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Monte Carlo simulation and free energies of mixed
oxide nanoparticles

John A. Purton,*a Stephen C. Parkerb and Neil L. Allanc

A Monte Carlo Exchange technique is used to study the thermodynamic properties of MgO–MnO

nanoparticles ranging in size from 1728 to 21 952 ions. The solubility of Mg2+ is much greater in MnO

than the reverse, reflecting the difference in size between the two cations. The solubility, for a given

temperature, diminishes with nanoparticle size. As the Mn concentration is progressively increased the

Mn2+ ions occupy the corners, edges and then surface sites of the nanoparticle before entering

subsurface layers. We do not observe any pronounced ordering of the cations within the body of the

nanoparticles themselves. The enthalpies of forming ternary nanoparticles from particles of MgO and

MnO of the same size vary with the size of the nanoparticle and become more positive for a given

concentration as the particle size increases. Free energies of mixing of the two end-member

nanoparticles have been determined using the semigrand ensemble. The consolute temperature

(the temperature above which there is complete miscibility) increases non-linearly with the size of the

nanoparticle by approximately 70% over the size range considered.

Introduction

Heterogeneous nanostructures have become increasingly
important, since they often exhibit multifunctional capabilities
with tuneable or enhanced properties.1 Indeed, the formation
of core–shell structures represents one of the most effective
experimental approaches for creating heterostructured nano-
devices for many technological applications such as high
temperature alloys, catalysts and solid oxide fuel cells.2 The
fabrication and internal structure (i.e. the distribution of
atoms/ions) of these functional nanoparticles is controlled by
a variety of parameters such as temperature, chemical environ-
ment, rate of growth and diffusion. Ferrando et al.3 have
reviewed comprehensively both theoretical and experimental
studies of nanoalloy clusters and nanoparticles of metallic
elements. Much of the theoretical work has focused on the
calculation of the potential energy surface to determine the
most stable configuration. Size and surface segregation effects
have been considered analytically4 and Monte Carlo methods
have been employed to calculate thermodynamic properties of

metal nanoparticles, for example the excess enthalpy of mixing5

and segregation of atoms to form core–shell structures.5–10

These papers have concentrated on the properties of nano-
alloys, whilst for most ionic nanoparticles computer simulations
have largely investigated structure of binary nanoparticles,11

e.g. TiO2 clusters12 and nanotubes.13 Nevertheless addition of a
third element is frequently used to control fundamental proper-
ties such as shape, growth and optical absorption.14 While
Pandey and co-workers have worked systematically on compo-
sitional distributions in several ternary semiconductor quantum
dots,15,16 relatively few papers17,18 have examined the distribu-
tion of ions and the associated thermodynamics of oxide
nanoparticles despite their evident importance for a wide
range of applications.19,20 Just one example is a key positive
electrode material in Li-ion batteries, lithium iron phosphate
(LiFePO4). Nanoscaling is essential for achieving high rate
capability during electrochemical cycling and such olivine
nanoparticles show very different phase transition behaviour
from that of the bulk olivine phase.21–26 Experimentally, the
solubility of lithium in olivines21,24,27) increases with decreasing
particle size.

Calculation of the thermodynamic properties of ternary
nanoparticles is essential to develop our understanding of the
distribution of elements within the nanoparticles and how this
impacts on the properties of the nanoparticle. Indeed, the
thermodynamic properties and chemical composition of a nano-
particle may determine its suitability for technological applications.
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For example, a miscibility gap may lead to the formation of a
core–shell structure to the nanoparticle. In this paper we report
results of Monte Carlo simulations to determine the structure
and thermodynamic properties of nanoparticles comprised of a
mixture of ionic materials, with initial application to small
oxide nanoparticles of varying composition and where the
cations differ appreciably in size.

For our pilot study MgO–MnO is an appropriate choice of
prototype system due to the magnitude of the difference in
radius between the larger Mn2+ and the smaller Mg2+ ion
(Shannon and Prewitt ionic radii in 6-fold coordination are
0.83 Å and 0.72 Å, respectively).28 This mismatch is neither so
small that an essentially ideal solution is formed at all compo-
sitions and temperatures nor so large that there is always
complete segregation by one cation under all conditions of
interest.29 The bulk system has also received considerable
attention previously.30 Our calculations explicitly include the
effects of temperature and full surface relaxation, are not
restricted to the dilute limit and there are no symmetry
restraints or mean-field approximations. No assumptions are
made as to the positions of the impurity/dopant atoms at the
surfaces of the nanoparticles corresponding to a particular total
composition; surface segregation and atomic relaxation in the
ternary nanoparticle are automatically incorporated and as we
shall play crucial roles.

Methodology

The surface of a crystal always provides a different elastic and
electrostatic environment from that of the bulk, and so there is
a free energy difference between the energy associated with any
defect, including an impurity, in the bulk and at the surface of a
nanoparticle. Impurities are thus driven to or from the surface.
The basis for all our calculations is the well-known Monte Carlo
(MC) method modified for nanoparticles of variable com-
position as described below. All nanoparticles were cubic
and constructed from 8-atom units identical to the cubic unit
cell of the bulk material. Calculations were undertaken on
MnO–MgO mixtures comprising 1728 ions (6 � 6 � 6),
2744 ions (7 � 7 � 7), 4096 ions (8 � 8 � 8), 5832 ions
(9 � 9 � 9), 8000 ions (10 � 10 � 10), 13 824 ions (12 � 12 � 12)
and 21 952 ions (14 � 14 � 14). We have considered only the
{100} termination of the nanoparticle since the {100} surfaces
of both MgO and MnO are considerably more stable than other
terminations.31 The rôle of both point defects (vacancies,
interstitials) and linear defects (steps, dislocations) on the
thermodynamics properties of the nanoparticles are neglected.
We do not report results for smaller nanoparticles since the esti-
mated consolute temperature is less than that at which exchange of
ions in the simulations is very inefficient (approximately 500 K).

All calculations were performed using the DL_MONTE program32

adapted for use with nanoparticles and were based on an ionic
model using two-body potentials to represent short-range
forces.33 The total long-range electrostatic energy was evaluated
using direct summation (no periodic boundaries were employed).
The particular non-Coulombic interaction potentials employed is

the very widely used set of Lewis and Catlow first introduced in
their study of the parent oxides,34 and implemented here with a
cut-off of 12 Å. We have used these previously in studies of bulk
MnO–MgO solid solutions and the resulting phase diagram,
calculated35 using exchange Monte Carlo and the semigrand
canonical ensemble is in good agreement with experiment with
a consolute temperature of E1150 K. In addition, we have
successfully employed this model to calculate segregation
energies36 in thin films.

In simulations of non-stoichiometric ionic materials and
solid solutions using ‘standard’ MC, kinetic barriers prevent
sampling the whole of the configurational space since almost
always only one cation arrangement – the initial configuration –
is sampled. We have described elsewhere37,38 Monte Carlo
Exchange (MCX) simulations in which both the atomic configu-
ration and the atomic coordinates of all the atoms are changed.
A single cycle allows for one of three possible moves to be
chosen at random with equal probability:

(i) random displacement of an ion. Allowing random moves
of randomly selected atoms takes account of relaxation
throughout the nanoparticle and vibrational effects. To deter-
mine whether the change is accepted or rejected, the usual
Metropolis algorithm is applied.39 The maximum change in
the atomic displacement for each ionic species has a variable
rmax, its magnitude is adjusted automatically during the simu-
lation to maintain an acceptance/rejection ratio of approxi-
mately 0.37.

(ii) an exchange of ionic configuration. Changes in ionic
configuration are attempted by exchanging the position of a
Mn2+ ion and a Mg2+ ion, both chosen at random. Again, the
Metropolis algorithm is used to accept or reject any attempted
exchange.

(iii) a change in identity of a cation (semigrand ensemble).40

We evaluate the potential energy change DUB/A which would
result if one species, B were to be converted into another, A.
This change in energy is related to the corresponding change in
chemical potential DmB/A by,

DmB=A ¼ �kBT ln
NB

NA þ 1
exp �DUB=A

�
kBT

� �� �
: (1)

Thus for MgO–MnO, we evaluate the energy associated with the
conversion of a randomly chosen Mg ion to an Mn ion, DUMg/Mn

and the reverse transformation. We emphasize that the change
of Mg into Mn, and vice versa, is only a temporary substitution
to determine the free energy difference for a given NMn and
NMg; after DUMg/Mn is calculated, the Monte Carlo simulation of
the nanoparticle continues with the initial composition. The
semi-grand canonical ensemble is used in preference to the
grand canonical since good statistics on DmB/A can easily be
achieved. To calculate the phase diagram,41 the calculated
values of DmB/A are fitted to eqn (2):

Dm
kBT

¼ ln
x

1� x

� �
þ axþ bx2 þ cx3: (2)

By integrating eqn (2) with respect to composition we obtain
the variation in free energy with x at each temperature. Since we
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are only interested in free energies of mixing rather than
absolute values the composition-independent constant of inte-
gration is irrelevant.

Each calculation consisted of an initial equilibration of
5 � 108 cycles followed subsequently by 5 � 108 production
cycles. The larger clusters (>4096 ions) pose a significant
computational challenge and for this reason the calculations
were performed using a 8 to 128 cores in parallel replicated
data strategy.

Results and discussion

We plot quantities of interest as a function of the total mole
fraction of Mg2+. We first define, DH, the enthalpy of forming
ternary nanoparticles from the stoichiometric binary nano-
particles of the same size by the reaction,

xMgnOn + (1 � x)MnnOn = MgxnMn(1�x)nOn, (3)

where 0 r x r 1, and all the species in this equation are nano-
particles each containing 2n ions (anions and cations in total).

DH is equal to the change in internal energy throughout this
paper as the external pressure is zero. We consider below the
variation of this quantity with composition and size of the
nanoparticle. The enthalpies of forming ternary nanoparticles
as a function of Mg concentration are displayed for the 1728 ion
(n = 864) in Fig. 1 (this is determined as the energy per cation to
allow comparison between different sized nanoparticles). We
note that the enthalpy of forming ternary nanoparticles, as
defined in eqn (3), is not positive over the entire composition
range, but changes from being positive to negative at approxi-
mately xMg = 0.125. In contrast bulk MgO–MnO exhibits a
positive enthalpy of mixing (defined for the bulk analogously
to eqn (3)), over the entire composition range both experimen-
tally and computationally.30,37

The variation of the enthalpy of forming ternary nano-
particles from nanoparticles of MgO and MnO comes from
the relative energies of replacing a large cation (Mn2+) with a
small cation (Mg2+) or the reverse. Mg–O bonds are stronger
(and stiffer) than Mn–O bonds and the {001} surface energy of
MgO larger than that of MnO. Thus when a few Mn ions are
replaced by Mg in a MnO nanoparticle, the Mg ions are
preferentially located within the internal structure of the nano-
particle. They are distributed randomly and do not form a cube-
within-cube structure (Fig. 2a–c). The Mg–O bonds are
stretched (static lattice simulations of a single Mg substitution
indicate a Mg–O bond length of approximately 2.17 Å; while
that in the MgO nanoparticles is 2.10 Å). This strain gives rise to
a positive enthalpy of forming ternary nanoparticles, and in the
bulk material the positive enthalpy of mixing is positive for the
same reason.

In contrast, if we start with a MgO nanoparticle and gradu-
ally replace the Mg ions by Mn, the enthalpy of forming ternary
nanoparticles is negative. This is due to the Mn ions progres-
sively replacing Mg ions at the corners, edges and then in the
surface of the nanoparticle (Fig. 2d and e) and the driving force
is the lower interface energy. We note in passing that replace-
ment at corners is favoured rather than at edges in contrast to
Ca2+ substitution in cubic MgO nanoclusters where the larger
size mismatch and pronounced relaxation leads to the reverse
behaviour.42

For the 1728 ion nanoparticle, analysis of available sites at
corners, edges and surfaces indicates that the nanoparticle is

Fig. 1 Enthalpies of forming ternary nanoparticles, DH (kJ mol�1), for the 1728
ion nanoparticle, defined in eqn (3), as a function of temperature and composi-
tion. xMg is the Mg mole fraction, as in eqn (3). The enthalpies in Fig. 1 and 3 are
determined per cation to allow comparison with different sized nanoparticles.

Fig. 2 Snapshots of the structure of nanoparticles. (a) Slice taken through the centre of a 1728 ion nanoparticle at 500 K and xMg E 0.2. (b) Slice taken through the
centre of a 4096 ion nanoparticle at 600 K and xMg E 0.2. (c) Slice taken through the centre of a 21 952 ion nanoparticle at 800 K and xMg E 0.3. (d) Complete 21 952
ion nanoparticle at 800 K and xMg E 0.95. (e) Slice taken through the centre of a 4096 ion nanoparticle at 500 K and xMg E 0.8. In all figures oxide ions are red,
magnesium green and manganese purple.
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fully covered with Mn at approximately xMg = 0.58. This is very
close to the minimum in the 500 K DH vs. composition curve in
Fig. 1. The enthalpy of forming ternary nanoparticles is rela-
tively insensitive to temperature, although the minimum
decreases in magnitude (becomes less negative) and moves to
slightly greater values of x (to xMg = 0.7 at 900 K). This trend
results from the increase in temperature allowing greater
numbers of Mn ions into subsurface layers.

While there is a pronounced preference of Mn2+ in the
ternary nanoparticles for the outermost layers, there is no such
marked preference for any other sites within the nanoparticles.
Thus while there is Mn2+ enrichment at the surface, we do not
observe the formation of nanoparticles containing an MgO
‘‘core’’ and an MnO outer ‘‘shell’’ consisting of more than just
the surface layer (Fig. 2a–c).

In Fig. 3, we plot the enthalpy of forming ternary nano-
particles as a function of nanoparticle size. The region of
positive DH becomes progressively greater in both magnitude
and extent, while that where DH is negative becomes less
negative and the position of the minimum moves to a larger
value of xMg. These changes arise due to the greater availability
of ‘bulklike’ material as the size of the nanoparticle increases
and the rôle of the surface becomes less important.

A phase diagram showing the stability of the ternary nano-
particles relative to separate binary nanoparticles of the same
size (eqn (3)) can be determined using free energy differences
from eqn (1) and (2). Fig. 4a–c display the calculated values of
DmMg/Mn for the 1728, 8000 and 21 952 ion structures respec-
tively and represent typical behaviour (intermediate size nano-
particles display similar behaviour between the extremes).
The existence of a minimum and maximum in a Dm(x) curve
indicates a miscibility gap at that temperature. For the
1728 nanoparticle it is clear from the shape of these curves
that 500 K and 600 K corresponds to temperatures below the
consolute temperature TC (stationary points are evident), and
the formation of one-ternary-particle and two-binary-particle

regions at different compositions. The Dm(x) curve for 600 K, is
just below the calculated TC, as indicated by the shape of the

Fig. 3 Calculated values of DH (eqn (3)) (kJ mol�1) for different size nano-
particles at 800 K.

Fig. 4 Calculated values of DmMg/Mn (eqn (2)) for the (a) 1728, (b) 8000 and
(c) 21 952 ion structures.
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curve in which the stationary points evident at 500 K have
almost disappeared. At 800 K the stationary points are not
present and this temperature is above the consolute tempera-
ture. In contrast, calculated values of DmMg/Mn for the 8000 and

21 952 ion nanoparticles still exhibit weak stationary points at
800 K and 1000 K respectively and we would still expect the

Fig. 5 DG (eqn (3)) for the (a) 1728, (b) 8000 and (c) 21 952 ion structures.
In Fig. 5a the straight line is a guide to the eye.

Fig. 6 Phase diagrams for the (a) 1728, (b) 8000 and (c) 21 952 ion nano-
particles. Solid squares = binodal, solid diamond = spinodal.
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formation of one-ternary particle and two-binary particle
regions at different compositions. For these sizes of nanopar-
ticle, the stationary points are not present at 1000 K and 1050 K
and the temperature is above TC.

In Fig. 5a and b we plot calculated values of DG for the
forming ternary nanoparticles (as defined in eqn (3)) vs. x
obtained by integration of eqn (2) at temperatures 500, 600
and 800 K and 600, 800 and 1000 K for the 1728 and 8000 ion
nanoparticles respectively. Minima in DG at any particular
temperature indicate that one-ternary-particle and two-binary-
particle regions are formed at different compositions and
hence such temperatures lies below TC. For the smaller nano-
particle (Fig. 5a), the two minima in DG observed at 500 K
and 600 K curve are very weak (especially for 600 K as it is just
below TC) and hardly detectable by eye in the figure. At
temperatures greater than 640 K, as indicated by the 800 K
curve, the dependence of DG at all compositions is consistent
with complete miscibility. For the larger nanoparticles the
minima in the curves are more evident and indicate the one-
ternary and two-binary regions of the phase diagram are
still present at higher temperatures (e.g., the 600 and 800 K
curves for the 8000 ion nanoparticle and 800 and 1000 K curves
for the 21 952 ion nanoparticle). The curves at 1000 and 1050 K
are, however, consistent with complete miscibility for the
8000 and 21 952 ion nanoparticles respectively. Given curves
as in Fig. 5, a common tangent construction at each tempera-
ture yield the phase diagrams in Fig. 6a and b. The behaviour
of the intermediate size nanoparticles exhibit a gradation in
their behaviour. For comparison the calculated and experi-
mental phase diagram of bulk MgO–MnO is presented in
Fig. 7. Thus by performing calculations at several temperatures
for the different size nanoparticles, TC can be determined
as a function of the number of ions in the nanoparticle
(Fig. 8). The variation with the total number of ions is non-
linear. However, limitations in the range of nanoparticle
size and sampling of the Monte Carlo method have prevented
us from determining whether the curve is sigmoidal as

observed in previous studies.30 All the phase diagrams are
slightly asymmetric.

The calculated phase diagrams for nanoparticles of the
same size (eqn (3)) show that at low temperatures (o600 K)
the MgO solubility in MnO is low (xMg = 0.05–0.07) and does not
vary much between the different nanoparticles and the bulk. In
contrast at the same temperatures the solubility of MnO in
MgO is much higher in the smaller nanoparticles (as high as
xMn = 0.4 at 600 K even for the 8000-ion particle (driven by the
interface energies); there is a rapid decrease as the size of the
nanoparticle increases. The interface term here enhances
the common trend that the compound containing the smaller
ion is usually more soluble in the compound with the larger ion
than the reverse.

Conclusions

We have employed the Monte Carlo Exchange technique to
calculate directly the thermodynamic properties of MnO–MgO
clusters as a function of temperature and nanoparticle size
(between 1728 and 21 952 ions). As the Mn concentration is
progressively increased the Mn2+ ions occupy the corners, edges
and then surface sites of the nanoparticle. The enthalpy of
forming ternary nanoparticles (eqn (3)) depends on the size of
the nanoparticle and for given concentration becomes more
positive as the particle size increases. Where the enthalpy is
negative, the different interface energies of MnO and MgO
provide the driving force. Application of the semigrand ensemble
has allowed us to determine the mixing free energies of the two
end-member nanoparticles. In addition, we find that the con-
solute temperature initially increases rapidly as a function of
nanoparticle size. The rate of increase is reduced for larger
nanoparticles. Similar trends were observed for the order
parameter in FePt nanoparticles7,43 and the melting properties
of PtPd nanoalloys.8 It is important to note that the ternary
nanoparticles themselves may well be highly ordered with a
shell of MnO around a central MgO core, particularly at xMg E
0.8–0.6 concentrations and low temperatures; the different

Fig. 7 Calculated (solid lines) and experimental (dashed lines) phase diagrams,
and spinodals for bulk MnO–MgO. The experimental results are from ref. 45.

Fig. 8 The consolute temperature TC as a function of particle size (total number
of ions).
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interface energies of MgO and MnO provide the thermo-
dynamic barrier to forming separate binary nanoparticles.
It will be interesting to see to what extent the trends we
establish in this paper are more general when size mismatch
governs thermodynamic properties of mixing. Our Monte Carlo
method is general and we shall apply this in future work to
interfaces of technological importance. In particular, we intend
to study more complex nanoparticles and explore the influence
of changes in surface environment such as hydroxylation.
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