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An effective model for sodium insertion in
hard carbons

Huy Sy Nguyen *ab and Arnulf Latz abc

Sodium ion batteries (NIBs) are a potential alternative to Lithium ion batteries (LIBs) because of their

lower cost and greater availability. As anodes, hard carbons (HCs) seem to be the most promising

candidates for NIBs. Previous numerical theoretical research studies have focussed on the general

conditions for Na insertion in HCs, while experiments have shown that the properties of Na insertion in

HCs depend strongly on specific material properties of HCs. Our target is building an effective model

based on experimental data and the volume expansion phenomenon as a base for constructing

chemical potentials and free energies efficiently as the starting point for continuum modeling of

intercalation in HCs. In our effective model, HC is treated implicitly, while Na is simulated in a confined

space, created by the HC. To reproduce the complex intercalation behavior of Na, different intercalation

sites at different energy levels must be introduced. The results show good agreement with the

experimental data and clarify the contribution of different Na insertion sites and the exchange between

different sites of Na to the open circuit voltage as well as their contribution to the reversible and

irreversible capacity of Na in HCs.

1. Introduction

Lithium ion batteries (LIBs) have many applications in com-
mercial electronic devices1 and vehicles, energy storage,
military2 and others, due to their high energy density and low
self-discharge.2 However, limited Li resources on the Earth lead
to high costs of LIBs3,4 while the demand for energy storage
capacity continues to increase. Sodium ion batteries (NIBs) are
a potential alternative to LIBs because NIBs have similar
electrochemical properties to LIBs but at a much lower cost
since Na is an Earth abundant material.3,4 Unfortunately,
graphite, the traditional anode of LIBs5–9 is not suitable for
NIBs10 because of low capacity3 and high volume expansion.11

Among several anodes for NIBs, such as MXenes,3 C6B4,12

blue – phosphorene,13 and 1H-BeP2,14 hard carbon (HC) is a
promising anode for NIBs because of stable cycling, large specific
capacity,15 and low-cost biomass product precursors.15,16

Besides experimental studies,17–20 there are several theore-
tical investigations of Na-insertion in HCs. At the atomic level,
the simplest models use density functional theory (DFT) to
calculate the adsorption energy of Na in a graphite layer with
some heteroatoms.21–23 DFT results can be combined with

operando Raman spectra to study the mechanism of Na inser-
tion in HCs.24,25 For further calculations, Cai et al. studied the
insertion of Na between two graphitic layers26 and Youn et al.
suggested the crystalline phase of Na inside HCs at high
capacity.27

While DFT studies reveal the separate atomistic mechan-
isms of Na insertion in HCs, continuum models are used for
quantitative simulation of Na insertion in HCs on larger scales.
Previous continuum models for Na insertion in HCs used
2-level models describing intercalation + pore filling28 or
3-level models for capturing adsorption, intercalation, and pore
filling.29 However, a complete understanding of Na insertion in
HCs is more complicated than this. Reddy et al.24 suggested 4
types of Na insertion in HCs, including adsorption of Na on the
surface of the graphitic layer, on defect sites of HCs, intercala-
tion of Na in graphitic sheets and interpore Na, filling the pores
of HCs. Both the 2-level model and the 3-level model ignored
the defect Na, but the defect Na should not be neglected for
2 reasons: on the one hand, the heteroatom defects always
appear in HCs,23 and on the other hand, some experimental studies
use heteroatom doping defects to increase the capacity.30–33

Moreover, these models investigated the generic case of Na
insertion in HCs, while experiments proved that the properties
of Na insertion in HCs depends strongly on the specific
material properties of HCs.34–37 Bommier et al. predicted Na
capacity based on the pore volume and surface area of HCs;
however, the mechanism of Na insertion in HCs is not con-
sidered in their study.38 The picture is more complicated when

a Department of Electrochemistry, University of Ulm, Albert-Einstein-Allee 47,

89081 Ulm, Germany. E-mail: huy.nguyen@dlr.de, Arnulf.Latz@dlr.de
b Institute of Engineering Thermodynamics, German Aerospace Center (DLR),

Wilhelm-Runge-Str. 10, 89081 Ulm, Germany
c Helmholtz Institute Ulm (HIU), Helmholtzstr. 11, 89081, Ulm, Germany

Received 6th July 2023,
Accepted 20th September 2023

DOI: 10.1039/d3cp03186a

rsc.li/pccp

PCCP

PAPER

O
pe

n 
A

cc
es

s 
A

rt
ic

le
. P

ub
lis

he
d 

on
 1

1 
O

ct
ob

er
 2

02
3.

 D
ow

nl
oa

de
d 

on
 5

/2
9/

20
24

 7
:2

6:
54

 A
M

. 
 T

hi
s 

ar
tic

le
 is

 li
ce

ns
ed

 u
nd

er
 a

 C
re

at
iv

e 
C

om
m

on
s 

A
ttr

ib
ut

io
n 

3.
0 

U
np

or
te

d 
L

ic
en

ce
.

View Article Online
View Journal  | View Issue

https://orcid.org/0000-0003-1784-8131
https://orcid.org/0000-0003-1449-8172
http://crossmark.crossref.org/dialog/?doi=10.1039/d3cp03186a&domain=pdf&date_stamp=2023-10-04
https://rsc.li/pccp
http://creativecommons.org/licenses/by/3.0/
http://creativecommons.org/licenses/by/3.0/
https://doi.org/10.1039/d3cp03186a
https://pubs.rsc.org/en/journals/journal/CP
https://pubs.rsc.org/en/journals/journal/CP?issueid=CP025041


This journal is © the Owner Societies 2023 Phys. Chem. Chem. Phys., 2023, 25, 28196–28204 |  28197

the HC structure can change during the charge/discharge
process: Sauerteig et al. observed that the volume of HC
expanded by up to 10% in the first charge/discharge cycle
and 5% in the later cycles.39

Besides the insertion mechanism, the reversible and irre-
versible capacity are also important factors for battery applica-
tions. Olsson et al. calculated the adsorption energy of Na
atoms at the defect points to study the irreversible contribution
of defect Na.22 Jensen et al. studied migration barriers to
estimate the mobility of Na atoms in HCs.40 However, these
studies are qualitative and do not provide the full picture of
reversible and irreversible effects for each type of Na in HCs.

In this work, we develop an effective model to investigate the
Na insertion into HCs dependent on structural features of hard
carbon and the energetic properties of different insertion
mechanisms. The purpose of our model is to provide a frame
in which known experimental materials data and results from
ab initio simulations can be used to relate the SOC to the
internal states of the inserted Na ions and to create a base for
future continuum simulations, in which the OCV and the
distribution of Na over internal states also in non-equilibrium
(charge and discharge) situations is needed. Our effective
model is therefore a crucial step for the development of a
multi-scale approach for Na batteries based on materials data
and ab initio simulations. This model is based on the experi-
mental data and includes volume expansion to cover all aspects
of Na insertion in HCs. In this model, Na atoms are simulated
in the confined space created by HCs, where the full energetics
of the different insertion mechanisms are covered.

This paper is arranged as follows. The effective model and
the different energy states of Na in HCs are described in detail
in Section 2. The results are shown and compared with experi-
ments in Section 3. The mechanism and interchange between
different states of Na are also clarified in this section. Finally,
the conclusion is provided in Section 4.

2. Model
2.1 Effective model

2.1.1 Thermodynamic model. Considering a simplified
scheme for a half cell as in Fig. 1 with Na metals as a counter
electrode for hard carbons ionically coupled through an

electrolyte, the fundamental reaction scheme in this system is

Na metalð Þ � e� $ NaþðelectrolyteÞ

Naþ electrolyteð Þ þ e� $ Na HCð Þ

(
(1)

Eqn (1) assumes that in equilibrium, the concentration of Na+

in the electrolyte is constant and the total sum of Na atoms in
the cathode and anode is also constant. For our thermody-
namic model, we only need the transfer of Na+ ions from a
reservoir to the hard carbon electrode, where the total amount
of Na+ remains constant. The thermodynamic model intro-
duced in this paper studies the equilibrium capacity of Na
atoms in HC at different voltages. Other properties such as
transport41 or the diffusion pathway, electrochemical double
layer,42 and solid electrolyte interface (SEI)43 will be investi-
gated in future papers.

2.1.2 Effective model. In the thermodynamic model, the
Na metal was replaced (Fig. 2) with an NVT ensemble with a
fixed number of neutral Na-atoms distributed in a reservoir
(outer zone) and the hard carbon (HC) (see Fig. 3). The reservoir
and the HC are in equilibrium. The chemical potential of the
neutral Na in the reservoir and the neutral inserted Na are the
same. The voltage of the cell is the difference in the chemical
potential of the inserted Na in HCs and the chemical potential
of Na in the neutral Na metal. Instead of tuning the electric
potential, we tune the chemical potential of the Na in the
reservoir to change the SOC of the HC through the equilibrium
constraint

mout = mHC (2)

This is effectively the same as tuning the potential difference
between the Na metal and HC. Thus, our effective model, Fig. 3,
consists of 2 different zones: HC and outer zone with the
chemical potential: mHC and mout, respectively. The equilibrium
constraint requires the chemical potentials of both zones to be
the same, eqn (2).

In our simulation, it is convenient to use the energy eout and
eHC for the outer zone and HC, respectively. The relationship

Fig. 1 Battery system. Fig. 2 Thermodynamic model.
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between the energy and chemical potential is mout = qeout/qNout

and mHC = qmHC/qNHC.

2.2 Model hard carbon

To model specific HC materials, we use property data obtained
from their characterization, including the length of the graphi-
tic layer La, the layer thickness Lc, the pore volume Vp, and the
swelling coefficient KSW. The La, Lc, and Vp values are used to
model the unit cell of HC while KSW is used to describe the
interaction between Na and HC.

2.2.1 Structure of hard carbons. There are several struc-
tures of HCs.29 Recent research studies have used the model
‘house of cards’ proposed by Dann.28,45,46 However, in our
effective model, the random crystal structure proposed by
Franklin is chosen because it is simply to model and demon-
strate different types of Na insertion in HCs.

2.2.2 Unit cell of HCs. In our effective model, the ‘unit cell
of HCs’ includes a pore, confined by many graphitic boundary
layers. The different graphitic sheets are parallel and separated
from each other by a distance dl. All layers have the same length
La; while the number of layers depends on the ratio of the
average thickness of the graphitic domain Lc0 and the distance
between layers dl. The pore volume in the experiment Vp is
equal to the volume of the cylindrical pore.

In this simulation, the number of boundary layers adjacent
to a pore is set to 3 for simplicity. La and Lc0 are obtained from
Raman spectra and Vp is obtained from BET.37 The figure and
parameters of the unit cell are shown in Table 1 and Fig. 4.

2.2.3 The expansion of hard carbons. The graphitic layer
thickness increases during the charge–discharge process. This
swelling is linear with the total capacity:39

Lc = Lc0[1 + DSW(C)] (3)

In the effective model, the relationship between layer distant dl

and layer thickness Lc is

dl = Lc/(n � 1) (4)

where n is the number of graphitic layers in each side of the
boundary layer.

The distance between 2 graphitic layers dl is in the range of
0.309–0.404 nm.23 In the effective model, n is set to 4 and the
layer distant dl is about:

dl = Lc/(n � 1) E Lc0/3 E 0.367 nm (5)

2.3 Model Na

2.3.1 Types of Na. In our effective model, (Fig. 5) 5 types of
Na are defined:
� Outer Na: in the outer zone.
� Interpore Na: inside the pore.
� Interlayer Na: in between 2 graphitic layers.
� Adsorption Na: close to a graphitic layer.
� Defect Na: close to defect points in the graphitic layer.
2.3.2 Energy levels of Na. The energy between Na and HC is

a function of Na concentration. In this work, we use the

Fig. 3 Effective model.

Table 1 Parameters of a unit cell of hard carbons37

Parameters, unit Value

La, nm 2.06
Lc0, nm 1.10
Vp, cm3 g�1 0.10

Fig. 4 Unit cell of hard carbon.

Fig. 5 Schematic of effective model: outer Na (green) in the outer zone
(light green); interpore Na (blue), interlayer Na (orange), adsorption Na
(black) and defect Na (yellow) in HC zone (grey).
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relationship between the energy and Na concentration of each
type of Na obtained from mechanisms,24 DFT calculations,21,23

Bragg–Williams model,28 and experiments.26 However, the
energy parameters should be changed because they depend
strongly on each type of ion insertion and the specific HC.
These energy parameters in this work are applied for Na+, but
the effective model can be extended to different ions such as K+,
Mg2+, and Zn2+ with different energy parameters.

a. The total energy. The total energy in the system is

Etot = Nouteout + Npep + Nlel + Nded + Nfef (6)

where Nout, Np, Nl, Nd, and Nf are the number of Na atoms in the
different energy states: outer, interpore, interlayer, adsorption,
and defect, respectively.

eout, ep, el, ed, and ef are the energies per Na atom in the
corresponding states. In the effective model, the total Na atoms, Ntot

is kept as constant, but the number of Na atoms in each energy state
can fluctuate, which means Na can switch between states.

Nout + Np + Nl + Nd + Nf = Ntot = constant (7)

According to the literature,24 we have

ed, ef o el o ep (8)

In the effective model, the Na atoms are modelled as hard
spheres with radius rNa = 0.106 nm.47 Using the mean-field
theory,28 the energy per Na atom in different states depends on
the number of Na atoms in each other state.

b. The energy in the outer state eout. In the effective model, all
atoms in the outer state have the same energy eout. The energy
level in the outer state is regulating the state of charge (SOC) of
the electrode i.e., for eout o ed, ef o el o ep all Na are in the
outer zone. For ed, ef o el o ep o eout, all Na are in HC zone. By
varying eout, the SOC is varying smoothly from zero to one.

c. Defect energy ef. Experimental XPS measurements identify
commonly a 4% oxygen defect in HC.23 There are 4 possible
types of defects: single substitutional oxygen defect (OC), single
substitutional oxygen defect and carbon vacancy (OCVC), double
substitutional oxygen defect (2OC) and triple substitutional
oxygen defect (3OC). OC and 2OC are purely substitutional in
nature23 and more common than others.22

Based on these results, we set the number of defect points to
4% of the number of the total carbon atom, nCarbon in the
system. The coordinates of the defect points are fixed. Every
defect point of OC has the same energy ef1 and every defect
point of 2OC has the same energy ef2.

nOC
+ n2OC

+ nOCVC
+ n3OC

E nOC
+ n2OC

= 0.04nCarbon

(9)

The last term on the right-hand side of eqn (6) can therefore be
rewritten as

Nfef ¼ Nf1ef1 þNf2ef2

Nf ¼ Nf1 þNf2

(
(10)

where Nf1 and Nf2 are the number of Na atoms adsorbing on
defect points OC and 2OC, respectively.

d. Adsorption energy ed. In DFT calculations,21 the adsorp-
tion energy of Na adsorption ed is a function of Na concen-
tration. In this work, we use the fitted equation, which ed can be
approximated as:

ed ¼ e0d þ ad exp �Nd

bd

� �
(11)

If the DFT results can be extrapolated to zero and large
occupation: Nd = 0 and (Nd c bd), respectively, + ad can be
interpreted as the energy difference between a Na atom at the
adsorption site and in vacuum. e0

d would be the energy between
a fully occupied interface and vacuum.

The DFT data and fit with eqn (11) are shown in Fig. 6.
In our effective model, we distinguish between Na adsorbed

on the outer graphitic layer and Na inserted between the
graphitic layer (‘‘interlayer Na’’). The energy scale ad and the
particle scale bd are adjusted so that the interlayer position
becomes energetically preferable for Nd 4 bd, if the number Nd

of adsorbed Na atoms are exceeding bd, Na preferentially
occupy interlayer positions.

e. Interlayer energy el. The value of el not only depends on the
number of interlayer Na, Nl

28 but also on the distance between
2 graphitic layers, dl.

26 The value el can be expressed as:

el = e0
l + l1(dl) + l2(xl) (12)

where dl is the distance between 2 graphitic layers in HC. At the
value dl = 0.34 nm, the distance between 2 graphitic layers in
graphite, the function l1(dl) is very high which might explain
why Na is difficult to intercalate into graphite.26 In our model,
l1(dl) can be expressed as:

l1 dlð Þ ¼
al

dl

dmin
� 1

; (13)

where al 4 0 is the energy scale of the interlayer energy as a
function of dl, and dmin is the minimum distance between 2
graphitic layers where Na can intercalate.

Fig. 6 Adsorption energy as a function of the number of Na atoms. Dots
and lines are obtained from DFT21 and eqn (11), respectively.
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The function l1(dl) diverges when dl = dmin, which means the
layer spacing is too narrow and Na cannot intercalate.

The dl value is calculated from the graphitic layer thickness:

dl ¼
Lc

3
¼ Lc0½1þ Dsw Cð Þ�

3
(14)

where Lc0 = 1.1 nm is obtained from experiment.37 Dsw is the
swelling during the charge/discharge process and varies line-
arly with the capacity39

Dsw Cð Þ ¼ KSW
NSW

Nmax
SW

(15)

where KSW is the swelling coefficient. Experiments show that
the layer thickness expands up to 10% in the 1st cycle and 5%
in later cycles.26 In simulations, KSW is set as 0.1 and 0.05 for
the 1st and 10th cycles, respectively.

NSW is all Na causing layer thickness swelling. In Fig. 6, they
include defect Na, adsorbed Na and interlayer Na.

NSW = Nf + Nd + Nl (16)

Nmax
SW is the maximum of Na causing layer thickness swelling.

Nmax
SW = Nmax

f + Nmax
d + Nmax

l (17)

The function l2(xl) is a polynomial function of xl, depending on
Nl:

xl ¼
Nl

NCarbon=24ð Þ (18)

According to Reddy et al., Na will intercalate until the structure
is between NaC24 and NaC12.24 The value of xl should be in the
range: 1 r xl r 2.

f. Interpore energy ep. According to the literature, the proper-
ties of ep are complicated compared with those of el:
� In DFT calculations,26 the insertion energy of Na into the

confined space between graphitic layers decreases with the
distance between Na and the nearest graphitic layer. Note that
the pore radius, rp is larger than the thickness of the layer dl

which implies ep o el.

� Interpretations from experiments24 suggest that Na fills
the pore after intercalating between graphitic layers which
implies ep 4 el.

To combine these statements, ep is expressed as follows:

ep = p1(rp)p2(Np) + p3(xp) (19)

where ep quantifies the probability of insertion of the first Na
into the pore. It has the same form as l1(dl) and varies with the
pore radius rp as

p1 rp
� �
¼ al

2rp

bldgraphite
� 1

(20)

p2(Np) quantifies the probability of insertion the other Na into
the pore after the first Na insertion.

p2 Np

� �
¼ 1þ apNp

1þNp
(21)

Due to the large change of p2 upon varying Np, Na will inter-
calate into graphitic layers before filling the pore.

p3(xp) mimics the interaction between Na in the pore. In our
effective model, this term is approximated using the pore
occupation fraction xp = Np/Nmax

p

p3(xp) = bpxp (22)

2.3.3 The reversible and irreversible capacities. The rever-
sible and irreversible capacities of Na in HC are estimated by
comparing the OCV results of the 1st and later cycles. Upon
cycling, some of the inserted Na are trapped inside HCs leading
to an irreversible capacity loss. In this paper, we approximate
the irreversible capacity loss by comparing the number of
Na ions participating in cycling at the 1st and 10th cycle. For
convenience, all input energy parameters are summarized in
Table 2.

2.4 Simulation

Monte Carlo NVT simulation is applied for simulating the
effective model. As mentioned in Section 2.3.1, the total volume
V contains the outer zone and the HC zone, while the
total number of Na in both the outer zone and the HC zone,

Table 2 Parameters of 1st and 10th cycles

Type Parameters Equation 1st cycle 10th cycle

Outer Na eout (6) eout = �3.0 to 0.0 eV
Defect Na ef1 (10) �2.2 eV 0.0 eV

ef1 (10) 0.0 eV 0.0 eV
Adsorption Na e0

d (11) 0.0 eV 0.0 eV
ad (11) �3.0 eV �3.0 eV

Interlayer Na e0
l (12) �1.3 eV �1.3 eV

l2(xl) (12) l2(xl) = clxl + elxl
2 + flxl

3 l2(xl) = glxl
0.5

cl = 0.3 eV, el = �0.34 eV fl = 0.18 eV gl = 0.74 eV
al (13) 0.01 eV 0.01 eV
dmin (13) 0.3383 nm 0.3383 nm
Lc0 (14) 1.1 nm 1.155 nm
KSW (15) 0.1 0.05

Interpore Na ap (21) 0.2 0.13
bp (22) 0.1 eV 0.06 eV
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Ntot = 648, is also kept constant, while the number Na in each
state of Na will change. The temperature is chosen at T = 25 1C.
The outer potential energy eout is varied to find the equilibrium
condition of Na. The Monte Carlo simulation is run with
Markov chain48,49 including 107 steps. Each step loops over
all 648 Na atoms. In this work, we do not compare with ab initio
NVT simulation. Alternatively, we compare directly with
experiments.

The cell voltage is calculated as:44

ej ¼ e0 � m ¼ e0 � mid þ mex
� �

¼ e0 � kBT ln
NHC

Nmax
HC

þ mex
� �

(23)

where:
e0 (eV) is the interaction between Na and the counter

electrode that shifts the voltage scale, kB = 8.61733 �
10�5 eV K�1 is the Boltzmann constant, T = 25 1C = 298.15 K,
NHC = Np + Nl + Nd + Nf is the total Na in HC,
Nmax

HC is the maximum Na in HC, and mex (eV) is the excess
chemical potential obtained from Widom’s insertion
method.48,49 In our effective model, ions are only inserted in
HCs, while the total number of ions in the outer zone and HCs
are constant, eqn (7).

3. Results and discussion
3.1 Comparison with experiment

In Fig. 7, the OCV results of the 1st and 10th cycles are
compared with the experiment. The capacities determined
from simulation in the 1st and 10th cycles are 537 mA h g�1

and 325 mA h g�1, respectively, compared with 507 mA h g�1

and 322 mA h g�1 from experiments. This excellent agreement
with our effective model based on specific material properties
motivates us to study in detail the insertion mechanism and the
cause of the reversible – irreversible capacity of Na insertion in
HC.

3.2 Mechanism of Na insertion in HCs

The order of the different mechanisms of Na insertion in HC is
illustrated in Fig. 8. In the 1st cycle, at first, Na adsorbs on
defect OC of HC. At a capacity of C = 10 mA h g�1, Na adsorbs on
the surface of graphitic layers. The adsorption Na has a dip in
this zone from C = 25 mA h g�1 to C = 210 mA h g�1 due to the
interchange between adsorption Na and interlayer Na, Na
atoms intercalate until the structure NaC15.3 is formed (xl B
1.57). This value is close to other DFT results for NaC16.50–52

Finally, Na can only be filled in the pore of HC from a capacity
of C 4 210 mA h g�1. Na is not adsorbed on 2OC defects. The
mechanism of Na insertion in HCs in the 10th cycle is similar
to that in the 1st cycle. However, there are no insertions to
defect OC sites in the 10th cycle, which means that all adsorp-
tion to defect sites OC are irreversible.

3.3 The relationship between the upper limit of adsorption
Na bd and the energy in the outer state eout

In simulation, we vary eout and change bd to fit with experi-
ments. Interestingly, we found a linear relationship between
eout and bd, Fig. 9. The value of bd increases with eout and we can
estimate bd from eout. Moreover, the value of bd in the 1st cycle
is much higher than the 10th cycle, which means that most of
adsorption Na are trapped inside HC during the charge –
discharge process. This will be discussed further in the next
section.

3.4 Approximating reversible and irreversible capacities

As shown in Fig. 10, Na atoms adsorb irreversibly on defect
points. The degree of reversibility of Na at adsorption sites is
also relatively small because their mobility is restricted by
interlayer Na, Fig. 5. The fraction of reversible capacity of
interlayer Na is very high, about 80%, due to the weak inter-
action between graphitic layers and inserted Na, whereas the
adsorption energy of Na on graphitic layers is relatively large.
Therefore, interlayer Na can move freely as does the interpore
Na. This can be inferred from the comparable reversibility of
interlayer Na and interpore Na. The larger reversibility of the

Fig. 7 (a) The OCV results of the 1st cycle obtained from experiment (blue line) and simulation (red line). (b) The OCV results of the 10th cycle obtained
from experiment (blue line) and simulation (red line).
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Interpore Na capacity is due to the larger mobility of interpore
Na compared to interlayer Na.

These results are consistent with DFT calculations,40 where
the interpore Na has the highest reversibility, while the average

irreversibility of other types is about 80%. However, our effec-
tive model helps to clarify the relative contributions of Na on
defect sites, and Na adsorbed to graphitic layers to the capacity.

Fig. 8 (a) Proportion of types of Na in HC of the 1st cycle. The interpore Na, interlayer Na, adsorption Na and defect Na are the blue, red, black, and
orange lines, respectively. (b) Proportion of types of Na of the 10th cycle. The interpore Na, interlayer Na, and adsorption Na are the blue, red, and black
lines, respectively.

Fig. 9 (a) The relationship between upper limit of adsorption Na bd and energy in the outer state eout in the 1st cycle. (b) The relationship between upper
limit of adsorption Na bd and energy in the outer state eout in the 10th cycle.

Fig. 10 Degree of reversibility and irreversibility of each type of Na in HC. Fig. 11 The cover of the 1st cycle obtained from Langmuir theory (blue
line) and simulation (red dots).
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3.5 Comparison with Langmuir theory

The comparison between simulation and Langmuir theory53 of
the 1st cycle is shown in Fig. 11. Initially, Na adsorbs quickly on
defect points. After that, the adsorbed Na follows the Langmuir
theory. When Na starts to intercalate between graphitic layers,
the amount of adsorbed Na decreases due to the interchange
between adsorption Na and interlayer Na. When the interlayer
sites for Na are saturated and the Na starts to fill the pore, the
adsorbed Na follows Langmuir theory again. At very high
capacity, the number of adsorbed Na ions is much higher than
in the Langmuir theory.

4. Conclusions

To the best of our knowledge, we present the first effective
model for Na insertion in the hard carbon anode, which
comprises all known insertion mechanisms. Using specific
material properties, combined with volume expansion and
previous DFT calculations from the literature, we create an
effective model with non – aligned graphitic domains and all
possible energetically different insertion sites in the disordered
structure. Our results agree with experiments for the OCV by
taking into account the different mechanisms of Na insertion
and the transitions between different insertion sites of Na. Also,
the increase of irreversible capacity is captured within
our model.

By comparing insertion for different cycles, a complete
understanding of the capacity loss is gained. In the 1st cycle,
four different insertion sites are accessible. Na atoms adsorb
first on defect points OC until the capacity C = 10 mA h g�1 is
reached. Then, Na will adsorb to the graphitic layers adjacent to
pores. For capacities larger than C = 25 mA h g�1, Na atoms
continue to adsorb to graphitic layers but some of the adsorbed
Na interchange to the type interlayer Na until the interlayer
structure NaC15.3 is formed at capacity C = 250 mA h g�1.
Finally, Na can only fill the pore at a higher capacity. There are
no Na atoms adsorbing on defect points 2OC, which means that
2OC defects prevent Na insertion in HC. The OCV results of the
10th cycle show similar behaviour to that of the 1st cycle, but
there is no insertion to defect sites in 10th cycle anymore, since
all sites remain occupied.

By comparing the 1st and 10th cycles, we can approximate
the degree of reversibility of each type of Na in HC. The defect
Na is irreversible due to the very strong interaction between Na
and defect points. The fraction of reversibly adsorbed Na is also
low because of the strong interaction between Na and graphite
layers, while the proportion of reversible interlayer Na is high
because of the weak interaction between Na and graphitic
layers. This is clarified using DFT calculations:40 only defect
Na and adsorption Na are irreversible, while interlayer Na is
highly mobile. Interpore Na is nearly reversible because the
pore is large, compared with Na size, which means that they
can move freely without restriction.

In future work, our model can be further developed to study
transport properties as well as the diffusion pathway of Na+

from the cathode/electrolyte to HCs by using kinetic Monte
Carlo simulation (KMC). The model can also be extended by
combining many unit cells of HCs with different directions to
describe the random structure of HCs.
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