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Networks are increasingly recognized as important building blocks of various systems in nature and
society. Water is known to possess an extended hydrogen bond network, in which the individual bonds
are broken in the sub-picosecond range and still the network structure remains intact. We investigated
and compared the topological properties of liquid water and methanol at various temperatures using
concepts derived within the framework of graph and network theory (neighbour number and cycle size
distribution, the distribution of local cyclic and local bonding coefficients, Laplacian spectra of the
network, inverse participation ratio distribution of the eigenvalues and average localization distribution
of a node) and compared them to small world and Erdés—Rényi random networks. Various characteristic
properties (e.g. the local cyclic and bonding coefficients) of the network in liquid water could be repro-
duced by small world and/or Erdés-Rényi networks, but the ring size distribution of water is unique
and none of the studied graph models could describe it. Using the inverse participation ratio of the
Laplacian eigenvectors we characterized the network inhomogeneities found in water and showed that
similar phenomena can be observed in Erdds—Rényi and small world graphs. We demonstrated that the
topological properties of the hydrogen bond network found in liquid water systematically change with
the temperature and that increasing temperature leads to a broader ring size distribution. We applied
the studied topological indices to the network of water molecules with four hydrogen bonds, and
showed that at low temperature (250 K) these molecules form a percolated or nearly-percolated net-
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work, while at ambient or high temperatures only small clusters of four-hydrogen bonded water
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Introduction

Network structures arise in a wide variety of different contexts,
e.g. large communication systems, transportation related logistic
problems, social phenomena including networking sites, and in
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biological systems." Graph and complex network theories allow
us to map the large number of interactions into graphs, in which
usually just vertices and edges are used as the primary building
blocks. Recently, various properties, including the degree dis-
tribution, path length, clustering, and the spectral density of the
graph, have been introduced for the classification of network
structures and to give insight into their interconnectivity and
fine structure. Furthermore, the topology of real networks has
very often been modeled and compared to the Erdos-Rényi (ER)
random graph” or to the more complex Watts and Strogatz
small-world (SW)? graphs or scale free networks. These networks
also show the small world® effect implying that although most
nodes are not neighbors of each other, they can still be reached
from every other one by a small number of hops or steps.
Hydrogen bonded (HB) networks play an important role in
determining the physical properties of many molecular liquids
and solids, and play a crucial role in the structure and function
of most biomolecules. Among these, water is the most exten-
sively studied material, due to its simple molecular constitution
and high biological and chemical importance. The popularity
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of liquid water as a solvent and many of its unusual properties*™®
are often attributed to its ability to form a strong and extensive
HB network.

Although using the toolbars of complex network theory the
structure of networks can be characterized, very little is known
about the topologies of HB clusters found in various media.
Recently, we investigated the topology of H bonded aggrega-
tions in water”'® (an example is shown in Fig. 1), water-
methanol mixtures,'* formamide and acetic acid,'* and found
that water molecules favour ring structures in contrast to
methanol molecules, which prefer to form non-cyclic entities
in the bulk phase. We also showed that this behaviour can be
interpreted as the signature of the microscopic configurational
inhomogeneities in water-methanol mixtures. da Silva et al.
arrived at the same conclusion using the spectral density of
adjacency matrices and the local clustering coefficients of the
network."

In this article we give a comprehensive overview of the
topological properties of the hydrogen bond network in liquid
water and methanol focussing mainly on the cyclic topology
and the Laplacian spectra. In order to achieve our goal we
carried out molecular dynamics simulations on liquid water
and methanol, and at the same time generated a representative
set of ER and SW graphs. We analyzed the HB network along
the MD trajectories and in the generated ER and SW graphs and
provide a statistical analysis of the obtained results. We showed
that the HB network in water is substantially different from that
found in methanol, in agreement with earlier results obtained
by different methods, and that various properties of the water

Fig. 1 Schematic view of a typical H-bond network in simulated water (a) and
methanol (b).
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network can be described by ER or SW graphs. In the second
part of the paper we show how the introduced topological
properties can be applied to obtain further information on
liquid structure. First, we describe the changes in the topolo-
gical properties of water as a function of temperature. Then, we
discuss how the sub-network of low density patches™* (network
of four-hydrogen bonded water molecules) could be modelled
and how their structures change with the temperature. This
latter application is especially interesting as it is generally
thought that the enhancement of the anomalies of the thermo-
dynamic properties of water in the supercooled region is due to
the extensive formation of these hydrogen bonded tetrahedral
structures. We anticipate that the method presented here will
give insight into the fine-structure of various HB liquids and
mixtures. It could also be useful in uncovering how solutes
perturb the HB network of aqueous solutions and what kind of
changes occur with increasing solute concentration or with
changes in temperature. It might also contribute to the exciting
field of HB networks formed on the surface of metals,'® which
also play an important role in redox reactions.'®

Methodology

Molecular dynamics (MD) simulations in the NVT ensemble
were performed using the DL_POLY 2.20"7 program. Each
system (methanol, water) consisted of 2048 molecules in a
cubic box at an average temperature of 300 K. Periodic bound-
ary conditions were employed and the Ewald summation was
used to handle the long-range Coulombic interactions. The side
lengths of the cubes were chosen to correspond to the experi-
mental densities. In the case of water, further simulations were
carried out at 250 K and 350 K.

The MD trajectories were generated using the SPC/E'® and
OPLS™ all site intermolecular potential model for water and
methanol, respectively. Although, in recent years a few short-
comings of the SPC/E model have been shown in describing the
properties (e.g. phase diagram) of liquid water,”® due to its
simplicity it is still commonly used in the literature, and
therefore it was used for the present study. The freezing point
of water is around 215.5 K when modeled with the SPC/E model
under normal conditions,*® for this reason all simulations
were carried out above this temperature. Application of the
method presented herein to simulations using more accurate
water models like TIP4P/2005,*' and BK3?* is in progress in our
laboratory.

After 600000 equilibration steps, another 5000000 steps
were simulated leading to a simulation time of 5.00 ns for each
system. Every 0.1 ps a snapshot has been taken and the HB
topology has been analyzed. The cumulative data have been
used for the statistical analysis of the H bond network topolo-
gies. As the best definition of a hydrogen bond has been long
debated,*® here two molecules were regarded as H-bonded if
the O- - -H distance was shorter than 2.5 A, and the interaction
energy smaller than —3.0 kcal mol™". We also tested the effect
of using another definition of hydrogen bonds (O- - -H distance
shorter than 2.5 A, and the H-O- - -O angles less than 30°), but
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as the conclusions based on both definitions qualitatively
agreed, only results based upon the first definition will be
presented here.

The Erdos-Rényi (ER) random graph model generates a
graph that has a fixed number of nodes (equal to the number
of molecules in the simulation box, N = 2048 in our case) which
are connected randomly by bonds at edges. The average neigh-
bor number of the generated random configurations was set to
be 2.95 (ER2.95) or 4 (ER4.0). The first number was chosen as it
agrees well with the average coordination number of the
molecules in pure water, and the second number (4) was
chosen as a representation of four-coordinated molecules and
this number can be easily used to generate the small world
graphs. In the first case the probability of the occurrence of a
bond between two nodes is log(N)/N = p., and in this case a
random graph almost certainly becomes a percolated network.

In the case of the small-world graph of Strogatz and Watts
(SW) we built on the ring lattice C(2048,2). In this case
each node is connected to exactly four neighbors. The small
world model is then created by moving, with rewiring prob-
abilities of 0.1 (SW1), 0.2 (SW2) and 0.4 (SW3), one end of
each bond to a new location chosen uniformly in the ring lattice.
In both network models we generated 1000 independent
configurations.

Results and discussion
Topological properties of water, methanol, ER and SW graphs

We analyzed the average number of HBs per molecule or node
(for simplicity later we will only refer to them as node) and
obtained for water (k) = 2.95, for methanol (k) = 1.77, for the ER
graphs: ER2.95: (k) = 2.95, ER4.0: (k) = 4, and (k) = 4 for all SW
graphs independent of the rewiring probability. The value for
water [ is in accordance with their well-known structure, while
the values for the ER and SW graphs originate from the
generating algorithm.

Various studies have been published recently on the struc-
ture of liquid methanol. Classical simulations suggested that
the major cluster present in the liquid is that of branched
chains, and that the number of ring structures is negligibly
small.?**> However, when reverse Monte Carlo simulations
were used, the occurrence of rings increased significantly.>®
In Table 1, we have collected the statistical properties of liquid

Table 1 Statistical properties of the molecular clusters in liquid methanol as
resulted from molecular dynamics simulation. f; indicates fraction of molecules
with exactly i hydrogen bonds, nyg is the average number of hydrogen bonds
and ng average gel size

Jo N} f NE G353 ng
All” 0.02 0.246 0.653 0.072 1.77 10.68
Wobpb 0.148 0.350 0.501 — 1.35 4.82

@ All molecules were considered. > Wobp stands for without branch
points. Methanol molecules with three hydrogen bonds (branch points)
were converted to monomers in the statistical analysis. Hydrogen
bonds to these molecules were omitted.
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methanol obtained from our study. Furthermore, we investi-
gated the effect of branches on the overall liquid structure by
deleting the hydrogen bonds to branch points from the struc-
ture. Using the latter method, branch points became monomers,
thus increasing the f; fraction of the clusters, and molecules
originally hydrogen bonded to branch points became either end
points, increasing the f; fraction, or monomers increasing the f;,
fraction. As originally about 2% of molecules belonged to the
cluster of monomers, and 7% to the cluster of branch points, the
fact that the ratio of the f; fraction increased to 14% instead of
9% indicates that in the case of 5% of the chains there is a
branch point at the last but one molecule of the chain. The
average gel cluster (all clusters with the exception of monomers)
size of liquid methanol is 10, which decreases to 4.8 when
hydrogen bonds to branch points are deleted from the structure.
We performed further analyses of the fraction of bonds between
molecules with different numbers of hydrogen bonds (Table S1,
ESIf). The data demonstrate that the majority of the molecules
are bonded to molecules with two hydrogen bonds, in complete
accordance with the previously suggested chain-like structure of
liquid methanol.

The fraction of nodes with exactly j bonds is shown in Fig. 2.
The shape and the width of the bonded neighbor number
distributions exhibit significant differences in the studied
systems. The distribution function of methanol is narrow,
and most molecules have only two bonded neighbors in accor-
dance with the chain-like structure suggested earlier. This
distribution is best modelled by the SW1 graph, but it is
centered on k = 4. The distribution function of SW graphs
becomes wider and flatter with increasing rewiring probability,
but maintains their peak position at k = 4. The ER network
distributions have long tails indicating that a small number of
nodes have many bonded neighbors in contrast to the SW
networks or to physically existing water and methanol systems
where steric constraints impede the formation of such nodes.
There is an apparent similarity between the degree distribution
of water and SW3, with the main difference being a small shift
of the center of the peak.

methanol
0.6 — water 0.6
< ——SW3
o o4 04
0.2 0.2
06 03 ——ER2.95
—+—ER4.0
=
A 04 0.2
0.2 0.1
8 2 4 [ 8
k k

Fig. 2 Fraction of bonded neighbours (P(k)) as a function of the number of HB
neighbours (k).
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Fig. 3 Size distribution of cyclic entities as a function of n., number of nodes
forming the cycle.

Earlier, we have shown that liquid water contains several
cyclic structures.® In order to estimate the cycle to open chain
ratio in the systems, ring search algorithms>® were used to find
primitive rings, which cannot be decomposed into smaller
rings, of oxygen atoms and hydrogen bonds.

The ring size distribution of methanol or water has a well-
defined maximum around 5 and 6, and is substantially differ-
ent from that of the graph models (see Fig. 3). In the case of
methanol this number agrees with the methanol hexamer
structures observed on the surface of Au(111).>” However, in
methanol we found approximately three orders of magnitude
smaller number of cyclic entities than in water or in the graph
models, which has to be taken into account when the data are
interpreted for methanol. A further breakdown of the ring-size
distribution of methanol shows that 97.7% of the molecules are
found in non-cyclic structural elements (as monomers or
members of a linear chain), 2.3% belong to primitive rings,
and only about 0.01% of the molecules belong to composite
rings, indicating a statistically insignificant contribution to the
overall structure. A molecule is said to be part of a composite
ring, if it belongs to two or more primitive rings. The obtained
values are in good agreement with the results of earlier classical
simulations,?*** and with the structure that can be envisaged
based upon Fig. 1.

In SW networks many small-sized structural entities exist
compared to the other systems, but their number decreases
with increasing rewiring probability giving place to the forma-
tion of larger rings. The ring size of 3 corresponds to a clique,
which is a maximal complete subgraph of three or more nodes.
In the case of water we did not find such a motif, which is
probably due to the steric constraint that would destabilize
such a small ring. The lack of 6-membered rings in all SW
graphs is in sharp contrast to the water and methanol systems.
The ER networks contain only rings with more than 5 nodes in
considerable amounts, and the probability of the occurrence of
the rings rises sharply with the ring size. Therefore it seems
that the network structure of water is quite peculiar that is not
imitated by the graph models used in this study.
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The local cyclic coefficient (r.;) of a node i (eqn (1)) and the
local bonding coefficient of a bond (r,, eqn (2)) characterize the
degree of circulation in complex networks:*®

2 1
g _ 1
e ki(h*U?&mi ®
1 1
o— o 2
=R g (2)

where k; is the number of bonded neighbors of the ith node
and Sy, is the smallest sized closest path that passes through
i and its two neighbor sites, / and m, and N, is the number
of primitive rings, which contain the bond, and 7. is the size
of the cycles. From these, the value of r.; can vary from zero,
when the network has perfect tree-like structure, to the max-
imum of 1/3. Larger values of r.; imply more rings, and r;
becomes equal to 1/3 when all the neighbor pairs of the node
have direct links to each other. The value of r, is proportional
to 1/N. and if there are no rings in the system, the value of
r, diverges to infinity. Therefore, in eqn (2) we investigated
only those edges (bonds), which are incorporated at least in
one cyclic structure. The smallest cyclic size was 3 (n.). If there
are only three-membered cycles in the system, the value of
1, reaches its maximum, it is equal to 1/3. However, when there
are larger rings in the system, the value of r, decreases,
similarly to the value of r.. The probability distribution of
r. (Fig. 4) and 1y, (Fig. S1 in the ESIT) exhibits similar features.
The P(r.) distribution of ER and water networks shows Poisson-
like shapes with a peak around 0.10 and 0.12, respectively.
The distribution of the SW1 network has a strong peak at 0.21,
due to the presence of many small, three-membered rings
discussed above. With increasing rewiring probability the
shape of the distribution function changes significantly indi-
cating the formation of new, larger structural elements, and in
the case of SW3 a larger wide peak appears between 0.1-0.15
similar to that found in water.

The structure of the networks can be completely described
by the associated adjacency (4), combinatorial Laplace (L) or

0.3 03 methanol
— water
20 o2/ —+ER295  ,
o
0.1 04 /\
—SW1
0.4 O0-SwW2 0.4 ——ER2.95
—+— ER4.0
To 034 03
o
0.2 02
01 01
04 02 03 04
r r
c [

Fig. 4 Histograms of the local cyclic coefficients (r.).
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normalized Laplace matrices (L*).>***> The adjacency matrix is
defined as A; = 1 if a bond exists between the nodes i and j and
A;; = 0 otherwise. The combinatorial Laplace matrix is defined
according to eqn (3) as:

where k; is the number of bonded neighbors of node i.

The spectrum of a graph is the set of eigenvalues of its
corresponding matrices (4, L). Properties of the eigenvalues and
the eigenvectors of these matrices are characteristic of the
network structure. The solutions to diffusion and flow pro-
blems related to liquids forming complex networks (spreading
diseases, random walks) were earlier shown to be closely
related to the combinatorial Laplacian spectra.*

The Laplacian spectra of water, SW and ER networks are
continuous like (see Fig. S2, ESIT), but that of methanol has
several well-defined peaks (4 =1, 1.5, 2, 3...). Laplacian spectra
of these continuous like graphs are skewed with the main bulk
pointing towards the small eigenvalues. It has already been
shown that with increasing average neighbor number (ER
graph) or rewiring probability (SW graph) the bulk part of the
spectrum becomes bell-shaped.*! In the uncorrelated graph the
spectral density converges to a semicircular distribution as
described by Wigner’s-law.

The smallest positive eigenvalue of a Laplacian or Fiedler
eigenvalue®' is a measure of how strongly the network is
connected. In the case of water (see Fig. 5) we detected a peak
at 0.05 indicating the existence of strong network communities.
An increase in the clustering coefficients of ER graphs results in
a group of eigenvalues close to 0.0.

Another prominent feature of the eigenvalue problem of
the L matrices is revealed by the structure and localization of
the components of the eigenvectors. We can characterize these
eigenvectors (4;) using the inverse participation ratio (1) as

L=> "V (4)

where Vj; is the ith element of jth eigenvector. I ranges from the
minimal value of 1/N corresponding to the eigenvector distrib-
uted equally on all nodes to a maximum of 1 for a vector with

—— methanol
_.. 0.002 ——water  0.02
2
o
0.001 0.01
—swi1 '
0.003 O—SW 2 0.003{| —ER 4.0
SW3 ——ER 2.95
—~ 0.002
2L
o
0.001
02 04
A

Fig. 5 Spectral density of the Laplace matrix at small eigenvalues.
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Fig. 6 Inverse participation ratio of Laplacian eigenvectors plotted against the
corresponding eigenvalues.

only one nonzero component.”**** Similarly, we can characterize
the average localization of the ith node as

Di=Y Vit (5)

where the summation goes over the ith components of the eigen-
values. It has to be noted here that I; should not be mixed up with D;
in eqn (5). The index 7 stands for a node and j stands for the
eigenvectors of Laplacian. Hence I; is characterized by the localiza-
tion of the j eigenvectors and D; is characterized by the i nodes.

Fig. 6 depicts the localization of the eigenvectors and
implies that the degree of localization is significantly higher
at larger eigenvalues in the case of ER, SW and water networks,
while remains almost constant for methanol. The large peaks
occurring for water at eigenvalues 1, 2 and 3 indicate the
presence of monomers, dimers and trimers.

The localization function of the nodes changes significantly
with the neighbor number, and for low neighbor numbers it
has a power-tail like distribution for water, ER and SW graphs
implying the homogeneity of the system (see Fig. 7). As the
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Fig. 7 Histograms of the average localization of a node decomposed according
to the neighboring number. Symbols corresponding to nodes with various
neighbor numbers are shown in the figure of methanol, but for all systems the
same symbols are used.
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neighbor number increases the shape of the P(I4) function
changes and becomes tree-like indicating inhomogeneities.
The most eye-catching change occurs at Iy = 5 for water, Iy = 6-7
for the ER2.95 and SW3 graphs, while it was present at almost
all Iy values for methanol. From the tree-like structure of
methanol we can clearly detect the existence of the different
localization of 1, 2 or 3 H-bonded methanol molecules. This
result is consistent with the known differences between the
network structure of water and methanol, and it also shows
that from this aspect ER and SW graphs can be tuned to behave
like water or methanol.

Changes in the topological properties of water as a function of
temperature

Our findings on the topological properties of water, methanol
and small world graphs suggest that these properties may
capture some of the intrinsic properties of liquid structure.
For this reason, we decided to apply them to liquid water at
various temperatures (250 K, 300 K and 350 K) and investigate
whether any systematic differences could be detected in the HB
structure of water at low, ambient and high temperatures.

First, we have analyzed the intermolecular pair correlation
function of the O---O distances (see Fig. 8). With increasing
temperature we observe that (1) the second peak at 4.8 A
disappears and (2) the minimum (at the O---O distance of
3.4 A) is filled up. Both of these phenomena indicate the
disappearance of the second solvation shell of water at higher
temperatures, which is also due to the appearance of interstitial
water molecules, which, although they are close to the central
water molecule, do not form hydrogen bonds with it. Their
appearance may also contribute to the decrease of the density
of water.

The collected values in Table 2 show that the average hydro-
gen bond number ((k) and (k,)) and the number of cycles
(N, and N, 4) significantly decrease with increasing temperature.

Analysis of the changes in the cycle size distribution of water
as a function of temperature (Fig. 9a) also indicates the
disappearance of the second solvation shell. While at low

3
PR 250 K
= —+—300 K
[0} —0—350 K

2

% T
14 +F R
0 =g T T v T
2 4 r(A) 6

Fig. 8 O---O partial radial distribution functions of water at various tempera-
tures (in K).
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Table 2 Average neighbor number ((k)), number of primitive rings (N.) in water
at various temperatures. Average neighbor number ((ks)), fraction of water
molecules with four hydrogen bonded neighbors (F4), number of primitive rings
(Nc4) in the low density patch of water at various temperatures

7 (K) (k) N (ka) F, Nes

250 3.18 2978.1 1.41 0.566 309.2
300 2.95 2197.3 0.85 0.423 81.9
350 2.68 1530.1 0.52 0.323 25.8

temperature 5 and 6 membered ring structures dominate the
network structure, at higher temperatures the contribution of
larger rings to the liquid structure is also significant. The same
conclusion can also be drawn from Fig. S3 (ESIt), where the
distribution of local cyclic coefficients (r.;) is shown. As men-
tioned above, the value of r,; = 0 implies a perfect tree-like
structure of the network, while the maximum value of r; is 1/3.
We can observe that with increasing temperature the distribu-
tion function becomes wider while the peak height of the
largest peak decreases, indicating that the uniformity of the
network structure observed at low temperature (i.e. that 5 and 6
membered rings dominate the network structure as concluded
from Fig. 9a) changes as the temperature increases and new

a)
250 K 1.0 g/cm3
0201  _i—300k
—0—350 K
0.154 xo
% +
0.104
0.05
0.00 +
0 2 4 n 6 8 10
b)
0.4+
gu
o
0.2
0.0
0

Fig. 9 (a) Cycle size distribution in water as a function of temperature. (b) Cycle
size distribution of the low density patch (neighbouring hydrogen bond number
(k) is 4).
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Fig. 10 (a) Spectral density of Laplace matrix in water at different temperatures
(in K). The inset shows a section of the same spectra at small eigenvalues. (b)
Spectral density of Laplace matrix of water for the low density patches at
different temperatures (in K).

topological elements with larger rings make the network struc-
ture more versatile.

Finally, we compared the spectral densities of the Laplace
matrices as a function of temperature (Fig. 10a). Significant
changes in the spectra occur primarily at low A values. On
the one hand the first peak gets closer to 0, and on the other
hand the second peak becomes much less pronounced as
the temperature increases (see the inset in Fig. 10a). These
imply that fundamental changes occur in the network struc-
ture as the temperature increases. Furthermore, the increase of
the peaks at 4 = 1 and 2 also indicates that there are more
and more monomers and dimers in the system as the temper-
ature increases in accordance with earlier results indicating
the increasing presence of interstitial water molecules.

Topological properties of water molecules with four hydrogen
bonds

Stanley et al. suggested that water molecules with four hydro-
gen bonds form small ramified patches whose density is lower
than that of water (low density patches).’***3* As these

This journal is © the Owner Societies 2013
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tetrahedral structures are thought to play a major role in the
enhancement of the anomalies in the thermodynamic proper-
ties of water in the supercooled state we decided to compare the
topological properties of the low density patches at various
temperatures. We used the same procedure presented above,
but the adjacency matrix of the low density patches was defined
as A; 4 = 1 if a bond exists between the nodes 7 and j, and both
k; = 4 and k; = 4, otherwise 4;; = 0.

Our first observation is that for the low density patches the
average hydrogen bond number ({(k,)) significantly decreases
with increasing temperature similarly to the trend observed for
the whole ensemble of water molecules. The fraction of four
bonded water molecules (F,) shows the same effect, while the
four bonded water molecules form about one order of magni-
tude less cycles at 350 K than at 250 K (Table 2). The average
hydrogen bond number ((k,)) at 250 K is 1.41, which is very
close to the percolation limit suggested for (k = 1.53) ST2
water,®® and may indicate that in the low temperature region
the low density patches form a percolated or nearly percolated
network. In order to investigate this possibility in more detail,
we looked at the cluster size distribution of the low density
patches at various temperatures (Fig. 11). Percolation can be
monitored by the comparison of the calculated cluster size
distribution function of the present system with that obtained
for a random percolation on a 3D cubic lattice®® with P(n.) =
n. >'. In percolating systems the cluster size distribution
exceeds this predicted function at large cluster size values.
From Fig. 11 we can conclude that at 350 K there are many,
very small clusters, and as the temperature decreases the size
of the clusters increases. At 300 K and 350 K the low density
patches of water do not form percolating networks. At 250 K
we find large clusters with several hundreds of members
showing the percolation of the network. These findings are
visually depicted in Fig. 12, where snapshots of the network
structure of the low-density patches are shown at various
temperatures.
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Fig. 11 Cluster size distribution in liquid water at various temperatures (in K) for
low density patches. The dotted line represents the random percolation network
P(nc) — nc—2.19.
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Fig. 12 Selected examples of the low density patches found in water at 250 K
(a) and 350 K (b). HB network of water at ambient temperature is depicted in
Fig. 1 for comparison.

We compared the cycle size distribution of the low density
patches (Fig. 9b) to the overall HB network in water. At 350 K
four-membered cycles dominate the network structure of the
low-density patches, but with decreasing temperature cycle
sizes of mainly 5 (and 6) become dominant. This observation
is interesting because it shows that at 250 K the low density
patches begin to have a similar cycle size distribution that is
characteristic of the overall HB structure of water at ambient
temperatures.

Finally, we studied the Laplace spectra of the low density
patches (Fig. 10b). At 350 K there are many more peaks close to
zero than at 250 K, which, as mentioned above, indicate the
presence of disconnected components (i.e. in our case clusters).
This result is in very good agreement with the conclusions
drawn from Fig. 11 or 12: at 350 K there are many small clusters
of four-hydrogen bonded molecules, which do not form a single
percolated network. The network structure continuously
changes as the temperature decreases and at 250 K, there
are more molecules with 4-hydrogen bonds and they form a
percolated network.

Conclusions

We studied and compared the topological properties of liquid
water, methanol, small world and Erdés-Rényi random net-
works. We used various descriptors to characterize them: the
neighbour number distribution, cycle size distribution, the
distribution of local cyclic and local bonding coefficients,
Laplacian spectra of the network, inverse participation ratio
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distribution of the eigenvalues and average localization distri-
bution of a node. We demonstrated that several properties (e.g.
the local cyclic and bonding coefficients) of the network in
water resemble the SW and/or ER networks. However, our
results also indicate that the ring size distribution of water is
very characteristic and none of the studied graph models could
be used to describe it. Using the inverse participation ratio of
the Laplacian eigenvectors, we found that network inhomo-
geneities occur in water at neighboring numbers larger than 4
and showed that similar phenomena can be observed in ER and
SW graphs.

We also tested the predicting power of the topological
properties in two applications. First, we studied the tempera-
ture dependence of the topological properties of the hydrogen
bond network in liquid water and showed that (1) at low
temperatures 5 and 6 membered rings dominate the network
structure of water and (2) with increasing temperature the
topological properties indicate the disappearance of the second
solvation shell of water and the appearance of larger ring
structures together with the increasing presence of interstitial
water molecules. The latter findings are in accordance with
previous experimental and theoretical findings. We also inves-
tigated the network structure of low density patches (of water
molecules with four hydrogen bonds) at low temperature (250 K)
and found that these patches form an extended, percolated
network, that is not present at 300 K or 350 K.

We hope that our results could open up new ways for the
application of the tools of network theory to HB networks and
that they could contribute to our understanding of the static
and dynamical network structure of hydrogen bonded sub-
stances. They could also provide a means for the study of
inhomogeneities in the hydrogen bond network of aqueous
solutions and mixtures or even on metal surfaces playing a role
in redox reactions.
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