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Evaluation of weighted Voronoi decompositions
of physicochemical ensembles†

John M. Ericson, a Nicola Wolpert*b and Gregory M. K. Poon *a

Voronoi diagrams are widely used to model disperse systems such as foams, powders, polycrystals and

atoms in the classical limit. Voronoi tessellations partition the continuous phase into compartments,

or cells, that encompass all space closer to the assigning dispersed object than any other in the system.

To account for heterogeneity in object size, weights are applied to avoid unphysical partitioning across

non-contacting objects. Power and additive weighting are the most common weighting schemes,

wherein power is more computationally tractable but additive weighting correlates more directly with

size. In general, the two schemes produce distinct spatial decompositions for any non-monodisperse

system. To calibrate the divergent volumetric metrics from the two schemes, and to gain physical

insight into their divergence, we compared power and additively weighted Voronoi diagrams of

polydisperse ensembles representing physically relevant ranges of polydispersity, density, and overlap.

When tested against experimental distributions of gas foams, the results related their divergent power

and additively weighted decompositions to the polydispersity of their particle size distributions.

Geometric analysis of the Voronoi cells implicated the subpopulation of small objects as the primary

contributors to the divergence through their preferential assignment of larger, aspherical power cells

relative to their additively weighted counterparts.

Introduction

The spatial description of disperse matter is of fundamental
interest to the physical and engineering sciences. At nanometer
length scales and above, suspensions of materials or entrapped
bubbles constitute dispersed phases whose spatial and geo-
metric properties reflect their thermodynamic stability and
other colloidal characteristics.1–4 A physically appropriate
description of the volume and surface area of the dispersed
objects relative to their embedding medium is essential to
understanding and predicting their bulk properties and
dynamics such as phase separation and response to mechan-
ical stress.

A standard approach to structuring disperse matter is the
Voronoi diagram.5 The primitive Voronoi diagram divides the
space around a set of points (called generators) into cells such
that each cell contains all the space closer to a generator than
any other generator. Thus, for a set of generators S = {p, q, . . .},

the Voronoi cell V associated with p is the locus of points x with
the shortest distances to p as follows:

V(p) = {x|d(x,p) r d(x,q) 8 q A S, q a p} (1)

where d(u,w) � 8u � w8 is the Euclidean norm. Other formula-
tions of the distance function (e.g., LP norms) are also possible.
As Voronoi diagrams of points do not consider the sizes of the
generators, application to real structures leads to unphysical
decompositions in which larger non-overlapping objects pro-
trude out of their assigned Voronoi cells [Fig. 1A]. For spherical
objects (balls) s with center c and radius r, the radius is
incorporated into various weighted distances that replace the
Euclidean norm in eqn (1). Weighting schemes differ in features
that make them more or less suited for particular physicochem-
ical applications. For example, multiplicative weighting i.e., d(x,p)/
r admit spaces that are not assigned to an object.6 Among the
space-filling schemes, the additively weighted Voronoi diagram
and the power diagram (also known as radical and Laguerre
tessellation) are the most commonly used. Power diagrams are
defined by the following weighted distance known as the power
distance p:7

p(x,s) = d2(x,c) � r2. (2)

In practice, power diagrams are attractive for the speed
and convenience of computing flat-faced cells. In contrast,
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the additively weighted diagram, which is also known as the
Voronoi diagram of spheres or the Apollonius diagram, divides
space such that each cell contains the points closer to the
surface of ball s than any other by way of the weighted distance
metric:5

d(x,s) = d(x,c) � r. (3)

Whereas the curved faces and edges resulting from additive
weighting have a more direct physical correspondence to the
radius, the power distance p in eqn (2) is less straightforwardly
interpreted as the capability of s to ‘‘influence its neighborhood
and claim a larger cell.’’5

Voronoi diagrams are used to model molecular8,9 and ionic
liquids,10 colloidal crystals,11,12 granular materials,13,14 foams/
bubbles,15,16 and myriad other physicochemical systems. Such
systems are commonly considered with Voronoi diagrams of
balls because the objects themselves are spherical or can be
modeled as assemblages of spheres.17,18 Molecular systems,
whose atomic constituents are approximated as balls in the
classical limit, are also most correctly modeled by additively
weighted Voronoi diagrams.19 Compared with power diagrams,
additive weighting is considerably complex and computation-
ally intensive,20–22 especially for balls that overlap [Fig. 1B]. For
many years, available code for additively weighted Voronoi
diagrams, whether proprietary (e.g., MATLAB, MATHEMATICA) or open

source (CGAL library), was limited to the plane. Freely accessible
software for three-dimensional work has only recently become
available.23–25 Outside of biomolecular applications,25–28 power
analysis of physicochemical systems (particular continuum
matter) has remained the norm.12,29–35 Given this, and the
significant body of literature on weighted Voronoi diagrams,
a practical question arises as to how the two weighting schemes
differ in their description of physicochemical systems.
Although the theoretical linkage among weighting schemes
has been made,36 abstract analysis does not readily translate
to physical interpretations.

As the only guaranteed condition for convergence of power
and additive weighting is radial uniformity of the generators,
deviation between the two schemes is the default expectation.
Quantitative calibration of weighted diagrams and physical
insight into their divergence are useful but remain open knowl-
edge gaps. To make progress in a broadly applicable way, we
compared power and additively weighted Voronoi descriptions
of spherical ensembles commonly used to model physicochem-
ical systems. These results: (1) provide insight into the funda-
mental factors that drive divergence between the two weighting
schemes, (2) establish a quantitative basis for interpreting
volumetric metrics of power diagrams under the additively
weighted régime, and (3) extend previous studies on oligo-
disperse systems.37–44 In support of these efforts, we share with
the community open-source, python-based software for the
integrated computation and analysis of weighted Voronoi dia-
grams from user-supplied generator coordinates and radii.

Theory and methods
Mathematical background

The Voronoi diagram contains all the space closer to the
generator ball than any other ball. The face of a Voronoi cell
is therefore the subset of points equidistant (bisector) from the
generator ball and the adjacent ball. Equivalently, each point
on the bisector is the center of an sphere which is tangent to
both balls. The bisecting surface is a sheet of hyperboloid when
the balls differ in radius and a plane when they have the same
radius (Fig. 1A). As each face is a subset of the center points of
balls tangential to two balls, the intersection of two faces must
be a subset of the center points of balls tangential to three balls.
Furthermore, the intersection of three edges on the Voronoi cell
is a subset of the center points of balls tangential to four balls.

For an additively weighted decomposition space, we can re-write
eqn (3) in coordinate form as the distance r from a point (x, y, z) to
the surface of a ball si with center c = (xi, yi, zi) and radius ri as:ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

x� xið Þ2þ y� yið Þ2þ z� zið Þ2
q

� ri ¼ r (4)

where the indexed coordinates refer to the center of the ball si

of radius ri. Setting ri = 0 returns the primitive (unweighted)
Voronoi diagram. For the corresponding power distance,
cf. eqn (2),

(x � xi)
2 + (y � yi)

2 + (z � zi)
2 � ri

2 = r (5)

Fig. 1 Illustrative primitive, power, and weighted Voronoi decompositions
in the plane. (A) Primitive and weighted dividing lines for two dissimilar
disks determined by assignment of randomly placing points (top) or
analytically (bottom) according to eqn (1)–(3). In primitive Voronoi dia-
gram, the dividing line is equidistant (green segments) between the centers
of the generating objects without regard to size. Unphysical decomposi-
tions occur when the dividing line intersects non-overlapping balls, which
are avoided by power (P) and additively weighted (AW) diagrams. In the AW
scheme, the dividing line is equidistant to the surface of the generators.
(B) A network dividing the space housing five disks creating a cell around
the center disk. The curved edges in an additively weighted diagram
also govern the partitioning of overlap between unequally sized disks.
The intersections of edges represent vertices of the Voronoi cells.
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The properties of power diagrams have been extensively
described by Aurenhammer.7 For additively weighted diagrams,
eqn (4) can be considered equivalently as a ball with radius r
that is tangent to the ball si. The surfaces (s), edges (e) and
vertices (v) can be found by rearranging eqn (4) and solving
a system of equations between two, three, and four balls
respectively:

x� x1ð Þ2þ y� y1ð Þ2þ z� z1ð Þ2¼ r þ r1ð Þ2

x� x2ð Þ2þ y� y2ð Þ2þ z� z2ð Þ2¼ r þ r2ð Þ2

9=
;s

x� x3ð Þ2þ y� y3ð Þ2þ z� z3ð Þ2¼ r þ r3ð Þ2

9>>>>=
>>>>;
e

x� x4ð Þ2þ y� y4ð Þ2þ z� z4ð Þ2¼ r þ r4ð Þ2

9>>>>>>>>=
>>>>>>>>;
v (6)

When ri a rj, the surface is a hyperboloid of two sheets, only
one of which is the true bisector of the two balls. This property
leads to complications when computing the Voronoi edges and
the Voronoi vertices because intersections of artefactual sheets
will also be solutions to the above systems of equations. Never-
theless, it is possible to recover the point on the true Voronoi
cell by finding the weighted distance from the point to each
participating ball. The point on the true surface of the Voronoi
cell will have the same weighted distance to each of the balls.22

Construction of statistical ensembles

Statistical ensembles of balls that model random packing were
generated using an in-house Python code, FOAM_GEN, based on
user-specified distribution type, mean ball radius, density,
number of balls, polydispersity, overlap allowance, and peri-
odic boundary condition (PBC). The ensembles are constructed
by randomly packing balls with radii sampled from the target
statistical distribution in a cubic bounding box whose dimen-
sions correspond to the specified density. Implementation
details, particularly the handling of ball overlap in predicting
the bounding box dimensions by a machine learning model,45

are provided in Supplementary methods (ESI†). Completed
ensembles are exported in Protein Data Bank (PDB) format
for analysis.

Computation of Voronoi diagrams

Many computationally efficient (hardware-accelerated) techni-
ques22,23,46–49 for constructing weighted ordinary Voronoi
diagrams of spheres and other parametric geometries such as
ellipses,50 as well as the more intensive task of general Voronoi
diagrams of arbitrary objects48,51–53 have been reported. Given
our priorities for the analytical solution of the Voronoi network
and surface triangulation, we based our implementation of the
additively weighted Voronoi diagram, named VORPY and coded
in Python, on the edge-tracing Voronoi S-network reported by
Medvedev and coworkers.54 Algorithmic improvements to the
original descriptions and their implementations will be the
subject of a separate work. VORPY takes as input PDB format
with radius replacing the B-factor column. In addition to
additively weighted Voronoi diagrams, VORPY computes power
and unweighted diagrams for direct comparison with their

additively weighted counterparts. Diagrams consist of triangu-
lar meshes bounded by polygonal lines for neighboring balls.
To calculate the surface area for any given cell, the areas of the
triangles in each mesh are summed to the total. The volume of
the cell is calculated by summing the tetrahedrons formed
by the same triangles and the center of the ball assigned to a
cell. VORPY outputs a comprehensive suite of information items,
including a log file describing the network (vertices and their
linkages to edges and faces) and their visualization in PyMOL.
Volumes, surface areas, and other geometric properties are also
printed in the output log.

Results and discussion
Effect of size difference on weighted Voronoi diagrams

For an intuitive evaluation of how unequal size differentially
perturbs additively weighted and power diagrams in space, we
first considered a toy system in which a probe ball is embedded
within a fixed lattice of 52 uniform balls [Fig. 2A]. Size differ-
ence is rendered through the radius of the embedding balls
only, without changing the coordinates of any ball, over a range
in which the radius of the probe is 0.45 to 1.38-fold of the
embedding balls. The probe was inserted without regard to the
coordinates of the embedding balls and overlapped with one
or more embedding balls at all radial ratios tested. Overlap
among the embedding balls was present only at radial ratios
above unity.

Across the range of radial ratio tested, both the additively
weighted and power cell decreased in volume and surface area
as the probe became small relative to the embedding balls
[Fig. 2B]. The edges of the additively weighted cell transitioned
from being concave to flat, to convex as the radial ratio
increased past unity. The curved edges are convex for additively
weighted cells generated by smaller balls. Relative to power
cells, additively weighted cells showed the same number of
facets except at the lowest radial ratio, where the sculpted
additively weighted cell showed additional small facets absent
in the power cell. At high radial ratios, the probe cell became
less featured for both weighting schemes. For this model, the
additively weighted probe cell was larger than the power cell
above and below unit radius [Fig. 2C]. The convergence of
the cells as the size tends to uniformity is apparent at unit
radial ratio.

Generation of statistical ensembles for Voronoi decomposition

To meet its illustrative purpose, the toy model is a bidisperse
lattice that is controlled through a single parameter (the radial
ratio) to uniformly inflate or deflate the probe-embedding
balls at fixed positions. Recognizing the size and positional
heterogeneity of physical systems that are widely modeled as
spheres, we considered statistical ensembles used to model
physicochemical systems and whose structures have been
analyzed with power diagrams.12,29–34 Experimental studies of
diverse physicochemical systems including gas-based foams,55

ceramics,56 nano-sized polycrystals,57 and powdered food58
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have established size distributions that typically fall into
gamma and lognormal distributions. Given their similarity33

and theoretical preference59 for gamma over lognormal distri-
butions for crystalline systems, we focused on the gamma
distribution as a general framework for analyzing weighted
Voronoi decompositions of polydisperse balls.

To proceed, we simulated ensembles consisting of 1000 balls
with radii r sampled from the gamma distribution at specified
level of polydispersity, density, and overlap [Fig. 3A]. The gamma
distribution is a two-parameter function:

Gammaðr; k; yÞ ¼ rk�1e�r=y

ykGðkÞ (7)

where GðkÞ ¼
Ð1
0 tk�1e�tdt. To incorporate polydispersity expli-

citly into the distribution, we re-parameterized eqn (7) in terms
of the coefficient of variation CV � s/m (s, standard deviation;
m, mean):

Gammaðr; m;CVÞ ¼ r
1

CV2�1e r=m�CV2ð Þ

m � CV2ð Þ
1

CV2G
1

CV2

� � (8)

where k = y/m and y = m�CV2. For simplicity, we set m = 1 since
Voronoi diagrams are scale-invariant.

Given a distribution of radii, a retaining box was constructed
for packing the balls given the total volume of the set of balls
and the desired density. To assess the impact of boundary

effects, ensembles were generated with and without periodic
boundary condition (PBC) to approximate continuous domains
or as an isolated system [Fig. 3B]. In general, the total volume
of an ensemble is the summed volume of the constituent
balls (the non-overlapped volume) minus any volume involved
in overlap. For definitional purposes, we expressed overlap
between two balls as the maximum fractional penetration into
the smaller ball. For example, overlap = 0.5 means that the
larger of any two neighboring balls was allowed to penetrate up
to the center of the smaller ball. To account for reduction in
density of the ensemble due to overlap, a machine learning
model was trained to predict the density adjustment given the
set parameters (number of balls, density, CV, PBC, distribution,
overlap) [Fig. 3C]. Once sorted from largest to smallest, the
balls were randomly placed in the retaining box and checked
for permitted overlap with the other balls. Completed ensem-
bles were then analyzed by Voronoi decomposition (vide infra).

Ensembles consisting of 1000 balls covering a wide range of
polydispersity (CV from 0.05 to 1.0), density (0.05 to 0.5), and
overlap (0.0 to 1.0) were generated. A packing density (fraction)
up to 0.5, a range representative of solid60 and liquid foams,61

was sampled. For each composition, twenty independent repli-
cates were realized. Representative ensembles are shown in
Fig. 3D. As quality checks, we examined the ensembles for
positional homogeneity [Fig. 3E], fidelity to the underlying
gamma distribution of size [Fig. 3F], and the prevalence of
overlapping balls [Fig. 3G]. The number fraction of overlapping

Fig. 2 Illustrative comparison of additively weighted Voronoi and power diagrams. (A) A toy model in which a probe ball (blue) is embedded within a
fixed lattice of 52 uniform balls of radius scaled with the probe as indicated. The colored cells represent the additively weighted cells for the probe ball.
White cells with straight edges and flat surfaces represent the power cell for the same probe. The probe ball envelopes the cell entirely at the highest
radial ratio and is not shown. The rendering artifact at unit radial ratio reflects the coincidence of the weighted cells when the probe and embedded cells
are identical in radius. (B) The scaling of weighted cell properties with the radial ratio. (C) The volume and surface area ratios of the additively weighted
and power cells as a function of radial ratio.
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Fig. 3 Statistical ensembles of balls: construction and characteristics. (A) Outline of the ensemble construction process as implemented in FOAM_GEN. See
Theory and methods for details. (B) Illustrative ball packing in the absence and presence of periodic boundary condition (PBC). With PBC, balls are allowed to
protrude from the retaining box and are checked against the balls in the corresponding adjacent unit(s) for overlap. (C) Density adjustment for overlapping
systems. Given the set parameters (number of balls, density, CV, PBC, distribution, overlap), a linear model was trained to predict the required adjustment on the
nominal non-overlapping density (see ESI†). Twelve illustrative realizations of the model are shown (number of balls, overlap, CV): 1 – (100, 1.5, 0.5), 2 – (100,
1.5, 1.0), 3 – (1000, 1.5, 0.5), 4 – (1000, 1.5, 1.0), 5 – (100, 1.0, 0.5), 6 – (100, 1.0, 1.0), 7 – (1000, 1.0, 0.5), 8 – (1000, 1.0, 1.0), 9 – (100, 0.5, 0.5), 10 – (100, 0.5, 1.0),
11 – (1000, 0.5, 0.5), 12 – (1000, 0.5, 1.0). (D) Representative ensembles across density, CV, and overlap. (E)–(G) Representative positional, radial, and overlap
distributions of PBC ensembles. Distributions for the full dataset are given in Fig. S1, ESI.† (E) x, y, and z relative locations of the balls within the bounding cube at
(CV, density) = (0.5, 0.25) with and without overlap. The ‘‘static’’ appearance reflects the homogeneity of the locations across systems. (F) Histograms of ball
radii to the gamma distribution sampled at the indicated CV values and density = 0.25. (G) Overlap (relative to the smaller ball) of PBC ensembles.
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balls scales sharply with density for ensembles with low poly-
dispersity, in accord with the increasing restrictiveness with
which similarly sized balls may be packed without overlap by
the static packing scheme implemented in FOAM_GEN.

Comparison of power and additively weighted Voronoi
decompositions of statistical ensembles

Our implementation of the additively weighted Voronoi
diagram (VORPY) is based on an edge-tracing approach.54 To test
VORPY for correctness, we compared the additively weighted
decomposition of 21 ensembles (an independent test set repre-
senting the extremes of densities, CV, and overlap of the fore-
going ensembles), with VORONOTA,23 a solver that implements an
alternative ‘‘gift-wrapping’’ strategy. The two implementations
share 498% matched vertices (over 6 to 9 � 103 per ensemble),
which are close to within 0.5% in position [Fig. S2, ESI†]. These
results support the correctness of VORPY for additively weighted
diagrams.

For each ensemble, a power and additively weighted decom-
position was computed. Since both types of weighted cells map
1 : 1 to the generator set of balls, the assignment of Voronoi
cells should be complete in principle under PBC. In practice, a
small fraction of cells at very high CV is not assigned due
to vertices located beyond a preset cutoff from the retaining
box. For non-PBC ensembles, the outer layer of balls form
unbounded Voronoi cells which are removed from analysis.
The completeness of weighted Voronoi cells due to these
factors are shown in Fig. S3 (ESI†).

For each ball with an assigned power and additively
weighted cell, the properties of the two cells were compared
over the full ensemble. Since deviations in volume or surface
area between neighboring cells mutually compensate, the
average difference over all balls would be zero under PBC. For
non-PBC ensembles, the interior balls would have no effect on
the final value and the only remaining difference would come
from the exterior balls partitioned values. Given these features,
we define as summary metric the average absolute differences
in cell volume:

avg Dvj jð Þ ¼ 1

N

XN
i

Dv;i

�� �� � 1

N

XN
i

vP;i � vAW;i

�� ��
vAW;i

(9)

where the subscripts ‘‘P’’ and ‘‘AW’’ denote the power and
additively weighted cell of the i-th ball. An average absolute
difference in surface area, avg(|Da|) was defined analogously.

Inspecting avg(|Dv|) and avg(|Da|) as a function of density
over a range of CV values shows that, controlling for density,
polydispersity increases the deviation between corresponding
power and additively weighted Voronoi diagrams. At sufficient
polydispersity, even low-density ensembles deviate significantly
in volume between power and additively weighted cells
e.g., avg(|Dv|) 4 50% at CV = 0.6. As the density dependence
of avg(|Da|) is qualitatively identical to avg(|Dv|) except smaller
in magnitude [Fig. S4, ESI†], we will henceforth focus on
avg(|Dv|). The divergent effect of CV is manifest in both the
overlapping and non-overlapping systems, with or without PBC
[Fig. 4A]. Non-PBC ensembles exhibit different avg(|Dv|)–density

profiles than PBC ensembles, suggesting finite-boundary effects,
but nevertheless follow the same trend with polydispersity at
equivalent density. Parenthetically, a comparison set of 100-ball
ensembles shows identical trends with wider variances [Fig. S5,
ESI†], indicating that finite-boundary effects do not significantly
modulate the intrinsic statistics of the weighted Voronoi decom-
positions and that the 1000-ball ensembles balance converged
statistics and computational efficiency.

In contrast to polydispersity, density (r) effects on the
deviation between corresponding power and additively
weighted cells are more complex. At high CV values e.g.,
CV 4 0.8 under PBC, avg(|Dv|) increases monotonically with

density
davg Dvj jð Þ

dr
4 0

� �
within the range tested. Although

packing of highly polydisperse balls increases the divergence
in volume between power and additively weighted cells, the
positive slope moderates with density. At lower polydisper-
sity e.g., CV o 0.4, the slope with density is negative
davg Dvj jð Þ

dr
o 0

� �
. At intermediate polydispersity, a reversal in

the density-slope of avg(|Dv|) is observed. The second derivative
of avg(|Dv|) as a function of density is, therefore, overall

negative i.e.,
d2avg Dvj jð Þ

dr2
o 0, and indicates compensation

between a volume-divergent effect by polydispersity on the
one hand, and convergent effects on avg(|Dv|) by packing on
the other.

Some features of the avg(|Dv|)–density profiles reflect expected
properties of power and additively weighted Voronoi cells.
As elaborated in the Appendix, the power cells defined by a
pair of unequally sized, non-overlapping balls intersect the
ball–ball axis closer to the larger ball than the corresponding
additively weighted cells. Moreover, the flat-faced power cell
over-captures the volume for smaller balls than the curved
additively weighted cells, and under-capture volume for larger
balls. The reverse is true for a pair of overlapping balls. The
translation to polydisperse ensembles is illustrated in Fig. 4B in
which balls are colored by the (signed) Dv of their assigned
weighted Voronoi cells. Mapped to a common scale, highly
polydisperse ensembles exhibit a wider range in avg(Dv). Small
balls are associated with positive avg(Dv) i.e., inflated power
cells while larger balls are associated with negative avg(Dv). The
absence of the inflated power cells in the toy model (Fig. 2) at
low radial ratio (i.e., small probe), where the embedding balls
are uniform, underscores polydispersity as the primary driver of
divergence between the two schemes.

In the presence of ball overlap, the ensembles at equivalent
polydispersity and density are progressively less volume-
divergent i.e., lower avg(Dv) than their non-overlapping counter-
parts. This may be rationalized by the curved additively
weighted faces between unequal neighbors, which are concave
with respect to the smaller ball (cf., Fig. 1B). Within an overlap,
this concavity increases the share for the smaller ball (versus
a power cell) in opposition with the effect without overlap.
Thus, overlap uniformly opposes the volume-divergent effect of
polydispersity.
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Fig. 4 Divergence of power and additively weighted Voronoi decomposition of statistical ensembles. (A) Deviations between power and additively
weighted volumes as measured between equivalent balls across three different overlap allowances, 11 different CV values, 10 different densities, across
periodic (top row) and non-periodic (bottom) ensembles of balls. The shaded bands indicate �1 SD of each set of 20 replicates. (B) Illustrative ensembles
sampled at the indicated configurations marked in panel (A). Balls with unbounded cells from non-PBC ensembles are rendered semi-transparent.
Balls are colored according to a map of avg(Dv) on the same scale across the ensembles. Balls whose power volumes are greater than their additively
weighted volumes appear red and balls whose power volume is less than their additively weighted volume appear blue. Overlapped ensembles are labeled
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With respect to density, it may be rationalized by noting that
power and additively weighted edges are locally the least
divergent where neighbors are the closest (cf., Fig. 1B). This
would suggest that closer packing (higher density) leads to
progressively less-curved additively weighted cells. Such an
explanation is incomplete, however, given that the vertices of
power and additively weighted cells do not generally coincide
i.e., power cells are not flat-faced additively weighted cells, and

that
davg Dvj jð Þ

dr
4 0 for polydisperse ensembles at high density.

Polydispersity thus divides the density dependence of avg(|Dv|)
into two distinct régimes.

To dissect the non-uniform effects of polydispersity and
packing on power and additively weighted cells, we analyzed
avg(Dv) as a function of radius [Fig. 4C]. By definition, the sign
of avg(Dv) for any ensemble is balanced at the radial average
which was set at unity. With increasing density, balls below the
average radius at low polydispersity differentially inflate power
cells, while balls above the average radius are differentially
deflationary. This behavior is reinforced by overlap. By contrast,
there is no reversal with density in the role of balls above and
below the average at high polydispersity. Instead, balls below
the average radius strongly inflate power cells with increasing
density. This contribution is moderated but not mitigated by
overlap. The analysis thus specifically implicates smaller balls
as the drivers of avg(Dv) and avg(|Dv|) via their strong inflation
of their power cells at high polydispersity, several examples of
which are shown in Fig. 4D.

Application to experimental ensembles

Using the divergence between power and additive weighted
volumes of individual cells and their distributions across the
ensemble as a framework, we examined the representative

experimental distributions such as reported by DeVries,62 Gal-
Or and Hoelscher (GO–H),63 and Ranadive and Lemlich (R–L)64

for aerated gas bubbles. These models had also been evaluated
for compressed air foams by Magrabi and coworkers.55 The
probability distribution functions (PDFs) are:

FDeVriesðrÞ ¼
2:082r

1þ 0:347r2ð Þ4

FGO�HðrÞ ¼
16

p
r2e�

16
p

� �1
2r2

FR�LðrÞ ¼
32

p2
r2e�

4
pr

(10)

Although only the R–L distribution is formally a gamma
distribution, the three models are similar in line shape
[Fig. 5A].

We generated ensembles of balls using radii sampled from
the three experimental distributions and analyzed the resultant
density dependence of avg(|Dv|). The parameterization by DeV-
ries showed larger deviation between the power and additively
weighted decompositions over the R–L and GO–H distributions
[Fig. 5B]. Based on the developed framework, the greater
magnitude of and density dependence of avg(|Dv|) for the
DeVries distribution is expected to have its basis in a higher
polydispersity over the other two distributions. This hypothesis
is borne out by a direct estimate of the CV for the three
distributions, which is largest for the DeVries distribution
(CV = 0.600). The DeVries avg(|Dv|)–density profile compares
most closely with the non-overlapping ensembles drawn
gamma distribution sampled at CV = 0.7 (Fig. 4A), supporting
the general applicability of the gamma distribution to physico-
chemical systems.

Fig. 5 Weighted Voronoi diagrams of experimental foam distributions. Three different experimental distributions for gas-based foams were reported by
DeVries (purple), Gal-Or and Hoelsher (GO–H, green), and Ranadive and Lemlich (R–L, yellow). (A) Probability distribution functions (PDFs) for the three
distributions and histograms of randomly sampled radii. (B) The absolute % difference in power volume from additively weighted volume. (C) Distributions
of Dv at high-density, 0.5 by radius for the three distributions. Curves represent hyperbolic fits to the points intended only to guide the eye. The dotted
lines show the avg(|Dv|) for each ensemble.

in magenta. The scale for avg(Dv) in the ensembles shown in 9* and 10* are scaled up by 10� to render the narrower deviations more apparent.
(C) Distribution of signed deviation between power and additively weighted cells over ball radius. The average radius is set at unity. Curves represent
hyperbolic fits to the points intended only to guide the eye. (D) Representative balls and power (P) and additively weighted (AW) cells are red and purple
respectively from the three size régimes relative to the average radius (set to unity). Zoom levels are normalized along columns to balance visualization of
geometric details and roughly equal sizing of the additively weighted cells across rows.
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Both the R–L and GO–H distributions showed very similar
avg(|Dv|) over the entire range of density tested, even though
their respective PDFs are not themselves superimposable.
The R–L distribution exhibits a wider skew with a mea-
sured standard deviation of 0.422 (versus 0.317 for GO–H).
However, the GO–H distribution is more skewed towards

small balls with a mean radius of 0.751. The two statis-
tics compensate to yield an identical CV value of 0.422.
The superimposable avg(|Dv|) across the full density range
tested, thus provides further and orthogonal support for the
foregoing results as a framework for interpreting experi-
mental data.

Fig. 6 Asphericity of power cells drives volume inflation and divergence from additive weighting. (A) and (B) Representative distributions of Dv and
sphericity difference (DC) between power and additively weighted cells across PBC and non-PBC ensembles. Each plot on the left shows the pooled
ensembles corresponding to the marked position in the avg(|Dv|)–density profile, reproduced from Fig. 4A, on the right. (A) Plots of the PBC sphericity
difference of each cell from ensembles with CV = 1.0 across overlap values of 0.0 and 1.0 and density values of 0.1 and 0.5. (B) Corresponding
distributions from the non-PBC ensembles with CV = 1.0 and densities of 0.1, 0.4, and 0.5 and overlap values of 0.0 and 1.0.
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Fig. 7 The geometry of power cell asphericity and volume inflation. (A) Illustrative 2-D example of a small (left) and large (right) disk embedded among
disks with additively weighted and power boundaries (solid) and cutoff boundaries (dashed) by the closer disks. (B) Number of exclusive neighbors by
radius. Each ball is represented twice, once for its power cell and another for its additively weighted cell. (C) Average distance of shared and exclusive
neighbors, segregated by exclusivity to one or the other weighted cell, as a function of ball radius. The ensembles correspond to those in panel (B).
(D) Correlation between difference in sphericity (DC) and neighbor number difference. The ensembles correspond to those in panel (B). (E) 2-D diagram
of overlap showing the area contributions from regions defined by the additively weighted and power boundaries. As one moves away from center axis
(positive D), the contribution from weighting to the smaller disk increases. (F) Construction of the local sector volume, projected from a fixed test point,
for the additively weighted (red) and power (blue) cells of two overlapping balls. (G) Difference in local (sector) volume as a function of deviation from the
center axis (D) for two ratios (1 : 2, 1 : 10) of different radii and three overlap values. (H) Absolute volume difference avg(|Dv|) by cell as a function of
neighbor numbers at three overlap allowances, colored by % overlap. Histograms indicate the number distribution of neighbors in each ensemble.
The ensembles have values of CV = 1.0 and density 0.5.
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Packing moderates power-cell inflation by promoting more
spherical Voronoi cells

Inspection of weighted Voronoi cells such as those in Fig. 4D,
suggested that inflated power cells assigned to small balls
exhibit elongated or otherwise non-spherical morphology com-
pared with their additively weighted counterparts. This obser-
vation prompted us to consider non-spherical morphology
as a factor on the divergence between power and additively
weighted cells as indicated by avg(|Dv|). We therefore examined
the combined results from the most polydisperse ensembles
(CV = 1.0) at low and high densities, with and without overlap,
and quantified their weighted Voronoi cells in terms of spheri-
city C as follows:

C � p1=3ð6vÞ2=3
a

(11)

where v and a are the cell volume and surface area, respectively.
By this definition, C = (0, 1], with C = 1 corresponding to a
perfect sphere. To compare the sphericity of corresponding
power and additively weighted cells, we define:

DC � CP � CAW (12)

A ball whose power cell is more spherical than its additively
weighted counterpart has a positive DC value and vice versa.
The results are presented as two-dimensional histograms
(biplots) of avg(Dv) and DC (Fig. 6A). On the one hand, there
is a clear correlation between less spherical power cells (nega-
tive DC) with inflated power volumes (positive Dv; upper left
quadrant). Indeed, the sign of Dv also divides the subpopula-
tions of inflated power cells by their relative non-sphericity (left
and right halves of the biplots). On the other hand, DC is
strongly determined by ball radius, with the power cells of
small balls overwhelmingly exhibiting less spherical geometry.
Comparison of the distributions by overlap shows that the bias
among the four quadrants is less pronounced when overlap
occurs. Taken together, the results implicate small balls in
producing less spherical and more volume-inflated power cells
that dominate the overall divergence in avg(|Dv|) relative to
additively weighted Voronoi cells.

To probe the generality of the interplay between sphericity
and distribution of ball radius further, we scrutinized the non-
PBC ensembles under the same conditions of high polydisper-
sity (CV = 1.0) because the case with overlap = 1.0 presents a
clear-cut example of the volume-convergent effects of packing
[Fig. 6B]. We scrutinized ensembles sampled at extreme dis-
persities as well as the maximum divergence (marked 14, 15,
and 16 in Fig. 4A). As a ‘‘control’’, the non-PBC ensembles
without overlap (points 11, 12, and 13) recapitulate the mono-
tonic trends noted in their PBC counterparts in Fig. 5A. How-
ever, the reversal in avg(|Dv|) in the case of overlap (points 14
to 16) distinctly tracks with the relative abundance of the
subpopulation in the upper left quadrant i.e., aspherical,
volume-inflated power cells. The statistics thus strongly com-
plicate the less spherical power cells of small balls as the

primary contributor to the volumetric divergence from addi-
tively weighted cells.

Rationale for the Voronoi cell sphericity and volume divergence

To gain insight into the mechanism underlying cell sphericity
and volume divergence, we considered the local geometry of
weighted Voronoi cells. For a pair of non-overlapping balls,
radial disparity uniformly places the power boundary closer to
the larger ball along the axis defined by the ball centers
(Appendix). This property translates, in the context of whole
cells, to the two weighted schemes defining neighbors that are
common (shared) or exclusive to one or the other scheme.
Exclusive neighbors profoundly influence the sphericity of the
weighted cell, as illustrated by two simple systems in Fig. 7A.
A small ball with more exclusive power neighbors seeds a less
spherical power cell than additive weighting. In contrast, a
larger seed ball with fewer exclusive power neighbors seeds a
more spherical power cell than additive weighting. Further
translating to ensembles, Fig. 7B shows the conservation of
excess exclusive neighbors for the power cells of small balls and
excess exclusive neighbors for the additively weighted cells of
larger balls. Crucially, exclusive neighbors are further away
from the seed balls than shared neighbors [Fig. 7C]. Integrating
these features, more exclusive neighbors drive less spherical
cells, for both weighting schemes, as a function of polydisper-
sity and density [Fig. 7D]. The association with more exclusive
power neighbors thus explains the less spherical and larger
power cells of small balls in Fig. 6. More generally, deviation in
sphericity acts as a metric of the local structure around a ball
within the ensemble.

If balls intersect, the partition within the overlap produces a
contribution that favors the additively weighted cell of the
small ball (cf., Fig. 2B), in opposition to the situation outside
the overlap or in the disjoint case. As derived in the Appendix
and illustrated in Fig. 7E for a pair of overlapping balls, this
contribution arises from a reversal of the relative positions of
the power and additively weighted boundary along the center
axis. To calibrate the compensation afforded by the overlap
against the inflated power cell of the smaller ball, we analyzed
the local volumes of the sectors enclosed by the projection from
a test point on the center axis to its power and additively
weighted boundaries as a function of deviation (denoted by
D) from the axis [Fig. 7F]. This analysis models the compensa-
tory effect of density on avg(Dv) in overlapping ensembles. With
increasing distance from the center axis, the loss of volume
compensation is primarily sensitive to the extent of overlap, but
not difference in ball sizes [Fig. 7G]. The translation to ensem-
bles [Fig. 7H] recapitulates this mechanism by which the over-
lapping balls comprise the least volume-divergent constituents
across the full range of local packing scenarios.

Conclusion

The studies reported here indicate that the divergence between
a power and an additively weighted Voronoi description of a
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statistical ensemble is the balance between polydispersity (CV)
on the one hand and packing (density and overlap) on the
other. Indeed, at sufficiently low CV, dense packing leads to a
convergence under the two schemes. The underlying mecha-
nism is traced to the strong propensity of small balls (relative to
the average radius) to generate power cells that are less sphe-
rical than, and more volumetrically divergent from, their addi-
tively weighted counterparts. The generality of this behavior is
evidenced in the fully overlapping non-PBC ensembles. In these
ensembles, the center of every ball must be at least one radial
distance from the boundary, resulting in preferential place-
ment of small balls around the boundary and removal from the
final ensembles as their Voronoi cells are incomplete. In this
biased population, the volume-convergent effects of packing
and overlap overcome the volume-divergent effect of polydis-
persity (Fig. 6B). On this basis, we expect that PBC ensembles at
high CV will exhibit volume convergence at higher packing
density than our static algorithm affords. Volume fractions up
to B0.9 are achievable using dynamic and/or constructive
packing algorithms that simulate polydisperse powders and
other granular materials.65–69 Similarly, one expects Voronoi
descriptions of ensembles modeled by physics-based schemes,
such as Plateau’s laws (surface minimization) for soap films,70

to also be covered under this framework.
From a practical point of view, significant rationale exists for

colloidal suspensions and engineering foams to enrich fine
particles (e.g., by sonication, impelling, extrusion, sparging) for
enhanced mass and thermal transfer with their embedding
phase.29,71,72 Such physically important ensembles would be
expected to exhibit, at equivalent density, more divergent power
approximation of their additively weighted Voronoi volumes.
Conversely, the coarsening or ripening of foams and other
colloidal systems, where small constituents are preferentially
removed from the population, is expected to favor volume
convergence. In the literature, hybrid weighting schemes have
been proposed that define regions in which additively or power
weighting are applied to reduce computational burden,73 or
evolve physics-based curvature (e.g., Plateau’s laws) in a power
framework.74 As an alternative, the present results provide a
convenient calibration from one weighting scheme to the other
over a broad range of polydispersity, density, and overlap when
direct computation of the underlying diagram is not needed (or
possible). Usefully, as applications to experimental foam sys-
tems show, these calibrations give consistent predictions and
physical interpretations even for distributions that are not
gamma in form.

As part of this work, we developed fully open-source code
(VORPY) for constructing and analyzing power and additively
weighted Voronoi diagrams. Current programs that compute
weighted Voronoi diagrams have catered to biomolecular
applications23,25 in which the constituent balls (atoms) have
radii discretized by composition and distance and angular
constrained by chemical bonding. The atomic density (or
packing coefficient) in protein crystals is typically between 0.5
and 0.6,75 and therefore similar in magnitude to the over-
lapping ensembles investigated here. However, the balls in

statistical ensembles may have any radius and geometry per-
mitted by the preset size distribution and overlap. The permis-
sive size specification and organization of balls in statistical
ensembles present analytically challenging geometries for addi-
tive weighting not likely encountered with structured macro-
molecules such as proteins. The solutions to these scenarios,
which are detailed in a separate work, commend VORPY for a
wide scope of applications. VORPY therefore complements the
field as an integrated tool for analyzing physicochemical sys-
tems by weighted Voronoi diagrams.
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Data availability

Python-based software for generating statistical ensembles
(FOAM_GEN) and analyzing their weighted Voronoi decompositions
(VORPY) can be obtained on github as follows: FOAM_GEN (1.0.1)
https://github.com/jackericson98/foam_gen.git. VORPY (3.0.5)
https://github.com/jackericson98/vorpy.git. The datasets for
this article, consisting of ensembles generated by FOAM_GEN

and their weighted Voronoi analysis by VORPY, are available at
Zenodo: https://doi.org/10.5281/zenodo.14902130.

Appendices
Relative position of the power and additively weighted Voronoi
boundary in the locale of two balls

Consider two balls S1 and S2. Without loss of generality, let the
center of S1 be at the origin, and the center of S2 lie on the
positive x-axis at x = a 4 0 i.e., S1((0, 0, 0), r1) and S2((a, 0, 0), r2):

We further assume that r2 Z r1, and only consider pairs of
balls S1 and S2 such that S1 is not contained in S2. This implies:

r1 r r2 o a + r1 (13)
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We aim to determine where the Voronoi surface of power
and additively weighted Voronoi diagrams (awVD) between
S1 and S2 intersects the x-axis.

Power awVD

xP
2 � r1

2 ¼ xP � að Þ2�r22

¼ xP
2 � 2axP þ a2 � r2

2

2axP ¼ a2 � r2
2 þ r1

2

xP ¼
a2 þ r1

2 � r2
2

2a

¼ a

2
� r2

2 � r1
2

2a

|xaw| � r1 = |xaw � a| � r2

To solve the absolute value equation for the awVD with
respect to x, we need to distinguish three cases:

(1) xaw o 0: in this case, from |xaw| � r1 = |xaw � a| � r2, we
get�xaw� r1 =�xaw + a� r2, which leads to r2 = a + r1. This case
was excluded by assumption.

(2) xaw 4 0: in this case, from |xaw| � r1 = |xaw � a| � r2, we
obtain xaw � r1 = xaw � a � r2, which leads to a = r1 � r2. Since,
by assumption, a 4 0 and r2 Z r1, this case cannot occur either.

(3) 0 r xaw r a: in this case, from |xaw| � r1 = |xaw � a| � r2,
we obtain xaw � r1 = a � xaw � r2 and therefore

xaw ¼
r1 � r2

2
þ a

2
.

Thus, the intersection points are:

Power awVD

xP ¼
a

2
� r2

2 � r1
2

2a
¼ a

2
� r2 � r1

2

r1 þ r2

a

� 	
xaw ¼

a

2
� r2 � r1

2

Since r2 Z r1, the correction terms which are subtracted

from
a

2
are always non-negative. If r1 = r2, the intersection point

is at
a

2
in both diagrams. As r2 increases, the intersection shifts

toward the origin and thus toward S1. This increases the
contribution of S2 to the Voronoi cell of S1.

From the formulae, one can also deduce when the face from
the power diagram or the awVD lies closer to S1:

(1) If S1 and S2 are disjoint, then r1 + r2 o a, and thus
r1 þ r2

a
o 1. In this case, the face from the awVD lies closer to S1

than the face from the power diagram.
(2) If S1 and S2 overlap, then r1 + r2 Z a, and thus

r1 þ r2

a
4 1.

In this case, the face from the power diagram lies closer to S1

than the face from the awVD.
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Conference on Robotics and Automation (Icra), 2020, pp.
137–143, DOI: 10.1109/icra40945.2020.9196775.

53 F. M. Schaller, S. C. Kapfer, M. E. Evans, M. J. F. Hoffmann,
T. Aste, M. Saadatfar, K. Mecke, G. W. Delaney and G. E.
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