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Diffusion of complex objects embedded in free and
supported lipid bilayer membranes: role of shape
anisotropy and leaflet structure

Brian A. Camley*ab and Frank L. H. Brown*c

We present a versatile numerical scheme to predict diffusion coefficients for arbitrarily shaped objects

embedded in lipid bilayer membranes. Diffusion coefficients for micron-scale diamond-shaped solid

domains are calculated for direct comparison to recent experiments. In supported membranes, identical

objects in the distal and proximal leaflets may diffuse differently from one another; quantitative

predictions for this asymmetry are provided, both for experimental systems and coarse-grained molecular

simulations. We show that though recent experiments comparing the diffusion of monomeric, dimeric

and trimeric protein assemblies moving over the surface of supported bilayers are inconsistent with the

simplest Saffman–Delbrück model, they may be explained by a hydrodynamic model appropriate for

supported membranes.
1 Introduction

Lateral diffusion of lipids, proteins, lipid domains and other
supermolecular assemblies is a fundamental aspect of bio-
logical membrane dynamics required for proper physiological
functioning in cellular biology.1–5 Diffusion coefficients for
membrane-embedded objects may be predicted with the
hydrodynamic Saffman–Delbrück–Hughes–Pailthorpe–White
(SDHPW) theory,6,7 which describes the membrane as a two-
dimensional structureless uid sheet surrounded by an inn-
ite bulk uid and describes the diffusing object as a solid
cylinder spanning the membrane and coupled to its
surroundings via no-slip boundary conditions. This descrip-
tion has been remarkably successful for circular micron-scale
domains in model membranes8,9 and thin liquid crystal
lms.10,11 Historically, SDHPW has also been widely accepted
for the behavior of integral membrane proteins,12,13 though
this has become controversial. Some recent measurements
conrm SDHPW whereas others refute it.3,14–17 Despite this
controversy, SDHPW remains essential for interpreting exper-
iments, as deviations from the traditional hydrodynamic
predictions indicate apparent failures of the “zeroth order”
model and the need to consider more elaborate theoretical
descriptions.18–20
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Despite its successes, SDHPW has signicant limitations
even within the scope of purely hydrodynamicmodels. Its results
apply only to isolated cylindrical inclusions completely spanning
a bilayer in an innite homogeneous bulk. This is appropriate
for some experiments, but measurements involving supported
membranes,21–24 monotopic (single-leaet) proteins,25–27 and/or
non-circular domains or proteins (or protein aggregates)14,28 can
only be qualitatively compared to the predictions of SDHPW.
Moreover, SDHPW is irrelevant to more biologically interesting
situations involving immobile obstructions within the bilayer29,30

and/or asymmetric leaet compositions.2,31 Directly extending
the analytical boundary-value calculations employed by SDHPW
to include such complications does not seem feasible. Even with
the high symmetry of the SDHPW model geometry, the general
predictions can be expressed only in terms of the solution to
complicated integral equations (though simple empirical
approximations to these solutions are now available9,28) and the
required derivation is formidable.7

This paper introduces a numerical scheme capable of
handling the various complications and generalizations to
SDHPW discussed in the previous paragraph. We generalize the
method of “regularized Stokeslets” (RS)32,33 to various hydrody-
namic environments pertinent to membrane biophysics. For
membranesmodeled as a single sheet hosting simple cylindrical
inclusions, ourmethod reproduces both SDHPW results and the
related results of Evans and Sackmann34 for membranes sus-
pended above a solid support. Quantitative predictions for solid
diamond-shaped lipid domains, as recently studied experimen-
tally by Petrov, Petrosyan, and Schwille (PPS),28 are also
obtained within the single sheet model and suggest that the
experiments may be more sensitive to subtle hydrodynamic
effects than was previously realized. Models that explicitly
Soft Matter, 2013, 9, 4767–4779 | 4767
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capture the dual-leaet nature of the bilayer can also be studied
in the framework of RS, allowing us to study diffusing objects
associated with only one leaet of a membrane, e.g. integral
monotopic proteins25–27 and membrane-bound proteins.35 We
present a number of results that emphasize the complex inter-
play between leaet coupling, hydrodynamic environment
surrounding the bilayer and diffusion of embedded proteins and
discuss how signatures of this complex hydrodynamicsmight be
observed in experiments and simulations. In particular, we
analyze the experimental results of Knight et al.35 onmembrane-
boundprotein assemblies diffusing over supported lipidbilayers
and conclude that the results are consistent with a hydrody-
namic description; however, it is essential that this hydrody-
namic description include the effect of the proximal solid
support as opposed to a direct application of the SDHPW theory.

The proposed RS method is versatile and straightforward to
implement, involving only numerical evaluation of integrals and
basic linear algebra operations that are available within high
level numerical packages (e.g.MATLAB). This makes it practical
to generate quantitative predictions for direct comparison to
experiment, molecular simulations or approximate analytical
theories with minimal effort and should prove very useful in the
interpretation of dynamics at the surface of lipid bilayers.
2 Methodology

We calculate diffusion coefficients via numerical prediction of
the mobility matrix,36 which is connected to diffusion by the
Einstein relation.37 In this paper, we explicitly consider solid
bodies moving in the 2D membrane plane with two mirror lines
of symmetry. The three independent mobilities for such an
object (i.e. the eigenvalues of the mobility matrix) are for
translational motions parallel to the two orthogonal mirror
lines and rotational motions about the object center, where the
two mirror lines intersect. This means mk,t ¼ Vk,t/Fk,t for
translational mobilities parallel and perpendicular to the
object’s long axis, and mrot ¼ U/s for rotational mobility. The
velocity V and angular velocity U are driven by the corre-
sponding force F or torque (s) with no cross-inuence in this
basis. Diffusion coefficients follow from the Einstein relation as
Dk,t,rot ¼ mk,t,rotkBT and �D ¼ (Dk + Dt)/2 is the long-time
translational diffusion coefficient of the object as it thermally
moves while rotating.38,39 (Treating objects of lesser symmetry
requires simple calculations to identify the center of mobility
and the diagonal basis for the object’s mobility matrix, which
are not generally obvious by simple inspection.36,39)

Determining the mobility matrix for a membrane-bound
object requires the solution of a complicated boundary-value
problem in three dimensions, which is a non-trivial analytical
calculation.6,7,40 In contrast, it is fairly simple to analytically
determine the Green’s function tensor relating laterally directed
forces to lateral lipid ow in a homogeneous membrane sheet
devoid of any solid inclusions.41–43 Further, the analogous
Green’s function tensor may be written down for even signi-
cantly more complicated membrane models including leaet
structure and various other complications (see Appendix A). The
approach we advocate below builds a numerical solution to
4768 | Soft Matter, 2013, 9, 4767–4779
membrane boundary-value problems directly from the appro-
priate membrane Green’s functions. Our approach is similar in
spirit, but different in approach and more general than the
calculations introduced by Levine, Liverpool, and Mackin-
tosh44,45 to study the diffusion of membrane-embedded rods.

In traditional three-dimensional (3D) hydrodynamics prob-
lems, the method of regularized Stokeslets (RS)32,33 provides a
numerical route to determine mobility matrices for arbitrarily
shaped solid bodies directly from Green’s functions. The phys-
ical basis of the RS approach is quite simple and is similar in
spirit tomany other approaches found in the literature including
the “shellmethod”,46,47 the Kirkwood approximation,37,44,45,48 and
many others;49,50 see ref. 50 and references within. In all these
approaches, the solid body is discretized into a dense assembly
of small, rigidly connected and spherically symmetric sites
embedded within the uid. These sites are prescribed to interact
with the embedding uid by mirroring the local motion of the
uid and by locally transmitting force from the sites to the uid
(and vice versa). The approaches differ in implementation details
of the velocity matching and force transmission requirements of
the sites, but share the intuitively appealing feature of repre-
senting the continuous solid object by a collection of discrete
points constrained to obey rigid-body motions. We have opted
for the RS approach in this work as the approach is known to
reproduce both the correct velocity elds and mobilities for a
translating sphere in three dimensions33 and extension from the
3D case tomembrane geometries is straightforward and requires
no additional hydrodynamics calculations beyond determina-
tion of the relevant Green’s functions. By contrast, the Kirkwood
approximation is known to produce inexact and even unphysical
results in certain situations51 and the shell method calculations
that resolve these issues requireuse of theRotne–Prager tensor,52

for which no membrane analog has yet been derived. The
proposed RS scheme is the only method for determining diffu-
sion coefficients of complex membrane-embedded objects that
has been shown to quantitatively reproduce either the exact
Saffman–Delbrück result6 for free membranes or the Evans–
Sackmann result for supported membranes.34

We rst consider the Saffman–Delbrück description of a
membrane as a single thin at viscous sheet of surface viscosity
hm surrounded by an innite three-dimensional uid of
viscosity hf. The Green’s function tensor, T SD (also called an
“Oseen tensor” or “Stokeslet”), can be used to calculate the lipid
velocity eld for a given applied force density f (r),

vi(r) ¼
Ð
d2r0TSD

ij (r � r0)fj(r0) (1)

where v is the lipid velocity, i, j run over the x and y dimensions
spanning the membrane surface, and the Einstein summation
convention is assumed. The Fourier transform of TSD

ij (r) is41–43

TSD
ij ðqÞ ¼ F SDðqÞ

�
dij � qiqj

q2

�
; F SDðqÞ ¼ �

hmq
2 þ 2hfq

��1
(2)

with the convention f(q) ¼ Ð
d2re�iq$rf(r), f ðrÞ ¼

ð
d2q

ð2pÞ2 e
iq$rf ðqÞ.

To implement the RS approach, we introduce a regularized
Green’s function TSDij (r;3) in terms of a “blob function” f3(r).
f3(r) is centered on the origin, integrates to one, and
This journal is ª The Royal Society of Chemistry 2013
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approaches a delta function as 3 / 0; we choose a Gaussian

blob function, f3ðrÞ ¼
1

2p32
e�r2=232 4 f̂3(q) ¼ e�q232/2 in this

work.53 The regularized Green’s function is

TSD
ij (r;3) ¼ Ð

d2r0TSD
ij (r � r0)f3(r

0) (3)

so that a force density distributed over the blob envelope f (r) ¼
gf3(r) effects a velocity response vi(r) ¼ Tij(r;3)gj via eqn (1).

We nd TSD
ij ðr; 3Þ ¼ TSD

L ðr; 3Þ rirj
r2

þ TSD
T ðr; 3Þ

�
dij � rirj

r2

�
, (see

Appendix A), with

TSD
L ðr; 3Þ ¼

ðN

0

dq

4p
qF SDðqÞf̂3ðqÞ

�
J0ðqrÞ þ J2ðqrÞ

�
(4)

TSD
T ðr; 3Þ ¼

ðN

0

dq

4p
qF SDðqÞf̂3ðqÞ

�
J0ðqrÞ � J2ðqrÞ

�
(5)

where Jn(u) are Bessel functions. TSDij (r;3) cannot be evaluated
exactly in general, but reduces toTSDij (r) in the limit r[ 3. For use
in the numerical procedure discussed below, we evaluate the
above integrals numerically using MATLAB’s Gauss–Kronrod
quadrature algorithm, quadgk (see Appendix A for details).

Membrane-embedded objects are discretized into N blobs
centered at positions Rn (see Fig. 1). The force on blob n is
written g[Rn] and the uid response to all such forces (eqn (1))
predicts the velocity at Rm as

vi½Rm� ¼
X
n

TSD
ij ðRm � Rn; 3Þgj ½Rn�: (6)

Eqn (6) is a 2N� 2Nmatrix equation for the blob velocities in
terms of applied forces.

Without any loss of generality, we assume the object is
centered at the origin with its long axis aligned in the x direc-
tion. We enforce solid body motion by imposing v[Rm]¼ V +U�
Rm for allm, and solve eqn (6) for the resulting forces g[Rn] using
the generalized minimal residual method algorithm (GMRES).54

These blob forces combine to yield the total force and torque on
the object: F ¼P

mg[Rm] and s ¼P
mRm � g[Rm]. The mobilities

and diffusion coefficients follow immediately as discussed
above (e.g. Dt ¼ mtkBT ¼ (Vy/Fy)kBT).
Fig. 1 In the RS approach, a circular object is represented by a collection of
discrete blobs packed in concentric rings; the blobs have radial separation s, and
points are separated on the circle by an arc length of s. For this illustration, s ¼
0.08R and the total number of points is N ¼ 534.

This journal is ª The Royal Society of Chemistry 2013
We stress an important difference between our application to
membrane geometries and the traditional RS approach32,33 (and
shellmethod approach46–48) in pureuids. In traditional 3Dor 2D
problems it is only necessary to introduce a shell of blobs that
cover the perimeter of the solid body, whereas our quasi-2D
membrane problems require blobs tiling the entire 2D shape of
the diffusing body. The Stokes equations in 2D and 3D naturally
lead to rigid-body motion throughout the body when the perim-
eter behaves as a solid body;36 explicitly enforcing rigid body
motionwithin thebody is anunnecessary computational expense
in 2D and 3D. In contrast, the equations of quasi-2D hydrody-
namics (as summarized by eqn (1) and (2) in this work) do not
share this property. For example, a rigid circular ring translating
at velocity v in themembrane leads to a velocity vc < v at the center
of the ring due to the traction imposedwithin the ring by the bulk
uid to either side of the membrane. To actually enforce solid
body motion for a disc in a membrane, the entire disc must be
prescribed tomove in rigid fashion (seeFig. 1). In this context, it is
worth re-emphasizing that our quasi-2D calculations reect 3D
physics. In particular, the behavior of the bulk uids above and
beneath themembrane are captured implicitly within eqn (2) and
it isnecessary to impose the rigidbody constraint over all surfaces
in contactwith auid. These surfaces include the outer perimeter
of thediffusingbody,which is in contactwith themembrane, and
the top andbottomsurfacesof thebody,whichare in contactwith
the bulk uids. Within our quasi-2D model, the top and bottom
surfaces are represented as the interior of the diffusing body.
3 Validation

To verify the membrane RS methodology, we have tested it on
the two models where exact results are available, SDHPW and
the closely related Evans–Sackmann problem for a membrane
suspended above a solid support.34 Readers willing to accept our
assertion that the RS approach provides quantitatively accurate
numerical predictions for solid body mobilities in membranes
can skip this section and proceed immediately to Section 4.

To generate numerical predictions for the SDHPW problem,
we adopt theGreen’s function of eqn (2) and represent cylindrical
objects of radius R embedded in themembrane by a collection of
blobs packed in concentric circles (Fig. 1). We choose inter-blob
spacings, s, within the range 0.03–0.07R, and choose 3 to be half
the spacing, as in ref. 32 and 33. At each value of s an RS calcu-
lation is performed and we nd (see Fig. 2) that the mobilities
change linearly in s. This allows us to extrapolate to the innite-
resolution limit s ¼ 0, as in Bloomeld et al.48 and it is these
extrapolated results that we report throughout this paper. We
expect that the error of themethod should vanish in the limit s/
0, and that the approach to zero error should be smooth; if this is
true, we would generically expect from Taylor expansion that the
error decreases linearly as s/ 0. We see this to be true in Fig. 2;
this extrapolation is also supported by its success in the shell
method, reproducing known exact results in three-dimensional
uids.48,50 Quadratic extrapolation has also been used to extrap-
olate from larger values of s in shell methods.55 This process was
repeated over a wide range of physical parameters and the
resulting mobilities (translational and rotational) are displayed
Soft Matter, 2013, 9, 4767–4779 | 4769
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Fig. 2 We show the relative error on the translational mobility as a function of
the discretization spacing s for R/LSD ¼ 207; the mobility is a linear function of the
spacing, and approaches the theoretical value as s/ 0 (with a final relative error
of 0.08%). Similar results are obtained for the rotational mobility.

Fig. 4 RS calculations for the translational mobility of a cylindrical inclusion in a
membrane above a solid support corresponding to the Evans–Sackmann limit.34

We observe good agreement with the result of ref. 34 with no free fitting
parameters, with a maximum deviation of 2.4% over the range 10�4 # R/LH #

104. Inset: the rotational mobility is also in good agreement, with a maximum
error of 1.0%.
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in Fig. 3. The “Saffman–Delbrück length”, LSD ¼ hm/2hf, repre-
sents the wavelength for crossover from 2D-like hydrodynamics
to 3D-like hydrodynamics in the SDHPWproblem;41–43 our results
include cylinders with radii that span both regimes. The agree-
ment with SDHPW is excellent. The maximum error for the
translational mobility is 0.2% and the maximum error for the
rotational mobility is 0.4% over all cases studied. (Note that the
“SDHPW theory” curves presented in Fig. 3 were generated using
the interpolation formulas introduced by Petrov and co-
workers.9,28 These formulas have a maximum error of less than
0.1% from the exact result, and are sufficient for our purposes.)

Comparison to the Evans–Sackmann results proceed simi-
larly to the SDHPW case (see Fig. 4), the primary difference
being substitution of

F ES(q) ¼ [hmq
2 + bsubstrate]

�1 (7)

for F SD(q) in eqn (2). The Evans–Sackmann model neglects all
viscous losses in the bulk uid surrounding the membrane, but
does include a phenomenological friction on the membrane via
the coupling constant bsubstrate. (In our general model of
Appendix A, this corresponds to the limit b / N, K+(q) ¼ 0,
Fig. 3 RS calculations for the translational mobility of a cylindrical inclusion in a
homogeneous free membrane. We observe good agreement with the results of
ref. 7withno freefittingparameters. Themaximumdeviation from the result of ref.
7 and 9 is 0.2% over the range 10�4# R/LSD# 104. Inset: the rotational mobility is
also in good agreement with ref. 7 and 28, with a maximum error of 0.4%.

4770 | Soft Matter, 2013, 9, 4767–4779
K�(q) ¼ �bsubstrate, and h+ ¼ h� ¼ hm/2.) The analytic forms of
the rotational and translational mobility for a cylinder of radius
R in an Evans–Sackmann membrane are known,34

4phmmtrans ¼
�
c2

2
þ cK1ðcÞ

K0ðcÞ
��1

(8)

4phmR
2mrot ¼

�
1þ cK0ðcÞ

2K1ðcÞ þ
1

8
c2

��1

(9)

where c ¼ R/LH and LH ¼ (hm/bsubstrate)
1/2 is the hydrodynamic

length scale for a supported membrane. These forms assume
that the phenomenological drag between the substrate and the
protein is identical to that between the substrate and the
membrane, which is compatible with the RS calculations.

4 Diamond-shaped domains in a
membrane

PPS28 recently studied solid domains giant unilamellar vesicles
of an equimolar mixture of the two phospholipids DPPC (1,2-
dipalmitoyl-sn-glycero-3-phosphocholine) and DPhPC (1,2-
diphytanoyl-sn-glycero-3-phosphocholine). They observed that
diamond-shaped solid domains (with a constant aspect ratio of
1.42, but variable overall size) diffuse within a uid phase. PPS
tracked the motion of these individual domains, and measured
rotational and translational domain diffusion coefficients. We
re-analyze the data presented by PPS using our RS calculations
for solid diamonds embedded in a SD membrane, and directly
compare our theory to experiment (Fig. 5). In our RS theory, the
diffusion coefficient of a solid diamond will depend on its
shape, the temperature, the bulk uid viscosity hf, and the
membrane viscosity hm. Since the surface viscosity of DPhPC–
DPPC bilayers is not precisely known, hm was treated as a t
parameter. The remaining physical parameters are known: hf ¼
0.0115 poise (from an independent experiment) and T ¼ 298.5
K.28 Fitting to reported translational diffusion coefficients (�D),
we nd hm ¼ (1.76 � 0.13) � 10�6 poise cm; for rotational
This journal is ª The Royal Society of Chemistry 2013
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Fig. 5 PPS28data for translationaldiffusion (�D, diamonds, leftpanel) and rotational
diffusion (Drot, squares, right panel) of diamond-shaped domains compared to RS
calculations (lines). Translational diffusion parallel to the longaxis (Dk, dashed line) is
faster than the diffusion perpendicular to it (Dt, dash-dot line); �D is the solid line.
Dt/Dk ranges from 0.83 to 0.87 over the range of values shown, with the largest
anisotropy for a[ LSD, as we would expect from ref. 44 and 45. Translational and
rotational data arefit independently fromoneanother and yield different values for
hm (see text). a ¼ ffiffiffiffiffiffiffiffiffi

S=p
p

is the effective radius of the diamond,where S is the area of
the domain. Inset: discretization of a diamond-shaped solid domain as a collection
of blobs. A coarse discretization is shown; plotted results reflect the outcome of
calculations involving thousands of blobs, extrapolated to infinite resolution.

Fig. 6 Illustration of a common experimental situation, with a protein
embedded in one leaflet of the membrane, which is suspended above a solid
support. For the geometry shown here, K+(q) ¼ �h+f q and K�(q) ¼ �h�f qcoth(qH).
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diffusion, we nd hm ¼ (1.28 � 0.09) � 10�6 poise cm. See
Appendix C for more details on the tting.

The original analysis of this data by PPS approximated the
domains by circles of equal area, i.e. they assumed the diffusion
coefficients were given by the SDHPW model with an effective
radius of a ¼ ffiffiffiffiffiffiffiffiffi

S=p
p

, where S is the area of the domain. With this
assumption, they calculated hm¼ (2.1� 0.1)� 10�6 poise cmand
hm ¼ (2.3� 0.1)� 10�6 poise cm for translational and rotational
measurements, respectively. These values are systematically
higher than those foundby the RS calculations. They also indicate
a goodcorrespondencebetween translationand rotation,whereas
the RS results have a clear discrepancy. To the extent that the
experiments correspond to a solid diamond in a SD membrane,
the RS calculations are expected tobe exact. The circular geometry
assumed by PPS seems a reasonable, but somewhat uncontrolled
approximation.Why then, should themore-correct RS calculation
lead to inconsistent measurements of the viscosity from the
translational and rotational diffusion coefficients? We suspect
that the answer lies in the incompleteness of the model assumed
for the membrane: there will be systematic deviations from the
diffusion coefficients we predict, and they will affect rotation and
translation differently. Both our RS calculations and SDHPW
describe a perfectly at membrane surrounded by a bulk uid of
innite extent, while PPS observe a spherical vesicle pinned to a
substrate. The substrate, vesicle geometry, and pinning will all
change the diamond mobility.56–58 Translational mobility should
be reduced more by these effects than rotational mobility, as the
uid ow around a translating object is longer-ranged than
arounda rotatingone (see, e.g. ref. 59 in threedimensions).Also, if
the diamond is distorted below the optical resolution (e.g. the tips
of the solid domainhave brokenoff) and thushas a smaller size or
a different shape than thatmeasured in ref. 28 and assumed here,
we expect that the rotational mobility will increase more than the
translational one. We have also performed RS calculations of
diamonds with broken-off tips (data not shown); in these cases,
the rotational diffusion coefficient increases more strongly than
This journal is ª The Royal Society of Chemistry 2013
the translational one. It is common for rotational diffusion to
dependmore strongly on shape and size, e.g. a sphere with radius
R in an innite homogeneous 3D uid has Dtrans � 1/R but the
rotational diffusion coefficient has a much stronger dependence
onR:Drot� 1/R3.36This samepattern is evident inFig. 5,where the
rotational diffusion coefficient changes over two orders of
magnitude while the translational one does not even change by a
factor of 5. Both explanations are consistent with nding a larger
effective viscosity for translational motion; more experiments are
needed to distinguish between these two (or other) possibilities.
The apparent inconsistency in hm revealed by the RS calculations
highlights the importance of this quantitative technique in the
analysis of experimental data. Only with detailed calculations
incorporating the proper domain shape was this apparent
inconsistency discovered.
5 Membranes near walls and with leaflet
structure

Many experimental studies involve “supported bilayers” (see
Fig. 6), with membranes near at solid supporting surfaces.60

Depending upon the surface, its proximity and mechanism of
adhesion, these systems can show close correspondence with
freely suspended membranes, or can show signicant lowering
of diffusion coefficients and even signicant disparities in �D
between the two leaets.21–24,61,62 Extensions of SDHPW to
include a solid wall exist,34,56 but treat the membrane as a single
sheet. To quantitatively compare to supported experiments, it is
essential to explicitly account for the two-layered structure of
the membrane. A supporting surface breaks the mirror
symmetry through the bilayer midplane. Though a single sheet
description is equivalent to a bilayer description for freely sus-
pended membranes with objects symmetrically spanning two
identical monolayers (as in SDHPW), there is no clear justi-
cation for the single sheet approach in a supported geometry.

To model a two-leaet membrane, we adopt the Seifert–
Langer (SL)63 model of two coupled monolayers with a
phenomenological drag between the upper (+) and lower (�)
leaets (though we assume the monolayers are incompressible,
unlike SL). This approach and related theories64 have been
successfully applied to the analysis of varied experiments and
Soft Matter, 2013, 9, 4767–4779 | 4771
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Fig. 7 Diffusion coefficients in the top (solid lines) and bottom (dashed lines)
leaflets of a supported membrane (see Fig. 6) as a function of the interleaflet
coupling parameter, b. R ¼ 2 nm, H ¼ 1 nm, h+f ¼ 0.01 poise and h� ¼ 2 � 10�7

poise cm, corresponding to a generic protein–lipid system and a closely supported
geometry. T¼ 319 K (above the melting transition for DPPC). Vertical dashed lines
indicate the window of known b values for experimental lipid systems.
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molecular simulations,64–67 though not to lateral diffusion (to
our knowledge). While we do not expect this hydrodynamic
model, nor any continuum model, to be completely accurate at
lipid scale, we believe it may prove a useful qualitative guide to
understand experimental results on lipid diffusion, while more
quantitatively describing cases where hydrodynamic theories
can be applied, e.g. larger monotopic membrane proteins.25–27

Eqn (1)–(6) are easily extended to other hydrodynamic envi-
ronments and models that resolve the two-leaet structure of
the membrane. The generalized Green’s function that relates
the applied forces on both leaets, f�, and velocities of the
leaets, v� is dened by

vai (r) ¼
Ð
d2r0Tab

ij (r � r0)f bj (r0), (10)

where the Latin indices i, j are summed over (x, y) and Greek
indices a, b are summed over the leaets (+, �). An explicit
expression for Tabij (r) (in Fourier space), valid for many hydro-
dynamic environments surrounding the bilayer, is derived in
Appendix A:

Tab
ij ðqÞ ¼ F abðqÞ

�
dij � qiqj

q2

�

F abðqÞ ¼
�
hð�aÞq2 � K ð�aÞðqÞ�dab þ b

ðq2hþ � K
þ þ bÞðq2h� � K

� þ bÞ � b2

(11)

where (�a) indicates the leaet opposite to a, b is the SL
interleaet drag, and h� is the surface viscosity of the upper
(lower) monolayer. Here, K�(q) describes the inuence of the
bounding uids on the leaets they contact; t�(r) ¼ K� v� ¼Ð
d2r0K�(r � r0)v�(r0) is the traction from the uid above (below)

on the leaet; see ref. 41 and 68. If a leaet is adjacent to an
innite column of uid with viscosity hf, then K(q) ¼ �hfq as in
the free-membrane case; for a leaet separated from a solid
support by a distance H, K(q) ¼ �hfqcoth(qH).41 One may also
include the presence of xed obstacles through the presence of
a “Brinkman equation”-like term, K(q) ¼ �k.29,30 We also note
that for a supported membrane in the limit of small H and
large subuid viscosity hf, the result K(q) ¼ �hfqcoth(qH)
approaches K(q) ¼ �hf/H, i.e. the drag force from the presence
of a substrate is simply t ¼ �bsubstratev, which would be a
natural phenomenological guess for a membrane on a rough
surface. We shall primarily focus on a supported membrane as
illustrated in Fig. 6.

The behavior of eqn (11) depends crucially on the coupling
between the leaets. If the leaets are uncoupled (b ¼ 0), F ab

reduces to [q2ha � Ka(q)]�1dab, i.e. force on one leaet does not
affect the other. In the limit of b/N, F ab becomes [q2(h� + h+)
� (K� + K+)]�1, i.e. the bilayer acts as a single sheet with effective
viscosity h� + h+ affected by the uid both above and below it.
The Green’s function for a SD membrane is recovered from eqn
(11) if we let h� ¼ hm/2, K

�(q) ¼�hfq, and let b/N. Extension
of the RS method to the Green’s function of eqn (11) is
straightforward; details are presented in Appendix A. This
technique allows us to calculate mobilities of complex objects
embedded in either bilayer leaet, transmembrane proteins
embedded in both, or more complex assemblies. We only
address single-leaet objects in this section.
4772 | Soft Matter, 2013, 9, 4767–4779
We have used the RS approach to calculate mobilities of
cylindrical objects embedded in the top (+) or bottom (�) leaf-
lets of membranes in the geometry of Fig. 6 and plot �D� and
Drot,� (Fig. 7). For sufficiently large interleaet drag, b, the two
leaets become fully correlated, with no measurable discrep-
ancy between “+” and “�”. For a freely suspended membrane (H
/N), the ratio in diffusion coefficients between b¼ 0 and b/
N is exactly a factor of 2, as expected by symmetry consider-
ations (twice SDHPW for b ¼ 0 and exactly SDHPW for b/ N).
As the surface approaches the membrane, this ratio grows for
the distal leaet, but shrinks for the proximal leaet.

The contrast in behavior between translational and rota-
tional diffusion is signicant and worth noting. Assuming the
standard viscosity of water between themembrane and support,
h�f ¼ 0.01 poise, a supporting surface 1 nm from the membrane
can yield (at small b) a sizable asymmetry between the leaets
for translational diffusion, but not for rotational diffusion. For
more physical values of b (b � 107 to 108 poise cm�1 (ref. 66 and
67)), there is no asymmetry, as suggested by simple estimates
(see ref. 69 and Appendix B). However, various studies suggest
that the thin layer of water conned between membrane and
support does not behave as bulk water. In particular, it has been
suggested that the conned water can become signicantly
ordered leading to a marked increase in viscosity.70–73 It should
be acknowledged that this point is controversial74 and the
behavior of the conned water layer almost certainly depends
on the details of the membrane, supporting surface and sepa-
ration between them in ways that are not fully understood. In
particular, the viscosity h�f could become a function of H; we do
not assume any particular form, but show results for different
values of h�f and H, varied independently. If we increase the
effective viscosity of h�f to 1 poise,75 as may be appropriate for
conned water,70–73 rotational motion is asymmetric at H ¼ 1
but translation is not (assuming experimentally relevant b).
These seemingly incongruous results are actually sensible since
uid ow around a rotating object is more localized than
around a translating one.59 For this reason, translation is more
strongly affected by the presence of the support than is rotation.
However, a larger b is required to synchronize leaets for rota-
tion, since the ow elds are more closely localized around the
protein, and hence interleaet friction is less effective. These
This journal is ª The Royal Society of Chemistry 2013
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results emphasize the complex interplay between b, h�f and
geometry (H) as they affect both translational and rotational
motion in supported systems. It is potentially misleading to
draw broad conclusions about the similarity between freely
suspended and supported systems without performing multiple
different measurements.

As is apparent from Fig. 7, we would not expect large
differences between diffusion coefficients in the top and bottom
leaets for physical values of the interleaet coupling b unless
there is signicant ordering of the uid (increasing viscosity by
a factor of 100). However, for some coarse-grained simulations,
some dynamical physical parameters are signicantly different
from those measured experimentally,76 e.g. b is much lower. For
such membranes, the asymmetry between the two leaets can
be signicantly stronger than in physical experiments. Many of
the relevant parameters have been measured for the MARTINI
model of DPPC.77 MARTINI is a widely used and well-studied
coarse-grained force-eld for lipid bilayers and proteins; it
represents several atoms (typically four) as a single interaction
center. MARTINI also has explicit water. For this model, the
membrane viscosity is hm ¼ 1.2� 10�8 poise cm, the bulk water
viscosity is hwater ¼ 7 � 10�3 poise, and the interleaet coupling
term is b ¼ 2.4 � 105 poise cm�1.76 In particular, the interleaet
coupling is roughly two orders of magnitude lower than the
experimental range of b � 10�7 to 10�6 poise cm�1, and the
membrane viscosity hm is also lower than those typically
observed in micron-scale experiments, which are of the order of
107 to 108 poise cm.28,78 Unfortunately, though ref. 71 simulated
a MARTINI membrane above a solid substrate, and observed
that the conned water under the membrane becomes signi-
cantly ordered, we are not aware of an explicit measurement of
the conned uid viscosity h�f in MARTINI. We therefore
calculate diffusion coefficients for proteins in a supported
MARTINI membrane as a function of the subuid viscosity, with
the superuid viscosity xed to h+f ¼ hwater, and a support height
of H ¼ 10�7 cm (Fig. 8). Our results suggest that the difference
in diffusion coefficients between the top and bottom leaets
Fig. 8 With the anomalously low membrane viscosity and interleaflet coupling
of the MARTINI model, a relatively low subfluid viscosity is required to create an
asymmetry between top and bottom leaflets. This figure shows the diffusion
coefficient of a protein-scale object in a supported membrane as a function of the
subfluid viscosity; R¼ 2 nm, H¼ 1 nm. The solid line is for objects in the top (distal)
leaflet, and the dashed line for the bottom (proximal) leaflet. These results have
not been rescaled to match the physical timescale, as is sometimes done in
reporting MARTINI numbers.

This journal is ª The Royal Society of Chemistry 2013
observed in MARTINI simulations (e.g. ref. 71) may be larger
than that seen in experiments, because of the weaker inter-
leaet coupling of the MARTINI model.
6 Membrane-bound protein assemblies

Knight et al.35 have recently observed monomers, dimers and
trimers of membrane-bound proteins. These membrane-bound
proteins are the PH domain of the general receptor for phosphoi-
nositides, isoform 1 (GRP1 PH domains), and they bind to PIP3
(phosphatidylinositol-3,4,5-trisphosphate). Knight et al. study
these proteins in supported lipid bilayers ofDOPC (1,2-dioleoyl-sn-
glycero-3-phosphocholine) with a small fraction of PIP3 for the PH
domains to bind to. They observe that a dimer of membrane-
bound proteins has a diffusion coefficient half that of amonomer,
anda trimera third thatofamonomer.Qualitatively similar results
have also been reported formultimeric assemblies of protein pore
complexes in the supported geometry.62 This would be the natural
result if the assemblies are not hydrodynamically correlated, i.e.
that they are in the “free draining” limit where a force on one
monomer does not lead to a motion on the other monomer (e.g.
Rouse dynamics in polymers37). Knight et al. suggest that the lipids
attached to these proteins, which are 4–6 nm apart, are freely
draining, and note that the Saffman–Delbrück theory for free-
standing bilayers cannot explain these experimental results. We
emphasize that the Saffman–Delbrück theory is not appropriate
for supportedbilayers.Whileweagreewith theassessment that the
SDHPW theory can not explain these experiments, we show below
that there is not necessarily any inconsistency between hydrody-
namic theory and experiment. There is, however, a potentially
serious inconsistency in applying the simplest SDHPW theory to
the supported membrane geometry.

Using the RS scheme, we can compute the diffusion coeffi-
cient of rigid dimers of membrane-embedded particles and
determine their diffusion coefficients relative to the single-
particle diffusion coefficient. In this case, almost all of the
complications we have described above arise. The protein-
bound lipids are only embedded in a single leaet, the dimer
has a complex, anisotropic shape, and (in the case of the
experiments) the membrane is very close to a solid support.

We model the protein-bound lipids as solid cylinders with a
xed separation; we ignore the added drag from the protein
associated with the lipid, and focus only on the lipids associated
with the protein. We choose R ¼ 0.45 nm for the lipid size (as
assumed in Knight et al.35), and look at separations ranging
from 0.9 nm to 9 nm. As a control, we rst study a freestanding
membrane with the protein-bound lipid dimer embedded in
one leaet (h� ¼ hm/2, h

�
f ¼ hf), and choose the membrane

viscosity to be consistent with micron-scale uorescence
experiments, (though on the low end), hm ¼ 4 � 10�7 poise
cm8,9,28,78 and hf ¼ 0.01 poise to be the viscosity of water. We
choose b ¼ 107 poise cm�1, consistent with experimental
measurements.64,66,67 With these numbers and the freestanding
geometry, the two monomers are highly correlated. Even at a
separation of 9 nm, the rotationally averaged mobility of the
dimer is still 72% of the monomer’s mobility (Fig. 9) as
compared to 50% for the free draining limit. This should not be
Soft Matter, 2013, 9, 4767–4779 | 4773
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Fig. 10 Calculated lipid flows around a two-cylinder composite object modeling
a membrane-associated protein dimer in a supported lipid membrane. The dimer
is embedded in the upper leaflet and pushed along the axis connecting the
monomers. The presence of the dimer in the upper leaflet also affects the flow in
the lower leaflet. The velocity field is drawn in the rest frame of the dimer, and the
color map indicates the magnitude of the velocity measured relative to the
dimer’s velocity. Parameters chosen as in Fig. 11. Scale bar is 0.5 nm.
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surprising, as these values correspond to a Saffman–Delbrück
length of LSD ¼ 0.5 microns, and we would expect that two
objects closer than the Saffman–Delbrück length are highly
correlated; we will see this more explicitly through use of the
Kirkwood approximation below.

The results of Fig. 9 describe the dynamics of membrane-
bound proteins in a freestanding bilayer. We now treat the case
of a supported bilayer, as studied experimentally by Knight
et al.35 We choose parameters as above, but set the thin water
layer to have viscosity h�f ¼ 0.75 poise; the distance between
membrane and substrate is chosen to be H¼ 1 nm. Though our
choice forh�f is not based on adirect independentmeasurement,
we note that this choice does seem consistent with the limited
experimental data available. In particular, we nd that at 20 �C,
this predicts a monomer diffusion coefficient of 2.5 � 10�8 cm2

s�1 in the top leaet and 1.9 � 10�8 cm2 in the bottom leaet,
compared to the value of 2.7 � 10�8 cm2 s�1 measured in ref. 35
(presumably for the top leaet, but not specied). Our calcula-
tions also show that the diffusion coefficient for a monomer in a
freestanding membrane with the same viscosity would be 5.9 �
10�8 cm2 s�1, consistentwith ref. 61, whond that, for a different
lipid system, the substrate reduces the lipid diffusion coefficient
relative to the freely suspended case by a factor of about 2.5. We
plot lipid ows around the dimer (Fig. 10) and the ratio of
diffusion coefficients of the dimer compared to the monomer
(Fig. 11). In ref. 35 it was suggested that the ratio of dimer to
monomer diffusion coefficients should be similar for free-
standing and supported lipid bilayers. Comparison of Fig. 9 and
11 suggest that this assertion is incorrect for themodel discussed
here. As we saw in Section 5, the presence of a solid support can
signicantly alter membrane dynamics relative to the freely
suspended case; this conclusion extends to the ratio of diffu-
sivities between monomers and dimers.

As seen in Fig. 11, themean diffusion coefficient of the dimer
�D decreases to the free-draining limit Dmonomer/2 once the dimer
reaches a separation of roughly 6 nm. This is consistent with the
Fig. 9 Ratio of diffusion coefficients of a protein-bound lipid dimer compared to a
protein-bound lipidmonomer in a freemembrane. The solid lines are theKirkwood
approximation (eqn (12)), which is a good approximation for well-separated
objects. The dashed line is Ddimer/Dmonomer ¼ 1/2, the free-draining limit. b ¼ 107

poise cm�1, h� ¼ 2 � 10�7 poise cm, h�f ¼ 0.01 poise (i.e. water), R ¼ 0.45.

4774 | Soft Matter, 2013, 9, 4767–4779
data of Knight et al., but we note that focus on �D alone is
somewhat misleading. Considered separately, the individual
components of diffusion, Dt and Dk, clearly do display hydro-
dynamic correlations and it is a cancellation of effects between
the two that leads to the apparent free-draining result for �D.
Further, Dt actually decreases below the free-draining limit
(Ddimer/Dmonomer ¼ 1/2), and then increases to approach this
limit at larger separations; for motions directed perpendicular
to the dimer axis the assembly can diffuse more slowly than in
the absence of hydrodynamic interactions. This is solely a
consequence of the presence of the substrate, and we can gain
some additional understanding of this by using the Kirkwood
approximation37,44 to calculate the dimer mobility. This
approach describes the effect of one monomer on the other by
treating the protein-bound lipids as point forces and has been
used to interpret molecular dynamics simulations (M. G.
Lerner, personal communication and ref. 35). Within this
Fig. 11 Ratio of diffusion coefficients of a protein-bound lipid dimer compared to
a protein-bound lipid monomer. The solid lines are the Kirkwood approximation
(eqn (12)), which is a good approximation for well-separated objects. The dashed
line is Ddimer/Dmonomer¼ 1/2, the free-draining limit. b¼ 107 poise cm�1, h� ¼ 2�
10�7 poise cm, h+f ¼ 0.01 poise (i.e.water), h�f ¼ 0.75 poise;H¼ 1 nm and R¼ 0.45.

This journal is ª The Royal Society of Chemistry 2013
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approximation, the parallel and perpendicular mobilities of a
dimer with two protein-bound lipids in the top leaet separated
by a xed distance r are given by

Ddimer
k;t z

1

2

�
Dmonomer þ kBT � Tþþ

L;TðrÞ
� ðKirkwoodÞ: (12)

The Kirkwood approximation provides a good approxima-
tion, except for the points of closest approach (Fig. 9 and 11). As
noted by Oppenheimer and Diamant,69 the perpendicular
response function for a supported membrane in the “adsorbed”
limit, where H � LSD, is actually negative at large separations,
which explains (through eqn (12)), the anomalous behavior of
Dt. T++

T (r) becoming negative at some distances indicates that
the response to a point force has a circulating ow. We explicitly
show this, plotting the velocity response to a point force applied
to the upper leaet in Fig. 12.

While we do not attempt to study the parameter space here
as extensively as we did in Section 5, we note that the primary
cause of the quick decay in Fig. 11 is the increased viscosity of
the subuid. We have repeated the calculation of Fig. 11 but
with h�f ¼ 0.01 poise; the dimer–monomer ratio �Ddimer/Dmonomer

decreases signicantly slower with dimer separation, only
reaching 0.6 at a separation of 9 nm. This shows the importance
of the increased viscosity of the water beneath the membrane,
which we expect will depend on the details of the SLB prepa-
ration. This suggests that the measurements of Knight et al.35

may be sensitive to substrate and preparation, as noted for lipid
diffusion in Scomparin et al.23

It should be emphasized that this theoretical study cannot
prove that the hydrodynamic model employed above is the
correct physical picture to explain experiments on supported
membranes. Without precise measurements of the effective
viscosity of conned water, the surface viscosity of lipid
monolayers and the interleaet drag for specic systems, it is
very difficult to quantitatively compare theory to experiment
and vice versa. However, we do believe that the numbers intro-
duced above are reasonable and they appear consistent with the
experimental data that is available. To the extent that these
numbers can be believed, our calculations suggest that hydro-
dynamics is consistent with the experiments of Knight et al. and
that the underlying physical mechanism responsible for the
Fig. 12 The velocity response to a force applied on the upper leaflet of a sup-
ported membrane has circulation, as noted in the text. The force is regularized
over a size 3¼ 2 nm (dashed line). Scale bar is 5 nm. Membrane parameters are as
in Fig. 11.

This journal is ª The Royal Society of Chemistry 2013
unexpected “free-draining” results is the drag introduced by the
supporting surface. Other explanations may be possible as well.
In particular, if membrane viscosity is lower than previously
believed, as recently suggested in ref. 57, this would signi-
cantly reduce the hydrodynamic coupling between monomers.
Also, if the continuum approximation breaks down or there are
additional non-hydrodynamic sources of drag present18,19 this
could account for the experimental ndings.
7 Discussion

We have applied our numerical RS approach to calculate
translational and rotational diffusion coefficients for three
increasingly complex and experimentally relevant membrane-
embedded objects: diamond-shaped solid domains, monotopic
proteins, and dimers of membrane-associated proteins. Our
analysis of the diffusion of diamond-shaped domains on a
vesicle suggests that it may be possible to experimentally
observe deviations from the simplest Saffman–Delbrück model
of the membrane due to the curvature of the vesicle and/or the
presence of the substrate. We also note that, as in our analysis
of the monomer vs. dimer vs. trimer diffusion studies of Knight
et al., the presence of an underlying solid support can have
potentially serious consequences for protein diffusion – even for
proteins conned to the leaet distal to the support. However,
these effects will strongly depend on the extent to which the
uid below the membrane becomes more ordered, which may
depend on the substrate preparation.71 Many aspects of lipid
dynamics in supported systems can also depend on prepara-
tion,23 and the importance of the leaet dynamics and sup-
ported hydrodynamics may depend on these details.

Since the work of Urbach and co-workers,14 several groups
have observed membrane diffusion coefficients in simulation
and experiment, and claimed a conict with SDHPW.20,35,62

While we do not question that these works observe clear devi-
ations from the SDHPW results, it is important to emphasize
that many of these studies involve systems that are not neces-
sarily described by SDHPW. The SDHPW theory only applies to
cylindrical membrane-spanning solid bodies residing in an
innite at membrane freely suspended within an innite
homogeneous bulk. The experiments in ref. 35 and 62 were
carried out in the supported geometry, which we have shown
above is potentially both quantitatively and qualitatively
different from the free geometry. The appropriate theory for
analyzing these experiments is not SDHPW, but the generalized
theory we develop in Section 5, or (when the leaet structure can
be neglected), that presented in ref. 34, 56 and 69. Similarly,
coarse-grained molecular dynamics simulations as in ref. 20
and 35 will not necessarily correspond to SDHPW because the
“innite bulk” requirement is violated; these studies are usually
carried out in small periodic simulation boxes, in which the z
distance between themembrane and its nearest periodic copy is
on the order of the membrane thickness. While we make no
attempt to explicitly analyze the periodic case in this work, we
expect signicant deviations between the periodic geometry
and the innite case, similar to those observed in 3D.79 Indeed,
since membranes have even longer-ranged hydrodynamic
Soft Matter, 2013, 9, 4767–4779 | 4775
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correlations than bulk uids, we would expect that the system-
size dependence of the diffusion coefficients in periodic lipid
membranes will have an even slower convergence than the (box
length)�1 observed in 3D.

The RS approach for membranes is versatile and easily
applied to cases beyond those explicitly considered here. The
method can incorporate other generalizations of the SD Green’s
function without difficulty, including dynamics of membrane
stacks,80 viscoelastic membranes and surroundings,42,81,82 and
inertial effects.81,83 Calculation of relative diffusion coefficients
between mobile bodies42,43 is straightforward49 and may be
useful for the analysis of microrheological experiments on
membranes and interfaces.84–87 RS can also include complica-
tions present in biomembranes, such as immobilized
proteins29,30 and asymmetric leaet compositions and viscosi-
ties,2,31 and should prove useful in calculating hydrodynamic
membrane-protein mobilities in biological systems.
A Derivation of regularized Stokeslets for
the two-leaflet model

We describe the hydrodynamics of a membrane in terms of a
variant of the Seifert–Langer (SL)63 picture of the membrane as
two coupled monolayers, with a phenomenological drag
between the upper (+) and lower (�) leaets. The Stokes
equations should include (1) the viscous drag from each
monolayer, which have surface viscosities of h�, (2) the surface
pressure p�, (3) the drag from the uid above the top leaet,
and below the bottom leaet, K� v�, (4) the drag force
between leaets Hb(v+ � v�), and (5) an applied force per unit
area f�. We also require, unlike the original SL model, that the
monolayers are incompressible, though this constraint can be
relaxed.42,63

h�V2v� � Vp� + K� v� H b(v+ � v�) ¼ �f � (13)

V$v� ¼ 0 (14)

The convolution term t�(r)¼ K� v� ¼ Ð
d2r0K�(r� r0)v�(r0) is

the drag from the uid surrounding the monolayer, and is
usually described in terms of its Fourier transform, t�(q) ¼
K�(q)v�(q). Our convention is K(q) ¼ Ð

d2re�iq$rK(r),

KðrÞ ¼
ð

d2q

ð2pÞ2 e
iq$rKðqÞ. The form of K�(q) will depend on the

hydrodynamic environment of the leaet; if a leaet is adjacent
to an innite column of uid with viscosity hf, then K(q)¼�hfq;
for a leaet separated from a solid support by a distance H,
K(q) ¼ �hfqcoth(qH).41 A common example is given in Fig. 6.

We can solve the coupled Stokes equations eqn (13) and (14)
to determine a Green’s function tensor (see, e.g. ref. 37); the
Green’s function indicates the relationship between the applied
forces on both leaets, f �, and the velocity of the leaets, v�:

vai (r) ¼
Ð
d2r0Tab

ij (r � r0)f bj (r0) (15)

where we assume the Einstein summation convention, and
Latin indices i, j are summed over (x, y) and Greek indices a, b
4776 | Soft Matter, 2013, 9, 4767–4779
are summed over the leaets (+, �). This convolution is obvi-
ously simpler in Fourier space, where vai (q) ¼ Tabij (q) f

b
j (q). We

determine the Green’s function from eqn (13) by Fourier
transform; the Fourier transform of eqn (13) is

�q2h�v�(q) � iqp�(q) + K�(q)v�(q) H b(v+(q)

� v�(q)) ¼ �f�(q) (16)

We can eliminate the pressure by using incompressibility,
which requires that q$v�(q) ¼ 0. We apply the projection oper-
ator P ij(q) h dij � qiqj/q

2 to eqn (16), which allows us to write a
matrix equation for v�(q) as a function of f�(q),�

q2hþ � KþðqÞ þ b � b

�b q2h� � K�ðqÞ þ b

�

�
�
vþðqÞ
v�ðqÞ

�
¼ P ðqÞ

�
f þðqÞ
f �ðqÞ

�

This matrix equation can be inverted to nd

vai (q) ¼ Tab
ij (q)f

b
j (q) (18)

where

Tab
ij ðqÞ ¼ F abðqÞ

�
dij � qiqj

q2

�

F abðqÞ ¼
�
hð�aÞq2 � K ð�aÞðqÞ�dab þ b

ðq2hþ � K
þ þ bÞðq2h� � K

� þ bÞ � b2

(19)

where (�a) indicates the leaet opposite to a.
If we dene

Tab
ij (r;3) ¼

Ð
d2r0Tab

ij (r � r0)f3(r
0) (20)

then we can determine Tabij (r;3) from eqn (19) by Fourier trans-
form, as Tabij (q;3) ¼ Tabij (q)f̂3(q), by applying the convolution
theorem to eqn (20). Because f3(r) is circularly symmetric, the
tensor Tabij (r;3) can only be constructed out of r as

Tab
ij ðr; 3Þ ¼ Tab

L ðr; 3Þ rirj
r2

þ Tab
T ðr; 3Þ

	
dij � rirj

r2



(21)

where TabL is the longitudinal response and TabT the transverse.
To make this calculation simple, we assume (without loss of
generality) that the vector r is in the x̂ direction; then TabL ¼ Tabxx
and TabT ¼ Tabyy . It is then easy to nd

Tab
xx ðr; 3Þ ¼

1

ð2pÞ2
ð
d2qeiq$rF abðqÞf̂3ðqÞ

�
1� qxqx=q

2
�

(22)

¼ 1

ð2pÞ2
ðN

0

dqqF abðqÞf̂3ðqÞ
ð2p

0

d qeiqrcos q
�
1� cos2 q

�
(23)

Tab
yy ðr; 3Þ ¼

1

ð2pÞ2
ð
d2qeiq$rF abðqÞf̂3ðqÞ

�
1� qyqy=q

2
�

(24)

¼ 1

ð2pÞ2
ðN

0

dqqF abðqÞf̂3ðqÞ
ð2p

0

d qeiqrcos q
�
1� sin2

q
�

(25)
This journal is ª The Royal Society of Chemistry 2013
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Evaluating the angular integrals, we nd:

Tab
L ðr; 3Þ ¼ 1

4p

ðN

0

dqqF abðqÞf̂3ðqÞ
�
J0ðqrÞ þ J2ðqrÞ

�
(26)

Tab
T ðr; 3Þ ¼ 1

4p

ðN

0

dqqF abðqÞf̂3ðqÞ
�
J0ðqrÞ � J2ðqrÞ

�
(27)

where Jn(u) is the usual Bessel function and, for clarity, we have
indicated the Fourier transform of f3 explicitly by f̂3.

The evaluation of these integrals is potentially costly; in
practice, when we need to evaluate TabL (r;3) and TabT (r;3) a large
number of times, we create a table of precomputed values and
use piecewise cubic interpolation; we use 1000–2000 points.

The generalization of eqn (6) relating the forces applied at
the blobs to the velocities of the blobs is then

v
aðmÞ
i ½Rm� ¼

X
n

T
aðmÞaðnÞ
ij ðRm � Rn; 3ÞgaðnÞj ½Rn�: (28)

where a(n) indicates the leaet that blob n is present in (i.e.
a(n) ¼ +, �). Eqn (28) is a 2N � 2N matrix equation for the blob
velocities in terms of applied forces, where N is the number of
blobs. We note that there may be blobs in one leaet and not in
another, as in the case when a protein is embedded in only one
leaet; there is no implied sum over all states a, only those
where there are blobs. For transmembrane proteins, there will
be blobs in both leaets.

B Rough estimate of translational diffusion
coefficient

If we are primarily interested in the scaling behavior of the
translational diffusion coefficient of an isotropic object, we can
apply an ad hoc approximation, representing our object as a
single blob, taking the regularization size to be the particle
radius R. This is similar to many previously established
approximation schemes.81,88–90 This result is, for a particle in the
a leaet,

Daz
kBT

4p

ðN

0

dqqe�q2R2=2F aaðqÞ (29)

where no sum over a is implied. Because of the Gaussian term,
wavenumbers with q [ 1/R do not contribute to the diffusion
coefficient; qmax � 1/R is the largest relevant wavenumber.
Looking at eqn (19), we can nd the relevant scale for b such
that the two leaets are correlated. Assuming that �K�(q) is a
non-decreasing function of q (as it is for all cases studied here),
we will need b [ h�qmax

2 � K�(qmax) for the two leaets to be
perfectly correlated over all relevant wavenumbers. This
produces that a sufficient, but not necessary value for b for the two
leaets to be correlated is b [ h�/R2 � K�(q ¼ 1/R). For a
supported membrane in the “adsorbed” region, K�(q) ¼
�hfqcothqHz�hf/H.69 In this case, for R¼ 2 nm andH¼ 1 nm,
and h� ¼ 2 � 10�7 poise cm, we nd that b [ 5 � 106 poise
cm�1 suffices to correlate the two leaets, in agreement with the
main body of the paper. We note that ref. 69 presents a slightly
This journal is ª The Royal Society of Chemistry 2013
different estimate, requiring only b [ hf/H; our results suggest
this is not sufficient if R2 � h�H/hf.
C Details of fitting procedure

To more conveniently determine the viscosity of the membrane
from the translational and rotational diffusion coefficients of
diamond-shaped domains, we pre-calculate the theoretical
diffusion coefficients as a function of membrane viscosity. A
particularly convenient way to do this is to note that, for a xed
aspect ratio, Drot/D0,rh hrot(a/LSD) with D0,r¼ kBT/4phmLSD

2 and
Dk/D0 h hk(a/LSD), Dt/D0 h ht(a/LSD), with D0 ¼ kBT/4phm. We
can then compute hrot,k,t(x) numerically for a large number of
points x, and use linear interpolation to determine h.(x) for
any x. The experimental data from ref. 28 consists of measure-
ments of Drot and �D as a function of a, the effective size, with
uncertainties dD. We perform weighted nonlinear least squares
tting with MATLAB’s nlint to determine LSD and hence hm. To
determine the error in hm, we perform a simple Monte Carlo
estimation. We vary each measurement D by a normally
distributed random variable with mean zero and standard
deviation equal to its uncertainty dD, and determine the
distribution of hm; the values reported above are the mean value
of hm from this procedure, and the uncertainty is the standard
deviation of the distribution of t hm.
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