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Recent advancements in single-molecule techniques have allowed researchers to investigate individ-
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ual nanocatalysts which exhibit inherent variations in size, shape, and surface properties, leading to

unique and time-dependent catalytic behaviors. The heterogeneity in surface facets, defects, and
structural dynamics further influence their performance, highlighting the importance of single-particle

analysis in catalyst development. Recent theoretical studies using stochastic modeling have provided

valuable insights into the microscopic dynamics of nanoparticle catalysis. This review systemati-

cally examines the impact of active site heterogeneity on reaction dynamics, the role of dynamic
catalytic restructuring in enhancing efficiency, and the emergence of intra-particle catalytic coop-

erativity through charged hole dynamics.

By integrating these theoretical advances, this review

offers a comprehensive perspective on the microscopic mechanisms governing nanoparticle catalysis

and suggests potential avenues for the rational design and understanding of more effective catalytic

systems.

1 Introduction

Heterogeneous catalysts can accelerate chemical reactions with
high selectivity and are proven to be vital in industrial processes.
It has played a critical role in shaping our society and will be es-
sential for its sustainable future.r' The catalyst must be highly ef-
ficient and environmentally friendly for this role. The design and
development of new catalysts have been heavily based on tradi-
tional trial-and-error experimental methods? Several theoretical
and computational studies at different scales of investigation have
become a reasonable choice in the initial design and understand-
ing of catalysts. 24

Nanoparticle catalysts have revolutionized heterogeneous
catalysis due to their unique size and shape-dependent properties,
high surface area, and the ability to tailor their surface character-
istics through simple modifications.™® These catalysts are highly
complex materials optimized for use with high selectivity and re-
action rates. The composition and structure of these catalysts can
be tuned to obtain high performance under the given reaction
conditions.Z"10 Nanocatalysts have been known for more than a
century and have been studied by many experimental and the-
oretical methods. Advances in single-molecule techniques have
enabled researchers to discover new results that existing theoret-
ical studies could not address. 11116

Single-molecule fluorescence microscopy experiments have
been able to investigate chemical reactions on nanocatalysts.

@ Department of Chemistry, Indian Institute of Science Education and Research, Pune,
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These experiments can provide insight into the catalyst behavior
with unprecedented spatial and temporal resolutions that have
revealed multiple new features.17"23 Individual nanocatalyst dif-
fer in size, shape, and surface sites, leading to time-dependent,
particle-specific catalytic activity,2432 Surface facets and surface
defects can affect the catalytic activity. Active site heterogene-
ity has been observed by several density functional theory (DFT)
studies as well 3336 Catalysts can also undergo structural dynam-
ics under reaction conditions leading to fluctuations in tempo-
ral activity and coverage fluctuations that also differ from one
nanoparticle to another.3741 Smaller nanoparticles, often called
nanoclusters, can undergo isomerization due to thermal fluctua-
tions, where several different forms with different catalytic ac-
tivity can be present.@'@ This leads to temporal heterogene-
ity in their catalytic dynamics. The development of in situ and
operando techniques have become critically important because
they enable observation under reaction conditions while provid-
ing structural, morphological, compositional, and chemical state
information under working environments.264757 These tech-
niques have also advanced our understanding of dynamic active-
site transformations. 37581591 Experimental studies have also sug-
gested the existence of spatial communication between different
active sites within a single nanocatalyst and single atom cat-
alysts. These findings highlight that nanocatalysts can exist
in dynamically evolving structural states, exhibiting spatial and
temporal variations in their catalytic properties.

Computational techniques and mathematical modeling have
been widely used to study complex dynamical systems, includ-
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ing biochemical networks and complex cellular processes.046>

Although there are numerous theoretical models in the literature
to study nanoparticle catalysts, many of them are based primar-
ily on bulk properties and assumptions derived from conventional
heterogeneous catalysis. 00708

Mathematical modeling of chemical systems heavily relies on
deterministic mass action kinetics, where the dynamical evolution
of reactants and products is given by ordinary differential equa-
tions. 40270 The deterministic methods generally assume macro-
scopic concentrations and spatial homogeneity in the system,
which effectively averages out fluctuations at the molecular level.
For systems at the nanoscale level with low molecular number,
this averaging is no longer valid. Single-molecule experimental
techniques treat catalytic turnover as a sequence of discrete re-
action events that occur at an individual active site. 2271172 The
observed catalytic dynamics in such experiments are noisy pro-
cess where the intrinsic fluctuations may affect the stationary and
transient behavior both qualitatively and quantitatively. In sys-
tems where the number of molecules is small and discrete, in-
trinsic noise is not merely a perturbation. In such cases, the
predictions of stochastic and deterministic approaches can sig-
nificantly differ and produce distinct steady states.Z274 Another
disadvantage of deterministic methods is that the assumption of
mean-field kinetics is not applicable to heterogeneous nanoparti-
cles with multiple types of sites, varying particle shapes, and sizes,
which are challenging to assess.22Z17> As a result, determinis-
tic models may predict behaviour that significantly differs from
experimental observation in real nanoscale systems. Small size
of catalysts results in discrete coverages of adsorbate molecules
which is difficult to be described in a mean-field models.Z°

To account for molecular fluctuations, where the number of key
species is low and stochasticity plays a determining role in sys-
tem dynamics, stochastic approaches are required. The stochastic
counterparts of chemical kinetics, such as the chemical master
equation (CME), can explicitly describe the probabilistic nature
of reaction events in small systems.ZZ78 Computer simulation
techniques such as Gillespie’s algorithm and kinetic Monte Carlo
(KMC) can sample several individual reaction trajectories. Such
techniques can directly model discrete molecular interactions and
capture behaviors driven by noise. 2262,

In this review, we restrict our focus on the mathematical models
rather than the variety of experimental techniques and software
tools used in heterogeneous catalysis. Mathematical models eval-
uate the microscopic interplay between elementary processes in a
catalytic system. We critically examine the physical foundations
of the catalyst at the molecular level, the validity of the presented
mathematical models, and the underlying assumptions.

2 Techniques to study catalysis

2.1 Chemical Master Equation

For long-time evolution (order of thousands of turnover events),
a catalytic system can be assumed to involve transitions between
minimum energy states of the potential energy surface. The sys-
tem exists in the minimum energy state for a sufficiently long time
before jumping into the next state, so it forgets about the past
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Fig. 1 (a) Schematic diagram for a network of N discrete states. A
discrete state is a coarse grained version of long lived catalytic state
where each discrete state can be a specific configuration of microstates
of the catalyst. (b) Schematic for O, dissociation on a catalytic surface
where different orientations of the adsorption can also represent different
discrete states. Panel (b) is reproduced with permission from RefS2,
Copyright 2012 American Chemical Society.

state from which it came. A process with state-to-state memory-
less jumps can describe such dynamics, also called the Markovian
dynamics.”Z A widely used method for analyzing systems with
jump processes and inherent stochasticity is the CME.ZZ83 Unlike
the deterministic kinetic equations, where a deterministic differ-
ential equation gives the time evolution of the number of reaction
species, the CME gives the time evolution of the probability of
the number of reaction species. One of the key advantages of the
CME framework is its ability to generate the full probability distri-
bution of events, rather than just their average values. Generally,
the mean predicted by the CME converges to the quantities ob-
tained from ensemble-based approaches. The CME is a versatile
tool that can be used in various fields to model jump process. %
A schematic representation of jump processes is given in Fig. ,
where each discrete state can be considered as a specific config-
uration of reactants and products on the catalyst surface, lower
panel in Fig. [Th. Two different configurations or numbers of re-
action species correspond to two different discrete states.
Suppose a chemical reaction consists of M chemical species that
can be present in N distinct chemical states. A chemical state,
n= (ny,ny,- - ,ny), can be considered a vector that indicates the
number of different reaction species. Note that the specific ar-
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rangement of different reaction species on the surface is ignored
here. However, for a detailed description of the system, the chem-
ical state n also consists of specific locations and orientations of
reactants, see Fig. [Ip. The reaction can be in any of the N chem-
ical states at any instant. The transition rate from state i to state
Jj is defined as rj;. Let P(n,t|ng,to) be the probability density func-
tion for finding the system in state n, since the system was in state
ng at some earlier time 7y. Then the time evolution of P(n,t|ng,1))
can be written by the forward CME

dP(n.t|ng.t il
aPiethno.to) = X i) = rPlotino)] )

Hé”

Here, the first term in the summation on the right-hand side
indicates the gain in probability, and the second term indicates the
loss in probability. Using Eq. 1} the probability distribution can be
calculated. For clarity, we will remove the initial conditions in the
probability densities and write P(n,t). Let P(n) denote the steady

state distribution of state n, which is defined as P(n) = P(n,t — o).
Therefore, from the forward CME, we can write
N
Y [rajP(j) = rjnP(n)] =0 @)
j=0
j#n

The forward CME has been used in several studies, making it a
versatile tool in various disciplines. In the CME Eq. [1} the waiting
time distribution before making a transition is exponentially dis-
tributed. However, when the waiting-time distribution deviates
from a single exponential, a more general form of master equa-

tions can be used.’83/8>

2.2 First Passage Time

In catalysis, we are generally interested in the time it takes for the
reactants to reach the product. The time taken by any stochastic
process from an initial state to a final state for the first time is
known as the first passage time(FPT). 77183186l 1t is also called the
first hitting time and exit time in the literature. The time evo-
lution of the FPT probability density function is governed by a
backward CME. Suppose a process starts from an initial state » at
time ¢y and reaches a fixed state m at time ¢’, for the first time. The
backward CME describes how the probability density changes as
a function of the initial state n, keeping the final state m fixed. It
evolves the probability backward, which is written as'ZZ

dP(m,t' |n,t N
w Y [rjmP(mt |n,10) = rjmP(m,f|j.10)] . (3)
j()
m

~.

In backward CME, the final state is absorbing, which means
P(m,t'|m,tg) = 8(t —tp). This indicates that if we start the pro-
cess from the final state, it will be instantly achieved. For clar-
ity, the FPT probability density can be written in a different
form keeping only initial conditions, F(n,t) = P(m,t'|n,ty) and
F(j,t) = P(m,t'|j,ty) where t =t —t; is the time taken to achieve
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the final state. Then the backward CME in Eq. [3|reads

dF(n,t) N
dt J;) FinF (j,t) = rjnF (n, f)] @
j#n

In a stochastic process, several trajectories are possible from
the initial to the final state, and the time taken in those trajecto-
ries (FPT) is a random variable. Therefore, a statistical approach
is used to realize several first passage times, and the mean and
higher moments of FPT can be obtained.

The backward master equation offers several advantages, par-
ticularly in problems that focus on how future outcomes depend
on the initial state. It is especially well-suited for calculating
quantities like the mean first-passage time (MFPT), survival and
absorption probabilities. Note that the same problems can be
solved by the forward CME by applying suitable boundary and
initial conditions.?Z Unlike the forward equation, which evolves
the full probability distribution over time, the backward equation
allows one to isolate the role of the starting point and simplifies
the analysis of stochastic processes where the path to a target
or absorbing state is of primary interest.”Z Using F(n,t) the mo-
ments of FPT can be obtained by simple probability theory rules
of expectation value.

(@)= /0 TV E () di )

Generally, it is difficult to solve for the full FPT distribution in
the time domain. However, it is easier to solve the first-order dif-
ferential equation in Laplace space, where the differential equa-
tion becomes a simple linear algebraic equation.®# Let the Laplace
transform of F(n,r) be written as F(n,s) = 5" ¢ *'F(n,t)dr. Then
the /" moment of the first passage time can be written as

d"F(n,s)

ds” ©)

() = (~1)"

s=0

2.3 Stochastic fluctuations quantification

Catalytic turnover from a single nanoparticle is intrinsically noisy
and physically relevant information is concealed in the noise, em-
phasizing the importance of stochastic fluctuations in observable
quantities. Several studies have shown the importance of stochas-
tic effects in biological systems such as living cells,8788 physical
phenomena such as phase transitions,®?, chemical kinetics, and
nanocatalysts. 147l In the ensemble experiments, the stochastic
fluctuations are often averaged out. Stochastic modeling meth-
ods allow us to estimate the higher moments of turnover times
from nanocatalysts, which can provide valuable information on
the nature of fluctuations. Several statistical parameters are used
in the literature for this purpose, such as the Fano factor, Pois-
son indicator, coefficient of variation, and randomness parame-
ter. 20793 These parameters are based on the first and second
moments of observable quantities, which are used to probe the
extent of stochastic fluctuations in the system. In single-molecule
turnover reactions, the quantification of stochasticity is generally
done by a statistical quantity known as the randomness parameter,
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R.193798I 1t is defined as

(t?) —(1)?  Var(1)
R= = . @)
(r)? (r)?

Single molecule experiments provide distribution of individual
product formation event. Randomness can be easily calculated
from single turnover statistics from these experiments.
single-step Poisson process, the waiting time distribution is ex-
ponential and the numerical value of R will be unity. If there are
multiple rate-determining kinetic processes, the distribution be-
comes nonexponential, and R deviates from unity. In the case of
multiple rate-limiting steps, the waiting time distribution has a
peak followed by decay, and the randomness parameter will be
less than one. If the distribution has long multiexponential tails,
it indicates that there are multiple parallel pathways to reach the
product and one observes R > 1. Thus R provides an quantitative
idea of the shape of a the dwell time distribution. It measures
the degree of stochastic fluctuations, and provides information on
the underlying chemical kinetic scheme. Deviation in the value of
R from unity is a manifestation of the dynamic disorder. Earlier
studies indicated that R provides information about the number of
steps (intermediates) present in a stochastic system. The recipro-
cal of R gives the bound for the number of rate-limiting states for
sequential kinetic schemes. Therefore, different values of R can
hint at hidden states, multiple rate-limiting steps, dynamic disor-
der, off-pathway branches, and non-exponential statistics. 23194

We take an example of a simple reaction with irreversible steps
n, each with the same rate constant.

For a

A= A = A = A, A,

The first passage time distribution of reaching A, from A; in
this case is a single exponential given by

K" efkt tnfl
PO ===

Then, the MFPT and and the second moment can be given by
(t) = [ 1F (1)dt = n/k and (%) = [ 2F (1)de = "3 In this case,
the randomness parameter is R = 1/n, which is the inverse of the
number of steps in the reaction, and the number of rate-limiting
steps in the dynamics can be estimated from the value of 1/R.
The value of R is important for the quantitative assessment of the
microscopic mechanism. However qualitative trends of R can also
be very informative.

®

2.4 Kinetic Monte Carlo simulations of nanoparticle cataly-
sis
Kinetic Monte Carlo (KMC) is a powerful computational
method to simulate reaction systems while considering intrinsic
noise.”280 The KMC method is also known as Gillespie’s Stochas-
tic Simulation Algorithm (SSA). KMC method is well-suited for
chemical processes where the system evolves through discrete
states with known transition rates. KMC can capture the correct
temporal dynamics of rare events by sampling both the type and
timing of the next reaction event. Extensions of the KMC algo-
rithm for time-dependent rates and non-Markovian systems have

4 Journal Name, [year], [vol.], 1
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also been proposed.22101

One of the essential steps in the KMC simulation for real cat-
alytic systems is the estimation of rate constants. Many studies
use approximate values of rate constants based on fitting simple
models to experimental data, approximating rates from similar
known systems, and statistical methods.Z2192110% A more accu-
rate and systematic approach is to utilize first-principle calcula-
tions and statistical methods to obtain rate parameters. 1027112 [
the general framework of KMC, the system is described by a set of
discrete states, each associated with a set of possible transitions
characterized by reaction propensities.113 The essential structure
of this discrete event simulation algorithm is as follows:

1. Initialize the system: Initialize the counts of all reaction
species and set the simulation time to zero:

t=0

2. Calculate the rates: For all possible transitions, i, from cur-
rent state calculate the rate (or propensity) k; for each event
and calculate the total rate, k;,, of transitions.

kiot = Zki
i

3. Calculate next reaction time: Draw a uniform random
number r; from the interval (0,1), and calculate the time
increment using

In(ry)

At =—
ktOt

and update the simulation time:

t—t+At

4. Calculation the next reaction: Draw a uniform random
number r, from the interval (0, 1). Determine the next event
Jj by finding the smallest number j such that

J Jj-1
Zki > rakiot > Z ki
i=1 i=1

5. Update the system: According to the transition j in step 4
update the system state.

6. Repeat: Store the updated state and simulation time for
analysis and repeat steps 1-5 until the simulation does not
reach the desired time, e.g. 7 < ffpa1-

From a simple one-step reaction to a highly complex surface
catalyst dynamics, the scheme mentioned above remains at the
heart of their stochastic simulations. The possible orientations
of the reactant molecules can be accounted for in the KMC ap-
proach. Also, the KMC simulation facilitates modeling adsorption,
desorption, and diffusion of reaction species while accounting for
the shape and size of the nanocatalyst. 1147118l Studying heteroge-
neous catalysis with KMC simulations is a large and fast growing
field. Interested readers can explore the detailed procedure re-
viewed here81L7ZII8 a1ong with various software tools. 1127121
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3 Single molecule measurements in catalysis
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Fig. 2 (a) Michaelis-Menten chemical reaction for nanocatalysis. (b)
mean turnover rate as a function of substrate concentration For Au-
nanoparticle of different size (c) Activity fluctuation rate in the turnovers
from the Au-nanocatalyst. Figures (b,c) reproduced with permission from
ref14. Copyright 2009 American Chemical Society.

Observations from single-molecule techniques have been well
known in the case of enzyme catalysts. Single-molecule fluo-
rescence microscopy is an indispensable tool in single-molecule
studies that allow researchers to observe the behavior of indi-
vidual molecules in real time.122123 These techniques provide
a high signal-to-noise ratio for visualization while retaining key
features in the physiological context of native biological systems.
This approach was initially developed to study catalysis by sin-
gle enzyme molecules. 1247127 The pioneering works in the en-
zyme catalyst and advancements in microscopy techniques have
made it possible to probe the nanocatalysts at high spatial reso-
lution. 1312711285130 By yitilizing fluorogenic catalytic reactions
and imaging the fluorescence signal of the product, one can moni-
tor these reactions in real time at single-turnover resolution under
steady-state reaction kinetics on a single nanoparticle 1471131

In the chemical reaction involved in single-molecule tech-
niques, a non-fluorescent substrate (resazurin) gets converted
to a fluorescent product (resorufin) on the nanoparticle sur-
face 14571 Each product formation event results in a fluores-
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cence burst when excited by a laser, which can be captured us-
ing fluorescence microscopy. Though the fluorescence burst in
these reactions is very quick, the waiting time between two suc-
cessive bursts, (7,//), is significant, and can be detected with high
temporal resolution. Similar techniques have been applied in the

electrocatalysis at single-reaction resolution."©
Ensemble-averaged techniques such as the Langmuir-
Hinshelwood mechanism, among others, were commonly

employed to investigate nanoparticle catalysis theoretically. 471

These approaches are inspired by pioneering studies in enzymatic
catalysis, where substrate binding and unbinding to the enzyme
are treated as reversible processes.

Let a substrate S bind to the any one of the N active sites on a
gold nanocatalyst surface, forming the bound state Au — S, which
can form the product with rate kyas shown in the reaction mecha-
nism in Fig. [2h. Then the fraction of coverage of sites, the sites in
Au — S states, in the limiting case where k; << k| and ky << k_
is given by

o— KBl ©

1+K[S]
where K = kj /k_ is the equilibrium constant and [5] is the sub-
strate concentration. Then the inverse of the waiting time before

a fluorescence burst can be written asZ
| KNKIS)
1
_ AADL 10
(ors ) = 1K) (10)

Experimental data of (7,77)~! for varied substrate concentrations
and different size of the Au-nanoparticles catalyst are shown in
the Fig. [2b. where the lines show fitting of Eq. With increas-
ing substrate concentration, the Au-nanoparticles show a similar
kinetics of (7,77) ! as in Eq. solid fitted lines in Fig. . These
observations can be well explained by the Langmuir-Hinshelwood
approach.

4 Why Stochastic Modeling?

Microkinetic modeling, stochastic methods, and energy-
landscape theory offer complementary but fundamentally
distinct insights into catalytic phenomena. Microkinetic model-
ing employs a deterministic and mean-field approach, built from
elementary reaction steps. This method is helpful for quantifying
steady-state rates and identifying rate-determining steps in chem-
ical reactions. 41321133 The use of a mean-field approximation
and a heavy reliance on accurately known kinetic parameters
limit its ability to capture the spatial and temporal heterogeneity
inherent in real nanocatalysts. Energy-landscape theory adopts
a thermodynamic viewpoint and reveals design principles, such
as the relationship between energy gaps and catalytic turnovers,
while unifying kinetics and thermodynamics.134136 Stochastic
models resolve catalysis at the level of individual nanoparticles
or active sites, capturing microscopic heterogeneity and temporal
fluctuations that ensemble approaches average out. Stochastic
models provide direct access to turnover-time distributions,
dynamic disorder, and rare events, which makes them highly
valuable for interpreting data from single-particle spectroscopy
and elucidating particle-to-particle variability, 212198137 How.

ever, their analytical intractability, high computational cost,
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and data requirements limit their use to nanoscale systems
rather than large-scale systems. In short, stochastic methods can
reveal microscopic heterogeneity, microkinetics quantitatively
predict macroscopic rates and selectivity, and landscape theory
provides generalizable design rules rooted in fundamental
thermodynamics.

Since each turnover event in a single molecule experiment
gives a different turnover time and activity fluctuation rate, this
provides a measure to quantify the fluctuations in turnover. Fluc-
tuations in activities can also arise due to dynamic restructur-
ing.14 Fig. presents the fluctuation rate as a function of the
turnover rate of the Au nanoparticles. This figure shows that the
fluctuation rate is higher when the turnover rate is larger and
the catalyst size is smaller. The Langmuir-Hinshelwood model
presented in the previous section is based on the assumption
that the Au catalyst surface is uniform and the substrate binding-
unbinding reaction is very fast (compared to the product forma-
tion) and reaches equilibrium on the surface with a large area.
However, if the number of catalytic sites is small, the average
coverage approach does not work well as the 6 will be a highly
fluctuating random variable. In the analysis of individual re-
actions, higher moments of observables, generally the second
moment, are vital in the statistical analysis. The ensemble ap-
proaches cannot produce such higher moments. Therefore, quan-
tification of fluctuations requires stochastic methods, that utilize
the probabilistic approach to explain and predict the properties of
reactions on nanoparticles while accounting for intrinsic fluctua-
tions.2?l These methods become essential when the dynamics of
catalysis is too intricate and random to be completely explained
by deterministic tools.

5 Stochastic modeling of nanoparticle catalysis

Nanocatalysts are fundamentally different from the bulk cata-
lysts due to their high surface to volume ratios, structural hetero-
geneity, and flexibility. Structural heterogeneity can arise from
different atomic configurations, leading to a diverse ensemble
of sites on a single nanocatalyst. 138139 Dye to thermal fluctua-
tions, adsorbate binding, and reaction environments, nanocata-
lysts can also undergo dynamic surface restructuring. For exam-
ple, Pt nanoparticles can restructure to expose different facets in
hydrogen evolution reactions. 149141l Surface restructuring indi-
cates that the nanocatalyst is not static but a statistical ensemble
of several metastable configurations. The relative populations of
metastable states can change in response to the reaction environ-
ment. Fluctuations in surface structure can also correlate with
reaction rates, implying that dynamic site rearrangements can in-
fluence catalytic efficiency. In addition, nanocatalysts can have
cooperativity across spatially distant sites. Evidence of coopera-
tivity has been observed in single-molecule experiments, where
distant catalytic sites on a nanoparticle can communicate syner-
gistically via charged hole migration.©%142 Fig, summarizes
these phenomena in a nanocatalyst. The origins of these phe-
nomena lie in the nanoscale nature of the catalyst; therefore, un-
derstanding and leveraging heterogeneity, dynamics, and coop-
erativity together offer a powerful paradigm for designing next-
generation nanocatalysts. Using the discrete state stochastic mod-
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Fig. 3 Schematic diagram to unify the role of surface heterogeneity, flux-
ionality, and cooperativity. Surface sites can have multiple types due to
spatial heterogeneity. Under reaction conditions or applied perturbation,
the catalyst can access an ensemble of different structures with different
activities. Charge transfer from one site to another can lead to coopera-
tive communication between spatially distant sites. Stochastic modeling
approaches can provide several practically important observables.

eling approach, these properties of the nanocatalyst have been
studied. 2072811431144 (Jsing the concepts of stationary state and
first passage time distributions, important dynamic properties of
nanoparticle catalysis were evaluated. We also discuss these stud-
ies and other similar works in this direction in the upcoming sec-
tions.

5.1 Modeling of single reaction

The model of single reaction involves the substrate S binding to a
catalytic site, and via a sequence of reversible steps, the product
is formed. To illustrate the utility of CME, we take a toy example
of a simple two-step reaction, similar to the Michaelis-Menten
reaction, as shown in Figure [2h. Since we are interested in the
rate of product formation, we can use the backward CME to solve
this problem. Let F(n,t) be the FPT probability density function
of forming a product in time ¢ initially starting from state n. Here
n € {S,CS} and C is the catalytic site, Au in Fig. [2h. Using the
backward CME the time evolution for F(n,t) is written as

w —ky [S]F(CS,1) — ki [S]F (S, 1) an
@:kzs(t)+k_1F(s,z)f(kﬁk_])F(cs,z) 12)

the mean rate of product formation obtain from above Equations
is

(13

ky ko |S ki g
o 2 218
<'L'>_1 (/ l‘F(S,t)dt> = klgl [ ] z ~ ko % [ }
0 T+ 58+ 1+g4(8]

Page 6 of 23


http://creativecommons.org/licenses/by-nc/3.0/
http://creativecommons.org/licenses/by-nc/3.0/
https://doi.org/10.1039/d5mh01692d

Page 7 of 23

Open Access Article. Published on 03 December 2025. Downloaded on 13/12/2025 11:58:20 PM.

This articleislicensed under a Creative Commons Attribution-NonCommercial 3.0 Unported Licence.

(cc)

14

——P.=0.7,P,=03
- - =P, =1.0,P,=0.0

off

0.6 .

0

10
Fig. 4 Randomness parameter for two site heterogeneous enzyme as a
function of substrate S concentration. Dotted line is for turnover from
a single reaction and solid line is for the turnover form two different
reaction. P, and P> denote the fractional contribution of each reaction in

the turnover. Reproduced from refl#4, Copyright (2015), with permission
from Elsevier.

Which is the same expression obtained from the ensemble meth-
ods Eq. This expression has been obtained by the renewal
method in ref14% which is quite similar to the first passage time
approach. The explicit formula of the Randomness parameter was
calculated in this study, which was inaccessible in previous stud-
ies of similar catalytic systems. 141071 The value of randomness
parameter obtained using Eq. |[7|can be written as

. (,f‘j)z+2,f%1+ (,(’%‘I[S]Jrl)z
(148 + fis)”

For the limiting case of fast binding-unbinding rate, k, << ky,k_1,
we obtain R = 1 that indicates product formation is the only rate

(14)

limiting step in the reaction. Randomness parameter variation as
a function of substrate is depicted in Fig. |4, where at a specific
substrate concentration, the maximum stochasticity is observed,
indicated by minima of R. Secondly, for the case of one catalytic
site, the R approaches unity in extreme [S] values; however, this
trend is changed at low [S], when two competing sites are present.
This indicates that R can effectively distinguish a single reaction
and two competing pathways. Though this study focused on the
case of two active sites on the catalyst, the generalization of this
was limited. 144

Different classes of reactions can have different active sites on
the nanocatalyst and show different catalytic activity. Several
factors, such as Geometric, electronic, and confinement effects,
can heavily influence the activity of an active site and its length
scales and timescales.? Analysis of single-catalytic-site systems
is widely understood from the perspective of enzyme catalysis.
However, nanoparticle catalysis has several complexities. First,
the reaction mechanism from substrate adsorption to product
formation can be complicated and involve several intermediate
states. Even the simplest reactions, such as hydrogen evolution
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and CO oxidation, can have a complex pathway.147148 Second,
there are several active sites on a nanocatalyst.2%149 Therefore,
accounting for all the chemical processes in the theoretical analy-
sis can be cumbersome.

Though single-molecule experiments have enabled us to mea-
sure single-turnover events on a single nanoparticle directly, they
cannot describe the number of catalytically active sites on the
nanoparticle, because a fluorescence burst due to product can oc-
cur on any of the surface sites. Further, these observations can-
not explain how the statistics of catalytic turnover events and the
turnover distributions are connected to the microscopic dynamics
of catalytic reactions.

5.2 Effective Kinetic Scheme

A theoretical framework using a discrete state approach was pro-
posed by Chaudhury et al. to efficiently account for the multi-
ple sites on the catalyst. 1% Initially, this model was presented
for a fixed number of active sites; however, in a further study,
it was generalized for multiple reaction steps, a variable number
of active sites, and heterogeneous active sites.2Z28 These studies
present a general scheme to account for multiple reactions occur-
ring in parallel on a nanocatalyst with N sites based on an effective
kinetic scheme.

This scheme coarse-grains the multiple steps of the chemical re-
action on an active site into effectually two states. First, when the
catalytic site is empty and no substrate is attached to the site, and
second, when the catalytic reaction is in the intermediate state,
from where a single step can directly form a product. Essentially,
there are only three effective transitions possible: (1) binding of
substrate to an empty site, which directly leads to the last inter-
mediate state (state just before product formation); (2) product
formation (irreversibly) from the last intermediate state which
leads to an empty site and product; (3) dissociation of the last
intermediate state all the way back to substrate. Fig. [Sp shows a
schematic of a nanocatalyst with N active sites where a substrate
S can bind and form the product. The reaction mechanism on a
single active site is shown in Fig. [5|b (upper), where a sequence
of M steps leads to product formation.

Using the coarse-grained chemical process, the reaction on all
catalytic sites can be easily projected onto the effective kinetic
model.28 Let n be the number of active sites present in the CSy,
state on the catalyst; then, for a N site nanocatalyst system, the
coarse-grained effective model has N + 1 possible effective states.
The transition between the effective states is a 1D random walk
like process, as shown in Fig. (lower). A weighted average
is carried out across all the effective states to obtain the turnover
from a full catalyst, written as (7). The weighted average ensures
that most probable effective state have larger contribution in the
turnover time. Some of the limiting observations from these cal-
culations are

(T) o< M and Ilim R=1 (15)
N N—oo

These studies showed that the mean reaction times in a cat-
alytic system are inversely proportional to the number of active
sites, irrespective of any chemical reaction taking place on the ac-

Journal Name, [year], [vol.], 1 |7


http://creativecommons.org/licenses/by-nc/3.0/
http://creativecommons.org/licenses/by-nc/3.0/
https://doi.org/10.1039/d5mh01692d

Open Access Article. Published on 03 December 2025. Downloaded on 13/12/2025 11:58:20 PM.

This articleislicensed under a Creative Commons Attribution-NonCommercial 3.0 Unported Licence.

(cc)

Materials Horizons

Nactive sites

View Article Online
DOI: 10.1039/D5MH01692D

Reaction on a single site

O o/ ™ Ces—
OO
O 0
O
Nr

<7>

0.9

e

0.8
14

0.7}

—M=1
0.6 —M=5

—M=10

0.5

10° 10t 102

N

Effective kinetic model

(N=-n+Dr
1 i—- n—1 n

d

N —n)r r

nu

] n+1 = = = -
(n+Du :|

A
A\
% 2 4 6 8 10
M
\
0.0
»
17}
GC.) -0.1 I 0 hom
e Aaedn¥y
S N, =1 »
S-0.2) mmn, =2 al
o N, =3
- N, =4 ¥ 0TETATE8
~0.3 Lot i it it i i it
10° 10" 10" 10° 10°
Ci/K,
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from C+S. The turnover rate a function of (c) total catalytic sites on the nanoparticle (d) number of intermediate steps in reaction pathway. (e)
Randomness parameter varied with the number of catalytic sites. (f) Randomness parameter as a function of concentration of the substrate. Figures

(a-e) reproduced with permission from Ref.28.

Copyright 2021 American Physical Society.

tive site?8120] see Fig. . The turnover time increases linearly
as a function of the intermediate steps in the reaction, depicted
in Fig. [Bd. Also, stochastic fluctuations were quantified by the
randomness parameter(R). As shown in Fig. , the random-
ness parameter is smallest for one site (N = 1) and increases with
increasing number of sites. For a larger catalyst size, the R~ 1
indicates little stochastic fluctuations. Note that catalytic sites
generally increase with a catalyst’s size; however, this trend may
not always be true. The randomness parameter result suggested
that the stochastic effects in the dynamics are canceled out due
to the averaging of noise by several chemical processes that take
place independently at different catalytic sites.

Kang et al have also proposed an experimental measure to esti-

8 | Journal Name, [year], [vol.], 1

Copyright 2021 American Chemical Society. Figure (f) Reproduced with permission from re

f 145

mate the number of active sites on the catalyst surface.4> Using

the counting statistics of turnover events of the catalyst, they in-
vestigated how the catalytic dynamics depend on the number of
active sites and the reaction mechanisms. They also proposed
that the turnover count statistic is a renewal process for longer
time limits; therefore, their proposed measure becomes valid for
a large time limit, even if an individual catalytic reaction may not
be a renewal process. Their observation of randomness is shown
in Fig. , where a minimum of randomness is observed with in-
creasing reactant concentration (Cg/Kjy). All these studies, utiliz-
ing various methodologies, complement each other in improving
the understanding of catalytic dynamics.
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5.3 Spatial heterogeneity in the nanocatalysts

The structural heterogeneity of nanocatalyst represented by the
distribution in size, morphology, and local coordination environ-
ment of the active sites, is almost inevitable in practical nanocat-
alysts. Individual nanoparticles can differ in shape and size; how-
ever, a single nanoparticle can also have different surface sites.
Many heterogeneous catalysts exhibit heterogeneity in the sur-
face composition at the nanoscale level, resulting in multiple
phases within the catalysts, which eventually can have distinct
catalytic activities. 151152/ One of the first direct pieces of evidence
for the different activities of various reactive sites coexisting on
a supported metal catalyst was obtained using molecular-beam
and in-situ IR spectroscopy methods. 33154 More recent single-
molecule experimental studies have shown that different surface
site types can be present even on a single nanoparticle. For exam-
ple, active sites can be different at corners, edges and facets, and
their catalytic features depend significantly on the morphology of

the nanoparticle and the spatial location of active sites. Chen and
co-workers have done a series of experimental work to under-
stand the nanocatalyst at the microscopic levell31553H157 Using
super-resolution fluorescence microscopy, it has been observed
that the same surface facets on the sides of a single nanorod ex-
hibit reactivity that is not constant and exhibits a gradient from
the center of the nanorod toward its two ends.™ In another study,
Chen and coworkers studied a 2D nanocrystal. In the nanocrys-
tal, the activity of the catalyst is lowest for the flat surface facets
and highest for the corner regions.1>% In anisotropically shaped
photocatalyst particles, the different constituent facets may form
interfacet junctions at their adjoining edges, and these inter-facet
junctions could lead to spatial variations of electronic and photo-
electrochemical properties along the particle surface, even within
the same facet, at near-edge regions showing different catalytic
activities. 156157 These findings have indicated that merely iden-
tifying the surface facets of nanocatalysts is not sufficient to cor-
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relate with and predict their reactivity, and a single nanoparticle
can show significant heterogeneity in its activities.

In situ techniques have revealed that the exposed crystal facet
also exerts a significant influence on both the quantity and na-
ture of catalytically active sites, where within a single facet, the
presence of various coordinatively unsaturated surface sites gives
rise to distinct adsorption environments. For example, Zhang et
al showed that the intrinsic heterogeneity of conventionally syn-
thesized supported Rh catalysts can offer distinct advantages in
heterogeneous catalysis where Isolated Rh species exhibit high
activity for the initial dehydrogenation step whereas Rh ensem-
ble sites display high efficiency in the subsequent transformation,
a step for which isolated Rh sites are essentially inactive.># In
such a case optimal catalytic performance is achieved only when
both types of sites coexist, illustrating the beneficial role of het-
erogeneity in multistep catalytic processes. During the oxidation
of 5-hydroxymethyl-2-furfural (HMF) on Pt nanocrystals, molecu-
lar O, tends to generate -OH species on the Pt(100) facet and -O,
species on the Pt(111) facet.*? Relative to -O;, the -OH species
formed on Pt(100) demonstrates a stronger ability to activate
oxygen, thereby promoting aerobic oxidation of HMF through a
dehydrogenation pathway.

Using stochastic methods, Chaudhury et al. presented a model
to account for the underlying heterogeneity on the catalytic sites
and heterogeneity on the reaction pathways2Z, as shown in Fig.
[6h. The mean turnover time from this model, for two differernt
active sites, was found to be

1+M

- 16
Nlal +N2a2 ( )

(NN, =
Here, M is the number of intermediate steps in the reactions. A
similar result was also observed in other studies. 142150 It is ar-
gued that the application of the proposed theoretical approach
to real nanocatalyst systems could uncover essential molecular
details of the underlying chemical processes. There are three
sources of heterogeneity in a catalytic system. First, we inves-
tigate the heterogeneity that arises as a result of the distribution
of different types of sites. Second, heterogeneity in the chemical
reaction (mechanism or number of steps) occurs in the chemical
reactions on the catalyst. Third, heterogeneity due to different
activities of intermediate steps (though the number of steps may
be the same). It was proposed that the randomness parameter
can capture these heterogeneities.?Z As shown in Fig. [6b, when
two competing pathways have similar contributions to turnover,
the randomness parameter is lowest, showing maximum stochas-
tic fluctuation. In addition, heterogeneity in reaction pathways
can have a dual effect based on the number of steps in the other
active sites; see Fig. []c. A similar heterogeneous system studied
by Kang et al. 142l showed that the randomness parameter shows a
bistable behavior when the substrate concentration increases, as
shown in Fig. [6d.

Apart from these theoretical developments, several computa-
tional studies have been carried out to investigate heterogeneity.
Wang et al studied CO oxidation on Au, catalyst, where they ob-
tained an optimized structure of the nanocatalyst using revised
particle swarm optimization and DFT calculations.?3 They ob-
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served weak adsorption of CO and O, onto the face sites, which
resulted in lower activity. Xu et al investigated, using DFT cal-
culations, how the geometric characteristics of nanoparticles de-
termine the binding strength of surface adsorbates and, conse-
quently, influence their catalytic activity,24% as shown in the Fig
[6k. Omoniyi et al. developed a computational approach to an-
alyze the effects of adsorbate-surface and adsorbate-adsorbate
interactions on multifaceted platinum nanoparticles using DFT-
based models.2% This study finds strong repulsive lateral interac-
tions for oxygen compared to hydrogen, see Fig. [6f, which signif-
icantly impacts adsorption behavior across different Pt facets and
also depends on the adsorbate identity. Surface site heterogene-
ity studies have been carried out to investigate propane oxidative
dehydrogenation hydroxylated Ni-doped CeQ, nanorods.>

6 Communicating catalytic sites

In an earlier discussion, the models presented had considered an
important assumption that catalytic sites are independent. More
specifically, the catalytic reaction on one active site does not influ-
ence the reaction on neighboring sites. This assumption is valid
in most cases; however, it is far from reality, and communica-
tion between spatially separated catalytic sites exists in nature.
Such communication has been well known for the catalytic al-
lostery of enzymes, where binding or catalytic conversion of a
substrate molecule at one site influences the binding or catalysis
at another, 122160/ The fundamental reason behind the allostery is
the communication via structural changes occurring at local and
global scale, that are mediated by covalent bonds and intermolec-
ular interactions.!®L, The cooperativity is not limited to enzyme
catalysts and has been confirmed experimentally in nanoparticles
of various materials, where reactions at different surface sites on
the same nanoparticle or single atom catalyst (SAC) can commu-
nicate ©0763116211631 1y heterogeneous catalysis, the spillover effect
enables product diffusion, connecting reactions at different sites
on the same catalyst.164165 [nvestigation of the oxygen reduction
reaction (ORR) on a single-atom Fe — N, catalyst has established
the relationship between the inter-site distance and the turnover
rate at individual sites.©2 Li et al. reported the presence of syn-
ergetic interactions between neighboring Pt monomers. These
interactions cause distinct reaction pathways and can yield en-
hanced catalytic performance compared to isolated monomers in
the CO, hydrogenation reaction.®3. A study by Chen and co-
workers reported intra-particle catalytic cooperativity during the
catalysis of redox chemical reactions on Au and Pd nanoparti-
cles.©¥ Statistical analysis of Pearson’s cross correlation coeffi-
cients (PCCs) between different segments of individual nanopar-
ticles revealed that successive product-formation events were cor-
related with a temporal memory (or lifetime) of ~ 10 — 100s and
a communication distance of ~ 200 — 600 nm. Here the motion of
positively charged holes is responsible for the observed catalytic
communication and cooperativity.

Punia et al. presented a novel theoretical framework to inves-
tigate cooperative communication on the nanorod.28 The model
is based on the migration of a charged holes created during a
redox reaction to neighbouring segments on the nanorod. The
theory assumes that the probability of the catalytic reaction to
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Fig. 7 Communication in the nanoparticle catalysis (a) the schematic diagram of hole creation, migration, and disappearance on a nanorod is divided
into segments of equal length. The panel at the bottom shows the discrete state model, where the lattice sites are labeled as integers for different
segments. (b) Experimental and theoretical (simulated) Pearson’s cross-correlation coefficients against average time separation Af; of subsequent
reactions at segments i and j on the Pd nanorod. (c) Model for catalytic communication with heterogeneous rate constants. (d) Pearson’s cross-
correlation coefficients varied with average separation Ax;; for two segments i and j on the nanorod and comparison between heterogeneous and
homogeneous cases. Figures (a, b) reproduced from refl%8 published by PNAS under CC BY-NC-ND 4.0. Figures (c,d) reproduced with permission

from ref143. Copyright 2023 American Chemical Society.

take place at a given active site depends on the local concentra-
tion of positively charged holes, and each redox reaction creates
an additional amount of charged holes. By dividing the nanorod
into segments of the same length, they proposed that the charged
holes that are produced in any segment after a catalytic reaction
(rate k), move to adjacent segments with a jump process (rate
u), and disappear due to a finite lifetime (rate r), as shown in
Fig. (upper panel). This situation can be modeled as a birth-
death-like process where a hole created at site zero has an equal
probability to move in both directions, see Fig. [7a (lower panel).
For a non-linear type nanoparticle, the hole migration can occur
in two or three dimensions, which can be accounted for by using
a similar approach. The stationary distribution of probabilities
for finding the charged hole in a segment was calculated for 1D
model, and it was found that there is an increased probability to
find the messenger (hole) at the same place where they were pro-
duced (n =0), and the distribution exhibits exponential decay as
the distance from the origin increases. This discrete state min-
imal model could also explain the existing correlation between
two successive fluorescence burst events observed in the experi-
mental research.128 Fig. |7b shows the comparison of Pearson’s
correlation coefficient using this theoretical approach, and excel-
lent quantitative agreement between theoretical predictions and
experimental values was observed for all systems investigated,
supporting the theoretical approach™®8. Thus, this theoretical
framework could quantitatively describe the phenomena of cat-

alytic communications from the microscopic point of view.
In a later studyd#3 the minimal model of homogeneous diffu-
sion and death rates was extended to a heterogeneous case as the
former did not account for inhomogeneity in the structural and
dynamic properties of single nanocatalysts2>3111551166 yhere the
diffusion rate and the decay rate of charged holes spatially vary
along the nanoparticles (see Fig. [7). Using this heterogeneous
model, the communication lifetimes and correlation lengths were
calculated, which revealed that spatial heterogeneity can increase
the strength of cooperativity, while the communication lifetimes
and distances decrease (see Fig). 143| In addition, the impact of
surface restructuring on catalytic communication was also mod-
eled as stochastic transitions between macrostates with different
dynamic properties of charged holes.207 This study revealed that
communication times always decrease with increasing rates of dy-
namic restructuring, while communication lengths exhibit a dy-
namic behavior that depends on how dynamic fluctuations affect
the migration and death rates of charged holes.10Z All of these
findings provide information on microscopic understanding of co-
operative communication and suggest potential strategies to im-
prove catalytic efficiency.

7 Dynamic catalysis

In previous sections, we have discussed a class of catalysis in
which the rate of reaction occurring on a nanoparticle site is con-
stant throughout the reaction. This type of catalyst is termed the
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