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We analyze, theoretically and by means of molecular dynamics (MD) simulations, the

generation of mechanical force by a polyelectrolyte (PE) chain grafted to a plane and

exposed to an external electric field; the free end of the chain is linked to

a deformable target body. Varying the field, one can alter the length of the non-

adsorbed (bulk) part of the chain and hence the deformation of the target body and

the arising force. We focus on the impact of added salt on the magnitude of the

generated force, which is especially important for applications. In particular, we

develop a simple variational theory for the double layer formed near electrodes to

compute the electric field acting on the bulk part of the chain. Our theoretical

predictions agree well with the MD simulations. Next, we study the effectiveness of

possible PE-based nano-vices, comprised of two clenching planes connected by

PEs exposed to an external electric field. We analyze a novel phenomenon – two-

dimensional diffusion of a nano-particle, clenched between two planes, and

introduce a quantitative criterion for clenching efficiency, the clenching coefficient.

It is defined as a logarithm of the ratio of the diffusion coefficients of a free and

clenched particle. Using first a microscopic counterpart of the Coulomb friction

model, and then a novel microscopic model based on surface phonons, with the

vibration direction normal to the surface, we calculate the clenching coefficient as

a function of the external electric field. Our results demonstrate a dramatic

decrease of the diffusion coefficient of a clenched nano-particle for the range of

parameters relevant for applications; this proves the effectiveness of the PE-based

nano-vices.
aDepartment of Mathematics, University of Leicester, Leicester LE1 7RH, UK. E-mail: nb144@le.ac.uk; Tel: +44

116 252 2521
bNational Research University Higher School of Economics, Department of Applied Mathematics, Moscow,

Russia
cG. A. Krestov Institute of Solution Chemistry, Russian Academy of Sciences, Akademicheskaya St. 1, 153045

Ivanovo, Russia. E-mail: urabudkov@rambler.ru
dMax Planck Institute of Colloids and Interfaces, Science Park Golm, D-14424 Potsdam, Germany. E-mail:

seidel@mpikg.mpg.de

This journal is © The Royal Society of Chemistry 2017 Faraday Discuss., 2017, 199, 487–510 | 487

http://orcid.org/0000-0002-7107-0693
http://creativecommons.org/licenses/by/3.0/
http://creativecommons.org/licenses/by/3.0/
https://doi.org/10.1039/c6fd00240d
https://pubs.rsc.org/en/journals/journal/FD
https://pubs.rsc.org/en/journals/journal/FD?issueid=FD017199


Faraday Discussions Paper
O

pe
n 

A
cc

es
s 

A
rt

ic
le

. P
ub

lis
he

d 
on

 0
3 

Fe
br

ua
r 

20
17

. D
ow

nl
oa

de
d 

on
 0

1.
02

.2
02

6 
06

:5
6:

18
. 

 T
hi

s 
ar

tic
le

 is
 li

ce
ns

ed
 u

nd
er

 a
 C

re
at

iv
e 

C
om

m
on

s 
A

ttr
ib

ut
io

n 
3.

0 
U

np
or

te
d 

L
ic

en
ce

.
View Article Online
1 Introduction

In future nano-technology which will manipulate nano-objects, such as viruses, small
bacteria, cell organelles, vesicles, colloidal particles, etc., nano-actuators will play an
important role. In particular, it is expected that special devices that can keep a nano-
object xed will be highly needed. Indeed, thermal uctuations, which are hardly
visible in our macroscopic world, become dominant in the nano-world, where
interactions between a nano-object and the molecules of the surrounding medium
cannot be ignored. In contrast to the macroscopic world where one needs to apply
a force to make a body move, due to the presence of friction, in the nano-world one
needs to apply a force to prevent a particle’s motion. This occurs due to perpetual
molecular uctuations which cause Brownian motion. Hence it is highly desirable to
have a device that can x and release nano-size objects, subjected to an external
signal. We will call these devices “nano-vices” or “nano-nippers”. For biological
applications and nano-medicine it is also desirable that such devices will be able to
operate in aqueous solutions, including solutions with dissolved salt. Recently,
carbon nano-tube nano-tweezers operated by an electric eld have been proposed and
tested experimentally.1 These, however, have a serious limitation: the effectiveness of
such nano-tweezers is questionable for aqueous solutions, especially in the presence
of salt, which makes the solution conductive.1 Another limitation of such devices is
a relatively narrow range of operating distances, which implies that the carbon nano-
tube nano-tweezers can be exploited to operate nano-objects of a particular size,
determined by the respective size of the carbon nano-tube. Another set of devices,
designed to keep nano-objects xed, are optical tweezers.2 These, however, require
specic optical properties of an immobilized particle, which limits possible applica-
tions of the optical tweezers. Here we propose an alternative approach for a control-
lable nano-device that can immobilize a nano-size object. Namely, we propose an
application of electro-active polymers (polyelectrolytes) as a working body of nano-
actuators; polyelectrolytes can change their dimension in response to an external
electric eld and generate a mechanical force to keep a nano-object immobile.

In short, such nano-devices are comprised of two parallel planes (nano-sheets,
e.g. carbon nano-sheets3) and a few charged polyelectrolyte (PE) chains, which are
linked to the planes. If the voltage is applied to one (or two) nano-sheets, it gives rise
to an electric eld between them that changes the PEs conformation, since PEs are
attracted to the oppositely charged plane. The change of the PEs dimension will
cause a change in distance between the planes. Hence if a nano-sized object is
placed between the two planes it will be squeezed and kept immobilized. Varying
the voltage, one can either release the particle or x it stronger, see Fig. 1. The
xation strength may be quantied by the resulting diffusion coefficient of the
clenched particle; it is expected that the latter quantity becomes smaller by orders
of magnitude. Therefore two related problems are to be addressed: (i) generation of
a mechanical force by electro-active polymers in a response to an external electric
eld and (ii) the immobilization efficiency of a nano-size object by the nano-vices.

In our previous studies we analyzed salt-free solutions4–6 and showed the possi-
bility to clench a nano-size object using electroactive polymers in electric eld. For
possible applications, however, the presence of additional salt ions is essential,
especially for biotechnological or nano-medical applications. This makes the
problem signicantly more complicated, since the salt ions cause a screening of the
488 | Faraday Discuss., 2017, 199, 487–510 This journal is © The Royal Society of Chemistry 2017

http://creativecommons.org/licenses/by/3.0/
http://creativecommons.org/licenses/by/3.0/
https://doi.org/10.1039/c6fd00240d


Fig. 1 Illustration of the working principle of nano-actuators, based on electro-active poly-
mers in an electric field. The charged chains tend to adsorb on the bottom plane, decreasing
their bulk parts. This causes a decrease of the inter-plane distance, which entails the squeezing
of a nano-size particle between the planes; in this way the particle gets immobilized.

Paper Faraday Discussions
O

pe
n 

A
cc

es
s 

A
rt

ic
le

. P
ub

lis
he

d 
on

 0
3 

Fe
br

ua
r 

20
17

. D
ow

nl
oa

de
d 

on
 0

1.
02

.2
02

6 
06

:5
6:

18
. 

 T
hi

s 
ar

tic
le

 is
 li

ce
ns

ed
 u

nd
er

 a
 C

re
at

iv
e 

C
om

m
on

s 
A

ttr
ib

ut
io

n 
3.

0 
U

np
or

te
d 

L
ic

en
ce

.
View Article Online
applied electric eld, noticeably affecting the efficiency of the nano-device. Moreover,
the space distribution of the salt ions will depend on the conformation of the chain
(i.e. on the length of its adsorbed part) making the problem still more involved.
Hence, one of the main goals of the present study is to conrm that the nano-vices
can operate in the presence of salt and estimate the impact of salt on its efficiency.
In order to describe the electric eld in the presence of salt ions near the charged
surface, one can use the well-known Poisson–Boltzmann (PB) equation.7,8

Although numerous theoretical models of the electric double layer based on
the PB equation and its various modications have been developed,9–14 the
presence of a charged PE chain within the electric double layer makes the direct
application of these theories problematic. To avoid the difficulties associated with
the use of the PB equation, we formulate here a simple variational model, which
can be successfully applied to nd the distribution of the salt ions in the presence
of a PE chain, provided the electric eld of the charged surfaces is not small.

Obviously, the xation of a nano-size object in a nano-vice manifests a dramatic
decrease of the diffusion of the clenched object, owing to the increasing friction
between the planes of the nano-vices and the nano-particle, when the latter
becomes squeezed. We propose a new criteria of clenching effectiveness, based on
the degree of the diffusion suppression of a clenched object. Hence the effective-
ness of nano-vices is determined by the magnitude of the friction force (tangential
to the nano-vice planes) which arises in response to the increasing normal load on
the clenched particle. In our previous study we have exploited a mesoscopic model
of friction force between a nano-particle and clenching planes,15 with a phenome-
nological friction coefficient which lacks microscopic derivation. In the present
study we develop a novel microscopic model of solid friction based on surface
acoustic phonons. In contrast to existing microscopic theories of solid friction,
associated with the energy dissipation due to phonons, the new model demon-
strates an explicit dependence of the friction force on the normal load, which is
crucial for the analysis of the nano-vice efficiency. Our theoretical analysis of the
generated force is accompanied by numerical simulations.

The rest of the article is organized as follows. In Section 2 we consider the
dependence of the chain conformation on the applied electric eld. In Section 3
we analyze the diffusion of a nano-particle squeezed by the two planes and esti-
mate the effectiveness of clenching. In Section 4 we discuss our results and
Section 5 summarizes our ndings.
This journal is © The Royal Society of Chemistry 2017 Faraday Discuss., 2017, 199, 487–510 | 489
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Fig. 2 Left panel: The simplified one-chain model for the theoretical and numerical study:
one end of the chain is linked to the bottom plane and the other to a deformable target
body, modeled as an elastic Hertzian spring. Deformation of the body gives rise to the
restoring force, indicated by black arrow at the figure. Right panel: To analyze the action of
the electric field on the electro-active polymer, we assume that the cell of height Lmay be
divided into three zones – two zones refer to the adsorption layers near charged surfaces
(electrodes) and the third one refers to the bulk part of the cell.
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2 Generation of mechanical force by electro-
active polymers in an electric field
2.1 Theory

To compute the force generated by electro-active polymers in response to an
external electric eld we will analyze a simplied one-chain model. Here the
external eld E is the eld associated with the surface charge of the bottom and
upper electrodes. In this model it is assumed that a charged polymer (poly-
electrolyte) is linked by one of its ends to one (bottom) plane, charged with the
opposite sign, and by the other end to a deformable (target) body, see Fig. 2, le
panel†. The increase of the electric eld, that is, the increase of the surface charge
of the bottom plane, will lead to an increased adsorption of the chain on the
surface, which implies a decrease of the length of the bulk part of the chain. This
will cause the deformation of the target body, and hence the generation of the
mechanical force acting on the end of the chain. To nd the equilibrium
conformation of the chain and the force acting on its end, we compute the total
free energy of the system, comprising the PE chain, microions (salt ions and
counterions) and the deformable target body. Minimizing the free energy we will
nd the length of the bulk part of the chain and the force, generated by the chain.

We performed molecular dynamics (MD) simulations for the range of electric
elds, salt concentrations and chain lengths which may be relevant for applica-
tions. For these system parameters we have observed that the charge distribution
in the cell has three different zones. Two zones are located near the surfaces of the
charged planes and correspond to the adsorption layers of the electrodes. The
third zone corresponds to the bulk part of the cell. While the charge density is
relatively large in the near-electrodes zones, the corresponding charge density in
the bulk zone is rather small. These results are consistent with our previous
ndings for the salt-free case,4–6,15 where all counterions of the PE chain were
accumulated at one, oppositely charged electrode, leaving the bulk part of the
chain unscreened. This resulted in the renormalization of the external eld owing
to the additional surface charge at the electrode due to the adsorbed counterions.
† In the one-chain model, this mimics the action of the upper plane of the device.
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These observations motivate us to apply the following simple model of charge
distribution for the case when the additional salt ions are present. We assume that
there are two near-surface layers of thickness l1 (near the bottom plane) and l2 (near
the top plane) where the most of the ions are located. Since l1 and l2 are of the order
of an ion size, we additionally assume that the charge density in these layers is
constant, both in vertical and lateral directions. If the height of the cell is L, then in
the third zone of thickness, L� l1 � l2, the charge density is relatively small. In this
zone, there is a renormalized electric eld Er, which is the sum of the initial (bare)
electric eld E and the additional electric eld due to the adsorbed ions at both
electrodes. Both values l1 and l2 are variational parameters, which will be obtained
self-consistently from the minimization of the system free energy.

Let the PE chain be comprised of N0 charged monomers of charge qe (e is the
elementary charge) and size b and let Ns be the number of the chain monomers
adsorbed on the bottom surface. ThenN¼N0�Ns is the number ofmonomers that
belong to the bulk part of the chain. LetN0 chain’s counterions carry the charge�qe
and let N+ ¼ N� ¼ Nion be the total number of positive and negative salt ions. Some
of the salt ions are adsorbed on the electrodes and we denote N(i)

� and N(i)
0 the

numbers of positive and negative ions and counterions adsorbed on ith electrode,
where i ¼ 1, 2 is the electrode number; we attribute i ¼ 1 to the positively charged
bottom electrode and i ¼ 2 to the negatively charged upper electrode (see Fig. 2).
Using the shorthand notation {N(i)}¼N(1)

+ ,N(2)
+ ,N(1)

� ,N(2)
� ,N(1)

0 ,N(2)
0 , for the set of these

variables, we write the total free energy of the system in the following form

Ftot(N,{N(i)}) ¼ Fp(N,{N(i)}) + Fion({N
(i)}) (1)

where Fion is the free energy of the microions and Fp is the free energy of the graed
(that is chemically linked to the plane) negatively charged PE chain. Fp also includes
the elastic energy of the deformed target body and the interaction energy of the
chain with the microions and with the external electric eld. Fion reads,

Fion({N
(i)
�}) ¼ F(id)

ion({N
(i)}) + F(el)

ion({N
(i)}), (2)

with the ideal part,

bF id
ion ¼

�
Nion �N

ð1Þ
þ �N

ð2Þ
þ
� 

ln
Nion �N

ð1Þ
þ �N

ð2Þ
þ

L� l1 � l2
� 1

!
þ �Nion �Nð1Þ

� �N ð2Þ
�
�

�
�
ln
Nion �N ð1Þ

� �N ð2Þ
�

L� l1 � l2
� 1

�
þN

ð1Þ
þ

 
ln
N

ð1Þ
þ
l1

� 1

!
þNð1Þ

�

�
ln
N ð1Þ

�
l1

� 1

�

þN
ð2Þ
þ

 
ln
N

ð2Þ
þ
l2

� 1

!
þNð2Þ

�

�
ln
Nð2Þ

�
l2

� 1

�
þN

ð1Þ
0

 
ln
N

ð1Þ
0

l1
� 1

!

þN
ð2Þ
0

 
ln
N

ð2Þ
0

l2
� 1

!
þ
�
N0 �N

ð1Þ
0 �N

ð2Þ
0

� 
ln
N0 �N

ð1Þ
0 �N

ð2Þ
0

L� l1 � l2
� 1

!
;

(3)

where b ¼ (kBT)
�1 and li is the thickness of the ith adsorption layer. In eqn (3) we

use the standard expression for the ideal part of the free energy for the negative
and positive salt ions and counterions (see e.g. ref. 16),
This journal is © The Royal Society of Chemistry 2017 Faraday Discuss., 2017, 199, 487–510 | 491
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bF ðidÞ
a ¼

ð
raðrÞ

�
ln
�
La

3raðrÞ
�� 1

	
dr;

and skip unimportant constants. Here a ¼ �, 0 and La is the respective thermal
wavelength of the ions. Here ra(r) are the densities of the ions, that read N(1)

�,0/l1S for
the bottom layer, N(2)

�,0/l2S for the upper layer and (Nion � N(1)
� � N(2)

� )/(L � l1 � l2)S
and (N0 � N(1)

0 � N(2)
0 )/(L � l1 � l2)S, for the middle zone; S is the electrode area.

The electrostatic part of the free energy associated with ions may be expressed
in terms of the difference of the energy of the electric eld17 for the case in the
presence of the ions and for the case in their absence,

F
ðelÞ
ion ¼

ðL
0

�
3E 2ðzÞ
8p

� 3E2

8p

�
dz; (4)

where E (z) is the electric eld in the presence of the ions, E is the external eld
and 3 is the dielectric permittivity of the solvent. For the assumed uniform charge
distribution within the adsorption layers, one can easily nd the eld E (z) (e.g.
using the Gauss law):

E ðzÞ ¼

8>>><
>>>:

E þ E1ðzÞ; if 0\z\l1

E þ 2pðQ1 �Q2Þ
3S

; if l1\z\L� l2

E þ E2ðzÞ; if L� l2\z\L;

(5)

with

E1ðzÞ ¼ 2p

3S

�
Q1

z

l1
�Q2

�
;E2ðzÞ ¼ 2p

3S

�
�Q2

L� z

l2
þQ1

�
: (6)

Here Q1 and Q2 are the total charges of the surface layers of the rst (bottom) and
second (upper) electrodes,

Q1 ¼ e
�
qþN

ð1Þ
þ þ q�N ð1Þ

� � qN
ð1Þ
0

�
Q2 ¼ e

�
qþN

ð2Þ
þ þ q�N ð2Þ

� � qN
ð2Þ
0

�
;

(7)

with q� being the valencies of the salt ions and�q is a valency of the counterions.
Substituting eqn (5) into (4) we obtain

F
ðelÞ
ion ¼ El1

4
ðQ1 � 2Q2Þ � El2

4
ðQ2 � 2Q1Þ þ ðL� l1 � l2Þ

2
ðQ1 �Q2Þ

�
�
E þ pðQ1 �Q2Þ

3S

�
: (8)

Turn now to the free energy of the PE chain in the eld E (z). Following ref. 4
and 5 we assume that the bulk part of the chain is fully stretched and that one can
neglect the interaction between the adsorbed and bulk parts of the chain‡. Then
one can write,
‡ The deviations from the stretched conformation are not large and my be accounted by the regular
approach developed in ref. 6 and 15, where the interaction between the bulk and adsorbed parts has
been also taken into account and was proven to be small. Here we use the simplied theory of the
completely stretched chain and neglect interactions between the bulk and adsorbed parts.
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Fp ¼ Uspring + Fbulk + Fsurf. (9)

The elastic properties of the target body are modeled by a non-linear spring
with the elastic energy,

Uspring ¼ k

gþ 1
xgþ1; (10)

where k is the elastic constant (see eqn (36) below) and x is the deformation of the
body (i.e. of the spring). The length of the (fully stretched) bulk part of the chain
may be approximated as Nb (recall that N is the number of desorbed monomers
units, each of length b), which yields,

bUspringx
bkðl0 �NbÞgþ1

gþ 1
; (11)

where l0 is the linear size of the unloaded target body. The part of the free energy
associated with the bulk part of the chain of size Nmay be written as a sum of the
self-interaction part, and the part corresponding to the interaction of the chain
with the external eld E (z) in the bulk part of the system. The former part reads
for the fully stretched chain

XN
i¼1

XN
j¼1si

q2e2

3


zi � zj



xXN
i¼1

XN
j¼1si

q2e2

3bji � jjx
q2e2

3b
Nðln N � 1Þ;

where the zi ¼ bi is the z-coordinate of ith monomer (see ref. 4 and 5 for the
detail), while the latter one may be written as

XN
i¼1

qe4rðziÞ ¼ �
XN
i¼1

qeErzi ¼ �
XN
i¼1

qeErbi ¼ �1

2
qebErNðN þ 1Þ

where we introduce the renormalized eld Er ¼ E þ 2pðQ1 � Q2Þ
3S

, which corre-

sponds to the eld E (z), eqn (5), in the middle zone (that is, in the bulk part of the
system, apart from the surface layers). This eld is almost uniform, and 4r(z) ¼
�Erz is the renormalized potential. This term is the same as for the salt-free
case,4,5 with the eld E substituted by the eld Er. Hence one can write,

bFbulkx
q2lB

b
Nðln N � 1Þ � qebNðN þ 1ÞEr

2kBT
; (12)

where lB ¼ e2/3kBT is the Bjerrum length.
The free energy of the adsorbed part of the polyelectrolyte chain takes the form

bFsurfx
16

3p

bq2e2Ns
2

3Rg

� ln
�
ð2pÞNsP

�
Rg

2
��

þ qeE 0Ns; (13)

where E 0 ¼ E 0(b/2), E (z) is given by eqn (5) and Ns ¼ N0 � N is the number of
adsorbed monomers. The rst term in the r.h.s. of eqn (13) is the electrostatic
energy of the adsorbed part of the PE chain which we estimate as the energy of
a homogeneously charged at disc of total charge qeNs and radius Rg, corre-
sponding to the gyration radius of the adsorbed part.4,5 The second term is related
to the congurational entropy of the ideal polymer chain on a plane with the
distribution function of the square of the gyration radius P(Rg

2) and the third term
accounts for the interaction of the adsorbed part of the chain with the eld E (z),
This journal is © The Royal Society of Chemistry 2017 Faraday Discuss., 2017, 199, 487–510 | 493
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within the adsorption layer at the bottom surface. The distribution function of the
gyration radius P(Rg

2) is available in the literature for three,18 two5 and d-
dimensional cases.19 Due to the repulsion between the chain segments, which is
practically not screened (the adsorbed ions of the same charge do not screen the
adsorbed chain monomers) the surface part of the chain is stretched. Hence one
needs to use P(Rg

2) for the case when Rg
2 [ b2Ns,5,18,19

P
�
Rg

2
�
¼ p3=2e

Ns

exp

"
� p2Rg

2

Nsb2

#
: (14)

Furthermore, minimizing the part of the free energy in eqn (13) with respect to
the radius of gyration Rg, one can obtain the free energy of the adsorbed part of
the chain,

bFsurf x p(q2~lB)
2/3Ns � Ns ln 2p + ln Ns, (15)

where p ¼ 3(8/3)2/3.
We consider the case of 1 : 1 electrolyte, i.e., when q+ ¼ �q� ¼ 1. Moreover, we

assume that q ¼ �1. Thus, minimizing the total free energy, eqn (1), with respect
to the adsorption layer thicknesses li and numbers of adsorbed particle N(i)

a , where
a¼�, 0 and i¼ 1, 2, we arrive at the following system of coupled equations in the
limit L [ li

l1 ¼
�
N

ð1Þ
þ þNð1Þ

� þN
ð1Þ
0

�
L�

n0 þ nþ þ n� � Q1EL

4kBT

� ; (16)

l2 ¼
�
N

ð2Þ
þ þNð2Þ

� þN
ð2Þ
0

�
L�

n0 þ nþ þ n� þ Q2EL

4kBT

� ; (17)

Nð1Þ
�
n�

¼ l1

L
exp

�
eErL

2kBT
þ pe2NðN þ 1Þb

3SkBT

�
; (18)

N
ð1Þ
þ
nþ

¼ l1

L
exp

�
� eErL

2kBT
� pe2NðN þ 1Þb

3SkBT

�
; (19)

N ð2Þ
�
n�

¼ l2

L
exp

�
� eErL

2kBT
� pe2NðN þ 1Þb

3SkBT

�
; (20)

N
ð2Þ
þ
nþ

¼ l2

L
exp

�
eErL

2kBT
þ pe2NðN þ 1Þb

3SkBT

�
; (21)

N
ð1Þ
0

n0
¼ l1

L
exp

�
� eErL

2kBT
� pe2NðN þ 1Þb

3SkBT

�
; (22)

N
ð2Þ
0

n0
¼ l2

L
exp

�
eErL

2kBT
� pe2NðN þ 1Þb

3SkBT

�
; (23)
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where we introduce the short-hand notations, n0 ¼ N0 � N(1)
0 � N(2)

0 , n+ ¼ Nion �
N(1)
+ � N(2)

+ and n� ¼ Nion � N(1)
� � N(2)

� .
The above system of eight equations for eight unknowns, li, N

(i)
0 and N(i)

� for
i ¼ 1, 2 may be further simplied if the electric eld is not small, so that beEb
� 1. In this case the size of the surface layers will be mainly determined by the
electrostatic eld E and will not be noticeably affected by the presence of
counterions, which destroy the symmetry. Hence we expect that l1 z l2 ¼ l in
this case. For the same reason the following approximations are expected to be
valid, N(1)

� z N(2)
+ ¼ N1, N(2)

� z N(1)
+ ¼ N2, N(1)

0 � N0, and N(2)
0 z N0.

This also follows from the straightforward analysis of the above set of equa-
tions. As a result, the basic eqn (18)–(21) may be signicantly simplied,
yielding

N1

Nion �N1 �N2

¼ l

L
exp

�
eErL

2kBT
þ pe2NðN þ 1Þb

3SkBT

�
; (24)

N2

Nion �N1 �N2

¼ l

L
exp

�
� eErL

2kBT
� pe2NðN þ 1Þb

3SkBT

�
; (25)

where

l ¼ ðN1 þN2 þN0ÞL�
2ðNion �N1 �N2Þ þ eðN1 �N2 þN0ÞEL

4kBT

�x 4kBT

eE
: (26)

Minimization of the total free energy with respect to the number of desorbed
(bulk) monomers N yields

�beqErbN þ q2~lB ln N � bkðl0 �NbÞg �
�
ð192Þ1=3~lB2=3 � ln 2p

�
� bbqe

�
E þ 2p

3S

�
Q1

b

2l
�Q2

��
¼ 0; (27)

where the reduced Bjerrum length, ~lB ¼ lB/b, is introduced.
The system of coupled eqn (24)–(27) allows the calculation of the number of

desorbedmonomers N as a function of the applied electric eld E and the number
of salt ions Nion in the cell. Using N one can also nd the generated force, f ¼
�vUspring/vr, exploiting the relation

f ¼ k(l0 � Nb)g. (28)

Note that the above analysis based on eqn (16)–(23), or (24)–(26) and (27) allows
to nd all quantities that determine the actual electric eld in the system and
hence nd the potential difference between the electrodes U. In this way we have
one-to-one correspondence between the external eld E and U. For simplicity we
use below the variable E.
2.2 MD simulations

To conrm the predictions of our theory we performed MD simulations. The
setup was similar to that reported in ref. 4–6. Namely, we consider a freely jointed
bead-spring chain. All N0 ¼ 80 beads, except the one bound to the plane at z ¼ 0,
This journal is © The Royal Society of Chemistry 2017 Faraday Discuss., 2017, 199, 487–510 | 495
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carry one (negative) elementary charge q ¼ �1. N0 monovalent free counterions
and Nion positive ions with charge q+ ¼ 1 and Nion negative ions with q� ¼ �1,
make the system electroneutral. We assume an implicit good solvent,20 that is, we
assume that the solvent is a structureless dielectric medium with a dielectric
permittivity 3, and that all particles suffer short-ranged, purely repulsive inter-
actions, described by a shied Lennard-Jones potential.21,22 Neighboring beads
along the chain are connected by the standard FENE potential.21,22 The bond
length at zero force is b x sLJ where sLJ is the Lennard-Jones parameter.21,22 All
particles except the anchor one interact with a short-ranged repulsive potential
with the graing plane at z ¼ 0 and upper plane at z ¼ Lz. The simulation box has
the following parameters: its lateral dimension is Lx � Ly � ¼ 50b � 50b and the
box height is Lz ¼ L ¼ 40b.

The charged particles interact with each other and the external eld with an
unscreened Coulomb potential, quantied by the Bjerrum length. We set lB ¼ sLJ

and use a Langevin thermostat23 to hold the temperature kBT/3LJ ¼ 1, where 3LJ is
the Lennard-Jones energy parameter. More simulation details are also given in
ref. 21 and 22. The free end of the chain is linked to a deformable target body,
modeled by a Hertzian spring, eqn (11) and (28) with g ¼ 3/2 and the elastic
constant ~k¼ bkb3/2¼ 1. It has been shown recently the Hertzian force may be used
to model “core” interactions between nano-particles.24 For simplicity, we assume
that the anchor of a spring is xed and aligned in the direction of the applied
eld.

We consider three different systems, with Nion ¼ 0, which corresponds to
the salt-free system, with Nion ¼ 100, which corresponds to the solution with
a salt concentration ns ¼ 4.6 � 10�4 M, and with Nion ¼ 300, which corre-
sponds to ns ¼ 1.38 � 10�3 M, and we explore bare elds ~E¼ beEb$ 1. We have
observed that for these elds adsorbed layers with a thickness of about
one microion size are formed, leaving the bulk of the system practically
salt-free.

In Fig. 3 we compare the predictions of our theory with the results of the MD
simulations. As one can see from the gure, the increase of salt concentration in
the cell leads to a decrease of the mechanical force. As also seen in the gure, the
Fig. 3 The dependence of the generated force ~f ¼ fb/kBT on the applied electric field
~E ¼ eEb/kBT for Hertzian springs (g ¼ 3/2) with ~k ¼ kbg/kBT ¼ 1 for Nion ¼ 0, Nion ¼ 100
(ns ¼ 4.6 � 10�4 M), and Nion ¼ 300 (ns ¼ 1.38 � 10�3 M) obtained theoretically and in the
MD simulations. The data are shown for L ¼ 40b, S ¼ 50 � 50b2, l0 ¼ 20b and N0 ¼ 80.
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theoretical model is in a good agreement with the simulation results for the
studied range of electric elds. The accuracy of the theory worsens, however, for
smaller elds, ~E < 1, where the theory underestimates the force. This is probably
related to the fact that for small electric elds the concept of well dened
adsorption layers is no more justied.25
3 Diffusivity of a nano-particle between two
planes: analysis of clenching efficiency
3.1 Denition of clenching efficiency and classication of friction models

As we have already mentioned, the mechanics of the nano-world has an aston-
ishing principle: to keep a body immobilized, one needs to apply a force. This
happens due to permanent thermal uctuations that give rise to a continuous
Brownian motion of a particle. The intensity of the Brownian motion may be
quantied by its diffusion coefficient D. If the particle is clenched between two
planes, as it is considered in our model of nano-vices, the friction forces between
the planes and the particle, hinders its diffusivity. Obviously, the smaller the
resulting diffusion coefficient D, the more efficient the actuator. Ideally, one
wishes to completely suppress D, which is not, strictly speaking, possible;
nevertheless, D may be reduced up to a desired order.

To quantify the clenching efficiency of nano-vices we introduce the clenching
coefficient ccl, dened as a natural logarithm of the ratio of the diffusion coeffi-
cient D0 of a free particle and that of a clenched particle D,

ccl ¼ log
D0

D
: (29)

The surrounding uid, acts on a particle twofold – rst, with a random force
j(t), and second the particle suffers a viscous force �gvV directed against its
velocity V, where gv is the friction coefficient. In thermal equilibrium there exists
a relation, the so-called “uctuation–dissipation theorem”, which relates the time
correlation function of the random force j(t) and the friction coefficient gv:

hji(t)jj(t
0)i ¼ 2kBTgvdijd(t � t0) i, j ¼ x, y, z. (30)

The action of the surrounding uid is dubbed as “viscous friction” and the
friction coefficient may be related to the radius of the nano-particle Rp ¼ l0/2 and
the uid viscosity h by the Stokes law, gv ¼ 6phRp.16

The friction force that acts between the electrode surfaces and the particle is
called “dry friction” or “solid friction”; we designate it as Fsol.fr.. Then the Lan-
gevin equation of motion for a nano-particle of mass m reads,

m
d2r

dt2
¼ �gv

dr

dt
þ jðtÞ þ Fsol:fr:: (31)

The dry friction force is well known formacroscopic bodies, where it is described
by a Coulomb friction model, Fsol.fr. ¼ �mFNV/|V|, with the dry friction coefficient m
and the normal force FN.26 Using the above Langevin equation, the Brownian
motion under the action of the Coulomb friction force27 and the combination of the
This journal is © The Royal Society of Chemistry 2017 Faraday Discuss., 2017, 199, 487–510 | 497
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Coulomb and viscous friction force28,29 has been studied. Still, a rst-principle
molecular model of solid friction on nano-scales is presently lacking.30,§

Here we will consider two microscopic models of solid friction which we will
call “athermal” and “thermal” models. In the athermal model it is assumed that
the friction force plays only a passive role of hindering the relative motion of two
contacting surfaces. It is determined by the “quenched” roughness of the surfaces
and is characterized by the static friction force{, which does not depend on the
relative velocity of the surfaces, as the Coulomb friction force.26 This model is
applicable for surfaces with a high roughness, when the amplitude of the thermal
uctuations of a surface (normal to the plane) is much smaller than the charac-
teristic size of the surface asperities, see Fig. 4; the viscous friction, proportional
to the velocity is signicantly smaller than the static friction and we will neglect it
for this model.

The thermal model corresponds to the dynamic roughness of very smooth
(molecularly smooth) surfaces, which arises due to surface phonons, transversal
to the plane, see Fig. 6. The example of such surfaces are the surfaces of mono-
crystals or carbon nano-sheets with a small density of surface defects. We also
assume that one can neglect static friction as for the case of incommensurate
periodic surfaces at a contact.34,36 The dynamic roughness, determined by the
propagation and decay of the transversal to the plane surface phonons, gives rise
to a uctuating tangential random force that can cause a spontaneous two-
dimensional Brownian motion; this mechanism of Brownian motion may be
efficient only for nano-particles, with a size smaller or comparable to the surface
phonons’ wavelengths. According to the uctuation–dissipation theorem, similar
to eqn (30), the uctuating force of the thermal model is accompanied by the
resistance force proportional to the particle velocity and directed against the
velocity.

Below we consider separately thermal and athermal models of solid friction.
We wish to stress however that we analyze the diffusion of a squeezed nano-
particle only between the planes, that is, we do not consider a possibility of the
particle leaving the device; the latter may produce a potential well itself for the
particle.

3.2 Athermal model of surface friction: quenched roughness

The microscopic derivation of the friction force for the athermal model is very
complicated. Hence we use here a Cundall–Strack-like model,37 which is
a microscopic version of the Coulomb friction model. The Cundall–Strack (CS)
model has been applied to describe the tangential friction between colloidal
particles.38 The derivation of the diffusion coefficient for the athermal CS model
has been done in our recent study;15 here we briey sketch this approach.

In our CS-like model it is assumed that the solid friction force, acting against
an external force, is equal to the force of a harmonic spring, �wD, where D ¼ (r �
r0) and r0 is the initial position of a body before the external force started to act.
§ Here we mean the lack of a rst-principle theory of solid friction between a nano-particle under a load
and a solid surface. There exists, however, rst-principle31–34 and molecular-level phenomenological
theories, e.g. ref. 34–36, of solid friction for adsorbed monolayers, see the discussion below.

{ Here we neglect, for simplicity, the difference between the static and sliding friction force; the latter is
generally smaller.26,34

498 | Faraday Discuss., 2017, 199, 487–510 This journal is © The Royal Society of Chemistry 2017
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Fig. 4 The athermal model of solid friction. The surface has a quenched roughness, such
that the amplitude of thermal fluctuations of the surface is negligible as compared to the
characteristic size of the surface asperities. (a) Brownian particle is located in a potential
well built up by the surface asperities. (b) Illustration of the Cundall–Strack (CS) model:
a particle experiences a linear-spring restoring force, until its displacement reaches d,
where the spring breaks and the particle shifts by d. (c) The harmonic potential well
corresponding to the CS model and quasi-equilibrium (Boltzmann) distribution of parti-
cle’s positions inside the well.
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When the displacement from the initial position reaches some quantity d, the
spring breaks and the body remains displaced by D ¼ d in the direction of the
acting force, see Fig. 4b. Aer this displacement to the new position takes place,
the resistance force acts with respect to the new (shied) initial position. Hence
the body moves by jerks, which are not visible for macroscopic bodies, since the
jerks occur on the microscopic scale d. The maximal force in this model is wd,

while the average force is equal to ð1=dÞ
ðd
0
wxdx ¼ wd=2. On the macroscopic

scale, L[ d, the body moves smoothly with the average resistance force equal to
Fsol.fr. ¼ mFN ¼ wd/2, hence we obtain, w ¼ 2mFN/d.

When the displacement from an initial position is smaller than d, the restoring
harmonic force may be written as the gradient of the restoring potential, Fsol.fr. ¼
�VU with U ¼ mFN(r � r0)

2/d. Substituting this expression for Fsol.fr. into eqn (31)
we obtain the Langevin equation for a particle in a potential U. Therefore, in the
athermal CS-like model of solid friction we have the following physical picture of
a particle diffusion: it performs a thermal motion within a potential well U,
centered at its initial position. If, subjected to a random force, the particle moves
away from the center, further than d, then it arrives at a new potential well,
centered at the distance d away from the initial well. In this way a jerk from the
position r0 to a new position r0 + d takes place. Aer k such jerks the position of
the particle will be r0 + d0 + d1 +.dk, where |di| ¼ d and hdi$dji ¼ d2dij, since all
these jerks are uncorrelated. If the average time between successive jerks is equal,
s, it is straightforward to show that the diffusion coefficient reads D ¼ d2/4s.15

Hence to compute the diffusion coefficient one needs to know s. This may be
found, using the Langevin eqn (31) with the potential U. We assume that the
viscous force is large, so that the inertial effects may be neglected. Then the x-
component of the overdamped Langevin equation takes the form,39

_x ¼ g�1dU
dx

þ ~jðtÞ (32)
This journal is © The Royal Society of Chemistry 2017 Faraday Discuss., 2017, 199, 487–510 | 499
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with h~j(t)~j(t0)i ¼ 2D0d(t� t0), where D0 ¼ kB/g is the diffusion coefficient of a non-
constrained particle and U(x) ¼ mFNx

2/d; we also choose r0 ¼ 0.
The above Langevin equation allows us to write an equation for the average

time, T(x), needed for a particle, initially located at point x within the potential
well, to reach the point x¼�d, where the particle releases from the well and a jerk
takes place. This equation, which is called “mean rst-passage time” equation39,40

reads,

D0

d2TðxÞ
dx2

� g�1dUðxÞ
dx

dTðxÞ
dx

þ 1 ¼ 0; (33)

with the obvious boundary conditions, T(�d) ¼ T(d) ¼ 0. Finding T(x) from the
above equation15 and averaging this quantity over the initial locations x, one
obtains s, and eventually, the diffusion coefficient.15 If U(d)/kBT ¼ mFNd/kBT [ 1
the distribution of the initial locations is very close to the equilibrium distribu-
tion �e�U(x)/kBT (see Fig. 4c), yielding the following result for D:15

D ¼ D0ffiffiffiffi
p

p
�
mFNd

kBT

�3=2

e�mFNd=kBT : (34)

From eqn (34) one nds the clenching coefficient for the athermal model of
solid friction between the particle and the electrodes:

ccl ¼ logðD0=DÞx mFNd

kBT
; (35)

where we omit the logarithmic correction to the large main term.
As it may be seen from eqn (35), the clenching coefficient linearly increases

with the increasing normal force FN. The latter quantity is determined by the
applied electric eld, as has been discussed in the previous section. Using m¼ 0.2,
motivated by the friction coefficients between polymer surfaces (e.g. m ¼ 0.5 for
polystyrene–polystyrene, m ¼ 0.15–0.25 for nylon–nylon, etc.), and taking into
account that the friction force acts on the top and bottom part of a clenched
particle, which duplicates the friction force, we calculate ccl as a function of the
electric eld, see Fig. 5.
3.3 Thermal model of surface friction: dynamical roughness due to surface
phonons

In this subsection we develop a theory of dynamical surface roughness caused by
the transversal surface phonons, with the displacement direction normal to the
surface. The current height of the surface at a point r and time t is determined by
the amplitude and phase of the surface phonons at this point, see Fig. 6. We
assume that only acoustic long-wavelength phonons are important for this fric-
tion mechanism and neglect high-frequency optical phonons. We also assume
that the wave-length of the acoustic phonons l is much larger than the particle
size, l [ Rp.

Note that the crucial role of phonons in energy dissipation for solid friction for
molecular smooth surfaces was recognized long ago. The independent oscillator
model, also known as Prandtl–Tomlinson model is the most simple model of
surface friction due to the damped oscillation of atoms, already suggested in
500 | Faraday Discuss., 2017, 199, 487–510 This journal is © The Royal Society of Chemistry 2017
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Fig. 5 The dependencies of the clenching coefficient for the athermal CS model of solid
friction, eqn (35), on the applied electric field, ~E ¼ eEb/kBT, for different concentrations of
salt. Themodel parameters are m¼ 0.2 and d¼ b, while the other parameters are the same
as in Fig. 3. The magnitude of the normal force FN is taken from the MD simulations.
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1928.35,36 In this model, two solids slide with respect to each other, so that all
atoms of the lower solid are immobile and present a periodic potential to the
atoms of the upper solid. Only the surface atoms of the upper solid are movable;
they are connected to the bulk part of the upper solid via springs that mimic the
chemical bonds. These atoms, however, are unconnected to each other or any
other oscillators. Due to the presence of the periodic potential, the relative lateral
motion of the two solids leads to the vertical vibrations of the surface atoms; these
independent dumped oscillations dissipate energyk. In the one-dimensional
Frenkel–Kontorova model and in its two-dimensional generalizations the
moving surface atoms are interconnected by springs,34,36,41,42 while in the Frenkel–
Kontorova–Tomlinson models (see e.g. ref. 35, 36 and 43) the moving surface
atoms are connected not only between themselves but also to the upper part of the
solid. Similar features have composite oscillators and hybrid models (see e.g. ref.
36 and 44). In these models the phonon modes are excited by the periodic
potential as the two solids slide on each other and the energy of the directed
motion transforms into the energy of the phonon modes, giving rise to a micro-
scopic dissipation mechanism. In some models phenomenological damping
constants are ascribed to the connecting springs, while other models use the
microscopic elastic constants of the solid material, so that the viscous damping
coefficient is determined by the parameters of the periodic potential and phonon
dispersion.36,41 Most of the above models are essentially phenomenological ones.
A rst-principles model of phonon dissipation has been developed for solid
friction for adsorbed monolayers;31–33,36 however, a given periodic potential
between surfaces was assumed.
k Although this dissipation mechanism is classied usually as a phononic one, see e.g. a review, ref. 36,
the dissipation takes place in dumped oscillations of independent oscillators rather than in collective
modes.
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Fig. 6 The thermalmodel of solid friction. A sketch of an instant form of the surface due to
the surface phonon Ak cos(kx � ut � bk) with bk ¼ kb for t ¼ 0 is shown. The elastic force
Fel is applied at the center of the contact zone O and the boundary between the surface
and the particle is the plane AB. Points x1 and x2 are the x-coordinates of the left and right
boundaries of the contact zone, while xm – of the center of the contact zone (of the point
O). a designates the angle between z-axis and the elastic force Fel. The amplitude of the
phonon is strongly exaggerated.
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Unfortunately, none of the above theories may be directly applied for the case
of interest to describe solid friction of a nano-particle and analyze the efficiency of
nano-vices. The reason for this is two-fold: (i) the above models mostly deal with
innite at surfaces, or clusters of surface atoms, while we need to consider
friction for a particle of a limited size, but with an essential volume dimension,
like e.g. a colloidal particle. (ii) The periodic inter-surface potential that causes the
coupling between the lateral motion of the surfaces and vibration modes
(phonons) is considered as a given one. No relations between the parameters of
this potential and the normal load are available. Hence for the case of dynamical
roughness, that yields the velocity-dependent friction, it is not possible to exploit
these models to analyze the dependence of the solid friction and diffusion of
a nano-particle, on the normal load, generated by nano-vices.

In contrast, the novel model of solid friction developed here, naturally relates
the tangential force acting on a nano-particle to the amplitude and phase of the
transversal to the plane surface phonons. The dependence of the lateral force on
the normal load naturally appears in the new theory. In what follows we give
a detailed derivation of the microscopic solid friction force for the case of the
thermal model. Since we neglect the atomic scale corrugation of the surface,
which entails static friction, our model provides an estimate for the low boundary
of the solid friction force due to the thermal uctuations only.

Note that the rigorous approach requires the derivation of the theory in two
steps – rstly, one needs to construct a classical Hamiltonian and, secondly, to
perform second quantization in terms of creation and annihilation phonon
operators. This program is rather ambitious and we leave it for future studies.
Here we perform a classical analysis.

Consider a bottom plane, located at z¼ 0 and a nano-particle, which we model
by a sphere of radius Rp. If the particle is not deformed, and the plane is not
disturbed by the surface phonons, the z-coordinate of its center is located at z0 ¼
Rp. If the particle is squeezed, so that z0 < Rp, we dene its deformation as x¼ Rp�
z0. Then the Hertzian elastic force Fel,0, in the absence of the phonons (marked by
the index 0) is equal to:45
502 | Faraday Discuss., 2017, 199, 487–510 This journal is © The Royal Society of Chemistry 2017

http://creativecommons.org/licenses/by/3.0/
http://creativecommons.org/licenses/by/3.0/
https://doi.org/10.1039/c6fd00240d


Paper Faraday Discussions
O

pe
n 

A
cc

es
s 

A
rt

ic
le

. P
ub

lis
he

d 
on

 0
3 

Fe
br

ua
r 

20
17

. D
ow

nl
oa

de
d 

on
 0

1.
02

.2
02

6 
06

:5
6:

18
. 

 T
hi

s 
ar

tic
le

 is
 li

ce
ns

ed
 u

nd
er

 a
 C

re
at

iv
e 

C
om

m
on

s 
A

ttr
ib

ut
io

n 
3.

0 
U

np
or

te
d 

L
ic

en
ce

.
View Article Online
Fel;0 ¼ kx3=2 ¼ 2

3

Y
ffiffiffiffiffiffi
Rp

p
ð1� n2Þx

3=2; (36)

where Y is the Young modulus and n is the Poisson ratio of the particle
material**.

We will model the surface acoustic phonons as transversal harmonic waves:

z(r,t) ¼ Ak cos(k$r � ukt � bk)e
�t/sph, (37)

where z(r,t) is the height (z-component) of the surface of the bottom plane at point
r and time t due to the presence of the phonon, see Fig. 6. Here k is the wave-
vector of the phonon, Ak is its amplitude, uk ¼ ck is the frequency, with c being
the speed of sound for the acoustic surface waves, and bk is the according initial
phase. We also assume that the surface phonons decay due to different mecha-
nisms, with the characteristic time sph; this means that if at some initial time t ¼
0 the amplitude of a phonon was Ak, at later time t it would be Ak e

�t/sph.
We will address here the case of small amplitudes, Rp [ Ak, and small

deformation of the nano-particle and analyze the deformation and the elastic
force in the presence of the surface phonons. For small Ak, one has a linear
regime, so that the impact of each phonon may be inspected separately. Consider
a phonon with the wave-vector k parallel to the axis x, where lk � k�1 [ Rp; Fig. 6
sketches the corresponding geometry. The problem may be analyzed as a usual
Hertzian contact problem,45 but with an inclined plane due to the surface
phonon. The boundary between two surfaces may be approximated by the plane
AB and the elastic force Fel is applied at the center O of a circular contact zone (see
e.g. ref. 45). The deformation x1 may be found from the simple geometry as x1 ¼
lOC cos a, where lOC is the length of the vertical segment OC and a is the angle
between the direction of the elastic force, perpendicular to the contact plane, AB,
and the z-axis. The length lOC follows again from the simple geometry, see Fig. 6:

lOC ¼ 1

2

�
zpðx1Þ þ zpðx2Þ

	� zpðxmÞ; (38)

where x1 and x2 are respectively the x-coordinates of the le and right boundaries
of the contact zone A and B and xm ¼ (x1 + x2)/2 is the x-coordinate of the center of
the contact zone O. Here zp(x) is the equation of the (equatorial) cross-section of
a sphere of radius Rp, shied by x downwards:

zpðxÞ ¼ Rp �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Rp

2 � x2

q
� xx

1

2Rp

x2 � x; (39)

where we take into account that the deformation is not large, x� Rp. The surface
prole at t ¼ 0 due to the presence of a phonon reads,

zkðx; 0Þ ¼ Ak cos½kðx� bkÞ�xAk

�
1� 1

2
k2ðx� bkÞ2

�
; (40)

where we write the phase shi bk as bk ¼ kbk and take into account that, for the
long-wave acoustic phonons, k � lk

�1, so that only leading terms in the wave-
** Note that it has already been shown that the Hertz law, eqn (36), is applicable for nano-particles of
about 500–1000 atoms.24
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vector k are to be kept. Hence the boundary points x1 and x2 may be found from
the equation:

zk(x) ¼ zp(x). (41)

Using the above equations we nd the following result, keeping only leading-
order terms in k:

zpðxmÞ ¼
�
Akk

2bkRp

�2
2Rp

� xx� xþ O
�
k4
�

zpðx1Þ þ zpðx2Þ
2

¼ Ak þ 1

2
Akk

2
�
bkRp � bk

2 þ 2ðAk þ xÞRp

	þ O
�
k4
�
:

(42)

From the simple geometry it also follows:

tan a ¼ zpðx2Þ � zpðx1Þ
x2 � x1

xAkk
2bk þ O

�
k4
�
: (43)

For small amplitudes Ak the angle a is also small, so that tan a x a and

cos ax1� 1

2
a2 ¼ 1þ O

�
k4
�

(44)

sin a x Akk
2bk + O (k4). (45)

Using the above equations we obtain for the deformation x1:

x1 ¼ Ak þ xþ 1

2
Akk

2
h
bkRp

2 � bk
2 þ 2Rpðxþ AkÞ

i
þ O

�
k4
�
; (46)

and, nally, for the x-component of the elastic force Fx ¼ Fel cos a:

Fx ¼ �kAkk
2bk(Ak + x)3/2 + O (k4). (47)

Since the direction of the axis x was chosen along an arbitrary wave-vector k,
eqn (47) provides a lateral force acting on the nano-particle due to a surface
phonon that is characterized by its wave-vector k, amplitude Ak and the phase
shi bk. It may be also written as

Fk x �kk̂Akk
2bk(Ak + x)3/2, (48)

where k̂ ¼ k/k is a unit vector in the direction of k. To obtain the total lateral force
one needs to sum over all wave-vectors k and average with an appropriate
statistical weight over all possible values of Ak and bk††. We assume that the
classical Boltzmann–Gibbs distribution P({Ak,bk}),
†† We assume that the total force may be written as the sum over all k, Ak and bk, that is, we assume that
the superposition of the deformation forces Fk is applicable. It is expected that in the regime of linear
deformations and small values of x and Ak this approximation is reasonable.
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PðfAk; bkgÞ ¼ 1

Z
e�H=kBT

H ¼
X
k

ð
1

2
rsAk

2c2k2dS þ 2

5
kx1

5=2 þ O
�
k4
� (49)

Z ¼
Y
k

ðN
0

dAk

ðlk=2
�lk=2

dbke
�H=kBT ¼

Y
k

�
2p

k

�ðN
0

dAke
�H=kBT ; (50)

is applicable for the case of interest and that the phase shi bk is distributed
uniformly within the interval [�lk/2,lk/2], where lk ¼ 2p/k. Here H is the system
Hamiltonian, rs is the effective surface density of the bottom plane, associated
with the acoustic phonons, c is the speed of sound of the surface waves. In the
above eqn (49) we use the expression for the energy density of the acoustic
phonons, (1/2)Ak

2rsuk
2, and the elastic energy of a squeezed sphere (2/5)kx1

5/2

with the deformation x1, given by eqn (46). The integration
ð
dS in the above

equation denotes integration over the surface of the bottom plane with the total
area S.

All directions of k have equal probability, therefore the average total lateral
force due to the solid friction is zero. For the thermal model considered here, the
general uctuation–dissipation theorem is valid. According to this theorem, the
thermal force of molecular origin, which acts on a particle, may be represented as
a sum of two components, a stochastic one, which the average is zero, and
a regular one, that depends on the particle velocity V, that is,46

Fsol:fr:ðtÞ ¼
X
k

FkðtÞ ¼ �
ðt
0

~gsol:fr:ðt� sÞVðsÞdsþ zðtÞ: (51)

Moreover, the memory function ~gsol.fr.(t) may be expressed in terms of the time-
correlation function of the stochastic component,

hz(t0)$z(t)i ¼ 2kBT~gsol.fr.(t � t0), hz(t)i ¼ 0, (52)

where we take into account that the particle performs two-dimensional motion.
One can expect that the characteristic time of velocity relaxation of the Brownian
particle is signicantly larger than the phonon relaxation time sph introduced
above. In this case the memory function may be approximated, with a good
accuracy, by the delta function, that is, ~gsol.fr.(t � t0) ¼ 4gsol.fr.d(t � t0). Then the
memory function may be substituted by the friction coefficient which reads,

gsol:fr: ¼
1

2kBT

ðN
0

X
k1 ;k2

�
Fk1ð0Þ$Fk2ðtÞ

�
dt

¼ k2

2kBT

ðN
0

dt
X
k1 ;k2

�
k1

2k2
2
�
k̂1$k̂2

�
bk1ð0Þbk2ðtÞ

� Ak1ðAk1 þ xÞ3=2A0
k2ðA0

k2
þ xÞ3=2

�
; (53)

where A0k2 ¼ Ak2 e
�t/sph, as it follows from eqn (37), for the model of decaying

phonons and the averaging is to be performed with the distribution P({Ak,bk})
given by eqn (49). Since all directions k̂ are equivalent we conclude that we need to
This journal is © The Royal Society of Chemistry 2017 Faraday Discuss., 2017, 199, 487–510 | 505
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use (k̂1$k̂2) ¼ dk̂1,k̂2
in the above equation. If we also assume that the thermal

amplitudes of the phonons are small, so that Ak � x, we obtain,

gsol:fr: ¼
k2x3

2kBT

ðN
0

dte�t=sph
X
k

k4
�
bkð0ÞbkðtÞAk

2
�
: (54)

Using the distribution (49) one can write:

�
bkð0ÞbkðtÞAk

2
� ¼ 1

lk

ðlk=2
�lk=2

�
bk

2 þ bkct
�
dbk �

�
2akffiffiffiffi
p

p
�ðN

0

Ak
2 e�ak

2Ak
2

dAk

¼ p2

3k2

�
2akffiffiffiffi
p

p
� ffiffiffiffi

p
p
4ak

3
¼ p2

6k2

1

ak
2
; (55)

where we take into account that bk(0) ¼ bk and bk(t) ¼ bk + ct, and introduce the
shorthand notation,

ak
2 ¼ c2rsS

2kBT
k2: (56)

Substituting eqn (55) and (56) into (54) and integrating over t we obtain,

gsol:fr: ¼
k2x3

2kBT
sph
X
k

k4 p2

6k2ak
2
: (57)

To perform the summation over all possible wave-vectors k of the acoustic
surface phonons, we follow the standard procedure: (i) we change the summation
to the integration, using the factor (S/4p2) which accounts for the density of
phonons and (ii) we integrate up to the maximal wave-vector kD ¼ uD/c, corre-
sponding to the Debye frequency uD:47

gsol:fr: ¼
p2

6

k2x3sph
c2rsS

�
S

4p2

�
2p

ðkD
0

kdk ¼ p

24

k2x3sphkD
2

c2rs
: (58)

The Debye frequency uD (ref. 47) can be estimated from the relation, see e.g.
ref. 47:

2
S

4p2
2p

ðuD=c

0

kdk ¼ 3N ; (59)

where N is the total number of atoms (molecules) at the surface (3N is the number
of the degrees of freedom of surface atoms, which can perform lateral and
tangential to the surface vibrations); the factor of two in the le hand side of the
above equation takes into account the fact that for each wave-vector k one has two
(sinusoidal and cosinusoidal) modes. Taking into account that the normal force
squeezing the particle is FN ¼ Fel,0 ¼ kx3/2 and using rs ¼ m0N /S, where m0 is
a mass of a surface atom (molecule), we nally arrive at the following expression
for the friction coefficient,

gsol:fr: ¼
p2

4

sph
m0c2

FN
2 ¼ g

0
s:f:FN

2: (60)
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For further estimates we take the following values: c ¼ 104 m s�1, m0 ¼ 2 �
10�26 kg, which are respectively the characteristic speed of sound in solids (we use
its bulk value) and the characteristic atomic mass (we use the mass of a carbon
atom). To estimate the value of sph we take into account that in a bulk of a crystal
the characteristic scattering length of phonons is about ten lattice units;47 with
the above speed of sound it yields the value of sph � 10�11 s.

We wish to stress that this coefficient corresponds to the thermal friction
model and characterizes the lateral resistance force Ft ¼ �gsol.fr.V acting against
the velocity of a particle V. It has a different nature than that of the Coulomb
friction force, which is athermal and does not depends on a particle velocity.

The diffusion coefficient may be found now from the Langevin eqn (31),

m
d

dt
V ¼ �

�
gv þ g

ð1Þ
sol:fr: þ g

ð2Þ
sol:fr:

�
Vþ jðtÞ þ zð1ÞðtÞ þ zð2ÞðtÞ; (61)

where g(i)
sol.fr. and z(i)(t), i ¼ 1, 2, are respectively the friction coefficient and

random force associated with the bottom (i ¼ 2) and upper (i ¼ 2) planes. Since
V(0) and j(t) and z(i)(t) are uncorrelated random variables (see e.g. ref. 46), one
obtains the velocity correlation function,

hVð0Þ$VðtÞi ¼ �V2
�
e
�
�
gvþg

ð1Þ
sol:fr:

þg
ð2Þ
sol:fr:

�
t=m (62)

and then the diffusion coefficient D ¼ ð1=2Þ
ðN
0
hVð0Þ$VðtÞidt:

D ¼ kBT

6phRp þ 2g0
s:f :FN

2
: (63)

The clenching coefficient in this case reads,

ccl ¼ log

�
2g

0
s:f :FN

2 þ 6phRp

6phRp

�
; (64)

where we assume, for simplicity that g(1)
sol.fr. ¼ g(2)

sol.fr.. As it follows from the above
equation, the clenching coefficient depends logarithmically on the squeezing
force FN for the case of smooth surfaces and the thermal friction model. The
dependence of the clenching coefficient on the applied eld E for the different
concentrations of salt is demonstrated in Fig. 7.

4 Results and discussion

As one can see from Fig. 3, our theory for the mechanical force, generated by a PE
in an electric eld, linked to a deformable target body agrees fairly well with MD
simulations if the eld is not small, ~E ¼ beEb > 1, but loses its accuracy for smaller
elds for high salt concentrations. The main reason for this is that the concept of
a localized surface layer, with a size lmuch smaller than the size of the cell L, l�
L, is not adequate. For small elds, one has l � L for our setup, so that the
idealization of an unscreened bulk part of the chain, located in the renormalized
uniform electric eld is not any more realistic. This idealization, however, may be
applicable for longer chains, in cells with larger L, so that the approximation l� L
remains valid.

Nevertheless, one can expect that small elds are not of much relevance for
possible applications, since the force generated by the nano-vices should be
This journal is © The Royal Society of Chemistry 2017 Faraday Discuss., 2017, 199, 487–510 | 507

http://creativecommons.org/licenses/by/3.0/
http://creativecommons.org/licenses/by/3.0/
https://doi.org/10.1039/c6fd00240d


Fig. 7 The dependencies of the clenching coefficient for the thermal model of solid
friction, eqn (64), on the applied electric field, ~E ¼ eEb/kBT, for different concentrations of
salt. Themodel parameters are Rp¼ l0/2¼ 10b, c¼ 104 m s�1,m0¼ 2� 10�26 kg and sph¼
10�11 s. For the fluid viscosity h we use the water viscosity at T ¼ 300 K. The other
parameters are the same as in Fig. 3. The magnitude of the normal force FN is taken from
the MD simulations.
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strong enough to keep a nano-size object xed. Hence the limitations of our
theory for small elds are not very important.

As it follows from Fig. 5 the mechanical force generated in the studied setup is
large enough to signicantly reduce the diffusion coefficient of a nano-particle,
which is quantied by the clenching coefficient ccl. One can also notice that
the presence of salt noticeably reduces the efficiency of clenching, since the salt
ions diminish the effective eld and hence reduce the generated force.

Comparing Fig. 5 and 7 one can notice that the athermal model demonstrates
a much larger clenching coefficient which has a much steeper dependence on the
electric eld E as compared to that of the thermal model. Certainly, this is not
surprising, since the athermal model corresponds to a rough surface on the
electrodes, while the thermal model – to the smooth one. Such surface properties
of the electrodes are to be taken into account in the engineering implications of
nano-actuators, based on PEs in electric eld.

5 Conclusions

We have studied, theoretically and by means of molecular dynamics (MD)
simulations, the working principle of nano-actuators based on electroactive
polymers (polyelectrolytes) in an electric eld. In particular, we consider poly-
electrolyte (PE) based nano-vices, that may clench and unclench nano-size
objects. The nano-vices can be comprised of two parallel planes linked by PEs
in an electric eld. The dimension of PEs depends on the applied eld, so that one
can regulate the distance between the planes by varying the applied eld. Hence,
if a nano-particle is placed between the planes, the applied eld may cause the
squeezing of the particle; this signicantly reduces its mobility, due to the
increasing solid friction between the particle and the clenching planes. The
squeezing force FN acting on the particle depends on the properties of the
508 | Faraday Discuss., 2017, 199, 487–510 This journal is © The Royal Society of Chemistry 2017
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surrounding medium, PE properties and the applied eld. We develop a theory
that quanties this force as the function of the eld and salt concentration. To
obtain a quantitative theory we elaborate a simple variational approach, where the
distribution of microions inside the cell and the conformation of the PE chain are
treated in a self-consistent manner.

Next, we analyze the efficiency of PE-based nano-vices. Namely, we explore the
degree of immobilization of a particle, introducing the clenching coefficient ccl as
the logarithm of the ratio of the diffusion coefficients D0 of a free (unclenched)
particle and D of a clenched one. The larger the ccl, the more efficient the nano-
device. To compute the diffusion coefficient D of a clenched particle, we study the
Brownian motion of a nano-particle squeezed between two planes, under an
action of a random force from the surrounding uid and solid friction forces from
the clenching planes. We analyze two models of solid friction – an athermal
model, which is applicable for rough surfaces, and a thermal model, which refers
to smooth surfaces. In the former case we apply a Cundall–Strack-like model and
in the latter one we develop a novel model of solid friction based on surface
transversal acoustic phonons. In contrast to the previous models of surface fric-
tion, where the phonon dissipationmechanism is assumed, the newmodel allows
one to nd an explicit dependence of the friction force on the normal load, which
is of primary importance for the analysis of the efficiency of nano-devices.

We observed that while for the athermal model the clenching coefficient
depends linearly on the squeezing force FN, its dependence on FN in the thermal
model is signicantly weaker as it has a logarithmic dependence.

The results of our study may be used for the practical implementation of PE
based nano-actuators.
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