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Transient shear banding in viscoelastic Maxwell fluids

Arttu Lehtinen,a Antti Puisto,*a Xavier Illa,b Mikael Mohtaschemia andMikko J. Alavaa

The fluidization of complex fluids is studied in the context of a Maxwell viscoelastic structural fluid model

and compared to the purely viscous case. Solving iteratively the structural models together with the Navier–

Stokes equation for the circular Couette flow gives spatially and temporally resolved velocity fields closely

resembling those found experimentally for viscoelastic carbopol gels. Namely, transient shear banding is

found during the initial fluidization phase. Although both structural models show transient shear bands,

the viscoelastic one captures the experimental observations in greater detail, showing, for instance, the

elastic backward flows during the transient shear band initialization stage.
1 Introduction

Complex uids are oen formed of a composition consisting of
an internal phase and a surrounding liquid medium.1 The
structure forming internal phase can be formed of either gas,
solids, or a liquid of different viscosity. In the continuum,
complex uids appear to have states that resemble both solid
and liquid phases depending on the externally applied stress.2

Under certain conditions, this complexity manifests itself in
non-linear and non-homogeneous ow behavior.3 The transi-
tion from the solid to the liquid state is called yielding. In the
yielding process, the internal structure of the complex uid
breaks under the inuence of the external stress and strain as a
response to the supplied mechanical energy.4 For shear thin-
ning uids, such as aggregating colloids, the structure is usually
less organized at high shear rates, whereas at low shear rates,
the internal phase tends towards a space-lling structure.5 If the
concentration of the internal phase is high enough, below a
certain applied stress, called the yield stress, the internal
structure lls the surrounding medium completely preventing
the ow in a dynamical arrest.6 Interestingly, the internal
structure might also evolve without any applied shears, altering
the value of the yield stress.7 The origins of such aging are
somewhat unclear, but it is oen thought that it is due to the
thermal re-organization of the structure elements over time
towards deeper potential wells, known to occur in glasses.8

Aging is also reected in the rheological characterization, as the
global and local ow curves tend to differ for aging samples,7,9

as determined using combined spatially resolved velocimetry
and global rheology experiments.10,11
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For the so-called simple yield stress uids, the thermal re-
organization of the structure elements is absent. Moreover,
since the rheology of simple yield stress uids, unlike that of the
thixotropic ones, allows no static shear bands, from a theoret-
ical viewpoint their intrinsic steady state ow curves are
monotonic having no critical shear rates that could be associ-
ated with shear banding.7,9 This denition of thixotropy does
not consider the time-evolution of the ow behavior, but comes
strictly from the existence of static shear bands. This simplies
the categorization of simple and thixotropic complex uids, as
also the simple yield stress uids have been demonstrated to
show time-dependent rheology.12 There are only a few materials
that can be classied as simple yield stress uids.13 These
include carbopol gels and some emulsions. In such materials
the internal space lling structure is formed of deformable or
elastic so elements with repulsive interactions.14 At yielding
the so elements change their shape or size, which allows them
to pass by other elements enabling large scale structure defor-
mations.14 At rest, the deformation of the so elements quickly
disappears and the system jams. Therefore, no noticeable aging
at rest is observed.15

Despite the absence of the static shear bands, the dynamics
of yielding of the simple yield stress uids has recently been
demonstrated to show non-trivial spatial and temporal
behavior.16 During the yielding transient, shear banding is
observed in a narrow gap Couette cell as well as in a cone and
plate rheometer. The lifetime of this transient shear band (TSB)
is observed to show critical slowing down with both the
imposed shear rate and shear stress hinting towards a phase
transition.17 Furthermore, the relationship of the scaling expo-
nents between the stress and strain rate controlled experiments
has been suggested to relate to the steady state ow curve of the
complex uid.18

Since experiments tend to be limited due to restrictions in
the parameter space and timescale, simulations are an impor-
tant part in the study of complex uids. Such rheological
simulations are mostly performed at the continuum level using
Soft Matter, 2013, 9, 8041–8049 | 8041
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simple phenomenological models, or at the mesoscopic scale
using trapmodels. The trapmodels have physical interpretation
closer to the simple yield stress uids, since they can be thought
of as resembling particles hopping between local energy
minima.19 The SGR model (So Glass Rheology) is the most
common example of these types of models.20

For bubbly ows there is a close-to ab initio model,
describing the deformation of bubbles while they pass one
another under shear, which also depicts a simple yield stress
material with Herschel–Bulkley ow behavior.21 None of these
models exhibit all the important properties of all complex
uids, and their limitations leave room for phenomenological
continuum models. These are able to simulate the rheological
characteristics of shear thinning, simple yield stress, thixo-
tropic, and shear thickening uids. In these models, such as the
l ones,22–25 the simple yield stress materials tend to appear as a
special limiting case between shear thinning and thixotropic
uids if the parameters are suitably tuned.26,27 Since the l-
models are extremely simple and contain only few parameters,
they provide a good means to analyze experimental data, thus
giving tools for building more complicated and realistic
models. Transient shear banding has been predicted by several
of the continuum level models such as a simple viscous ow
model28 and the Rolie–Poly model.29 Although the viscous
model28 is able to simulate qualitatively transient properties of
time-dependent materials, it lacks any description of the elastic
deformation of the structure before yielding and the yield
stress.

In this paper we address the elastic stress effects related to
the start-up ow of yield stress uids. The approach taken here
extends our earlier attempts28 by including a dynamic yield
stress and an elastic stress component describing the uid at
the level of a standardMaxwell viscoelastic model. In themodel,
the spatial aspects are considered by solving the structural part
together with the Navier–Stokes equation for a concentric
cylinder Couette device. Since the interest here lies in the start-
up behavior of a simple yield stress material in general, the
physical interpretation of the underlying rheology model is of
minor importance. Hence, in the following we concentrate only
on the interaction of the stress–strain time evolution and the
Navier–Stokes equation.

The paper is constructed as follows: rst the underlying
l-model is explained in detail followed by discussing the
Maxwell stress model. The model description is completed
with the implementation of the ow geometry and details of
the applied numerical methods. The results section starts by
addressing the differences between the viscous and visco-
elastic models. The ow start-up behavior for the viscous and
viscoelastic models is discussed in the context of recent
experimental results related to uidization dynamics. Special
attention is paid to the early stage of the stress response owing
to the fact that this is where the elastic stress component
typically appears. Then, the scalings of the uidization times
in each case are investigated. Finally, the conclusions review
the results setting them into the perspective of the model
properties and suggest improvements for the models and
outlooks for further research.
8042 | Soft Matter, 2013, 9, 8041–8049
2 Model

To describe the uid's internal structure, we choose a simple
phenomenological rheology model, one of the commonly
known l-models.22–25,27 In these, the l is a scalar structure
parameter describing the degree of jamming of the uid. This
parameter might represent the degree of occulation in clays,
be a measure of the free energy landscape in glasses, give the
fraction of particles in the potential well in colloidal suspen-
sions,27 or represent the jammed volume fraction in unstable
colloids. This particular l-model has been demonstrated to
capture the ow curves of shear thinning, simple YSF, as well as
the thixotropic ones.26,27,30,31 Here, the viscosity relates to the
material internal structure, the state of which depends on the
history of the sample and the present ow eld. In addition to
the viscous dissipation, in the simplest Maxwell scheme, the
elastic energy is stored in a Hookean spring having a constant
elastic modulus. Following the lambda parameter the structure
elasticity can also have different physical origins depending on
the material under consideration. Here we discuss in depth the
behavior of carbopol gels, where sponge-like elements elasti-
cally deform when sheared. In other systems such as colloidal
suspensions, this structure elasticity might rise from the
deformation of the aggregates, while in clays it could rise from
the stretching and deformation of the ocs.

Themodel consists of a relaxation equation for the structural
parameter (l) and a function connecting it to the uid rheology
(a constitutive equation). The time-evolution of the structure is
given by a simple rst order expression, which reads

dl

dt
¼ 1

s
� a _gl: (1)

This equation includes the parameters s, the characteristic
timescale for structure build-up, and a, the scale of the struc-
ture destruction due to shear. The constitutive relationship
connecting the l-parameter to the suspension viscosity is:

h(l) ¼ h0(1 + bln), (2)

where h0 is the steady state viscosity at high shear rates, b and n
are material dependent parameters, the latter controlling the
linearity of the viscosity function with respect to l. The ow
curve changes as a function of the parameter n, such that n < 1
models shear thinning and n > 1 models thixotropy. The special
case of n¼ 1 describes amaterial withmonotonically increasing
stress–strain relationship showing a stress plateau at small
shear rates (Herschel–Bulkley ow curve) generally associated
with simple yield stress uids.26 The asymptotically approached
stress value at low shear rates, _g / 0, is called the dynamical
yield stress, which in this model is given by the ratio of a, b,
and s with

sy ¼ b

sa
: (3)

In the following analysis, we choose the parameters such
that as in the simple yield stress uids, the structure recovery is
This journal is ª The Royal Society of Chemistry 2013
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Fig. 2 Steady state flow curves computed with the parameters applied in the
following analysis.
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fast (s is small), the uid responds reasonably fast to external
shear (a), and the steady state ow curve follows approximately
the one measured for a carbopol gel,16 xing the other param-
eters (b and n). The following analysis is not particularly
sensitive to the selection of these parameters, and we have
conducted extensive testing by varying the parameters over
several orders of magnitude (except for n), obtaining the same
qualitative behaviors for the start-up ow. Naturally, the time-
scales and shears can be adjusted by modifying these
parameters.

In earlier work based on the same time kinetic eqn (1) the
stress was selected to consist only of the viscous stress given by
s ¼ h _g.26,27,30,31 In what follows we call this the viscous model.
Unlike in the viscoelastic solids, the evolution of the stress in
viscoelastic uids, which are the focus here, is well captured by
the Maxwell model. In the Maxwell viscoelastic model, the
stress assumes a more complex shape due to the elastic stress
component,32 and here reads

s ¼ hðlÞ _g� hðlÞ
G0

vs

vt
; (4)

where G0 is the shear modulus. Identically to the viscous model,
the evolution of the structural parameter follows eqn (1). Later
in this paper, this will be referred to as the viscoelastic model.
This type of strategy of adding elasticity into a structural uid is
common in the literature.23,33,34 In general, the shearmodulus in
the Maxwell model can be a function of the structural param-
eter. However, to limit the parameter space this is not consid-
ered here. A G0 varying slowly with l is not expected to change
our conclusions, while a strong dependence would be contrary
to what is expected in the experiments we compare with. The
additional elastic stress component inuences the rheological
properties only during the transient phases, as shown for the
homogeneous shear case in Fig. 1, and has no impact on the
steady state ow curve, as illustrated in Fig. 2, due to the fact
that in the steady state vs/vt ¼ 0. During the transient starting
from a high viscous state, a stress overshoot occurs in the
viscoelastic case, whereas, in the viscous one, the stress starts
from a high value and decreases gradually towards the steady
Fig. 1 The time evolution of the stress in the viscous and viscoelastic models
under homogeneous shear at _g ¼ 5.4 s�1 with the parameters a ¼ 10�1, b ¼ 3 �
10�3, n ¼ 1, and s ¼ 10�3 as applied in the following analysis. The simulation is
initialized at l0 ¼ 2.5 � 106.

This journal is ª The Royal Society of Chemistry 2013
state. As expected, the viscoelastic stress model approaches the
viscous one, as G0 approaches innity.

To allow the simulation of spatial effects, such as shear
banding, the model obviously needs to incorporate the “exper-
imental geometry”. Experiments rst reporting TSB in simple
YSF were performed in a circular Couette geometry.16 We
implemented the rheology model in a Couette cell to enable a
direct comparison between these experiments and the model.
The one-dimensional analytical solution of the Navier–Stokes
equation in the radial direction for an incompressible laminar
ow for this case reads31,35

_gðrÞ ¼ Ub � Ua

r2hðrÞ
ðRb

Ra

1

r3h ðrÞdr
; (5)

where r is the radial position measured from the Couette center,
_g(r) is the local shear rate, Ua (Ub) is the angular velocity of the
inner (outer) cylinder, andRa (Rb) is the radius of the inner (outer)
cylinder. In the simulationsweuseRa¼2.39 cmandRb¼2.50 cm
which are typical values for a narrow gap Couette device and
similar to the geometry used in therst observations of transient
shear banding in carbopol gels,16 rotating only the inner cylinder
(rotor) and xing the outer cylinder (stator). The present
approximation does not accommodate for taking into account
the wall-slip effects by means other than reducing the rotational
velocity by an effective slip velocity. In the following analysis, this
would simply reduce the applied shear rate, and thus add a
constant shi to all the results. Therefore, such an effect is
neglected here. Furthermore, experimentally the uidization
time scalings, discussed in detail below, are robust against
changes in the boundary conditions, well in line with this
reasoning. To solve the joint system of the eqn (1)–(5), we dis-
cretize the geometry in 450 radial shells with equal Dr (other
discretizations were used to make sure the results are indepen-
dent of this). Each of the shells evolves a separate local Maxwell
element. Thus, the local stress is given by the evolution of the
structuralmodel in theparticular shell and the local variables are
coupled between the shells only by the Navier–Stokes equation.
The evolution of the local ow eld is obtained by iteratively
solving eqn (1) and (5) using an Adams–Moulton integration
scheme as implemented in the SUNDIALS library package.36
Soft Matter, 2013, 9, 8041–8049 | 8043
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We dene the global shear rate as the radial average shear
rate over the gap such that

�
_g
� ¼ ðUb � UaÞ 2Ra Rb

Rb
2 � Ra

2
: (6)

This quantity is used instead of dening the angular velocity
of the rotating cylinder to make the simulations directly
comparable with the corresponding experiments.
3 Results

The simulations are performed using both the viscous and
viscoelastic stress models to study the elastic stress effects
during the start-up ow. We initialize the simulation model in a
state where the viscosity of the suspension is close to jamming
(complete jamming in a uid model implies innite viscosity)
and spatially homogeneous. Simulations using such a uid
model neglect the effects related to the solid liquid transition.
However, as the simulations later show, modeling the transition
is not required to explain the long relaxation times and power-
law scalings of the uidization process. Furthermore, depend-
ing on the experimental protocol, like the pre-shearing and the
relationship of the uid structure relaxation time with the
waiting time between the pre-shearing and the start-up initia-
tion, such a transition does not necessarily take place even in
the experiments. To dene the initial state of the uid one
needs to dene its pretreatment protocol as done in experi-
ments. Since we are not quantitatively tting our purely
phenomenological model against any dataset this is not
necessary here. Instead, we dene the initial l0 as appropriate
for each case treating it as an input parameter for the
Fig. 3 The simulated shear rate and velocity profiles during a start-up flow
starting from a homogeneous, high-viscous initial configuration in the viscous
model with h _gi ¼ 5.4 s�1. The simulation parameters used for the velocity profiles
are a ¼ 0.1, s ¼ 0.001, h0 ¼ 1.0, b ¼ 0.003, and l0 ¼ 2.5 � 106.

8044 | Soft Matter, 2013, 9, 8041–8049
simulations. Fig. 3 reports the typical behavior of the simulated
shear rate and velocity proles over the Couette gap during the
ow start-up applying the viscous stress model. At the onset of
shearing, the shear rate rst localizes close to the rotor. Starting
from extremely jammed initial congurations, this localization
is so intense that it might be confused with wall-slip. However,
this is a built-in property of the system caused by the uids
shear thinning interacting with the stress balance constraint
coming from the Couette boundary conditions. Aer this, two
bands associated with high and low shear rates are formed, and
the shear band edge begins to travel towards the stator. Finally,
the low shear rate shear band vanishes as the edge of the two
bands reaches the stator resulting in a homogeneous ow
prole. The uidization in the viscous model as expected
follows the route observed in a simple time-dependent New-
tonian model.28 This is noteworthy, as the present model
exhibits a dynamic yield stress as opposed to that model. This
conrms that the yield stress does not play a signicant role in
the dynamic uidization scenario, but rather the time depen-
dent structural changes drive the process.28

The shear proles also reect these ndings. The plot in
Fig. 4 shows the time-evolution of the shear over the gap. In the
different panels, the same symbols correspond to the same
shear displacements in the inner shell. Comparing the curves
for the different applied shear rates demonstrates that the
shearing occurs in a shear rate invariant fashion for the high
shear rate range in the viscous stress model. At lower shear
rates, shear localization occurs.9,30 In these cases the uidiza-
tion is not complete due to the relationship between the steady
state ow curve and the stress distribution in the Couette cell.
Fig. 4 Time evolution of the shear in the Couette gap using the viscous stress
model with different imposed average shear rates. The transient shear banding
occurs in a shear rate invariant fashion at high shear rates. At h _gi ¼ 2.5 s�1 shear
localization occurs preventing complete fluidization, which is reflected by the
milder shearing of the parts close to the non-rotating cylinder. The same
parameters as in Fig. 3 were used.

This journal is ª The Royal Society of Chemistry 2013
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Fig. 6 Time evolution of the shear in the Couette gap using the viscoelastic stress
model with different imposed average shear rates. In this case, the shear strain
profiles are not shear rate invariant. The same parameters as in Fig. 5 were used.
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The velocity proles during a start-up of the viscoelastic
stress model contrast the ones for the viscous stress model.
Some typical examples of the start-up ows are plotted in Fig. 5.
Similar to the viscous case, the shear rate rst gradually local-
izes close to the rotor. Depending on the shear rate, the elastic
modulus, and l0, this localization is either followed by a
viscoelastic recoil ow (high initial viscosity, and small elastic
modulus), or the growth of a transient shear band (intermediate
viscosity, and high elastic modulus).

Also during the transient shear band relaxation the two
responses differ. While in the viscous case the low shear band
remains almost completely unsheared (Fig. 3), in the visco-
elastic one, the shear rate in the low shear band increases
gradually during the relaxation period. This can be spotted in
Fig. 5, where the shear band edge in the velocity prole pene-
trates the gap only slightly before the velocity in the quiescent
band begins to increase in a homogeneous fashion. Further-
more, clearly, the shear proles are not shear rate invariant in
the viscoelastic model (Fig. 6) in contrast to those in the viscous
one (Fig. 4). This is due to the additional time derivative of the
stress coming from the Maxwell element, which can induce a
shear rate independent relaxation time scale.

Starting from higher l0 changes the relaxation path of the
transient shear band even qualitatively. Instead of relaxing
towards the outer edge of the Couette device, here, the shear
band edge remains almost steady while the shear rate in each
band evolves towards the homogeneous ow as pointed out by
the arrows in Fig. 7. Furthermore, during the formation of the
shear band, a strong elastic recoil ow related to the faster
breaking of the structure next to the rotor can be observed.

As one could expect, the stress in the viscoelastic model
shows linear growth during the early phase of the start-up as
Fig. 5 The simulated shear rate and velocity profiles in the viscoelastic model
during a flow start-up from a homogeneous, high viscosity state with h _gi ¼
5.4 s�1. The applied simulation parameters are a ¼ 0.1, s ¼ 0.001, h0 ¼ 1.0, b ¼
0.003 and G0 ¼ 5.0, and l0 ¼ 2.5 � 105.

Fig. 7 Shear rate (upper panel) and velocity (lower panel) as a function of the
position in theCouettegap for the viscoelasticmodelwith h _gi¼5.4 s�1. The arrows
point the direction of the shear band time-evolution. The simulation parameters
applied are a ¼ 0.1, s ¼ 0.001, h0 ¼ 1.0, b ¼ 0.003, G0 ¼ 5.0, and l0 ¼ 2.5 � 106.

This journal is ª The Royal Society of Chemistry 2013
shown in Fig. 8. This is the linear elastic stress growth, which is
caused by the initial loading of the spring in the Maxwell
elements. A turning point in the stress (the stress maximum)
follows the elastic part. This occurs at the time when both, the
viscous and elastic stresses, begin to decrease as the viscosity
approaches its steady shear value associated with the applied
shear rate. This behavior of the stress is very similar to the one
observed in the So Glassy Rheology (SGR) model.37 There the
elastic stress overshoots were associated with the formation of
Soft Matter, 2013, 9, 8041–8049 | 8045
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Fig. 8 Stress overshoots during the fluidization with different values of the
elastic modulus with h _gi ¼ 5.4 s�1. The applied simulation parameter are a ¼ 0.1,
s ¼ 0.001, h0 ¼ 1.0, b ¼ 0.003, and l0 ¼ 2.5 � 106.

Soft Matter Paper

O
pe

n 
A

cc
es

s 
A

rt
ic

le
. P

ub
lis

he
d 

on
 2

5 
Ju

ne
 2

01
3.

 D
ow

nl
oa

de
d 

on
 7

/2
0/

20
25

 5
:4

3:
44

 P
M

. 
 T

hi
s 

ar
tic

le
 is

 li
ce

ns
ed

 u
nd

er
 a

 C
re

at
iv

e 
C

om
m

on
s 

A
ttr

ib
ut

io
n 

3.
0 

U
np

or
te

d 
L

ic
en

ce
.

View Article Online
the transient shear bands. Here, the transient shear bands
occur due to the delayed adaptation of the structure corre-
sponding to the uneven shear rate prole (stress overshoots
occur even under homogeneous shear). Therefore, we interpret
the stress overshoots as simply a route for the relaxation, rather
than the cause of the transient shear bands. A comparison
between the shear prole evolution and the stress overshoot
indicates that the transient shear band appears always right
aer the stress maximum, precisely as seen experimentally for
carbopol gels.38

The stress overshoot depends on the rate parameters of the
model, however, if the steady state is xed, it is rather trivial to
see that the only real degree of freedom in eqn (1) and (2) is l0,
the initial condition. Therefore, a parameter sweep over a range
of l0 is performed and plotted in Fig. 9. The stress overshoot
maximum expectedly increases with l0 and its shape turns from
relatively smooth to a rather peaked one. Aer the stress
maximum, the stress rather rapidly decreases, until a certain
point aer which the decrease slows down dramatically.

In the experiments combining rheometry and ultrasound
velocimetry, this particular dramatic slowing down in the stress
reduction was associated with Transient Shear Banding in car-
bopol gels.18 We plot again one of the stress curves from Fig. 9
and show in Fig. 10 along with snapshots of the associated
Fig. 9 Stress overshoots in the viscoelastic model during the fluidization with
different values of the l0 with h _gi ¼ 5.4 s�1. The other parameters are a¼ 0.1, s¼
0.001, h0 ¼ 1.0, b ¼ 0.003, and G0 ¼ 10.0.

8046 | Soft Matter, 2013, 9, 8041–8049
velocity proles to observe that this is indeed the case in the
model, too.

In both models the transient shear banding times (and the
related stress relaxation in the heterogeneous stress case) are
long compared to the homogeneous stress relaxation times
(Fig. 1 and 8). The stress overshoot under the homogeneous and
heterogeneous shear appears roughly at the same time, but the
steady state stress is only reached a decade later in the hetero-
geneous case due to the transient shear bands. Thus, the tran-
sient shear bands observed in these simulations seem to
correspond very well to those in the start-up experiments.
Furthermore, the stress relaxation diagrams show a transition
from the elastic stress overshoot to the slowly decaying stress
pattern, which in the experimental papers is called the ‘hump’,
and is interpreted as a sign of transient shear bands due to its
appearance during the transient shear banding phase.

The edge of the two shear bands is estimated to be at the
location of the maximum of the second spatial derivative of the

shear rate (d :¼ max

"
v2 _g ðr; tÞ

vr2

#
). Monitoring the evolution of

the shear band width during the start-up shows different
patterns for both the viscous and viscoelastic stress models. In
the viscous model, as shown in Fig. 11 (upper panel), at high
shear rates the width of the shear band follows a uniform shape,
characterized by an initial induction period, during which the
shear bands are formed. Aer that the shear band width grows
with a constant velocity until the whole gap ows. The evolution
curves can be collapsed, as demonstrated earlier for a similar
(but not the same) structural model,28 by re-scaling the time axis
with the destruction term in the relaxation equation. However,
at low shear rates the dynamic yield stress, which eventually
prevents complete uidization, starts to dominate, breaking the
otherwise perfect scaling. In the viscoelastic stress model this
pattern is more complex, Fig. 11 (lower panel). Similar to the
viscous case, it shows an initial induction period, during which
the shear band is created. This is followed by the uidization of
an initial layer, the depth of which depends on the shear rate.
Finally the process ends with a sudden complete uidization at
high shear rates, or in shear localization at low shear rates.
Starting from smaller l0 gives a slightly modied evolution
Fig. 10 The fluidization in the viscoelastic model relating the velocity profiles
to the stress overshoot. The applied simulation parameter are a ¼ 0.1, s ¼ 0.001,
h0 ¼ 1.0, b ¼ 0.003, G0 ¼ 5.0, l0 ¼ 2.5 � 106, and h _gi ¼ 5.4 s�1.

This journal is ª The Royal Society of Chemistry 2013
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Fig. 11 The position of the shear band edge (width of the shear band) in the
gap for viscous (upper panel) and viscoelastic (lower panel) stress models with
different values of the imposed shear rate. The model parameters are a¼ 0.1, s ¼
0.001, h0 ¼ 1, b ¼ 0.003, l0 ¼ 2.5 � 106, and G0 ¼ 40.0 (viscoelastic case).

Fig. 13 Fluidization times vs. reduced stress for viscous and viscoelastic models
in the stress controlled simulation. The simulation parameters are the same as in
the shear controlled case. The inset plots the fluidization time against the shear at
fluidization.
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behavior also for the shear band width (not shown), which is
simply a mixture of the two evolutions, the viscous and visco-
elastic ones, described above. Experimental observations for the
shear band evolution in a simple yield stress uid38 show
similarities to the ones shown for the viscoelastic stress model
(Fig. 11). In the experiments, too, at certain times, the shear
band width stops growing, and aer a while a sudden jump in
the shear band width is detected as the sample completely
uidizes.

The uidization times, dened as the time when the TSB
reaches the stator, were experimentally observed to follow
power-laws with different exponents associated with the shear
rate and stress controlled driving modes.16 Moreover the ratio of
these two exponents was found to give directly the Herschel–
Bulkley exponent of the corresponding steady state ow curve.18

Here we apply the same denition of the uidization time, and
trace the location of the shear rate spatial derivative minimum.
The uidization times in the viscous model, which includes a
dynamical yield stress, plotted in Fig. 12 also follow power-laws
at high shear rates, here, being inversely proportional to the
imposed shear rate. This is well in line with the observations
from a simple viscous model exhibiting no yield stress;28 there
the uidization times were found to be inversely proportional to
Fig. 12 The fluidization times against the over-edge shear rate in the viscous
and Maxwell models in the shear rate controlled case. The simulation parameters
used are a ¼ 0.1, s ¼ 0.001, h0 ¼ 1.0, b ¼ 0.003, and l0 ¼ 2.5 � 106. The inset
compares the fluidization time to the shear at fluidization.

This journal is ª The Royal Society of Chemistry 2013
the destruction term exponent of the kinetic equation. Here this
destruction term exponent equals unity. However, at low shear
rates, the uidization times diverge. This is again due to shear
localization. In this scenario, the shear band edge vanishes into
a smooth transition zone from shear to no shear and does not
reach the stator. However, the experiments did not nd such a
feature for carbopol.18 This apparent contradiction is explained
by the comparison between the experimental and simulated
steady state ow curves, and considering the stress distribution
in the Couette. At small shear rates the theoretical ow curves
are atter compared to the experimental ones (which apparently
continue decreasing even at the smallest measured shear rate).
This causes the shear localization to appear at higher shear
rates in the simulations compared to the experiments for
carbopol.

In the viscoelastic model the data scattering of the uidiza-
tion times is somewhat bigger due to the fact that our criterion
for the uidization is not straightforward, as the propagation of
the shear band edge is not as easy to dene as in the viscous
stress model. Thus, the uidization times show some scatter,
and moreover do not follow a power-law even in the high shear
rates (Fig. 12). If a power-law is tted against the simulated
uidization times, the power-law exponent is a bit smaller than
that for the viscous model. The absolute values of the uidiza-
tion times are overall much shorter compared to the viscous
stress model as expected given the additional elastic effects. The
divergence of the uidization times at small shear rates due to
the dynamic yield stress appears also in the viscoelastic model.
The inset of Fig. 12 compares the uidization time against the
uidization shear. Since the imposed shear rate (angular
velocity) is constant, the plot in the inset resembles the shape of
the plot of uidization time against the shear rate. In the
viscoelastic case, the uidization against the shear rate has a
small slope, whereas in the viscous model, the uidization
shear is almost constant excluding the part where the shear
localization occurs.

In the stress controlled case, the viscous model captures the
experimental observation that the uidization times also decay
with a power-law as a function of the reduced stress (Fig. 13).16

Similar to the simple Newtonian model a trivial exponent
Soft Matter, 2013, 9, 8041–8049 | 8047
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Fig. 14 Fluidization time with different reduced gaps. Circles and triangles
represent the viscous, and squares are for the viscoelastic model. The global shear
rate was set to h _gi ¼ 30.0 to avoid shear localization even at the largest gaps.
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relationship was suggested to map the two time-scales to the
Herschel–Bulkley steady state ow curve, comes out in the
viscous model, leaving the experimental relationship still
without a correspondence.28 In the viscoelastic model, a sepa-
rate simulation would not be needed, since under a constant
stress, the model response can be trivially shown to follow that
for the viscous model by plugging vs/vt ¼ 0 into eqn (4). The
small shi in the uidization times between the viscous and
viscoelastic stress models is due to a small numerically caused
start-up stress over-shoot of the viscoelastic model, which
reduces the induction period before the transient shear band-
ing process. The same effect is even more clearly seen in the
inset, where the uidization time is compared with the uid-
ization shear, as the uidization shear is reducing more at the
short uidization times i.e. high imposed stresses. Due to the
fact that the power-law exponents of the two cases, the shear
rate controlled, and the stress controlled ones, are roughly the
same, neither of the models could explain the experimental
observation of the power-law exponent relationship.

Changing the gap width had no observable effect on the
experimental view of theuidization.16Thismeans that for some
reason the traveling velocity of the shear band edge is different
depending on the device geometry, although the global shear
rate is the same. In the simulations shown in Fig. 14, the uid-
ization times with constant shear rate depend on the gap width.
In the viscous case, a monotonic power-law like increase in the
uidization time is seen. However, in the viscoelastic case at
small gaps the uidization time is almost constant, even
decreasing, but aer a certain threshold, it increases towards the
wider gaps. The experiments were performed with reduced gaps
between 0.04 and 0.12, where the uidization times in the
viscoelastic simulation vary roughly 10%. This weak dependence
may be close to the experimental observations.
4 Conclusions

We have here studied a variant of the l-model family with the
viscoelastic Maxwell response. This shows during the initial
phase of the ow start-up, stress overshoots related to the
elastic stress growth. A relaxation period follows the stress peak
beginning with a recoil backward ow comparable to that found
8048 | Soft Matter, 2013, 9, 8041–8049
frequently in shear ramps induced to polymer melts.29 During
the onset of the recoil ow, the system splits into two shear
bands. A highly sheared band nucleates right next to the rotor,
while the rest of the gap remains under a quiescent ow. This
process initiates by the geometry induced shear inhomogeneity,
which is inherent to the circular Couette geometry.

This reason and the related observations are common for
both viscous and viscoelastic stress models. The time-
dependent shear thinning of the present models tends to
decrease the structural parameter at the fastest rate where the
shear stress has the highest value. Therefore, the parts of the
uid close to the rotor tend to relax rst while the other parts
follow later. In other words, the ow geometry together with a
shear thinning uid set up a positive feedback loop between the
local viscosity and the local shear rate. Owing to the dynamic
yield stress, the shear rate localization in the highly sheared
parts of the device cause an increase of the viscosity in the other
parts of the geometry (due to the same stress balance, which
induces the transient shear band).

Aer the initial start-up, for the viscous stressmodel the edge
of the two bands moves towards the stator gradually increasing
the thickness of the high shear band nally reaching either
homogeneous ow (high applied shear rates) or shear localiza-
tion (low shear rates). In the viscoelastic stress model, the
scenario is more complicated, and the relaxation pattern
depends on the initial value of the l. While in the viscousmodel,
the slowly sheared band is almost quiescent, in the viscoelastic
case, the slowly sheared band is evolving throughout the relax-
ation. Furthermore, in the viscoelastic stressmodel two separate
modes of relaxation depending on the initial state of the struc-
ture appear: one with a viscous-like relaxation of the transient
shear band, and the other characterized by an intense backward
ow during the shear band formation. These separate relaxation
paths are related to the selection of the initial structure param-
eter l0. Starting at high l0 induces the intense backward ows,
whereas lower l0 gives a more moderate elastic response. This
hints of eventual experimental tests.

The viscoelastic stress model realistically describes the stress
overshoots associated with the start-up ow. Furthermore, the
timing of the stress overshoot and the initialization of the shear
band match with the experimental observations for carbopol
gels. The shape of the stress overshoots can be controlled as
expected by adjusting the time-constants of the structural
model, which were shown to be linked with the l0.

In the experiments for carbopol gels,16 a power-law depen-
dence was found for the relationship of the uidization time
and the applied shear rate, or applied reduced stress. This
scaling law had different exponents for shear rate controlled
and shear stress controlled experiments. A similar (but not the
same) behavior is found for both of the stress models. The
power-law dependence is less than perfect for the elastic stress
model, however. Moreover, the scaling exponent has the same
value for both stress and shear rate controlled cases, and in
both cases it differs from the experiments. This demonstrates
that while the Maxwell stress model manages to capture many
of the experimental details, there still exist some open ques-
tions. These might be related to the fact that the Maxwell model
This journal is ª The Royal Society of Chemistry 2013
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is designed for the uid state and therefore does not properly
describe creep deformation observed in solids, and sometimes
even in the uidization of simple YSFs under stress control.18

Related to this, in stress control the start-up ow of the visco-
elastic stress model follows that of the simple viscous one. This
leads to the same scaling of the uidization times with the
reduced stress in the Maxwell model and in the viscous model.
In contrast, the experiments found the uidization time expo-
nent to be larger in the stress controlled case compared to the
shear controlled one as suggested by the Herschel–Bulkley
exponent (0.5 for the actual experimental case) and the Ansatz
that relates the two uidization exponents to the Herschel–
Bulkley exponent.18

The search for a right uidization dynamics might be helped
by adding a Kelvin–Voigt stress element to the present stress
model. However, we are le with two fundamental questions
that we cannot answer at the time of writing. Why should the
experimental systems show viscoelastic effects, i.e. what is the
microscopic mechanism that clearly might be present given
the similarity of the model and experiment? Why should the
uidization times be dominated by the part of the system that
ows, is thus above the yield stress, and thus exhibits the
Herschel–Bulkley scaling?
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