free energy functions, depending on
coarse-grained variables, which govern the non-linear response
and structural bonding changes in the presence of external
forces. The corresponding free-energy-based stochastic equa-
tions (known as Onsager equations®) are derived and solved
numerically. This solution makes it possible to provide not only
force-displacement diagrams and the ensuing dependence on
the cantilever displacement velocity v. but also the detachment
force probability distribution function (PDF). In Section 4 the
main theoretical results are then checked against extensive
Molecular Dynamics (MD) simulations. A brief discussion of
results is offered in Section 5.

2 Equilibrium theory in the strong
adsorption case

Recently we suggested a theory of the force-induced polymer
desorption (for relatively weak adsorption energy) in the iso-
tensional®”*® and isometric*® equilibrium ensembles supported
by extensive Monte Carlo (MC) simulations. In the former case,
the fraction of adsorbed monomers changes abruptly
(undergoes a jump) when one varies the adsorption energy or
the external pulling force. In the second case, the order
parameter varies steadily upon changing the height of the AFM-
tip, even though the phase transition is still of first order. The
total phase diagram in terms of adsorption energy-pulling force
or adsorption energy-end-monomer height has been discussed
theoretically and in terms of MC simulations.

On the other hand, the AFM experiments deal with relatively
strong forces (20 pN-10 nN (ref. 1)) so that in the case of a single
molecule desorption experiment only a really strong adsorption
energy is essential. This limit has been discussed in the recent
papers by Jagota et al.*’?° and Kreuzer et al.>*** Here we
consider this problem in a slightly more general form. In doing
so we distinguish between two different models: with friction-
less- and strong-friction substrates, as indicated in Fig. 1.

2.1 Frictionless substrate

This case has been considered in ref. 17, 18 and 21-23 and is
based on the assumption that the force resisting sliding is
sufficiently small, i.e., the cantilever tip and the contact point ¢
are both placed along the same z-axis (see Fig. 1 (left panel)).
The total partition function for a fixed cantilever distance D, i.e.,
Eot(D), is a product of partition functions of the adsorbed part,
E,as(n), of the desorbed portion (a stretched polymer portion),

This journal is © The Royal Society of Chemistry 2014
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Fig. 1 Principal scheme of a single molecule forced desorption experiment based on the AFM: (left panel) There is no friction between the

adsorbed portion and substrate. (right panel) Strong friction case.

Zpol(1, R), and of the cantilever itself, Z.,n(D — R), where n is the
number of desorbed polymer segments, and R denotes the
distance between the clamped end of this desorbed portion and
the substrate. As a result,

N bn
Ew(D) =Y Baas(n) L dRZ1(n, R)O(D — R)Ecn(D — R), (1)
where the integration interval, 0 <R < bn, and the step-function,
6(D — R), imply that restrictions, R < bn and R < D, should be
applied simultaneously. In this representation D is the control
variable (which is monitored by the corresponding AFM oper-
ating mode) whereas n and R are coarse-grained dynamic vari-
ables which should be integrated (in our case, an integral over
R, and summation over n) out. Moreover, if we introduce the
function

bn for bn<D

min(bn, D) = { D for D<bn’ @)

then eqn (1) can be rewritten as

[x]

N min(bn,D)
w(D) =Y Eusl(n) J dRZp1 (1, R)Eein(D — R)  (3)

n=0 0

In the strong adsorption regime, =,45(n) attains a simple
form

Eads(”) = exp[e(N - n)]’ (4)

where ¢ is the dimensionless adsorption energy (i.e. energy per
kgT). The cantilever manifests itself as a harmonic spring with a
spring constant k., i.e., the corresponding partition function
reads

ke
Ecan(D - R) =exXp| —

gD~ R )

Finally, we derive the partition function of the desorbed part
of the polymer as a function of the dynamic variables n and R,
based on the Freely Jointed Bond Vector (FJBV) model.>***' The
corresponding calculations using the Legendre transformation
are relegated to Appendix A. Thus, the polymer partition func-
tion takes the form

Epoi(n, R) = exp[ng(f)], (6)

where %(x) = In[sinh(x)/x] + 1 — x coth(x). In eqn (6) the

dimensionless force f def bf /ksT should be expressed in terms

This journal is © The Royal Society of Chemistry 2014

of R/bn as follows: f = %~ '(R/bn), where % '(x) denotes the
inverse of the Langevin function #(x) = coth(x) — 1/x.

By making use of eqn (4)-(6), the total partition function
given by eqn (1) reads

min(nb,D)

%@—ﬁj

) dR exple(N — n)]exp [”(g(f)}

kc 2
g0 R )

xexp{—

The corresponding effective free energy function in terms of
n and R reads

F(n, R) = —koTe(N —n) — kaTn%(f) +%<D ~ R’ (8)

In the limit of a very stiff cantilever, k.b*/kgT > 1, the
cantilever partition function approaches a ¢-function:*

(D — R)*| - (2mcks T /ke)/*6(D — R),

)

ke
Ean(D — R) = -
(D-R) w[%ﬂ

and eqn (7) takes the form

[x]

wot(D) = Zexp[e(N —n)lexp [nie(f)]ﬁ(nb - D), (10)

where f = % '(D/bn) and the step-function §(bn — D) ensures
that the condition bn > D holds. It is this very stiff cantilever
limit that was considered in ref. 17 and 18.

For the isometric ensemble, ie., in the D-ensemble, the
average force (f;), measured by the AFM experiment, is given by

ke

(f)=— kBT% In Z,(D) = Z.D) ; exple(N — n)]

(DiR)z ’

min(bn,D) ~ kc
x J dR(D — R) exp[n%(f)] exp{fzk
0 B

(11)

where E,(D) is given by eqn (7).

The numerical results, which follow from eqn (11), are
shown in Fig. 2. One can immediately see the “sawtooth”-, or
force-spikes structure in the force-displacement diagram as it
was also found by Jagota et al'” in the limit of a very stiff
cantilever. Physically, spikes correspond to the reversible tran-
sitions n 2 n + 1, during which the release of the polymer
stretching energy is balanced by the adsorption energy. The

Soft Matter, 2014, 10, 2785-2799 | 2787
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Fig.2 The equilibrium force—displacement diagrams calculated according to eqn (11). The sawtooth structure becomes more pronounced with

increasing adsorption energy ¢ and spring constant k.

corresponding thermodynamic condition reads #(n,R) = Z(n +
1, R). This condition also leads to the spike amplitude law fmp
o exp(e/n)," i.e. the spike amplitude gradually decreases in the
process of chain detachment (i.e., with growing n - ¢f. Fig. 2).

This structure is more pronounced at larger adsorption
energy ¢ and cantilever spring constant k.. Thus, while the force
oscillates, its mean value remains nearly constant in a broad
interval of distances D, exhibiting a kind of plateau. Comple-
mentary information (for fixed k. at different values of ¢) is given
in Fig. 3. One can verify that the plateau height is mainly
determined by ¢ whereas the spike amplitude is dictated by the
cantilever spring constant k..

It should be noted that similar spikes have been indeed
observed in experiments on single-molecule stretching of
proteins due to unfolding of the multidomain biopolymer
structure.”* As far as the size of each such domain is much
larger than that of a single segment, resolving this “sawtooth”
behavior is significantly easier than in the present case of
monomer peeling.

2.2 Strong polymer-substrate friction

In this limit one has to take into account the specific geometry
of an AFM experiment, shown in Fig. 1 (right panel). For
simplicity, an infinite friction of the polymer at the surface is
assumed. The adsorbed polymer portion may be considered as
a two-dimensional self-avoiding chain comprising N — n
segments. The last contact point (marked as ¢ in Fig. 1) can

30

=10, e-16 '
[ |— =10, (a)
23] | — kc=10.e=10 i
| |— k=10,=5
20 .
Qosk
5 15
10F -
5_ ~
0 L 1 L 1 L 1 L 1 L
0 5 10 15 20 25

D
Fig. 3
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move due to adsorption or desorption elementary events. In
ref. 32 this was classified as the sticky case. In Fig. 1, D is the
distance from the cantilever base to the substrate, R, is the
height of the cantilever tip above the substrate, and R is
the distance between the cantilever tip and the contact point c.
Eventually, R, is the lateral distance between the cantilever
base and the contact point c. One may assume that initially the
desorbed portion of n segments has occupied a distance of R,

Fads+ N €

Fig. 4 Adsorption—desorption potential profiles for two different
strengths ¢ = 5 and ¢ = 10 of surface attraction. The integer n-values
correspond to minima whereas at half-integer n-values the potential
has local maxima. The dashed lines denote the corresponding contact

potential Foqs = —e(N — n) which has been used in Section 2.
40 T T T T T T v
(b) — k=40, e=5
— k=40,e=10
il k.=40,e=16| |
Qoo i
320

o 5 10 15 20 25

The equilibrium force—displacement diagrams calculated according to egn (11). The same as in Fig. 2 but for fixed k. and different e.
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which, due to self-avoiding 2D-configurations of an adsorbed
chain, equals R,> = b°n* (where v = 3/4). Therefore, in fact we
assume that a concrete realization of adsorbed chain confor-
mation is at best represented by the most probable one.

The specific geometry of the AFM experiment in the case of
strong polymer-substrate friction (shown in Fig. 1) brings about
changes only in the cantilever partition function, i.e., instead of
eqn (5), one has

= _ kc 2
‘—'can(Dv R) = exXp |: — W(D — RZ) :|

k~ 2
= e _ VR _p2p
exp{ T (D R —b’n ) ] (12)

As a result, the total partition function in this case is given by

[

(D) = 3" exple(N )]

n=0

x r” dR exp[n%(f)]exp {f L(D — VR — b2n2"> 2}
o Ve T
(13)

where again the variable f should be excluded in favor of R/bn by
means of the relationship f = % '(R/bn). In eqn (13) the
following constraints

X 0<D - VR — b2n2”>

bn” < R < bn,

R — b <D, (14)

have been taken into account.
The corresponding free energy functional in terms of
dynamical variables n and R has the following form

F(n,R) = —kpTe(N —n) — kBTnifi(f) +%(D - VR — b2n2”>2.
(15)

The average force, which is measured in AFM experiments, is
given by

N bn
(o) = EthD) 2 J ar(D -

n=0 Jbn"
x exp{s(N—n)—i—n‘g(f) __k <D_

2k T
x 6<D - \/m>.

R2 — b2n2v)

R2 — b2n2u> 2:|

(16)

3 Dynamics of desorption

In our recent paper* we have studied a single polymer force-
induced desorption kinetics by making use of the notion of
tensile blobs as well as by means of Monte Carlo and molec-
ular dynamics simulations. It was clearly demonstrated that
the total desorption time (t4) scales with polymer length N as
(ta) = N

In order to treat a realistic AFM experiment in which the
cantilever-substrate distance changes with constant velocity
Ve, Le, D(t) = Dy + v.t, one has to consider the AFM tip

This journal is © The Royal Society of Chemistry 2014
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dynamics. With this in mind, we will develop a coarse-
grained stochastic model based on the free-energy functional
eqn (8). Before proceeding any further, we need to define the
adsorption-desorption potential profile F,q5(n). This plays
the role of the potential of mean force (PMF) which depends
on n.

3.1 Stochastic model

In the Helmholtz free-energy functional #(n, R), given by eqn (8)
and (15), the free energy of the adsorbed portion is given by a
simple contact potential, Foqs = —kgTe(N — n), where n is an
integer number in the range 0 = n = N. Considering desorption
dynamics (see below), we will treat n as a continuous variable
with a corresponding adsorption-desorption energy profile
satisfying the following conditions:

1. For integer n-values the energy profile has minima
whereby we use the contact potential F,qs(n) = —kpgTe(N — n).

2. For half-integer values of n the adsorption potential goes
over maxima.

3. The activation barrier for monomer desorption, AE" =
Fas(nm + 1/2) — Faas(n), and the corresponding adsorption
activation barrier, AE~ = Fags(n + 1/2) — Fuas(n + 1), are
proportional to the adsorption strength ¢ of the substrate
whereby AE" > AE™.

4. The adsorption-desorption energy profile satisfies the
boundary conditions: F,45(0) = —kgTeN (a fully adsorbed chain)
and F,q5(N) = 0 (an entirely detached chain).

One can show (see Appendix B for more details) that the
following energy profile, given as (¢f. Fig. 4)

Faas(n) = Te{l + cos[(2n + )] + n} — kgTeN,

(17)

meets the conditions (1)-(4).
The total Helmholtz free energy for the frictionless substrate
model is given by
F(n,R) =kpTe{l + cos[(2n + 1)m] + n}

— kg TeN — kg Tns(f) + % (D-R)’,  (18)

whereas for the strong polymer-substrate friction model we
have

F(n,R) = kgTe{l + cos[(2n + 1)w] + n} — kyTeN — kyTns(f)
2
+%<D ~ VR b))

(19)

These Helmholtz free energy functions govern the dissipa-
tive process, which is described by the stochastic (Langevin)
differential equations

O L g R )

ot on (20)
IR 9

i —AR OR F(n, R) +Ex(2)

where 2, and A are the Onsager coefficients. The random forces
£,(t) and £g(t) describe Gaussian noise with means and corre-
lators given by

Soft Matter, 2014, 10, 2785-2799 | 2789
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(:(2)) = (Er(1)) =
(6:(1)€,(0)) = 24 kBTé( )

) (21)
(Er()ER(0)) = 2ArkpTo(2)

Eqn (20) are usually referred to as the Onsager equations.?®

The set of stochastic differential equations, eqn (20), can be
treated by a time integration scheme. Each realization (I) of the
solution provides a time evolution of n¥(¢) and RY(?). In order to
obtain mean values of the observables, these trajectories should
be averaged over many independent runs [ = 1, 2, [, .#. For
example, in order to obtain the average force, eqn (16), one

should average over the runs
ViRo@F - #o o)

(22)

kc N
Gy =13 (oo -

3.2 Thermodynamic forces

The thermodynamic forces which arise in eqn (20),
def 6J(H,R) def aﬂ](n,R)
= on and fe= oR
explicitly for both frictionless and strong friction substrate
models (see Appendix C). In the first case the force f,, reads

fo=—kpTe{l — 2w sin[2n+ )7 }}—i—kBTR—f-i-kBT@( f)- (23)

Le.,

, could be calculated

For the strong friction case, eqn (19) leads to a more
complicated expression for the thermodynamic force:

Jfo = —kgTe{l — 27 sin[(2n + 1)7]} +kBT%+kBT€9(f)

+ vbzkc( (24)

D
—_——1).
VR _ by )

The force f for the frictionless substrate model is given by
(see Appendix C for more details):

ksTf

fe=—"2

+ k(D —R). (25)

For the model, given by eqn (19), the corresponding force
reads

kTS
fR__ b

+ ch( (26)

D
)

Finally, the variable f should be expressed in terms of R/bn
by making use of the relationship f = %~ '(R/bn), where #*(x)
is the inverse Langevin function. A very good approximation for
the inverse Langevin function, published in ref. 34, is given by

F= 2\ (Rjbn)= 2 ﬁ

%1 R\?2
()

3.3 Quasistationary approximation

(27)

It could be shown that for a strongly stretched desorbed portion
of the polymer chain, the R variable rapidly relaxes to its quasi-
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stationary value (see Appendix D). In other words, R can quickly
adjust to the slow evolution of n (governed by the Kramers
process). In this quasi-stationary approximation f; = 0, and
from eqn (25) one has k(D — R) = kyTf/b, so that the following
nonlinear equation for R emerges

kT (R
k.[D(t) — R] = b & > (28)
This could be represented as
ar R keb[D(t) — R]\
G(n,R; 1) o f( ko =0, (29)

i.e., the height R is instantaneously coupled to the number of
desorbed beads, n. Inserting eqn (27) into eqn (28), one obtains

det keb[D(2) —

2
3 (R
R _(R\|__\bn) | _,
kBT bn | R 20
()
The Onsager equation for the slow variable n is given as

an
an

P(n,R;1) = (30)

= Afn(n, R) 4+ £,(2)
= —kpTe{l — 27 sin[(2n + 1)w]} + ks T Rf+kB "’(fi)]

+E,(1)
(31)
where f is determined by eqn (27).
Eventually, we get a system of so-called semi-explicit differ-
ential-algebraic equations (DAE)*

on
57 = Mla(n, R) +8,(0) (32)
0=G(n,R;1)

In this particular form of DAE one can distinguish between
the differential variable n(¢) and the algebraic variable R(¢). Eqn
(32) can be solved numerically by making use of an appropriate
Runge-Kutta (RK) algorithm, as shown in Appendix E.

3.4 Results

We have solved numerically our stochastic model, given by eqn
(31) and (29), for the case of the frictionless substrate. To this
end we used the second order Runge-Kutta (RK) algorithm for
stochastic differential-algebraic equations (see Appendix E for
more details). The advantage of the stochastic differential
equation approach as compared to the master equation
method* is that the former one gives a more detailed (not
averaged) dynamic information corresponding to each indi-
vidual force-displacement trajectory (as is often in an experi-
ment). The result of averaging over 300 runs is shown in Fig. 5
(left).

Fig. 5 (right panel) shows the resulting force-displacement
diagram for ¢ = 5 and different detachment velocities. It is
worth noting that the “sawtooth” pattern can be seen for all
investigated detachment velocities ranging between v, =

This journal is © The Royal Society of Chemistry 2014
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(left panel) The effect of averaging over many desorption events. The blue line shows a single run, whereas the red line demonstrates the

result of averaging over 300 runs. The detachment velocity v, = 100, the cantilever spring k. = 100, adsorption energy ¢ = 5, and the Onsager
coefficient A = 0.1. (right panel) The dynamic force—displacement diagram for ¢ = 5 and different detachment velocities v, (see legend).

5 x 10~* and v. = 10 For larger velocities the plateau height
of the force increases substantially. In other words, the mean
detachment force increases as the AFM-tip velocity increases
and the bond stretching between successive monomers
becomes stronger.

We have also studied the detachment force behavior as well
as the cantilever tip distance from the substrate at the moment
of a full detachment (ie. when n = N), by repeating the
detachment procedure 10* times and plotting the probability
distribution functions (PDF) for different adsorption energies ¢
and detachment velocities v, - Fig. 6. As one can see from Fig. 6a
and b, both the average and the dispersion of detachment force
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grow with v. which agrees with findings for reversible (i.e., when
a broken bond can rebind) bond-breaking dynamics.*® In
contrast, the mean cantilever tip distance R variance decreases
and its average value increases with growing v. (¢f Fig. 6¢
and d).

The average detachment force dependence on cantilever
velocity v. is a widely covered subject in the literature in the
context of biopolymer unfolding®-** or forced separation of two
adhesive surfaces.*****! Fig. 7a, which shows the results of our
calculations, shows the characteristic features discussed also in
ref. 40. One observes a well expressed crossover from a shallow-
slope for relatively small detachment rates to a steep-slope
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Fig. 6 The normalized PDF for detachment forces at e = 5 (a), and ¢ = 8 (b), as well as for different detachment velocities v. (shown in the
legends). The PDFs for the detachment distance R of the cantilever tip at e = 5 (c) and ¢ = 8 (d).
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Fig. 7 The average detachment force (a), and cantilever tip distance (b), vs. detachment velocity v, for two different adsorption energies ¢ =5
and ¢ = 8. In addition, the distance R is plotted in (b) for two different temperatures, T=1.0 and T = 0.1, both at the same adsorption strength e =
5.0. Evidently, with growing T the elasticity of the coil decreases, the coil itself becomes stiffer and therefore detaches from the substrate at lower
height R. This entropic effect is well expressed at sufficiently low pulling velocity only.

region as the detachment speed increases. One remarkable
feature is that this crossover practically does not depend on the
adsorption energy ¢: the curve is merely shifted upwards upon
increasing e. Therefore, the crossover is not related to a
competition between the Kramers rate and the cantilever
velocity but rather accounts for the highly nonlinear chain
stretching as the velocity v. increases. The corresponding
detachment distance of the cantilever tip R (detachment
height), Fig. 7b, reveals a specific sigmoidal shape in agreement
with the results based on the master equation.” At low veloci-
ties of pulling, v., when the chain still largely succeeds in
relaxing back to equilibrium during detachment, an interesting
entropy effect is manifested in Fig. 7b: the (effectively) stiffer
coil at T = 1.0 leaves the substrate at lower values of R than
in the case of the colder system, T = 0.1. As the pulling
velocity increases, however, this entropic effect vanishes and
the departure from the substrate is largely governed by the
stretching of the bonds rather than of the coil itself whereby the
difference in behavior between T'= 1.0 and T = 0.1 disappears.
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Fig. 8 The average detachment (peeling) time t4et versus detachment
velocity v, for two different adsorption energies ¢ = 10 and ¢ = 16. The
inversely proportional dependence, tget ~ 1/v., agrees well with
previous theoretical findings.**
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Eventually, as can be seen from Fig. 8, the total detachment
(peel) time t4e¢ vs. velocity v. relationship has a well-defined
power-law behavior, T4 ~ 1/v.”, with the power « = 1, in line
with previous theoretical findings.**

4 MD simulations
4.1 The model

In our MD simulations we use a coarse-grained model of a
polymer chain of N beads connected by finitely extendable
elastic bonds. The bonded interactions in the chain are
described by the frequently used Kremer-Grest potential, V<(r)
= V*ENE(7) + YWOA(r). The FENE (finitely extensible nonlinear
elastic) potential is given by

N\ 2
preve _ Ly 11{1 - (L) ]
2 )

with k = 30¢/6” and r, = 1.50.

In order to allow properly for excluded volume interactions
between bonded monomers, the repulsion term is taken as the
Weeks-Chandler-Anderson (WCA) potential (i.e., the shifted
and truncated repulsive branch of the Lennard-Jones potential)
given by

(33)

VWCAG) = 4er4[(alr)'? = (alr)® + 1/41002Y%6 — 1) (34)
with 6(x) = 0 or 1 for x <0, or x = 0, and ¢; = 1, 0 = 1. The
overall potential V¥%(r) has a minimum at bond length rpenq =
0.96. The nonbonded interaction between monomers are taken
into account by means of the WCA potential, eqn (34). Thus, the
interactions in our model correspond to good solvent
conditions.

The substrate in the present investigation is considered
simply as a structureless adsorbing plane, with a Lennard-Jones
potential acting with strength ¢ in the perpendicular z-direc-
tion, VM(z) = 4e,[(d/2)"*> — (d/2)°]. In our simulations we consider
as a rule the case of strong adsorption ¢s/kgT = 5-20, where kgT
is a temperature of the Langevin thermal bath described below.

This journal is © The Royal Society of Chemistry 2014
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The dynamics of the chain is obtained by solving the Lan-
gevin equations of motion for the position r, = [x,, Y, 2,,] of
each bead in the chain,

mi, = B/ + F,Y — vi, + R,(1) (1, ..., N) (35)
which describes the Brownian motion of a set of bonded
particles.

The influence of solvent is split into slowly evolving viscous
force and rapidly fluctuating stochastic force. The random
Gaussian force R, is related to friction coefficient y = 0.25 7~ *
by the fluctuation-dissipation theorem. The integration step is
7= 0.005 and time is measured in units of |/ma?/ey;, where m
denotes the mass of the polymer beads, m = 1. In all our
simulations the velocity-Verlet algorithm was used to integrate
equations of motion (35).

The molecule is pulled by a cantilever at constant velocity V
=[0, 0, v.]. The cantilever is imitated by two beads connected by
a harmonic spring and attached to one of the ends of the
chain.}

The mass of beads m., forming the cantilever, was set either
to m. = 1 or to 25. The equilibrium size of this harmonic spring
was set to 0 and the spring constant was varied in the range k. =
50-400¢r;/0>. The hydrodynamic radius a of beads composing
the cantilever was varied by changing the friction coefficient v,
= 0.25-25 7, taking into account the Stokes' law, y. = 67na,
where 7 is the solvent viscosity.

Taking the value of the thermal energy kg7 = 4.11 x 107>
at kgT = 300 K, the typical Kuhn length of ¢ = 1 nm and the
mass of the coarse-grained monomer as m =~ 10~ >> kg sets the
unit of time in our simulations which is given in 10™"* s = 1 ps.
The velocities used in simulations are in units of 10™* + 107"
nmps ' = 10" = 10> m s~ . Spring constants of our cantilever
in real units are: k. = 50 <+ 400 kg7 nm > =0.2 ~ 1.6 Nm .

Two typical snapshots of a polymer chain during slow
detachment from an adsorbing substrate with different
strengths of adsorption, s = 2.5 and ¢; = 20 are shown in Fig. 9.
Evidently, the chain is much more stretched for the strongly
attractive substrate where all adsorbed monomers stick firmly
to the surface.

4.2 MD results

As we have already seen in Section 3.4, the averaging of the force
profile over many runs reveals the inherent sawtooth-structure
of the force vs. distance dependence (see Fig. 5), which is
otherwise overshaded by thermal noise. Our MD simulation
results, depicted in Fig. 10, show the same tendency against the
noisy background of a single detachment event. Therefore, for
better clarity and physical insight, all our graphic results that
are given below result from such an averaging procedure.

Fig. 11a shows how adsorption energy ¢ affects the force fvs.
distance D relationship. Apparently, with increasing ¢, the mean

+ This setup is different from the one used by S. Iliafar et al.* In their study a
harmonic spring was connected to a “big” monomer (with large friction
coefficient) on one side, and to a mobile wall on the other side. In our case the
harmonic spring spans two beads.

This journal is © The Royal Society of Chemistry 2014
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Fig. 9 Snapshots of a polymer chain with N = 50 monomers during
detachment from a substrate at ¢ = 2.5 (left) and ¢s = 20 (right). Here v,
= 0.0001. The interaction range of the adsorption potential is shaded
(transparent) green. The cantilever tip is shown schematically in blue.
One may clearly see that the polymer chain is more relaxed (less
stretched) at ¢s = 2.5, and the adsorbed monomers do not stick tightly
to the surface but partially exit the range of surface adsorption.

force (plateau height) is found to increase in agreement with
our equilibrium theory results, given in Fig. 3. As suggested by
our recent theory,”* the plateau height goes up as f}, es'?, or
as f, « &, for relatively small or large ¢, values, respectively. The
amplitude of spikes increases with growing &4 too, in line with
the equilibrium findings (see Fig. 3). Moreover, as found by
Jagota et al,” the amplitude of spikes follows an exponential
law, famp o« exp(es/n), where 7 is the number of desorbed poly-
mer segments. On the other hand, the comparison of Fig. 11b
and 2 suggests that the stiffness of the cantilever spring
constant k. affects mainly the spike amplitude especially at
large &.

Eventually, we demonstrate the impact of the cantilever
velocity, v., as well as of its mass, m,, and friction coefficient, .,
on the force-distance profile. Apparently, these parameters
affect to different extents the observed force-distance relation-
ship. Similar to the results, obtained for our coarse-grained

Fig. 10 Comparison of averaged force measured at the cantilever vs.
single realization of the desorption experiment. Force f at the canti-
lever was calculated by monitoring extensions Az. of a harmonic
spring, i.e. f = kcAze. Here N = 20, ke = 50¢,5/6%, ve = 10~* ¢/t and &/
kgT =20. mc=1and y. = 0.25.

Soft Matter, 2014, 10, 2785-2799 | 2793
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Fig. 11 Time-averaged force (f) at the cantilever as a function of a distance from the substrate D during chain detachment. Here N = 20, v, =
10~ ¢/1, mc = 1 and v. = 0.25. Presented results are for different adsorption strengths ¢, as indicated in the legend, and k. = 50¢.5/62 (a).
Figure (b) presents results for e, = 20 and different spring constants k.. Each curve originates from 10° independent simulations.

model in Section 2, in the MD simulation data the plateau
height increases less than twice upon the velocity increase of
three orders of magnitude (see Fig. 12). Only for a very massive
(m. = 25) and strong friction (y. = 25), cantilever, the plateau
height increases significantly and gains a slight positive slope
(see Fig. 12d) whereby oscillations vanish. This occurs for the
fastest detachment v, = 0.1¢/7. Evidently, this effect is related to
the combined role of the friction force in the case of rapid
detachment along with the much larger inertial force (m. = 25)

60

— Vv, =0.00071
—v,_=0.001

whereby the substrate-induced oscillations are overshadowed
by the increased effort of pulling. In contrast, neither Fig. 12b
nor Fig. 12¢ indicates any major qualitative changes in the f vs.
D-behavior when medium-friction or mass cantilever alone is
drastically changed.

The PDF of the detachment force and its velocity v. depen-
dence are shown in Fig. 13. Similar to that in Section 2, the
average value and dispersion increase with increasing speed of
pulling and this is weakly sensitive with regard to the

60
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Fig.12 Profiles of averaged force (f) vs. distance above the substrate D displayed for different pulling velocities v.. Here N = 20, k. = 50¢4/0° and
es/kgT=20and @ mc=1 vy =1 (b) mc =1, yc =25, (c) mc = 25, yc = 0.25, and (d) m. = 25, y. = 25.
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adsorption strength of the substrate ¢;. Remarkably, the mean
detachment force (fy) shows a similar nonlinear dependence on
In v (c¢f Fig. 7a). The crossover position does not change prac-
tically as the adhesion strength is varied, and the variation of
the other parameters (m. =1 — 25, y. = 0.25 — 25) towards a
massive and strong-friction cantilever renders this crossover
considerably more pronounced.

The complementary PDF for the detachment height R is
given in Fig. 14a together with the corresponding average (R) vs.
v, relationship. As predicted by our analytical model, ¢f. Section
2, the height of the final detachment of the chain from the
substrate becomes larger for faster peeling v. and stronger
adhesion ¢, which is consistent with the MD data. One can see
again the typical sigmoidal-shape in the (R) vs. v. dependence.

The two panels for different temperatures, shown in Fig. 14b,
indicate a smaller increase in (R) at the higher temperature,
provided the pulling velocity v, is sufficiently small too. This can
be readily understood in terms of entropic (rubber) elasticity of
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polymers and represents a case of delicate interplay between
entropy and energy-dominated behavior. It is well known that a
polymer coil becomes less elastic (i.e., it contracts) upon a
temperature increase, ¢f. the lowest (grey) curve in Fig. 14b, (left
panel) at 7= 1.0, so that R is smaller than in the corresponding
lowest curve for T = 0.1 in the right panel of Fig. 14b. This
occurs at low values of v.. On the other hand, the softer chain (at
T = 0.1) stretches more easily and, therefore, R goes up to =90
for the highest speed v. = 10" instead of R = 85 for T = 1.0, v,
=10"". This entropic effect is well expressed at weak attraction
to the surface, ¢;/kgT = 2.25, which does not induce strong
stretching of the bonds along the chain backbone. In contrast,
at high e,/kgT = 20, the bonds extend so strongly that the chain
turns almost into a string and entropy effects become negli-
gible. The energy cost of stretching then dominates and leads to
higher values of R at the higher temperature (¢f upper most
green symbols in Fig. 14b) since it is now the elasticity of the
bonds between neighboring segments which governs the
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(a) Probability distribution function of a force f4 at the cantilever measured at the moment of detachment (when the last monomer leaves

the substrate). Here N = 20, ke = 50¢e5/0%, es/kgT = 20, mc = 1 and y. = 0.25. (b) Averaged force (fq) plotted versus pulling velocity v in the

semilogaritmic scale. The values of parameters are the same.
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panel contains data for m. = 25 and y. = 25. Solid lines represent results for e;/kg T = 20 while dashed lines represent results for es/kgT = 5. Here N
=20, ke = 50¢,,/0°. (b) Averaged detachment height (R) as a function of pulling velocity v, in the semi-logarithmic scale plotted for different
adsorption strengths as indicated: (left panel) kg7 = 1.0, (right panel) kg7 = 0.1. On both panels symbols plotted with the same color correspond
to the same ratio of e;/kgT while the corresponding values of e and kgT differ. Here N = 100, k. = 50¢.5/0°%, mc = 1 and ve = 0.25.
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physics of detachment. In this case the elastic constant of the
bonds effectively decreases with an increase of T so that the
distance of detachment R in the left panel of Fig. 14b for 7= 1.0
is higher than that for T = 0.1 in the right panel.

5 Discussion

We have demonstrated in this paper that a simple theory, based
on the Onsager stochastic equations, yields an adequate
description of a typical AFM experiment within the displace-
ment-control mode. This approach makes it possible to relax
most of the restrictions inherent in the BE-model. For example,
this approach also holds for small desorption activation
barriers (i.e., for Ey(f) = kgT), and also for nonlinear barrier vs.
force dependence. It naturally takes into account the reversible
desorption-adsorption events®*® which are neglected in the BE-
model. Moreover, it does not rest on the stationary approxi-
mation (which is customary in the standard Kramers rate
calculation®!) and is, therefore, ideally suited for description of
driven force-(FC) or displacement-control (DC) regimes. One of
the principal results in this analytic treatment is the predicted
existence of characteristic spikes, the mean force vs. distance
profile, observed in the DC-regime. These spikes depend on the
adsorption energy &, cantilever spring constant k. as well as on
the cantilever velocity v.. In equilibrium, this has been found
earlier by Jagota and coworkers.'” The PDF of detachment forces
and detachment distances are been thoroughly investigated.
The relevant mean detachment force is found to be a strongly
nonlinear function of v, which is mainly governed by the
nonlinear chain stretching upon increasing v.. The average full
detachment (peeling) time scales «1/v. which is supported by
earlier theoretical findings.**

Some of these predictions were checked by means of MD
simulations and found to be in qualitative agreement with the
results, gained by the analytic method. Most notably, this
applies to properties like the characteristic force oscillation
pattern and the mean force vs. cantilever velocity v. depen-
dence. On the other hand, our MD simulations reveal a very
strong increase in the magnitude of the force plateau for a
strong-friction (y. = 25) and massive (m. = 25) cantilever.
Interestingly, in this case the spike pattern is almost totally
smeared out. This might be the reason why the force spike
pattern is not seen in laboratory detachment experiments. We
recall that in recent Brownian dynamic simulations (which
totally ignore inertial forces),” the friction coefficient of the
cantilever was 70 times larger than the friction coefficient of the
chain segments. It was shown that for this high-friction canti-
lever and large velocity of pulling, the force spike pattern was
significantly attenuated'® so that information on the base
sequence was hardly assessable. Therefore, fabrication of a stiff
and super-light, nanometer-sized AFM probe would be a chal-
lenging task for future developments of biopolymer sequencing.

As an outlook, our coarse-grained Onsager stochastic model
could be generalized to encompass investigations of forced
unfolding of multi-domain, self-associating biopolymers.*” In
doing so one should go beyond the FJBV chain model and take
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into account the stiffness, which is typical for most of the
biopolymers.

APPENDIX

A Legendre transformation

The Gibbs free energy for the FJBV-model (i.e. the free energy in
the isotensional-ensemble) has the following form

Ghol (nf) = —nkgT In {Sir}{lf],

(36)

where f def bf /ksT is the dimensionless force and R = —3Gpi(1,
f)I9f is the corresponding distance.

0Gpo
af
where the so-called Langevin function #(f) = coth(f) — 1/f has
been used. In the isometric-ensemble, the appropriate ther-

modynamic potential is the Helmholtz free energy, Fyoi(1, R),
which is related to Gpo(n, f) by Legendre transformation,

R= nb2(f), (37)

Fpol(na R) = Gpol(ns f) +fRa (38)

where f = dF,(n, R)/0R. Taking the Gibbs free energy, eqn (36),
into account and the relationship eqn (37) for the Helmholtz
free energy, we have

sinh /

Fpoi(n,R) = Gpol(n,f') +fR = —nkyT In +kaTnZ(f)

sinh f

:—nkBT{ln +1 —fcoth(f)}s—nkBng(f),

(39)

where the function 4(x) =
finally leads to eqn (6).

In[sinh(x)/x] + 1 — x coth(x). This

B Adsorption-desorption potential

Here we prove that the adsorption-desorption potential in eqn
(17) meets the conditions (1)-(4) given in Section 3.1. The
minima and maxima of eqn (17) are located in the points
defined by sin[(2s + 1)rt] = 1/27 with s denoting the continuous
index of a monomer. As a result,

1 (1 1
Earcsm(ﬁ)—kk—z for k=1,2,...

| | (40)
o arcsm(ﬂ)—i-n for n=0,1,2,...

In eqn (40) the first term, (1/27) arcsin (1/27) = 0.025, is very
small and could be neglected. Thus, the minima and maxima
are located at the integer and half-integer points respectively
(see Fig. 4).

In order to calculate the activation barriers, we determine
first F,qs(s) at the half-integer points, ie.,

Faas(n + 1/2) = kgTe(n + 5/2) — kpTeN, (41)

This journal is © The Royal Society of Chemistry 2014
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as well as at the integer points

Fogs(n) = kgTen — kgTeN

Faon+ 1) = kyTe(n+ 1) — k TeN. (42)

Therefore, the activation barriers for the detachment, AE",
and adsorption, AE™, are given by

5
AET = Fads(n + 1/2) — Fads(n) = —kBTS
2
3 (43)
AE~ = Fads(fl + 1/2) — Fads(i’l + 1) = EkBTS

ie., AE' > AE". Finally, one may readily see that F,qs(0) =

—kpTeN and F,45(N) = 0 which is in line with condition (4) from
Section 3.1.

C Calculation of thermodynamic forces

Let us calculate f, o —0JF (n,R)/dn for the frictionless substrate
model. By making use of the free energy function, eqn (18), one
has

fo=—kpTe{l — 2w sin[(2n + )7} + ks T(f)
+ kg Tn (f) (%) = —kpTe{l — 27 sin[(2n + )7}
R

ks TR < (f)

T9(f) — . 44
T S() -5 Gy (1)
where we have used (recall that R/bn = #(f))
(6_f~ ) B _R/ bn?
on/ . 7 ( j) ’
On the other hand, a direct calculation shows that
, X 1
o (x) = 5
sinh(x X
[sinh(x)] (45)
, 1 1
2 (x) 5= — 3
Xx°  [sinh(x)]
so that
9 (x)
= —X. 4

and we arrive at the final result eqn (23).For fz o

one obtains

—0F(n,R)/0R

Jr= kBTn('g/(j‘) (%) +k(D—R) = ]%TTZ/((]% +ke(D —R)

(47)

where we have used
( 6_f ) _1/bn
dR), & (f) ’
Taking into account eqn (46), one finally derives eqn (25).
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D The separation R as an instantaneously adjustable
variable

Due to strong adsorption, the desorbed portion of the polymer
chain is expected to be strongly stretched. One could simplify
the force, fr = (R/bn)[3 — (R/bn)*)/[1 — (R/bn)*] = 1/[1 — (R/bn)],
where eqn (27) has been used and the contribution of the
cantilever has been neglected. Therefore, the simplified equa-
tion which governs R reads

dR _ AxkpT

A& B[l = (R/bn)] (48)

This equation can be easily solved and the corresponding
solution has the form

1 — R(t)/bn
—— = /14t
1— Ro/bn + /TR
where the relaxation time 1z = (b*/2ksTAR)(1 — Ro/bn)®. This
result suggests that for a strongly stretched chain, i.e., for R, <

bn, the relaxation time 15 is very small.** For example, in the
case that R, = b(n — 1) we have

(49)

bz

R ke Tapn (50)

This relaxation time should be compared to the character-
istic time, Tyam, Of the slow variable n(t) which is governed by
the Kramers process. According to the semi-phenomenological
Bell model,"* the characteristic time of unbonding (that is,
desorption in our case) is given by Tiram = To eXp[(AE — rofp)/
ksT] where 1o = £,b*/kgT is the segmental time, AE = F; — F, is
the activation energy for single monomer desorption, r, stands
for the width of adsorption potential, and f, is the plateau
height. The free energies in the desorbed, F;, and in the
adsorbed, F,, states are given by F; = —kgT'In u, and F, = —kgTe
— kgT In u; where u, and u; are the so-called connective
constants in two- and three dimensions respectively.*

As mentioned in Section 4.2, for large adsorption energies ¢

def bf,/keT o e. Taking this

into account, one could represent Ty, in the following form:

the dimensionless plateau height f b

TKram — M exp[(l - 0()8}7
M3

(51)

where « = ro/b < 1. Therefore, in the case when 1z < Tyram, the
distance R could be treated as the fast variable. With eqn (50)
and (51) and taking into account that the Onsager coefficient Az
= 1/£4n, this condition means that

T expl(1 — a)e] > 1.

o (52)

This condition holds for all typical values of the relevant
parameters.

E Runge-Kutta algorithm for stochastic differential-
algebraic equations

In order to solve the DAE (32) numerically, one may employ the
second order Runge-Kutta (RK) algorithm. To this end the first
equation in eqn (32) may be rewritten as an integral equation

Soft Matter, 2014, 10, 2785-2799 | 2797
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which relates the /™ and i + 1 grid points (using discrete time
points ¢; = ih)

tit1

Pt = 1+ j Fuln(s), R())ds + w, (h)

4

(53)

where h is the time step and »n; = n(ih). Moreover,
wy(h) = ;’“ «(8)ds describes a Wiener process with zero mean
and with variance:

(o) n () = J ds, J s (2, (1), (52))

1 1

lit1 liv1
= ZAnkBTJ dS] J dSz(s(Sl - S2) = 2AnkBTh

1 14

(54)

The integral over the deterministic force in eqn (53) within
this 2"® order approximation reads

[ o), RO = S a1, Ri) + s RO+ 00) (55)

4
This is so-called trapezoidal rule for approximation of the
integral. In order to calculate f,(n;, R;), one should first take
the initial value n;, and find R; through the solution of
the nonlinear equation G(n;, R;, t;) = 0. For the calculation of
Jfu(nisa, Riq), one can use the forward Euler method of order 1,
ie, nhy = n; + hAfu(n, R) + h*(2AksT)?Z, and RE, are
obtained as solution of the equation G(n};1, Ri:1, tiq1) = 0. Here
the random variable Z, is Gaussian with the zero mean value

and with variance
(Z2) =1 (56)

As a result, the recursive procedure which relates the i-th and
( + 1)-th grid points can be defined as:

1. For a given initial value of n;, go to eqn (29) or eqn (30) and
solve this nonlinear equation (e.g. G(n;, R;, ¢;) = 0) with respect
to R;.

2. Compute g; = f,(n;, R;).

3. Compute n;4 and R;;; within the Euler approximation, i.e.,
calculate first nf; = n; + hafu(ny, R) + B*(2A,ksT)*Z, and then
solve G(nf1, RE1, ti1) = 0 with respect to RE .

4. Compute g, = f(nfi1, RE1)-

5. Compute the corrected n;,4, i.e.

h
mi = m+ 5 (81 + ) + HP 2k T) 2,

6. Finally, with the value of n;4, go to item 1 and solve the
nonlinear equation G(n;.1, Rji1, ;1) = 0 with respect to Ry.,.
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