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Dynamic electroosmotic flow and solute
dispersion through a nanochannel filled
with an electrolyte surrounded by a layer
of a dielectric and immiscible liquid†

Sourav Chowdhury, a Sanjib Kr Pal b and Partha P. Gopmandal *a

The present article deals with the modulation of oscillatory electroosmotic flow (EOF) and solute

dispersion across a nanochannel filled with an electrolyte solution surrounded by a layer of a dielectric

liquid. The dielectric permittivity of the liquid layer adjacent to supporting rigid walls is taken to be lower

than that of the electrolyte solution. Besides, the aforesaid liquid layer may bear additional mobile

charges, e.g., free lipid molecules, charged surfactant molecules etc., which in turn lead to a nonzero

charge along the liquid–liquid interface. Such a layer of a dielectric liquid resembles the membrane of

various biological cells. An AC voltage is applied to generate the fluid motion. Note that among others,

the major advantage of AC voltage is that it can suppress the formation of gas bubbles that are often

very detrimental in flow through microdevices. Considering the combined impact of ion partitioning and

ion steric effects, we have studied the EOF modulation and its impact on the dispersion of the solute

band of given width placed initially at the middle of the channel. The full scale numerical results for

flow modulation induced by an AC electric field and its impact on the solute transport are presented

considering a wide range of pertinent parameters. It is observed that the molar concentration of

additional charge present in the dielectric liquid layer and its thickness, interfacial charge, and concen-

tration of the bulk electrolyte, ion partitioning and ion steric effects, frequency of oscillatory electric

field, channel height etc., have a substantial impact on the flow modulation, effective dispersion coeffi-

cient as well as broadening of the solute band across the channel. We have further highlighted the

impact of the Péclet number on the transport and dispersion of solutes. Along with the numerical

results, several benchmark analytical results under various limits are deduced for electrostatic potential,

flow velocity and various quantities associated with the dispersion process.

1 Introduction

Hydrodynamic dispersion of a solute band placed inside a
fluidic channel occurs due to the combined impacts of mole-
cular diffusion and fluid convection. For such cases, an addi-
tional convective flux due to the flow velocity is added with the
flux due to molecular diffusion, which further intensifies the
broadening of the solute band. The dispersion of a solute in
the presence of the fluid convection has either favourable
or adverse effects depending on the type of the processes.1

For example, the dispersion is favourable in the mixing process,
which leads to a faster and enhanced mixing of samples with
the background liquid medium.2 In contrast, hydrodynamic
dispersion has detrimental effects on the separation process as
it reduces the resolution of the analytical separation.3 Thus, a
complete knowledge on the interplay between the fluid convec-
tion and the molecular diffusion in the dispersion process is
essential to achieve a precise and controlled dispersion of a
solute band across fluidic devices that deal with the analytical
separation or mixing processes.

Historically, solute dispersion through a circular tube under
laminar pressure driven Hagen–Poiseuille flow was studied
by Taylor.4 Shortly after, using the method of moments, Aris
obtained the expression for the effective dispersion coefficient
of passive solutes, which are generally uncharged or at their
isoelectric point.5,6 Note that the Taylor–Aris dispersion coeffi-
cient is often used to determine the material properties, e.g.,
the molecular diffusion coefficient and the hydrodynamic
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radius of solutes.7 The fundamental mechanism that leads to
an enhanced dispersion is the impact of a nonuniform velocity
gradient on the molecular diffusion, and thus a stronger
velocity gradient may lead to an enhanced dispersion. It is
important to note that the Taylor–Aris dispersion coefficient
depends on other associated physical parameters but not on
the time. Thus, the analysis based on the Taylor–Aris model
may be applied only at a long time limit.8 Such an inherent
assumption of the Taylor–Aris model was further relaxed by Gill
and Sankarasubramanian.9 They proposed a general dispersion
model which is capable of estimating the dispersion coefficient
and the area-averaged concentration of a solute for all values of
time. Thereafter, a remarkable advancement in the study of
solute dispersion is made by several researchers. Fife and
Nicholes studied the dispersion of a solute band across a tube
of arbitrary cross section under a time-dependent flow field.10

The impact of the catalytic wall reaction on the dispersion of
passive contaminants through a circular tube under time
dependent laminar flow is studied numerically by Mazumder
and Das.11 The transport and dispersion of solutes in open
channels was further studied by Ng and Yip using homogeniza-
tion methods.12 Ng further studied the dispersion of chemical
species through a tube under steady and oscillatory pressure
driven flow considering a reversible or an irreversible wall
reaction.13 The dispersion of passive solutes suspended in a
liquid flowing through a parallel plate channel under time
dependent Couette–Poiseuille flow was studied by Paul and
Mazumder.14 Using a multi-scale perturbation method, Karmakar
et al. further analysed the impact of transient Couette–Poiseuille
flow on the dispersion of passive contaminants through a porous
channel.15

All the studies indicated above deal with the dispersion due
to nonuniform flow velocity across a channel where the char-
acteristic length scale is exactly the same as that characterizes
the cross-sectional geometry. In contrast, for the dispersion
process driven by electrokinetic transport of an ionized liquid
flowing through microfluidic devices, the length scale is the
thickness of the electric double layer (EDL).16 Besides, it is
further difficult to utilize the pressure driven flow for channels
with size down to micrometer or even less. Note that an
electrokinetic transport phenomenon, e.g., electroosmosis induced
by the interaction of an external electric field with the excess
counterions present in the EDL. The hydrodynamic dispersion
through microfluidic devices due to electroosmosis does not
require any movable mechanical part, and thus offers long-
term stability as well as ability to achieve a precise control
of fluid flow driven by externally applied voltage drop.17 Com-
pared to the purely pressure driven flow, the electroosmotic
flow (EOF) through microdevices with uniform wall charge
properties leads to a weaker hydrodynamic dispersion and
produces a high device resolution with the same through-
put.18 Thus, the hydrodynamic dispersion due to the EOF is
beneficial in designing various tools for analytical separation
and detection of samples. In recent years significant attention
has been paid to design various microdevices that combine
the mechanical and electrical components. The readers are

referred to recent articles which paid significant attention to
design various electrified lab-on-disc systems, intelligent nano-
channels, etc. as well as to study the electrokinetically driven
flow across such tiny devices.19–24 Motivated by this trend,
several researchers further studied the hydrodynamic disper-
sion through microdevices considering the EOF with uniform
surface z-potential (the key parameter that indicates the elec-
trostatic charge of the supporting walls of the conduits).25–29

Hoshyargar et al. studied the dispersion of solutes considering
the EOF of viscoelastic fluids within a slit microchannel.30

Existing studies indicate that a substantial dispersion of a
solute band interacting with the EOF through microdevices is
further possible. The same can be done by modifying the
geometry of microdevices and/or by considering spatially vary-
ing the z-potential of supporting walls.31–34 For such a case an
additional pressure field is created, which in turn leads to an
enhanced hydrodynamic dispersion that is often beneficial for
the mixing process.

The works indicated above have considered the solute dis-
persion under a steady DC electric field. However, there are
several advantages of EOF under an AC electric field. Gas
bubbles are often very detrimental in microchannels, since
they may block the flow passage. It is noteworthy to mention
that an AC electric based EOF has one major advantage over DC
EOF: under DC field gas bubbles are produced at the electrodes
driving the flow, while bubble formation is suppressed under
AC fields. Besides, the AC electric field based EOF requires
lower voltage drop compared to the DC EOF, which reduces the
chances of damage of electrodes, requires a less response time
leading to a faster detection time as well as minimizes the
electrode erosion, to name a few.35–37 Note that the AC electric
field based EOF is further desirable for many practical applica-
tions, e.g., electrokinetic manipulation of nanoparticulates, rapid
medical diagnosis, etc.38,39 There are several studies dealing with
electrohydrodynamics through microdevices under an AC electric
field,40–47 however little attention is paid to study the solute
dispersion under AC electric field based EOF. Huang and Lai
studied the impact of AC electric field based EOF on the transport
and separation phenomena through a two dimensional
microchannel.48 Ramon et al. studied the dispersion of solutes
under an oscillatory EOF across a cylindrical tube considering the
reversible mass exchange along the walls and it is observed that
the separation of species can be done in a better way under an AC
electric field.49 The solute dispersion through a microchannel
considering the combined impact of time dependent electric field
as well as wall z-potential was studied by Paul and Ng.50 Teodoro
et al. have investigated the impact of oscillatory EOF on the solute
dispersion under various periodic electric fields (e.g., sawtooth,
square, and parabolic waveforms, etc.) and they observed that an
enhanced mass transport can be achieved suitably regulating the
field signal.51 Li and Jian studied solute dispersion under an AC
electric field driven EOF and deduced the results for the disper-
sion coefficient and the mean concentration of the solutes across
a microtube.52

The aforesaid articles deal with the solute dispersion in
fluidic devices with bare walls (or rigid walls) and a single phase
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fluidic medium under an AC electric field driven oscillatory
EOF. Kumar and De studied the hydrodynamic dispersion of
solutes under an oscillatory EOF across microtubes with porous
walls.53 Li and Jian studied the impact of an AC field induced
EOF on the solute dispersion across a soft nanochannel.54

Reshadi and Saidi studied the solute dispersion through a soft
nanochannel under steady as well as oscillatory electroosmotic-
Poiseuille flow.55 Note that the soft nanochannels are conduits
in which the inner side of the supporting rigid walls are coated
with a soft polyelectrolyte layer. It is shown in the existing
studies that the presence of polyelectrolyte layers can have a
substantial impact on the dispersion process.56,57 Note that
solute dispersion driven by an oscillatory electric field finds
potential application in various fields, including biological or
physiological transport, drug delivery systems, and chromato-
graphic separation and mixing, to name a few.58–62

In recent years, a significant work is done on the flow
modulation and transport of ionic species through various
shaped engineered soft nanochannels. Karimzadeh et al. stu-
died the impact of the shape of soft nanochannels on
the overall EOF modulation and transport of ionic species.63

Dartoomi et al. have shown the importance of the shape of
nanochannels on the blue energy generation.64 Such an exten-
sive study indicates an alternate way to extract the energy.
Ashrafizadeh and co-researchers studied extensively the role
of nanochannel geometry and soft layers in the salinity gradient
driven energy harvesting through various shaped soft
nanochannels.65–67 In addition to the flow modulation through
a soft nanochannel, another important electrokinetic phenom-
enon is ionic current rectification (ICR). Note that the ICR is a
consequence of symmetry breaking either in channel geometry,
charge distribution, the applied potential gradient, etc.68 For
such cases, depending on the voltage bias the ion transport is
preferential along a particular direction. In recent years, several
researchers studied extensively the ICR phenomenon though
various engineered microdevices for which there is some
underlying asymmetry.69–72 It is noteworthy to mention that
in the absence of any asymmetry along the lateral dimension,
the no current rectification is possible.73

In addition to soft nanochannels, a huge body of literature is
further available on the modulation of electrokinetic flow
through microfluidic devices filled with two or more liquids.
The existing studies in this direction are carried out under DC
or AC electric fields and are restricted only with the study on
electrohydrodynamics.74–81 In the present article, we focus on
dispersion of passive solutes under an AC electric field driven
EOF across a channel filled with an electrolyte solution sur-
rounded with a layer of a membrane of various biological cells.
Such a membrane layer may bear additional mobile charges
(e.g., free lipid molecules, charged surfactant molecules in
the form of dimer micelles or small micelles with very low
aggregation numbers). The presence of free charges across the
membrane layer gives rise to non zero charge density along
the liquid–liquid interface.82,83 According to the fluid mosaic
model of Singer and Nicolson,84 the membrane layer can be
treated as a two-dimensional oriented viscous liquid with low

dielectric constant. The difference in dielectric permittivity of
the aqueous electrolyte solution and the membrane layer leads
to the ion partitioning effect.85,86 Depending on the Born
energies of both the phases with possible mismatch in dielec-
tric permittivity, the electrolyte ions will penetrate inside the
peripheral membrane layer in a discontinuous manner. It is
noteworthy to mention that in a recent article we have studied
the solute dispersion through a soft nanochannel under the
EOF induced by the applied DC electric field.57 In contrast, the
present article deals with the flow modulation and the solute
dispersion under applied AC electric field. Furthermore,
instead of a soft nanochannel we consider the EOF modulation
and solute dispersion in a nanochannel filled with electrolyte
solution surrounded by a layer of a dielectric liquid that
resembles membranes of various biological cells. Note that
there is no available study in this direction that deals with
the flow modulation under an oscillatory electric field and the
impact of modulated EOF on the dispersion of solutes across
such a channel.

In order to fill the aforesaid research gap, we aim to study
the flow modulation and solute dispersion across such a
channel indicated above under applied AC electric field. A
mathematical study is thus performed to evaluate the EOF field
and its impact on solute dispersion considering the combined
impact of the ion partitioning and the ion steric effects. Note
that a steric effect is induced by the interaction of finite sized
ions. We adopt the Carnahan and Starling model to take into
account the ion steric effect,87 which is however best suited to
characterize the said effect for a moderate to highly charged
electrohydrodynamic systems.88,89 Considering the impact of
molecular diffusion and modulated AC field based EOF, the
band broadening process is analysed by the generalized dis-
persion model introduced by Gill and Sankarasubramanian.9

Note that the AC electric field driven EOF prevents the for-
mation of gas bubbles within the flow passage, and thus the
fluid convection is expected to have a substantial impact on the
solute dispersion process.

The rest of the article is organized as follows. The problem
formulation is summarized in Section 2. The mathematical
model and methodology are presented in Section 3, which
includes a brief description of the distribution of electrostatic
EDL potential, AC electric field driven oscillatory EOF and the
solute dispersion process. We developed a numerical scheme to
simulate the governing equations. In addition, we obtained
closed forms of analytical results that describe the EOF field as
well as the dispersion process under various limiting cases.
Results and discussion on the modulation of EOF and
its impact on the solute dispersion process are included in
Section 4 followed by a brief summary of all the results and
future scope of study in Section 5.

2 Problem formulation

Fig. 1 systematically depicts a parallel plate slit nanochannel
of height 2H filled with an electrolyte solution surrounded by a
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layer of an immiscible and dielectric liquid with thickness d (oH).
We neglect the end effects considering the width and length of the
channel are much larger than its height. A Cartesian coordinate
system (x, y) with the origin located at the channel center is
employed to analyze the EOF field and solute dispersion under
the influence of an AC electric field EðtÞ ¼ < E0 expð�iotÞf g; 0; 0ð Þ;
where E0 indicates the magnitude of applied oscillatory electric

field. Here i ¼
ffiffiffiffiffiffiffi
�1
p

; o and t indicate the angular frequency of the
oscillatory electric field and time, respectively, and <fZg indicates
the real part of a complex number Z. The concentration and
valence of additional mobile ions in the form of surfactant
molecules present in the membrane layer are denoted as N0 (in
mM) and Z, respectively. We have assumed that the concentration
of such molecules with in an aqueous medium is zero.

This is a reasonable assumption as their solubility in the
aqueous phase is negligibly small.82,90 The presence of the addi-
tional mobile charges within the dielectric liquid layer induces
nonzero interfacial charge s, which further leads to the formation
of two EDLs along the liquid–liquid interface. Such EDLs may
form due to attraction of counterions by the charged liquid–liquid
interface from the adjacent liquid medium. An EDL may form at
the interface towards the side of aqueous medium with thickness
k�1, while an equivalent EDL with thickness kd

�1 further forms at
the liquid–liquid interface towards the dielectric liquid layer side.
A detailed description of the same may be found elsewhere.82,86

We consider the background electrolyte as a binary symmetric z:z
electrolyte with bulk concentration n0 (in mM). The viscosity and
dielectric permittivity of the membrane layer are denoted as Zd, Ze

and Ed; Ee; respectively. The dielectric constant of the membrane
layer is in general lower than that of the electrolyte medium.83,91

Thus, the penetration of electrolyte ions within the membrane
layer occurs in a discontinuous manner due to the presence of the
ion partitioning effect. The concentration of electrolyte ions (nj, j =
1, 2) along the liquid–liquid interface is discontinuous and
satisfies the following relation92–95

nj{(�H + d)�} = fjnj{(�H + d)+}, j = 1, 2 (1)

where fj indicates the ion partitioning coefficient of the jth
( j = 1, 2) ions and is defined as ref. 96

fjð j¼1;2Þ ¼ exp � 1

kBT

� �
ðzeÞ2
8prj

1

Ed
� 1

Ee

� �� �
(2)

Here kB, T and e are the Boltzmann constant, the absolute
temperature and the elementary charge, respectively, and the
radius of the jth ion is denoted as rj ( j = 1, 2). In our present
study, we consider the size of the cation and anion to be the
same denoted as r, and thus f1 = f2 = f. It is evident from the
relation (2) that for a two-phase fluidic system with different
dielectric permittivities of liquids in the adjacent phases, an
increase in the ion size increases the value of ion partitioning
coefficient f. Thus, an increase in the ion size reduces the
dielectric-gradient mediated ion partitioning effect. Thus, both
the ion steric and ion partitioning effects are coupled together.
However, for similar dielectric permittivity of the adjacent
phases, the ion partitioning effect is absent.

Using the Carnahan and Starling model,87 the spatial dis-
tribution of the concentration of mobile electrolyte ions (nj, j =
1, 2) with finite size follows the modified Boltzmann distribu-
tion, given as97

njðyÞ ¼
n0 exp �

zjFc
RT

� �

1þ P cosh
zFc
RT

� �
� 1

� �; j ¼ 1; 2 (3)

The terms c, F and R indicate the electrostatic potential,
Faraday constant and gas constant, respectively. The above
expression further involves the steric factor P, defined as P =
8fB/(1 + 8fB), where fB is the volume fraction of mobile ions,
defined as fB = (4pr3/3)2NAn0. Here NA is the Avogadro number.
In addition, the spatial distribution of the concentration
of additional mobile ions present in the dielectric liquid
layer, considering its nonzero volume fraction fd, is given as

Fig. 1 Schematic representation of the EOF through an infinitely long nanochannel filled with an electrolyte solution surrounded by a layer of a dielectric
liquid. The dielectric permittivity, fluidic mass density and viscosity of the liquid layer and ambient electrolyte solutions are denoted as Ed; ~rd, Zd and Ee;
~re, Ze, respectively. The uncharged solute with concentration C0 is placed initially along the middle of the channel with bandwidth 2L, which is further
exposed to a back and forth fluid motion under an oscillating electric field E0 cos(ot).
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follows83,97

ndðyÞ ¼ N0

exp �ZF
RT

c� cDð Þ
� �

ð1� OÞ þ O exp �ZF
RT

c� cDð Þ
� � (4)

where O = 8fd/(1 + 8fd). The volume fraction fd is defined as
fd = (4pad

3/3)2NAN0, where ad indicates the size of the addi-
tional ion. The expression (4) involves the Donnan potential cD

which indicates the potential deep inside the dielectric liquid
layer.83–98 Explicit expression for the same is deduced later. The
readers are further referred to the Section S.1 (ESI†) for a
detailed derivation of relation (4).

The EOF field across the considered channel is in general
lies in the creeping flow regime and there is no instability
occurring in the present two-liquid systems. As indicated earlier
the liquid in the dielectric liquid layer and the aqueous
medium are immiscible in nature, so the liquid in the layer
adjacent to the supporting walls and the aqueous medium
cannot permeate each other. Furthermore, we assume that
the uniformly charged liquid–liquid interface remains planar,
which is in fact the basic state of a general stability problem.
Note that for the considered parameter space, the Capillary
number is far smaller than unity, and accordingly, warrants our
analysis without accounting the deformation of the liquid–
liquid interface. Such a consideration is rather common in
transient EOF involving liquid–liquid interface.74–78,80,81 A
small amount of passive solute is placed along the channel
center with a given bandwidth, and it faces the back and forth
EOF induced by an applied AC electric field. The flow back-
ground liquid medium is not affected by the presence of a
dilute band of sufficiently small soluble solutes. The details of
the mathematical model and methods to solve the set of model
equations are described below.

3 Mathematical model and
methodology

In this section, we present the detailed mathematical model
and methodology to solve the set of governing equations. For
the considered flow geometry, the EDL potential, flow field and
spatial distribution of the concentration are symmetric with
respect to the central line of the channel. Without loss of
generality we present the governing equations pertaining to
the EDL potential, EOF field as well as concentration distribu-
tion of solutes along the lower half of the channel. We first
present the electrostatic EDL potential followed by the calcula-
tion of AC electric field based EOF. With the known flow field,
the dispersion characteristics of the injected solute under
oscillatory EOF field are further analyzed.

3.1 Electrostatic EDL potential and EOF field under AC
electric field

The electrostatic EDL potential considering the combined impact
of the ion steric and the ion partitioning effects is described by the

modified Poisson–Boltzmann equation, given as

�Ed
d2c
dy2
¼ rdðyÞ: �Ho y � �H þ d (5a)

�Ee
d2c
dy2
¼ reðyÞ: �H þ do y � 0 (5b)

where rd(y) and re(y) represent the volumetric charges due to
mobile ions inside and outside of the dielectric liquid layer,
respectively, and are defined as

rd(y) = F[f{zn1(y) � zn2(y)} + Znd(y)] �H o y r �H + d
(6a)

re(y) = F[zn1(y) � zn2(y)] �H + d o y r 0 (6b)

Substituting the relations (3) and (6) into the eqn (5) yields

d2c
dy2

¼ 2Fn0zf

Ed

sinh
zFc
RT

� �

1þ P cosh
zFc
RT

� �
� 1

� �
2
664

� ZN0

2fn0z

exp �Z Fc
RT
� FcD

RT

� �� �

ð1� OÞ þ O exp �Z Fc
RT
� FcD

RT

� �� �
0
BB@

1
CCA
3
775

�Ho y � �H þ d

(7a)

d2c
dy2

¼ 2Fn0z

Ee

sinh
zFc
RT

� �

1þ P cosh
zFc
RT

� �
� 1

� �
2
664

3
775

�H þ do y � 0:

(7b)

The channel walls are considered to be uncharged. We adopt
the continuity of electrostatic EDL potential along the liquid–
liquid interface. In the presence of interfacial charge, the
displacement vector along the liquid–liquid interface is dis-
continuous. Along the central line, the gradient of potential
vanishes due to symmetry. We use the scale f0 = RT/zF to non-
dimensionalize the EDL potential (c(y)) as well as the Donnan
potential (cD) and the space coordinate y is scaled by the half
height of the channel, i.e., H. Using the above scales the
governing equation and associated boundary conditions for
the EDL potential in the scaled form may be deduced as follows

d2�c
d�y2

¼ k1Hð Þ2 sinhð�cÞ
1þ Pfcoshð�cÞ � 1g

�

�M

exp �Z
z

�c� �cD

� 	� �

ð1� OÞ þ O exp �Z
z

�c� �cD

� 	� �
0
BB@

1
CCA
3
775

� 1o �y � �1þ �d

(8a)
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d2�c
d�y2
¼ ðkHÞ2 sinhð�cÞ

1þ Pfcoshð�cÞ � 1g

� 

� 1þ �do �y � 0: (8b)

subject to the boundary conditions

d�c
d�y

����
�y¼�1
¼ 0 (9a)

�cð�yÞ
��
�y¼ð�1þ�dÞ�¼ �cð�yÞ

��
�y¼ð�1þ�dÞþ (9b)

ER
d�c
d�y

����
�y¼ð�1þ�dÞ�

�d
�c

d�y

����
�y¼ð�1þ�dÞþ

¼ �s (9c)

d�c
d�y

����
�y¼0
¼ 0: (9d)

Eqn (8a) involves the scaled parameter M, defined as M = ZN0/
2zfn0. The quantities �c(%y), �cD indicate the scaled EDL potential
and Donnan potential, respectively. The scaled interfacial
charge �s is defined as �s ¼ sH=Eef0 and ER ¼ Ed=Ee indicates

the liquid layer to electrolyte permittivity ratio with �d = d/H
being the scaled thickness of the liquid layer. The quantity k
appearing in eqn (8) indicates the inverse of the EDL thickness
(which forms towards the side of the aqueous phase), defined

as k ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2F2z2n0=EeRT

p
and the quantity k1 appearing in eqn (8)

is defined as k1 ¼ k
ffiffiffiffiffiffiffiffiffiffiffiffiffi
f Ee=Ed

p
. The scaled Donnan potential can

be obtained by setting the right hand side of eqn (8a) to zero,
and thus we may write

sinh �cD

� 	
1þ P cosh �cD

� 	
� 1

� 
 ¼M (10)

Solution of (10) provides the explicit expression for the scaled
Donnan potential, given as

�cD ¼ ln
Mð1� PÞ þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
M2 � 2M2Pþ 1
p

1�MP

( )
(11)

The time dependent axial flow velocity component u(y, t) is
governed by the unsteady Stokes equations with the electric
body force term, and is given as

Zd
@2uðy; tÞ
@y2

þ rdðyÞEðtÞ ¼ ~rd
@uðy; tÞ
@t

�Ho y � �H þ d
(12a)

Ze
@2uðy; tÞ
@y2

þ reðyÞEðtÞ ¼ ~re
@uðy; tÞ
@t

�H þ do y � 0 (12b)

subject to the boundary conditions

u(y, t)|y=�H = 0 (13a)

u(y, t)|y=(�H+d)� = u(y, t)|y=(�H+d)+ (13b)

Zd
duðy; tÞ

dy

����
y¼ð�HþdÞ�

�Ze
duðy; tÞ

dy

����
y¼ð�HþdÞþ

¼ sEðtÞ (13c)

duðy; tÞ
dy

����
y¼0
¼ 0: (13d)

where the mass density of the liquid in the peripheral layer and
electrolyte solution are ~rd and ~re, respectively. We consider the
no-slip velocity boundary condition along the supporting rigid
walls of the channel as indicated in the relation (13a). The
continuity of flow velocity along the liquid–liquid interface is
adopted, which is further indicated in the relation (13b). We
adopt the EDL plus surface charge (SC) model to study the
considered electrokinetic flow involving a two-liquid system.74

It is noteworthy to mention that such an EDL plus SC model
can successfully describe the experimental observation on the
electrokinetic behavior of two-phase liquid systems.99 Such a
consideration may leads to the condition indicated in (13c). We
further adopt symmetry condition for flow velocity along the
central line of the channel, which is indicated in (13d).

We consider the oscillatory EOF under AC electric field EðtÞ ¼
< E0 expð�iotÞf g; 0; 0ð Þ and thus the back and forth oscillatory

axial velocity may be written as uðy; tÞ ¼ < u0ðyÞf expð�iotÞg; where
u0(y) is the complex amplitude of the velocity field. We consider the
Helmoltz–Smoluchowsky reference velocity UHS ¼ Eef0E0=Ze as the
velocity scale. Below we recast the governing equations and bound-
ary conditions associated with the velocity field in the scaled form

d2�u0
d�y2
� ER
ZR

d2�c
d�y2
¼ �io~rdH

2

Zd
�u0 � 1o y � �1þ �d (14a)

d2�u0
d�y2
� d2�c

d�y2
¼ �io~reH

2

Ze
�u0 � 1þ �do �y � 0 (14b)

subject to

%u0(%y)|%y=�1 = 0 (15a)

%u0(%y)|%y=(�1+�d)� = %u0(%y)|%y=(�1+�d)+ (15b)

ZR
d�u0
d�y

����
�y¼ð�1þ�dÞ�

�d�u0
d�y

����
�y¼ð�1þ�dÞþ

¼ �s (15c)

d�u0
d�y

����
�y¼0
¼ 0: (15d)

where %u0(%y) is the scaled value u0(y) and ZR = Zd/Ze is the
viscosity ratio. Solving the above eqn (14a) and (14b) subject
to the given boundary conditions (15a)–(15d) yields the explicit
form of %u0(%y), given as

�u0ð�yÞ ¼
C1 cosh m1�yð Þ þ C2 sinh m1�yð Þ þ m1m2ð Þ2

2m1
exp m1�yð ÞJ1ð�yÞ � exp �m1�yð ÞJ2ð�yÞ½ � þm2

2�cð�yÞ; �1o �y � �1þ �d

C3 cosh m3�yð Þ þ C4 sinh m3�yð Þ þm3

2
exp m3�yð ÞJ3ð�yÞ � exp �m3�yð ÞJ4ð�yÞ½ � þ �cð�yÞ; �1þ �do �y � 0

8>>><
>>>:

(16)
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The above expression (16) contains several constants, e.g., mi

(i = 1, 2, 3) and Ci (i = 1, 2, 3, 4) and integrals Ji(%y) (i = 1, 2, 3, 4),
which are are provided in Appendix-A.

It is evident that one can deduce the results for the axial velocity
field with the known value of the electrostatic EDL potential.
In Appendix-B, we have deduced the approximate semi-analytical
results for EDL potential valid for the low to higher regime of
electrostatic charge. In addition, we have further deduced exact
analytical results for electrostatic potential as well as velocity field
within the Debye–Hückel electrostatic limit and are summarized in
Appendix-C. However to consider a broad range of electrostatic
charge as well as other model parameters, we have deduced numer-
ical results for EDL potential using the finite difference based
numerical scheme. The discretized equation for EDL potential based
on the central difference scheme is solved iteratively using the
tridiagonal matrix algorithm. The iterations are continued until the
difference in two successive steps becomes smaller than the tolerance
limit. A comparison of the numerical results for EDL potential with
the deduced semi-analytical results are shown in Appendix-B and the
exact theoretical results under the Debye–Hückel limit are shown in
Appendix-C. With the known value of EDL potential and the integrals
mentioned above, we have further deduced the numerical results of
axial velocity using the expression (16). Note that the main complexity
to deduce the axial velocity is to calculate the integrals Ji (i = 1, 2, 3, 4)
and for the same we have used MATHEMATICA software. The
validation of dynamic axial velocity field with the deduced analytical
results is provided in Appendix-C. The results for the velocity field are
further used to study the dispersion characteristics of the solute band
placed inside the channel. A detailed description of the dispersion
process is summarized below.

3.2 Dispersion of solutes

In this subsection we have presented the governing equation
for the concentration of solutes and the relevant initial and
boundary conditions to study the dispersion process. A solute
with bandwidth 2L, diffusivity D0 and initial concentration C0 is
placed at the channel center and is exposed under oscillatory
EOF. The concentration distribution of the solutes is governed
by the unsteady convective–diffusion equation, given as

@C

@t
þ uðy; tÞ@C

@x
¼ D0

@2C

@x2
þ @

2C

@y2

� �
(17)

where C(x, y, t) indicates the concentration of solutes. The
initial distribution of the concentration of solutes is given as

Cðx; y; 0Þ ¼ C0; when jxj � L
0; when jxj4L

�
(18)

Along x - �N, the concentration of the solute vanishes.
Besides, there is no mass transfer across the supporting rigid
walls. We further adopt the symmetry condition along the
central line of the channel. Thus, the boundary conditions
associated with the solute concentration are as follows

C(�N, y, t) = 0 (19a)

@Cðx;�H; tÞ
@y

¼ 0 ¼ @Cðx; 0; tÞ
@y

(19b)

The reference concentration C0 is considered as the scale for
the solute concentration. The y-coordinate is scaled by the half-
height of the channel, i.e., H. Besides, the x-coordinate is scaled
by H2UHS/D0 and the time is scaled by H2/D0. Using these scales,
we may obtain the governing equation and associated initial
and boundary conditions in the nondimensional form, given as

@ �C

@�t
þ �uð�y; �tÞ@

�C

@�x
¼ @

2 �C

@�y2
þ 1

Pe2
@2 �C

@�x2
(20)

subject to the initial conditions

�Cð�x; �y; 0Þ ¼ 1; when j�xj � �L
0; when j�xj4 �L

�
(21)

and boundary conditions

%C(�N, %y, %t) = 0 (22a)

@ �Cð�x;�1; �tÞ
@�y

¼ 0 ¼ @
�Cð�x; 0; �tÞ
@�y

: (22b)

where %C = C/C0, %x = D0x/H2UHS, %t = D0t/H2 and %L = D0L/H2UHS. The
non-dimensional parameter Pe indicates the ratio of the rate of
transport caused by convection and molecular diffusion, and is
defined as Pe = HUHS/D0. To analyze the dispersion of solutes we
introduce a moving coordinate system, comoving with the cross-
sectional mean fluid velocity �umð�tÞ ¼

Ð 0
�1�uð�y; �tÞd�y. Thus, the new

axial coordinate %xu(%x, %t) (in the scaled form) in the moving frame of
reference may be defined as

�xuð�x; �tÞ ¼ �x�
ð�t

0

�umðtÞdt; (23)

Using this transformation, we may recast the unsteady convection–
diffusion equation as follows

@ �C

@�t
þ ð�uð�y; �tÞ � �umð�tÞÞ

@ �C

@�xu
¼ @

2 �C

@�y2
þ 1

Pe2
@2 �C

@�xu2
(24)

The method used by Gill and Sankarasubramanian9 is adopted to
study the dispersion process. Thus, the local concentration of
solutes can be written in terms of series expansion in axis
gradients of cross-sectional averaged concentration %Cm, given as

�Cm ¼ �Cm þ
X1
k¼1

fkð�y; �tÞ
@k �C

@�xku
(25)

where

�Cm �xu; �tð Þ ¼
ð0
�1

�Cð�xu; �y; �tÞd�y (26)

The terms fk(%y, %t) (k = 1, 2, 3, . . .) are the coefficients of series
expansion. Substituting (26) into (25) yields

@ �Cm

@�t
þ �u� �umð Þ@

�Cm

@�xu
¼ 1

Pe2
@2 �Cm

@�xu2
�
X1
k¼1

@fk
@�t
� @

2fk

@�y2

� �
@k �Cm

@�xku

�

þ fkð�u� �umÞ
@kþ1 �Cm

@�xkþ1u

þ fk
@kþ1 �Cm

@�t@�xku
� fk

Pe2
@kþ2 �Cm

@�xkþ2u

�
(27)
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We consider that the dispersion process is diffusive right from
the time zero and thus the cross-sectional averaged concen-
tration %Cm follows the given equation100

@ �Cm

@�t
¼
X1
i¼1

Kið�tÞ
@i �Cm

@�xiu
(28)

where the coefficients Ki(%t) are the periodic function of time due
to an oscillatory flow of the background aqueous medium.
Considering k-times the partial derivative of the above
eqn (28) with respect to space coordinate %xu, we may deduce
the following relation

@kþ1 �Cm

@�t@�xku
¼
X1
i¼1

Kið�tÞ
@kþi �Cm

@�xkþiu

(29)

Now substituting eqn (28) and (29) into eqn (27) and after
algebraic simplification yields

From the above equation we may set the coefficients of qk %Cm/
q%xk

u (k = 1, 2, 3, . . .) to zero, which yields the following
differential equations involving fk

@f1
@�t
� @

2f1

@�y2
þ �uð�y; �tÞ � �umð�tÞ þ K1ð�tÞð Þ ¼ 0 (31a)

@f2
@�t
� @

2f2

@�y2
þ �uð�y; �tÞ � �umð�tÞ þ K1ð�tÞð Þf1 þ K2ð�tÞ �

1

Pe2

� �
¼ 0

(31b)

@fkþ2
@�t
� @

2fkþ2
@�y2

þ �uð�y; �tÞ � �umð�tÞ þ K1ð�tÞð Þfkþ1

þ K2ð�tÞ �
1

Pe2

� �
fk þ

Xkþ2
i¼3

Kið�tÞfkþ2�i ¼ 0

(31c)

The index k in eqn (31c) takes the values k = 1, 2, 3, . . .. It is
worth noting that the initial and boundary conditions for %C are
also satisfied by %Cm. Thus, substituting (25) into (21) and
(22) yields

fk(%y, 0) = 0 (32)

and

@fkð�y; �tÞ
@�y

����
�y¼�1
¼ @fkð�y;

�tÞ
@�y

����
�y¼0
¼ 0 (33)

Besides, eqn (26) requiresð0
�1
fkð�y; �tÞd�y ¼ 0 (34)

Integrating (31a)–(31c) with respect to %y from �1 to 0, one can
easily check that the coefficient K1(%t) vanishes and the other
coefficients are derived as follows

K2ð�tÞ ¼
1

Pe2
�
ð0
�1

�uð�y; �tÞ � �umð�tÞð Þf1ð�y; �tÞd�y (35)

and

Kkþ2ð�tÞ ¼ �
ð0
�1

�uð�y; �tÞ � �umð�tÞð Þfkþ1ð�y; �tÞd�y; k ¼ 1; 2; 3; . . .

(36)

Note that the term K1(%t) indicates the convection coeffi-
cient due to the velocity of solutes and thus vanishes as we

are in a moving frame of reference. Besides, the term K2(%t)
indicates the effective dispersion coefficient due to the
molecular diffusion and fluid convection, which is renamed
as K(%t). The terms Ki (i Z 3) are very small compared to the
value of K2. So, we can neglect the contribution of all Ki when
i Z 3.9 Thus, eqn (28) takes the simplified form as follows

@ �Cm

@�t
¼ K2ð�tÞ

@2 �Cm

@�xu2
(37)

The expression of K2(%t) (renamed afterwards as K(%t)) requires
the value of f1(%y, %t), which is governed by eqn (31b) subject to
the conditions (32) and (33). Thus, to evaluate the cross-
sectional averaged concentration of the solute, one need to
calculate f1(%y, %t). It may be noted that under the AC field
based EOF, we may write �uð�y; �tÞ ¼ < �u0ð�yÞ expð�i�o�tÞf g, where
�o ¼ oH2

�
D0 and �umð�tÞ ¼ < �um expð�i�o�tÞf g. With the same

analogy we may further rewrite f1ð�y; �tÞ ¼ <fFð�yÞ expð�i�o�tÞg.
Substituting the same into (31a), (32) and (34) we may
formulate the boundary value problem involving F(%y), and
the same is summarized below

F 00ð�yÞ � n2Fð�yÞ ¼ �u0ð�yÞ � �um (38)

subject to the boundary conditions

dF

d�y

����
�y¼�1
¼ 0 (39a)

@f1
@�t
� @

2f1

@�y2
þ �uð�y; �tÞ � �umð�tÞ þ K1ð�tÞð Þ

� �
@ �Cm

@�xu

þ @f2
@�t
� @

2f2

@�y2
þ �uð�y; �tÞ � �umð�tÞ þ K1ð�tÞð Þf1

�

þ K2ð�tÞ �
1

Pe2

� ��
@2 �Cm

@�xu2
þ @fkþ2

@�t
� @

2fkþ2
@�y2

þ �uð�y; �tÞ � �umð�tÞ þ K1ð�tÞð Þfkþ1
�

þ K2ð�tÞ �
1

Pe2

� �
fk þ

Xkþ2
i¼3

Kið�tÞfkþ2�i

)
@kþ2 �Cm

@�xkþ2u

¼ 0; ðk ¼ 1; 2; 3; . . .Þ

(30)
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F{(�1 + �d)�} = F{(�1 + �d)+} (39b)

dF

d�y

����
�y¼ð�1þ�dÞ�

¼ dF

d�y

����
�y¼ð�1þ�dÞþ

(39c)

dF

d�y

����
�y¼0
¼ 0 (39d)

where n ¼
ffiffiffiffiffiffiffiffiffi
�i�o
p

. Solving (38) subject to the boundary condi-
tions (39a)–(39d) yields

The above expression (40) contains the constants Di (i = 1, 2, 3,
4) and integrals Ji(%y) (i = 5, 6, 7, 8), which are summarized in
Appendix-A.

The relation for dispersion coefficient K(%t) may be written in
terms of F(%y) and is given below

Kð�tÞ ¼ 1

Pe2
�
ð0
�1
< �u0ð�yÞ expð�i�o�tÞf gð

�< �um expð�i�o�tÞf gÞ<fFð�yÞ expð�i�o�tÞgd�y

(41)

We further introduce a new time dependent variable x(%t),
defined as

xð�tÞ ¼
ð�t

0

KðtÞdt (42)

Note that
ffiffiffiffiffiffiffiffiffiffiffi
2xð�tÞ

p
indicates the standard deviation of distribu-

tion of %Cm at a given time %t. Such a quantity measures the width
of the dispersed zone of the solutes. Using the above transfor-
mation (42), we may transform eqn (37) and the associated
initial and boundary conditions as follows

@ �Cm

@x
¼ @

�Cm
2

@�xu2
(43)

subject to

%Cm(%xu, 0) = 2%Ld%L, %Cm(�N, %t) = 0 (44)

where

d �L ¼
1=ð2 �LÞ; when jxj � �L

0; when jxj4 �L

(
(45)

Using the Fourier transformation, we can easily transform
eqn (43) and (44) into the following equations

@ ~�Cm

@x
¼ ��o2 ~�Cm (46)

and,

~�Cmð�o; 0Þ ¼
ðþ1
�1

2 �Ld �L exp �i�o�xuð Þd�xu (47)

where ~�Cmð�o; xÞ ¼
Ðþ1
�1

�Cm �xu; xð Þ exp �i�o�xuð Þd�xu, and �o repre-
sents the scaled spatial wave number, defined earlier. The
solution of eqn (46) subject to conditions indicated in (47) is
given as follows

~�Cmð�o; xÞ ¼ ~�Cmð�o; 0Þ exp ��o2x
� 	

¼ expð��o2xÞ
ðþ1
�1

2 �Ld �L exp �i�o�xuð Þd�xu

(48)

Using inverse Fourier transform on the function ~�Cmð�o; xÞ; we
may deduce the time evolution of the spatially dependent area-

averaged solute concentration as follows

�Cmð�xu; xÞ ¼
1

2p

ðþ1
�1

~�Cmð�o; xÞ exp i�o�xuð Þd�o

¼ 1

2
erf

�xu þ �L

2
ffiffiffi
x
p

� �
� erf

�xu � �L

2
ffiffiffi
x
p

� �� �
:

(49)

where erf(w) indicates the error function, defined as

erfðwÞ ¼ 2ffiffiffi
p
p
Ð w
0exp �z2

� 	
dz. It is worth noting that the quantities

which provide the measurement of the dispersion process are
%Cm(%xu, %t), K(%t) and

ffiffiffiffiffiffiffiffiffiffiffi
2xð�tÞ

p
; respectively. In addition, we have

further indicated the results for time-averaged effective disper-
sion coefficient Kavg over one oscillation period t0 = 2p/o,
defined as

Kavg ¼
1

t0

ð�tþt0

�t

KðtÞdt (50)

In order to obtain the aforesaid quantities, the main input is
the axial velocity profile and the method to deduce the same is
already indicated. To obtain the dispersion coefficient K(%t), we
need to calculate the function F(%y) using the closed form
relation (40), which further involves the axial velocity. Note that
the main complexity to deduce F(%y) is to calculate the integrals
Ji (i = 5, 6, 7, 8), which are calculated using MATHEMATICA
software. With the known values of axial velocity and F(%y), the
relation (41) is implemented to calculate K(%t). The relations (42),
(49) and (50) are further implemented to derive the results forffiffiffiffiffiffiffiffiffiffiffi
2xð�tÞ

p
; %Cm(%xu, %t) and Kavg, respectively.

It is noteworthy to mention that within the Debye–Hückel
electrostatic framework and the limit of o - 0 we have further
deduced the closed form analytical results for all the quantities

associated with the dispersion process, e.g.,
ffiffiffiffiffiffiffiffiffiffiffi
2xð�tÞ

p
; %Cm(%xu, %t)

and Kavg, respectively. The detailed description of the same is
further summarized in Appendix-D. In addition, we have
further performed the validation of numerical quantities asso-
ciated with the dispersion process with the aforesaid analytical
results. The readers are referred to Appendix-D for more details
related to the same.

Fð�yÞ ¼
D1 coshðn�yÞ þD2 sinhðn�yÞ þ 1

2n
expðn�yÞJ5ð�yÞ � expð�n�yÞJ6ð�yÞ½ �; �1o �y � �1þ �d

D3 coshðn�yÞ þD4 sinhðn�yÞ þ 1

2n
expðn�yÞJ7ð�yÞ � expð�n�yÞJ8ð�yÞ½ �; �1þ �do �y � 0

8><
>: (40)
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4 Results and discussion

The main objective of the present study is to provide a quanti-
tative measurement of the modulation EOF under an AC
electric field in a channel filled with an electrolyte solution
surrounded by a layer of a dielectric liquid. In addition to that,
we further investigate the impact of flow of the background
fluidic medium on the dispersion of the solute across such a
channel. The pertinent parameters that affect the fluid flow and
thereby the dispersion process are dielectric permittivity, visc-
osity and thickness of the dielectric liquid layer, electrolyte
concentration, ion size, concentration of additional mobile
ions present within the liquid layer, interfacial surface charge
along the liquid–liquid interface, channel height, frequency
of the applied electric field, etc. For solute dispersion, another
additional intrinsic parameter is mass diffusivity of the solute.
As indicated earlier, the dielectric permittivity of the membrane
layer is in general lower than that of the electrolyte medium.
We have varied systematically the dielectric constant of the
membrane layer to account for the ion partitioning effect. Besides,
the ion steric effect further plays a prominent role in the flow
modulation specially for the case when the electrostatic charge
carried by the considered fluidic system (i.e., interfacial charge
and molar concentration of additional mobile ions of the dielec-
tric liquid layer) is moderate to high. The impact of the steric
effect depends on the finite size of ions and electrolyte concen-
tration, which we have varied systematically to produce the results
for flow field and thereby the solute dispersion. For the EOF under
AC electric field, the oscillating Reynolds number Rej = ~rjoH2/Zj

dictates the back and forth motion of the background medium,
where the subscript j = d or e is associated with the dielectric
liquid layer or the electrolyte medium, respectively. We present
the results for various choices of the channel height and fre-
quency of the applied AC electric field.

Unless stated otherwise, the dielectric liquid which sur-
rounds the electrolytic solution is considered as the oily organic
solvent cyclohexyl bromide (CHB) for which the dielectric
constant Ed ¼ 7:9� 8:854� 10�12F m�1, viscosity Zd = 2.269 mPa
s and mass density ~rd = 1345 kg m�3, respectively.101 For such a
choice of liquid layer, the viscosity ratio ZR = 2.54, dielectric
permittivity ratio ER ¼ 0:1 and the interfacial tension is 9.2 �
10�3 N m�1, respectively. The electric strength of electric field E0 is
taken as E0 = 103 V m�1. Thus, the Capillary number Ca { 1. In
addition to the CHB solvent, we have further presented the results
changing suitably the dielectric permittivity as well as viscosity of
the liquid layer adjacent to the supporting walls. For each of the
cases, we found the Capillary number is far smaller than unity. A
relatively broad range in frequency o/2p is considered, e.g., 105 Hz
to 108 Hz, and such choices of frequency are rather common in the
AC electric field driven EOF.102,103

4.1 Modulation of EOF

To illustrate the impact of pertinent parameters on the flow
modulation we present the results for dimensionless velocity
amplitude | %u0(%y)|. In Fig. 2 we have shown the results to discuss
the impact of the Debye–Hückel parameter of kH with fixed ion
size r = 3.3 Å (Fig. 2a) and the ion steric effect with fixed kH
(Fig. 2b). The dielectric liquid which surrounds the electrolytic
solution is considered as oily organic solvent cyclohexyl bro-
mide (CHB). Choice of such a liquid in the layer adjacent to the
supporting walls is reasonable as its dielectric permitivity is
much lower than that of the aqueous medium and the liquid in
adjacent phases in immiscible in nature. Thus, for the con-
sidered two-phase fluidic system, the ion partitioning effect
arises due to a significant difference in dielectric permittivity of
both the phases. Since the viscosity of the CHB solvent is high
compared to that of the aqueous medium, the magnitude of

Fig. 2 The results for scaled velocity amplitude | %u0(%y)| are shown for various values of (a) kH (= 2.5, 5, 10, and 25) with fixed r = 3.3 Å and (b) r (= 3.3 Å, 4 Å,
5 Å, and 6 Å) with fixed kH = 2.5. The results are presented for fixed H = 25 nm, d = 5 nm, N0 = 1 mM, �s = 2 and �o = 10 (i.e., o/2p = 2.5 � 106 Hz),
respectively.
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| %u0(%y)| within the liquid layer is substantially small compared
to that in the electrolyte phase. We further observed that the
strength of flow field reduces with the increase in kH (Fig. 2a).
The accumulation of counterions near the charged interface
enhances with the increase in kH, and thus, the impact of
effective interfacial charge reduces, which leads to a significant
reduction in flow strength. We observed that the velocity
amplitude reduces with the increase in the size of electrolyte
ions (Fig. 2b). In general, the finite sized ion restricts the
accumulation of arbitrary number of counterions near the
charged interface as well within the dielectric liquid layer.
On the other hand, the increase in the ion size reduces the
impact of the dielectric-gradient mediated ion partitioning
effect. Combination of these two effects reduces the net
neutralization mobile charge entrapped within the dielectric
liquid layer, which enhances with the increase in the ion
size and leads to a reduction in net electromotive force. As a
result, the velocity amplitude | %u0(%y)| reduces with increasing
ion size.

In Fig. 3, we have shown the results for the velocity ampli-
tude considering different values of dielectric permittivity and
viscosity of the liquid in the layer adjacent to the supporting
walls. We present the results for various choices of ER with fixed
viscosity ZR = 2.54 (Fig. 3a) and in Fig. 3b we have shown the
results for various choices of ZR with fixed dielectric permittiv-
ity ER ¼ 0:1. The results are presented for fixed values of other
model parameters, which are summarized in the figure cap-
tion. As indicated earlier for CHB solvent ER ¼ 0:1 and ZR = 2.54,
which is taken as the base value and an increase in ER and ZR

indicates that the liquid in the dielectric layer is more polariz-
able in response to an electric field and more viscous compared
to the CHB solvent, respectively. Besides, the increase in ER
with fixed dielectric constant of the aqueous medium leads to
an increase in dielectric permittivity of the liquid in the

layer adjacent to the channel wall. Thus, the impact of ion
partitioning reduces, which in turn allows the accumulation of
more counterions within the dielectric liquid layer. As a result,
the neutralization of effective charge inside the liquid layer
enhances and leads to a reduction in velocity amplitude | %u0(%y)|.
As expected the velocity amplitude | %u0(%y)| reduces with the
increase in viscosity of the liquid layer adjacent to the support-
ing walls. Note that the increase in velocity amplitude | %u0(%y)|
within the liquid layer with its lower viscosity leads to an
enhancement in | %u0(%y)| within the aqueous phase so as to
satisfy the continuity in flow velocity along the liquid–liquid
interface.

In Fig. 4, we have presented the cross-sectional averaged
velocity amplitude |um|/UHS (in the scaled form) as a function of
Debye–Hückel parameter kH and dielectric permittivity ratio
ER. The results are presented here for various choices of ion
size. Other model parameters for Fig. 4 are summarized in the
figure caption. The impact of the ion size on overall flow
modulation is prominent for lower ranges of kH and ER.
An increase in kH for a fixed channel height strengthens the
shielding effect and thus leads to an enhanced charge neutra-
lization. Besides, an increase in ER reduces the impact of the
ion partitioning effect and thus enhances the accumulation of
counterions within the liquid layer as well as near the charged
interface. Thus, for a smaller range of kH or ER where the net
charge of the fluidic system is high, the impact of the ion steric
effect is prominent. However, its impact gradually diminishes
with the increase in kH and ER. As expected the increase in the
ion size reduces the net throughput due to the enhanced
impact of the ion partitioning effect.

In Fig. 5 we have shown the results for dimensionless
velocity amplitude | %u0(%y)| for different values of interfacial
charge �s (Fig. 5a), molar concentration N0 of additional mobile
ions within the membrane layer (Fig. 5b) and its thickness �d

Fig. 3 The results for scaled velocity amplitude | %u0(%y)| are shown for various values of (a) ER (= 0.1, 0.5, 0.75, and 0.9) with fixed ZR = 2.54 and
(b) ZR (= 0.1, 0.7, 2.54, and 10) with fixed ER ¼ 0:1. Other model parameters are H = 25 nm, kH = 2.5, d = 5 nm, N0 = 1 mM, rR = 1.35, r = 3.3 Å, �s = 2,
�o = 10.
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(Fig. 5c). Rise in interfacial charge density for fixed values of N0

and �d leads to an enhanced electrostatic potential in the
membrane layer as well as in the aqueous medium and thus
leads to an enhanced throughput. The impact of interfacial
charge on the overall flow modulation further augments with
the increase in N0 and �d. Note that the increase in both of these
quantities enhances the net effective charge density entrapped
in the membrane layer. In Appendix-E, we have further shown
the results for electrostatic potential distribution as well as net
charge density considering different values of concentration
of mobile charges in the dielectric liquid layer. A detailed
discussion on the same is made thereat. Thus, the effective
electromotive force further enhances with the increase in N0

and �d, which in turn leads to an enhanced velocity amplitude
| %u0(%y)|. Unlike that increase in interfacial charge or N0, an
increase in d further leads to an enhanced motion deterring
drag force due to higher viscosity of the dielectric liquid layer.
Thus, it is expected that the interfacial charge and N0 have
more impacts on the flow modulation compared to the thick-
ness d of the dielectric liquid layer.

Fig. 6 further shows the impact of the channel height and
frequency of the applied oscillatory electric field on the overall
flow modulation. Note that these two parameters are directly
related to the oscillating Reynolds number. As expected, with
the increase in the channel height with fixed value of the scaled
thickness of the dielectric liquid layer and other model

Fig. 4 The results for scaled cross-sectional averaged velocity amplitude |um|/UHS are shown as a function of (a) Debye–Hückel parameter kH for
various values of r (= 3.3 Å, 5 Å, and 6 Å) with fixed ER ¼ 0:1 and (b) dielectric permittivity ratio ER for various values of r (= 3.3 Å, 5 Å, and 6 Å) with fixed
kH = 2.5. Other model parameters are �s = 2, N0 = 1 mM, H = 25 nm, �d = 0.2, rR = 1.35, ZR = 2.54, �o = 10, respectively.

Fig. 5 The results for scaled velocity amplitude | %u0(%y)| for various values of (a) �s (= 0, 2, 5, and 10) with fixed N0 = 1 mM, d = 5 nm; (b) N0 (= 0, 1 mM,
10 mM, and 20 mM) with fixed �s = 2, d = 5 nm; and (c) d (= 2.5 nm, 5 nm, and 7.5 nm) with fixed �s = 2, N0 = 1 mM. The results are shown here considering
fixed values of other model parameters, e.g., H = 25 nm, kH = 2.5, r = 3.3 Å and �o = 10, respectively.
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parameters, the net charge carried by the system enhances and
leads to an enhanced velocity amplitude | %u0(%y)| (Fig. 6a). We
have further shown the results for scaled and cross-sectional
averaged velocity amplitude as a function of oscillating fre-
quency and the results are shown for various channel heights
(Fig. 6b). We observe that the impact of oscillating frequency on
the flow modulation is significant when the channel height is
large. The increase in oscillating frequency accelerates the back
and forth motion of the fluid medium. At a smaller range in
oscillating frequency, the average velocity amplitude increases
with the increase in the channel height. However, the averaged
velocity amplitude reduces with the increase in frequency of the
applied oscillatory electric field and its impact is prominent for
the channel with larger height. Note that unlike the DC-EOF,
the background fluidic medium requires the transient time to
respond to the AC electric field. Besides, the increase in o
enhances the oscillatory Reynolds number, which actually
measures the relative importance of dynamic inertial force
and viscous force. Thus, the increased impact of the inertial
effect due to the increase in oscillatory frequency leads to a
substantial reduction in the average velocity amplitude. The
impact of the oscillatory frequency on the overall reduction in
the average velocity amplitude is further augmented for chan-
nels with larger height for which the oscillatory Reynolds
number is large.

From the results presented in Fig. 2–6 we have observed that
a significant flow enhancement is possible for the electrolyte
with low concentration (e.g., a lower range of kH) and small size
of electrolyte ions. Besides, the choice of liquid in the layer
adjacent to the walls further plays a significant role in the
maximum throughput. For example, when the dielectric per-
mittivity of the liquid layer is small compared to the liquid

layer, a significant flow modulation is possible. Furthermore
the net effective charge of the liquid layer enhances the flow
strength, which can be achieved by increasing thickness and
the concentration of mobile charge of the said layer as well as
the interfacial charge. In addition, the flow strength across the
channel is high for a smaller range of frequencies of the
oscillatory electric field, and a reduction in the average
throughput is possible with the increase in frequency of the
applied AC electric field. Next we have discussed the impact of
the modulated flow field on the dispersion process considering
various mass diffusivity of the solutes.

4.2 Dispersion of solutes

In this section we have illustrated the results to highlight the
dispersion of the solute band placed initially along the middle
of the channel with a given bandwidth 2%L = 0.2 (in the scaled
form). The band of solutes was dispersed due to molecular
diffusion and fluid convection was induced by an applied
oscillatory electric field. Note that the mass diffusivity of the
uncharged solutes in general ranges from 10�12 m2 s�1 to
10�9 m2 s�1.104 Thus, for the considered flow geometry with a
given channel height, the Péclet number (Pe) associated with
the dispersion process ranges from 0.05 to 50. To analyze the
findings related to solute dispersion we present the results for
time evolution of cross-sectional averaged solute concentration
%Cm, effective dispersion coefficient K(%t), standard deviationffiffiffiffiffiffiffiffiffiffiffi
2xð�tÞ

p
of the distribution of %Cm and time-averaged effective

dispersion coefficient Kavg over one oscillation period t0 = 2p/o,
respectively.

To start with, we have first presented the results for time
evolution of the cross-sectional averaged solute concentration

Fig. 6 (a) Scaled velocity amplitude | %u0(%y)| is shown for various values of H (= 25 nm, 50 nm, 100 nm, and 200 nm) with fixed �o = 10 (i.e., o/2p =
2.5 � 106 Hz) and (b) scaled cross-sectional averaged velocity amplitude |um|/UHS is shown as a function of frequency o/2p (Hz) for various values of
H (= 25 nm, 50 nm, 100 nm, and 200 nm). The results are shown here considering the fixed values of other model parameters, e.g., kH = 2.5, r = 3.3 Å,
N0 = 1 mM and �d = 0.2, respectively.
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%Cm(%xu, %t). We have shown the results for time evolution of
%Cm(%xu, %t) at a fixed value of Pe = 25 (Fig. 7a). The corresponding
line plots for %Cm(%xu, %t) for discrete values of scaled time %t
are further shown in Fig. 7b. We observed that as the time
grows, the dispersion of solutes under the combined impact of
molecular diffusion and oscillatory convective effect increases
and leads to a significant band broadening of the solute placed
inside the channel. The impact of the Péclet number on the
spatial distribution of averaged concentration %Cm is shown in
Fig. 7c, where we have presented the results indicating the line
plots for %Cm for various choices of Péclet numbers at a given
time. In addition, we have further shown the results in Fig. S.1
(ESI†) to indicate the time evolution of %Cm(%xu, %t) for various
values of Pe, where the Péclet number is varied by suitably
changing the mass diffusivity of the solutes with fixed values of
other model parameters. For such cases, an increase in the

Péclet number indicates a reduction in mass diffusivity of the
solutes. As expected the broadening is higher at smaller values
of Pe due to enhanced mass diffusivity of the solutes. For such
cases the molecular diffusion dominates over the convective
dispersion process. The quantitative measurement of band
broadening is dictated by the time evolution of standard

deviation
ffiffiffiffiffiffiffiffiffiffiffi
2xð�tÞ

p
of the distribution of %Cm, as presented in

Fig. 7d. Such a quantity indicates the width of the sample zone
at a specified time. The oscillatory behaviour of the time

evolution of
ffiffiffiffiffiffiffiffiffiffiffi
2xð�tÞ

p
is prominent for a larger range of Péclet

numbers for which the oscillatory convection effect dominates
over the diffusion process. However, the width of the sample
zone is higher for small Péclet numbers due to a strong
diffusion effect.

In Fig. 8–10 (and Fig. S.3–S.6 shown in the ESI†), we have
presented the results to indicate the impact of pertinent

Fig. 7 (a) The time evolution of cross sectional averaged mean concentration distribution %Cm is shown as a function of moving co-ordinate system %xu

and scaled time %t for Pe = 25. (b) The time evolution of %Cm for discrete values of time, i.e., %t (= 0.1, 0.3, 0.5, and 0.9) is further shown. (c) The results for %Cm

for various choices of Péclet number Pe (= 5, 10, 15, and 25) at a fixed time %t = 0.5. (d) The results indicating the time evolution of
ffiffiffiffiffiffiffiffiffiffiffi
2xð�tÞ

p
as a function of

scaled time %t for various values of Pe (= 5, 10, 15 and 25). The results are shown here considering fixed values of other model parameters, e.g., r = 3.3 Å,
H = 25 nm, kH = 2.5, d = 5 nm, N0 = 1 mM, �s = 2, �o = 10 and %L = 0.1, respectively.
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parameters associated with the flow modulation on the disper-
sion coefficient K(%t) (the influence of the axial diffusion 1/Pe2 is
deduced). In Fig. 8 the results for K(%t) � 1/Pe2 are presented for
fixed Pe with a similar set of other model parameters as
considered in Fig. 2. Impact of convective transport on the
dispersion process is evident from the results presented in
Fig. 8. As observed in Fig. 2, the velocity amplitude | %u0(%y)|
increases (decreases) with the increase in the EDL thickness
(ion size). As a result the amplitude of the oscillatory dispersion
coefficient increases with the reduction in kH (Fig. 8a), and it

reduces with the increase in the ion size (Fig. 8b). In addition,
the oscillatory behavior of the dispersion coefficient enhances
with the increase in the impact of fluid convection. In Fig. S.2
(ESI†) we have further shown the corresponding results for time

evolution of
ffiffiffiffiffiffiffiffiffiffiffi
2xð�tÞ

p
(Fig. S.2a and b, ESI†) and cross-sectional

averaged %Cm at a given time %t = 0.5 (Fig. S.2c and d, ESI†) for
different values of kH and ion size. The model parameters in
Fig. S.2 (ESI†) are the same as considered in Fig. 8. It is evident
that the band broadening is higher for the cases when the
impact of fluid convection is strong. The larger dispersion

Fig. 8 Time periodic dispersion coefficients K(%t) � 1/Pe2 are shown as a function of scaled time %t for various values of (a) kH (= 2.5, 5, 10, and 25) with
fixed r = 3.3 Å and (b) r (= 3.3 Å, 4 Å, 5 Å, and 6 Å) with fixed kH = 2.5. The results are presented here considering the fixed values of other model
parameters, e.g., H = 25 nm, d = 5 nm, N0 = 1 mM, �s = 2 and �o = 10 and %L = 0.1, respectively.

Fig. 9 Time periodic dispersion coefficients K(%t) � 1/Pe2 are shown as a function of scaled time %t for various values of (a) ER (= 0.1, 0.5, 0.75, and 1) with
fixed ZR = 2.54 and (b) ZR (= 0.1, 0.7, 2.54, and 10) with fixed ER ¼ 0:1. The results are presented here considering fixed values of other model parameters,
e.g., H = 25 nm, kH = 2.5, d = 5 nm, N0 = 1 mM, r = 3.3 Å, �s = 2, �o = 10 and %L = 0.1, respectively.
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coefficient K(%t) � 1/Pe2 is a direct consequence of the larger
effective Péclet number based on the overall strength of the
flow field with fixed molecular diffusion of solutes. Thus, the
peak of mean concentration %Cm decreases with the reduction in
kH as well as with the reduction in the ion size for which the
velocity amplitude | %u0(%y)| is enhanced.

In Fig. 9, we have presented the results for K(%t) � 1/Pe2 for
various choices of dielectric permittivity ratios ERð Þ (Fig. 9a) and
viscosity ratios (ZR) (Fig. 9) for fixed values of other model

parameters. In addition, the time evolution of
ffiffiffiffiffiffiffiffiffiffiffi
2xð�tÞ

p
and %Cm at

a given time %t = 0.5 is presented in Fig. S.3 (ESI† for a similar set
of pertinent parameters. As indicated earlier, the flow strength
enhances with the reduction in ER (stated differently, an
increase in the difference between the dielectric permittivity
of both the phases or in other words, an increase in the ion
partitioning effect). In addition, a reduction in viscosity of the
liquid layer adjacent to the supporting walls further rises the
velocity amplitude. Thus, the enhanced flow strength achieved
in a smaller range of ER and ZR leads to a larger dispersion
coefficient (K(%t) � 1/Pe2) as well as a larger band broadening,
which results in a smaller peak of the mean concentration.
We further observed an enhanced dispersion of the solute band
for increasing values of thickness and molar concentration of
additional mobile ions present in the liquid layer adjacent to
the supporting walls as well as interfacial charge density. The
same is graphically illustrated in Fig. S.4 and S.5 (ESI†) which
can further be justified with a similar analogy.

The dispersion coefficients K(%t) � 1/Pe2 are further shown
for various channel heights (Fig. 10a) and frequency of the
oscillatory electric field (Fig. 10b). The results are presented
here for the given value of other model parameters. As indi-
cated earlier, an increase in the channel height leads to an
enhanced flow rate. Thus, an enhanced dispersion coefficient

and a larger dispersion occur in the wider channel as a
consequence of an enhanced effective Péclet number (Fig. 10a
and Fig. S.6a, ESI†). As a result the peak of the mean concen-
tration profile reduces with the increase in the channel height
(Fig. S.6c, ESI†). We observe that the increase in oscillatory
frequency reduces the effective dispersion coefficient (Fig. 10b),
and results in a reduced bandwidth (Fig. S.6b, ESI†) and hence
the larger peak in the mean solute concentration (Fig. S.6d,
ESI†). Note that for higher frequency, the diffusion time is
much higher than the oscillating period of applied AC electric
field. Thus, the solute band does not have enough time to
diffuse in a larger area. In addition, an increase in frequency
and the increased inertia effect lead to a reduction in velocity
amplitude. As a result the convective dispersion process with
the increase in oscillatory frequency becomes weaker.

We have further presented the results for time-averaged
effective dispersion coefficient Kavg over one oscillation period
t0 = 2p/o. Such a quantity is an important parameter to analyze
the broadening of the solute band placed in an oscillatory flow
field. In Fig. 11a–c we have shown the results for Kavg as a
function of frequency of the applied oscillatory electric field.
We present the results for various choices of kH (Fig. 11a), ion
size (Fig. 11b) and dielectric permittivity ratio ER (Fig. 11c).
Other model parameters are indicated in the caption of the said
figure. As expected the time-averaged effective dispersion Kavg

reduces with the increase in oscillatory frequency. Such a
reduction is due to enhanced periodical expansion and con-
traction of the solute band placed under the oscillatory flow
field. For a smaller range of oscillatory frequencies, due to an
enhanced flow strength with reduction in kH, ion size as well as
ER, the magnitude in Kavg increases. However, their impact on
Kavg gradually diminishes with the increase in frequency of the
oscillatory electric field. In Fig. S.7 (ESI†) we have further shown

Fig. 10 Time periodic dispersion coefficients K(%t) � 1/Pe2 are shown as a function of scaled time %t for various values of (a) H (= 25 nm, 50 nm, and
100 nm) for fixed �o = 10 and (b) �o (= 10, 20, and 40) for fixed H = 25. The results are presented here considering the fixed values of other model
parameters, e.g., r = 3.3 Å, N0 = 1 mM, kH = 2.5 nm, �d = 0.2, �s = 2, �o = 10, and %L = 0.1, respectively.
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the impact of other pertinent parameters associated with flow

modulation (e.g., viscosity ratio ZR, thickness �d, interfacial
charge �s and molar concentration N0). The viscosity ratio
ZR has little effect on the time-averaged effective dispersion

Kavg, however, �d, �s and N0 have a substantial impact on Kavg,
when frequency of the oscillatory electric field is small.
We observed that when o/2p is smaller than 6 � 105 Hz, the
impact of oscillatory electric field on the flow modulation,
dispersion coefficient as well as band broadening is prominent.
However, beyond this limit of frequency, an increase in
oscillatory frequency o reduces the impact of pertinent para-
meters on the flow modulation and hence the dispersion
characteristics.

In Fig. 12, we have shown the results for time-averaged
dispersion coefficient Kavg over one oscillation period as a
function of oscillatory frequency and the results are shown
here for various choices of Péclet number. We have system-
atically changed the Péclet number either by varying mass
diffusivity with fixed channel height (Fig. 12a), or by varying
the channel height at a given mass diffusivity (Fig. 12b)
and the results are presented for fixed values of the other
model parameters. As expected, a larger Kavg is achieved with
large (small) values of mass diffusivity (Péclet number).
The magnitude of Kavg further reduces with the increase in
oscillatory frequency for which the impact of effective fluid
convection reduces. We further observe an enhanced Kavg for

Fig. 12 The time-averaged effective dispersion coefficient Kavg over one oscillation period is shown as a function of frequency o/2p (Hz) for various
values of (a) Pe (= 5, 10, 15, and 25) with fixed channel height H = 25 nm and (b) H (= 25 nm, 50 nm, and 100 nm) with fixed mass diffusion coefficient
D0 = 2.05 � 10�10 m2 s�1. The results are presented here considering the fixed values of other model parameters, e.g., r = 3.3 Å, N0 = 1 mM, kH = 2.5,
�d = 0.2 and �s = 2, respectively.

Fig. 11 Time average dispersion coefficient Kavg is shown as a function of frequency o/2p (Hz) for various values of (a) kH (= 2.5, 5, 10, and 25) with
fixed r = 3.3 Å, ER ¼ 0:1; (b) r (= 3.3 Å, 4 Å, 5 Å, and 6 Å) with fixed kH = 2.5, ER ¼ 0:1 and (c) ER (= 0.1, 0.5, 0.75, and 0.9) with fixed r = 3.3 Å, kH = 2.5.
The results are presented for fixed H = 25 nm, d = 5 nm, N0 = 1 mM, rR = 1.35, ZR = 2.54, Pe = 25 and �s = 2, respectively.
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an increasing channel height. The same is however possible
due to the enhanced fluid convection effect, especially for a
smaller range of oscillatory frequencies. Moreover, for the
considered problem dealing with solute dispersion under AC
EOF, a change in sign of Kavg is observed, especially for
channels with a larger size and at larger oscillatory frequency.
Note that the variance of the solute dispersion is always
positive, however, it does not ensure that differential variance,
referred to as the effective dispersion coefficient, remains
always positive. The occurrence of the negative effective
dispersion coefficient for oscillatory flow field is rather
common.55,105–107 As indicated earlier, the increase in the
channel height results in an enhanced dispersion. The transi-
tion from the positive to negative value of Kavg is caused by a
rapid change in periodical expansion and contraction of the
solute band under EOF induced by an oscillatory electric field
with large frequency.

5 Conclusion

The present article provides an extensive study on the modu-
lation of EOF involving a two-phase liquid system under an
oscillatory electric field and its impact on the transport and
dispersion processes of the solute band placed along the
middle of the channel. In the considered two-phase liquid
system, the electrolyte medium is surrounded by a layer of a
dielectric liquid, which resembles a membrane of biological
cells containing additional mobile charges. The difference
in dielectric permittivity of both the phases induces an ion
partitioning effect, which plays a significant role in the flow
modulation and therefore in solute dispersion. In addition,
the ion steric effect comes into play, specifically when the
charge carried by the system is moderate to high. We have
presented the results for flow modulation under an applied AC
electric field across such a channel and further studied the
dispersion of the solute band. We measured the magnitude of
complex amplitude of the velocity field as well as the cross-
sectional averaged velocity to dictate the impact of pertinent
parameters on the overall flow modulation. Besides, to pro-
vide quantitative measurement of the dispersion process, we
deduce the results for the cross-sectional averaged concen-
tration %Cm of the solute band, standard deviation of distribu-
tion of %Cm, and the time dependent dispersion coefficient as
well as the time-averaged effective dispersion coefficient over
one oscillation period. The numerical results are presented for
a wide range of pertinent parameters. Besides, benchmark
analytical results within the Debye–Hückel electrostatic fra-
mework for EDL potential and EOF velocity are deduced. The
numerical calculations should pave the way for novel AC
electric field based EOF pumping mechanisms and therefore
the band broadening process. In addition, we deduced the
analytical results for the said quantities associated with the
dispersion process under the Debye–Hückel limit with vanish-
ing frequency of the AC electric field. These benchmark

theoretical results are however important for validation pur-
poses of the numerical scheme adopted in this study as well as
for future applications.

We observe an enhanced flow strength and band broad-
ening when the difference in dielectric permittivity of both the
phases is high for which the impact of the ion partitioning
effect is prominent. Reduction in the effect of ion partitioning
reduces the flow strength, and thus molecular diffusion
dominates over the convective dispersion process. The size
in mobile ions is further related to the ion partitioning effect.
An increase in the ion size reduces the effective electromotive
force and leads to a reduction in the flow rate and dispersion
coefficient. An augmented flow strength and enhanced con-
vective dispersion process are observed with the increase in
interfacial charge, thickness and additional mobile charge of
the dielectric liquid layer. The impact of the ion steric effect is
further augmented when the net charge within the fluidic
system is high. A rise in the electrolyte concentration leads to
an enhanced shielding effect and leads to a reduced strength
of flow field, and thus reduces the convective effect on
the dispersion process. As expected, due to the enhanced
effective Péclet number, an enhanced dispersion coefficient
and larger dispersion occur in the wider channel. An increase
in oscillatory frequency causes a reduction in velocity ampli-
tude due to the increased inertia effect, and thus the con-
vective counterpart of the dispersion coefficient reduces.
We further witness the negative value of the dispersion
coefficient for a large channel height and a large frequency
of the dispersion coefficient.

Finally, the present article provides an improved theory of
modulation of oscillatory electroosmotic flow and solute
dispersion considering a planar liquid–liquid interface,
which indicates the basic state of a general stability problem.
In our subsequent article we aim to study the instabilities
associated with two-layer EOF under an oscillatory electric
field and the present study will be a benchmark for such
future studies. Besides, the study of ICR considering a two-
phase liquid in the presence of any sort of asymmetries along
the lateral dimension may be an important topic of future
research.
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Appendices
Appendix-A: summary of various constants appearing in the velocity field and F(%y)

The expression (16) for velocity field presented in main article contains several constants, which are summarized below

m1 ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
�io~rdH

2

Zd

s

m2 ¼
ffiffiffiffiffiffi
ER
ZR

r

m3 ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
�io~reH

2

Ze

s

C1 ¼ C2 tanh m1ð Þ �m2
2�cð�1Þsech m1ð Þ

C2 ¼
cosh m1ð Þ

L1
N21 þN22 þN23ð Þm3 sinh m3ð�1þ �dÞ

� 	
� N11 þN12 þN13ð Þ cosh m3ð�1þ �dÞ

� 	� 


C3 ¼
1

L1
N11 þN12 þN13ð Þ sinh m1

�d
� 	

� ZRm1 N21 þN22 þN23ð Þ cosh m1
�d

� 	� 


C4 ¼ �
m3

2
J3ð0Þ þ J4ð0Þð Þ

J1ð�yÞ ¼
ð�y

�1
exp �m1xð Þ�cðxÞdx

J2ð�yÞ ¼
ð�y

�1
exp m1xð Þ�cðxÞdx

J3ð�yÞ ¼
ð�y

�1þ�d
exp �m3xð Þ�cðxÞdx

J4ð�yÞ ¼
ð�y

�1þ�d
exp m3xð Þ�cðxÞdx

8>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>><
>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>:

(A.1)

Various constants appearing in the above relation (A.1) are summarized below

N11 ¼ �m1ZR sinh m1ð�1þ �dÞ
� 	

m2
2�cð�1Þsech m1ð Þ

N12 ¼
m1m2ð Þ2

2
ZR exp m1 �1þ �d

� 	� 	
J1 �1þ �d
� 	

þ exp �m1 �1þ �d
� 	� 	

J2 �1þ �d
� 	� 


N13 ¼
m3ð Þ2

2
cosh m3 �1þ �d

� 	� 	
J3ð0Þ þ J4ð0Þð Þ

N21 ¼
m1m2ð Þ2

2m1
exp m1 �1þ �d

� 	� 	
J1 �1þ �d
� 	

� exp �m1 �1þ �d
� 	� 	

J2 �1þ �d
� 	� 


N22 ¼ m2
2 � 1

� 	
�c �1þ �d
� 	

�m2
2�cð�1Þsech m1ð Þ cosh m1 �1þ �d

� 	� 	

N23 ¼
m3ð Þ2

2m3
sinh m3 �1þ �d

� 	� 	
J3ð0Þ þ J4ð0Þð Þ

L1 ¼ �ZRm1 cosh m1
�d

� 	
cosh m3 �1þ �d

� 	� 	
þm3 sinh m1

�d
� 	

sinh m3 �1þ �d
� 	� 	

8>>>>>>>>>>>>>>>>>>>>>>>>>>><
>>>>>>>>>>>>>>>>>>>>>>>>>>>:

(A.2)
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The function F(%y) appearing in eqn (40) of the main article
involves the following constants

D1 ¼
coshðnÞ

2n sinh n�d
� 	 �R12 þ R13½ �

D2 ¼
sinhðnÞ

2n sinh n�d
� 	 �R12 þ R13½ �

D3 ¼
1

2n sinhðnÞ R11 � J7ð0Þ þ J8ð0Þ½ � coshðnÞ½ �

D4 ¼ �
1

2n
J7ð0Þ þ J8ð0Þ½ �

J5ð�yÞ ¼
ð�y

�1
expð�nzÞ �u0ðzÞ � �umð Þdz

J6ð�yÞ ¼
ð�y

�1
expðnzÞ �u0ðzÞ � �umð Þdz

J7ð�yÞ ¼
ð�y

�1þ�d
expð�nzÞ �u0ðzÞ � �umð Þdz

J8ð�yÞ ¼
ð�y

�1þ�d
expðnzÞ �u0ðzÞ � �umð Þdz

8>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>><
>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>:

(A.3)

Several constants appearing in (A.3) are summarized below

Appendix-B: approximate analytical results for EDL potential

The analytical results for scaled EDL potential may be deduced
as follows

The above expression involves the following constants

kn ¼ k1
ffiffiffiffiffi
F2

p
sgn �c �1þ �d

� 	� 	
F1 ¼ 2ð1þ PÞ sinh �cD

� 	
� P sinh 2�cD

� 	
� 2M

F2 ¼ ð1þ PÞ cosh �cD

� 	
� P cosh 2�cD

� 	
þMZð1� OÞ

8>>><
>>>:

(B.2)

where �c(�1 + �d) represents the scaled interfacial potential at the
liquid–liquid interface %y = �1 + �d (i.e., at the liquid/liquid interface),
and the functions h1( �c(�1 + �d)), h2( �c(�1 + �d)) are defined by

Note that the interfacial potential �c(�1 + �d) and the Donnan
potential �cD are implicitly connected to each other. The implicit
relationship between both of them may be deduced as follows

�s

ðkHÞ
ffiffiffi
2
p ¼

� sgn �c �1þ �d
� 	� 	 ffiffiffiffiffiffiffiffi

ERf
p

ð1þ PÞ cosh �c �1þ �d
� 	� 	

� cosh �cD

� 	� 
�
� P

4
cosh 2�c �1þ �d

� 	� 	
� cosh 2�cD

� 	� 


þM

Z
ð1þ OÞ exp �Z �c �1þ �d

� 	
� �cD

� �� 	
� 1

� 
�

�O
2

exp �2Z �c �1þ �d
� 	

� �cD

� �� 	
� 1

� 
�
1=2

þ cosh �c �1þ �d
� 	� 	

� 1
� 	

1� P

2
cosh �c �1þ �d

� 	� 	
� 1

� 	� �� 
1=2
(B.4)

We adopt a suitable numerical scheme to deduce the interfacial
potential from the relation (B.4) with the known Donnan potential.
Note that the explicit form of Donnan potential is given in the
relation (11) appearing in the main manuscript (MS). With the

known interfacial potential as well as Donnan potential we further
obtain the spatial distribution of EDL potential using the relation
(B.1). We have now presented a comparison of EDL potential

obtained from the numerical scheme indicated in the main manu-
script (MS) and the results obtained in this section. In Fig. 13a we
have shown the spatial distribution of the EDL potential in the
scaled form for various choices of kH with fixed values of other
model parameters. We have further presented the results for EDL
potential for increasing molar concentration of additional ions
present in the dielectric liquid layer (Fig. 13b). We observe a close
agreement in the numerical results with deduced analytical results
for EDL potential for any choices of Debye–Hückel parameter and
concentration of additional ions present in the dielectric liquid layer.

R11 ¼ exp n �1þ �d
� 	� 	

J5 �1þ �d
� 	

sinh n�d
� 	

� cosh n�d
� 	� 


� exp �n �1þ �d
� 	� 	

J6 �1þ �d
� 	

sinh n�d
� 	

þ cosh n�d
� 	� 
� �

R12 ¼ exp n �1þ �d
� 	� 	

J5 �1þ �d
� 	

þ exp �n �1þ �d
� 	� 	

J6 �1þ �d
� 	

R13 ¼
1

sinhðnÞ R11 � J7ð0Þ þ J8ð0Þ½ � coshðnÞf g sinh n �1þ �d
� 	� 	

� J7ð0Þ þ J8ð0Þ½ � cosh n �1þ �d
� 	� 	

8>>>>><
>>>>>:

(A.4)

�cð�yÞ¼

1

2F2
2F2

�cD�F1

� 	
þ 1

4F2
h2 �c �1þ�d

� 	� 	
exp �knH �y� �1þ�d

� 	� 
� 	
þ F1

2

4F2h2 �c �1þ�d
� 	� 	exp knH �y� �1þ�d

� 	� 
� 	
�1o�y��1þ�d

2coth�1
h1 �c �1þ�d

� 	� 	
2

exp kH �y� �1þ�d
� 	� 
� 	

þ ð1þPÞ
2h1 �c �1þ�d

� 	� 	exp �kH �y� �1þ�d
� 	� 
� 	" #

�1þ�do�y�0

8>>>>><
>>>>>:

(B.1)

h1 �c �1þ �d
� 	� 	

¼ coth
�cð�1þ �dÞ

2

� �
þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
coth 2

�c �1þ �d
� 	

2

� �
� ð1þ PÞ

s

h2 �c �1þ �d
� 	� 	

¼ 2
ffiffiffiffiffi
F2

p
F1

�c �1þ �d
� 	

� �cD

� 	
þ F1

�c �1þ �d
� 	

� �cD

� 	2n o1=2

þ2F2
�c �1þ �d
� 	

� �cD

� 	
þ F1

8>>><
>>>:

(B.3)
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Appendix-C: closed form analytical results for EDL potential
and EOF field under the Debye–Hückel limit

Under the Debye–Hückel limit ( �c(%y) { 1), the linearized form
of the EDL potential equation (in the scaled form) may be
written as

d2�c
d�y2
¼ p1

2�c� q1 � 1o �y � �1þ �d (C.1a)

d2�c
d�y2
¼ ðkHÞ2�c � 1þ �do �y � 0: (C.1b)

where

p1 ¼ k1Hð Þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ

�cDZ

z

r

q1 ¼ �cD k1Hð Þ2 1þ
�cDZ

z

� �
8>>>><
>>>>:

(C.2)

Solving the governing equations (C.1a) and (C.1b) subject to the
boundary conditions (9a)–(9d) yields the explicit form of the
EDL potential, given as

�cð�yÞ ¼
Q1

cosh p1ð Þ
cosh p1 �yþ 1ð Þð Þ þ q1

p12
; �1o �y � �1þ �d

Q2 cosh kH�yð Þ; �1þ �do �y � 0

8><
>:

(C.3)

Fig. 13 Scaled potential distributions �c(%y) are shown as a function of scaled spatial coordinate %y for various values of (a) kH (= 2.5, 5, 10, and 25) with fixed
N0 = 1 mM and (b) N0 (= 1 mM, 5 mM, and 10 mM) with fixed kH = 25. Other model parameters are H = 25 nm, d = 5 nm, �s = 2, ER ¼ 0:1, and r = 3.3 Å,
respectively.

where the constants Q1 and Q2 appearing in (C.3) are as follows

Q1 ¼
�s cosh kH �1þ �d

� 	� 	
p1

2 þ ðkHÞ sinh kH �1þ �d
� 	� 	

q1

�p12ðkHÞ cosh p1�d
� 	

sech p1ð Þ sinh kH �1þ �d
� 	� 	

þ p13ER sinh p1�d
� 	

sech p1ð Þ cosh kH �1þ �d
� 	� 	

Q2 ¼
�sp1 cosh p1�d

� 	
þ q1ER sinh p1�d

� 	
ERp12 cosh kH �1þ �d

� 	� 	
sinh p1�d

� 	
� p1 kHð Þ sinh kH �1þ �d

� 	� 	
cosh p1�d

� 	

8>>>>><
>>>>>:

(C.4)

Within the Debye–Hückel electrostatic framework, the oscillatory EOF velocity may be deduced as follows

�u0ð�yÞ ¼

C1 cosh m1�yð Þ þ C2 sinh m1�yð Þ þ m1m2ð Þ2 Q1

cosh p1ð Þ p12 �m1
2ð Þ

� ��
�1o �y � �1þ �d

� cosh p1 �yþ 1ð Þð Þ � cosh m1 �yþ 1ð Þð Þf g þ 2q1

p12m1
2

� �
sinh m1 �yþ 1ð Þð Þ� þm2

2�cð�yÞ;

C3 cosh m3�yð Þ þ C4 sinh m3�yð Þ þ m3Q2

ðkHÞ2 �m3
2
m3 coshðkH�yÞ � ðkHÞ sinh kH �1þ �d

� 	� 	�
�1þ �do �y � 0

� sinh m3 �yþ 1� �d
� 	� 	

�m3 cosh kH �1þ �d
� 	� 	

cosh m3 �yþ 1� �d
� 	� 	�

þ �cð�yÞ;

8>>>>>>>>>>>>><
>>>>>>>>>>>>>:

(C.5)
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The above expression for the velocity field involves various
constants, e.g. Ci (i = 1, 2, 3, 4); mi (i = 1, 2, 3), which are
summarized in relation (A.1) appearing in the main MS.
In order to validate the numerical results deduced in this
present study, we have further shown the comparison for the
EDL potential and the axial velocity in Fig. 14.

In Fig. 14a and b, we have shown the scaled velocity amplitude
|%u0(%y)| for various choices of ER and kH. The model parameters are
indicated in the figure caption and they are chosen in such a way that
the Debye–Hückel limit for EDL potential holds good. The deduced
theoretical results are shown by solid lines and numerical results are
further included by dashed lines. We have detailed the methods to
deduce the numerical results for velocity amplitude in the main
article. We observe a close agreement in the numerical results with
the analytical results deduced in this section. It is noteworthy to
mention that we may have a discrepancy in the numerical results
with the analytical results presented in this section. The reason is
the results presented in Appendix-C is valid only for low charge
limits. Thus, for the case when the system charge is moderate to
high, we need to use either semi-analytical results presented in
Appendix-B or the complete numerical solution for electrostatic
potential and hence the velocity amplitude.

Appendix-D Analytical results for several quantities
associated with solute dispersion deduced under
the Debye–Hückel electrostatic framework with x - 0

The electroosmotic velocity distribution under Debye–Hückel
approximation and externally applied electric field with o - 0
may be written in the scaled form as follows

�u0ð�yÞ ¼
ERQ1

ZR cosh p1ð Þ
cosh p1 �yþ 1ð Þð Þ � 1f g; �1o �y � �1þ �d

Q2 coshðkH�yÞ þQ3f g; �1þ �do �y � 0

8><
>:

(D.1)

where Q1, Q2 are defined in (C.4) and Q3 is defined as follows

Q3 ¼ �
ER
ZR

coshðkHÞ þ cosh kH �1þ �d
� 	� 	 ER

ZR
� 1

� �
(D.2)

Using the expression of %u0(%y), we may find the explicit analytical
expression for cross-sectional mean fluid velocity %um, given as

�um ¼
ERQ1

ZR cosh p1ð Þ
sinh p1�d

� 	
p1

� �d
� 


þQ2 �
sinh kH �1þ �d

� 	� 	
kH

þQ3 1� �d
� 	� 
 (D.3)

Now under the Debye–Hückel framework and externally
applied electric field with o - 0, the reduced form of the
governing equation for F(%y) associated with dispersion process
indicated earlier can be rewritten as

F 00ð�yÞ ¼ �u0ð�yÞ � �um (D.4)

In order to solve the function F(%y), the required conditions are
given below

dF

d�y

����
�y¼�1
¼ 0 (D.5a)

ð0
�1
Fð�yÞd�y ¼ 0 (D.5b)

Note that for applied electric field with o - 0, the dispersion
coefficient is free form time. We further denote the dispersion
coefficient K(%t) as Keff. Thus, for o - 0, the dispersion coeffi-
cient Keff may be deduced from (35), as follows

Keff ¼
1

Pe2
�
ð0
�1

�u0ð�yÞ � �umð ÞFð�yÞd�y (D.6)

Fig. 14 In Fig. (a) and (b) we have shown the scaled velocity amplitude �u0ð�yÞj j as a function of %y for various values of ER (= 0.1, 0.5, and 0.9) with fixed
kH = 2.5; and various values of kH (= 2.5, 5, 10, and 25) with fixed ER ¼ 0:1. Other model parameters are H = 25 nm, d = 5 nm, N0 = 1 mM, rR = 1.35,
ZR = 2.54, �s = 1 and �o = 10, respectively.

Paper Soft Matter

Pu
bl

is
he

d 
on

 1
4 

Ja
nu

ar
 2

02
5.

 D
ow

nl
oa

de
d 

on
 1

1.
06

.2
02

6 
20

:1
4:

06
. 

View Article Online

https://doi.org/10.1039/d4sm01255k


This journal is © The Royal Society of Chemistry 2025 Soft Matter, 2025, 21, 1085–1112 |  1107

Solving F(%y), the relation (D.6) may be rewritten as follows

Keff ¼
1

Pe2
þ
ð0
�1

Gð�yÞ½ �2d�y (D.7)

where

The expression G(%y) involves Qi (1, 2, 3, 4). Note that Qi (i = 1, 2,
3) are defined earlier and Q4 is defined as follows

Q4 ¼
ERQ1

ZR

sinh p1�d
� 	
p1

� �d
� 


� �um�d (D.9)

Fig. 16 The cross-sectional averaged %Cm is shown for various values of (a) %t (= 0.1, 0.5, and 0.9) with fixed Pe = 25 and (b) Péclet numbers Pe (= 5, 15, and
25) at time %t = 0.5. The results are shown here considering dielectric liquid which surrounds the electrolytic solution as oily organic solvent cyclohexyl
bromide (CHB) with fixed values of other model parameters, e.g., H = 25 nm, k�1 = 10 nm, �s = 1 and r = 3.3 Å.

Fig. 15 The dispersion coefficient Keff is shown as a function of kH for various values of (a) ER (= 0.1, 0.5, and 0.9) with fixed Pe = 25 and (b) Pe (= 5, 15,

and 25) with fixed ER ¼ 0:1. Other model parameters are H = 25 nm, d = 5 nm, N0 = 1 mM, rR ¼ 1:35, ZR = 2.54, �s = 1 and %L = 0.1, respectively.

Gð�yÞ ¼
ð�y

�1
�u0ð�yÞ � �umð Þd�y ¼

ERQ1

ZR cosh p1ð Þ
sinh p1ð�yþ 1Þð Þ

p1
� ð�yþ 1Þ

� 

� �umð�yþ 1Þ; �1o �y � �1þ �d

Q4 þQ2

sinhðkH�yÞ � sinh kH �1þ �d
� 	� 	

kH
þQ3 �yþ 1� �d

� 	� 

� �um �yþ 1� �d

� 	
; �1þ �do �y � 0

8>>>><
>>>>:

(D.8)
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Substituting (D.8) into (D.7) yields the analytical expression of
Keff, given as

Keff ¼
1

Pe2
þ Q5

2

4p13
S1 þ

Q5 þ �umð Þ2�d3
3

� 2Q5 Q5 þ �umð Þ
p13

S2

þQ6
2ð1� �dÞ þ Q2

2

4ðkHÞ3S3

þ 2Q2Q6

ðkHÞ2S4 þ
2Q2 Q2Q3 � �umð Þ

ðkHÞ3 S5

þ Q2Q3 � �umð Þ 1� �d
� 	2

S6

(D.10)

where the constants involved in the above relation (D.10) are
given below

Q5 ¼
ERQ1

ZR cosh p1ð Þ

Q6 ¼ Q4 �
Q2 sinh kH �1þ �d

� 	� 	
kH

S1 ¼ �2p1�dþ sinh 2p1�d
� 	

S2 ¼ p1�d
� 	

cosh p1�d
� 	

� sinh p1�d
� 	

S3 ¼ 2kH �1þ �d
� 	

� sinh 2kH �1þ �d
� 	� 	

S4 ¼ 1� cosh kH �1þ �d
� 	� 	

S5 ¼ kH 1� �d
� 	

þ sinh kH �1þ �d
� 	� 	

S6 ¼ Q6 þ
Q2Q3 � �umð Þ 1� �d

� 	
3

8>>>>>>>>>>>>>>>>>>>>>>>>><
>>>>>>>>>>>>>>>>>>>>>>>>>:

(D.11)

Fig. 17 Charge distribution of mobile ions �rc(%y) (in the scaled form) and scaled potential distributions ( �c(%y)) are shown as a function of scaled spatial
coordinate %y for various values of N0 (0, 1 mM, 5 mM, and 10 mM). In (a) and (c) we consider ER ¼ 0:1 and in (b) and (d) the value of dielectric permitivity
ratio ER ¼ 1. Other model parameters are H = 25 nm, d = 5 nm, kH = 25, �s = 2, and r = 3.3 Å, respectively.
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Under the limit of o - 0, the governing equation for the cross
sectional average concentration distribution %Cm(%xu, %t) may be
written as

@ �Cm

@�t
¼ Keff

@2 �Cm

@�xu2
(D.12)

Solving eqn (D.12) subject to the initial condition (21) and
boundary conditions (22a) and (22b), we may deduce the
analytical expression of %Cm(%xu, %t) as given below

�Cm �xu; �tð Þ ¼ 1

2
erf

�xu þ �L

2
ffiffiffiffiffiffiffiffiffiffi
Keff�t
p

� �
� erf

�xu � �L

2
ffiffiffiffiffiffiffiffiffiffi
Keff�t
p

� �� �
(D.13)

In order to validate the numerical results for the solute
dispersion process, we have shown the comparison of the
numerically obtained effective dispersion coefficient and the
cross-sectional averaged concentration in Fig. 15 and 16,
respectively. The effective dispersion coefficient is shown as a
function of kH for various choices of ER (Fig. 15a) and Pe
(Fig. 15b). The time evolution of cross-sectional averaged solute
concentration %Cm is shown in Fig. 16a. We have further shown
the results for %Cm in Fig. 16b for various choices of Pe with fixed
channel height. From all the results, it is clear that the
numerical results are in close agreement in with the theoretical
results deduced in this section.

Appendix-E: impact of the concentration of mobile ions N0 on
the overall charge distribution and electrostatic potential

Here we have shown the impact of concentration N0 of addi-
tional ions within the surrounding liquid layer on the overall
charge distribution (Fig. 17a and b) and electrostatic potential
(Fig. 17c and d). We denote the overall charge density (in the
scaled form) as �rc(%y), which indicates the scaled form of rd(y)
within the dielectric liquid layer and re(y) within the electrolyte
medium. The results are presented for two different values of ER
(say, ER ¼ 0:1 and ER ¼ 1). When the permitivity ratio is far
smaller than 1, say ER ¼ 0:1, the impact of the ion partitioning
effect is prominent, however the ion partitioning effect is
absent for ER ¼ 1. Thus, for ER ¼ 0:1, the penetration of the
counterion across the dielectric liquid layer is less and leads to
a higher value of net charge density within the liquid layer. As a
result the magnitude in electrostatic potential is high, which in
turn leads to a large value in electric driving force that leads to
fluid motion. On the other hand, for ER ¼ 1, the accumulation
of counterions within the dielectric liquid layer is sufficiently
high and leads to a significant reduction in the overall charge
distribution and hence a lower magnitude in the electrostatic
potential.
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