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Are topological insulators promising
thermoelectrics?†

Michael Y. Toriyama * and G. Jeffrey Snyder *

Some of the best thermoelectric (TE) materials to date are also

topological insulators (TIs). While many studies have investigated

the effects of topologically-protected TI surface states on TE

properties, the conditions needed to realize such effects are quite

different from typical operating conditions of TE devices for, e.g.,

power generation and room-temperature Peltier cooling. As a

result, it is still unclear what properties of TIs, especially those

related to the bulk band structure, are beneficial for TE perfor-

mance, if any. Here, we perform high-throughput transport calcu-

lations using density functional theory to reveal that, within the

same structure type, TIs tend to outperform normal insulators as

TEs when properly optimized. The calculations also indicate that

the TE performance is higher for TIs with strongly inverted bands.

To explain these observations, we develop models based on Boltz-

mann transport theory which show that warping driven by band

inversion, a key characteristic of TIs, is responsible for the high TE

performance of TIs. We find that warping benefits the TE perfor-

mance because of reduced transport mass and effectively higher

valley degeneracy. Our results show that the band inversion

strength is a critical property of a TI dictating the TE performance,

and we suggest potential strategies to tune the inversion strength

and enhance the TE performance in TIs, such as alloying and strain

engineering. The study marks TIs as serious candidates for TE

applications owing to band inversion-driven warping.

1 Introduction

The impressive thermoelectric (TE) performance of Bi2Te3 is
indisputable.1 Equipped with a valley degeneracy of NV = 6 or
more,2 Bi2Te3-based materials have recorded some of the high-
est zTs near room temperature to date and have long been the

material of choice for applications such as Peltier cooling of
optoelectronics. The high valley degeneracy in particular has
been attributed to topological properties of the material;
namely, the bulk band structure becomes warped due to the
strong band inversion, causing the band edges to be offset to
low-symmetry k-points in the Brillouin zone.1,3,4 Here,
‘‘warped’’ bands are characterized as having a non-parabolic
‘‘M’’ shape for the valence band and ‘‘W’’ shape for the
conduction band (Fig. 1a), as opposed to the conventional
‘‘U’’ shape of parabolic bands. Warped bands exhibit a valley
degeneracy that is n-fold larger than a conventional parabolic
band, where n is typically between 2 and 6 depending on higher
order interactions.5,6

Previous studies have shown that the band inversion
strength is a key property that determines whether bulk bands
in a TI are warped (a phenomenon known as band inversion-
driven warping) and, as a result, exhibit high valley degeneracy.
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New concepts
The ability to convert electricity to thermal energy and vice versa using
thermoelectric devices can enable revolutionary technologies such as
waste heat recovery and eco-friendly cooling. Despite their potential,
thermoelectrics often suffer from low efficiency, prompting the need to
discover and optimize materials for improving performance. It has been
speculated that topological insulators possess characteristics that are
favorable for thermoelectrics, but this remains an open question due to a
lack of thermoelectric measurements on known topological insulators.
Here, we combine first-principles calculations with electron transport
modeling to identify trends and pinpoint features unique to topological
insulators that give rise to high thermoelectric efficiency. Although
topological insulators are best known for their unique surface
properties, we look beneath the surface to reveal that their bulk
properties offer exceptional advantages for thermoelectrics. Through a
phenomenon that we call ‘‘band inversion-driven warping’’, we find that
topological insulators can possess high electrical conductivity and high
thermopower – two properties that are often difficult to optimize simulta-
neously in thermoelectrics. By forging a dynamic synergy between two
traditionally separate fields of materials science, our study unveils a new
frontier for discovering and designing topological insulators for energy
conversion applications.
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In particular, bulk bands in a TI are warped when the band
inversion strength is sufficiently high, as described in ref. 5 and 6.
The bands in the TI material Bi2Se3, for example, are not warped
as evidenced by the single-valleyed electronic structure (NV = 1,
Fig. 1b). In contrast, the bands are sufficiently inverted in Bi2Te3,
giving rise to a comparatively higher valley degeneracy of NV = 6
(Fig. 1c). The distinction can be attributed to the spin–orbit
interaction which, in Bi2Te3, is stronger and thus leads to higher
band inversion strength.6

The band inversion strength can be understood from the
energy separation between the valence and conduction band
edges at the k-point where band inversion occurs, k0. We measure
the energy separation using a quantitative parameter M0. Mathe-
matically (see Section 3 for more details), it is convenient to define
M0 so that M0 4 0 represents noninverted bands (i.e., normal
insulators) and M0 o 0 represents inverted bands (i.e., TIs). The
magnitude of M0 is the same for both types of bands:

jM0j ¼
ECBðk0Þ � EVBðk0Þ

2
(1)

where the ‘‘VB’’ and ‘‘CB’’ subscripts refer to the valence and
conduction band edges, respectively. Note that M0 is defined only
at k0 and has the same definition regardless of whether the
material has a direct or indirect band gap. We formally define
the ‘‘band inversion strength’’ of a TI as the magnitude of M0

when M0 o 0. Stronger band inversion is represented by a more
negative M0 value, i.e., when bands are more inverted at k0.

TIs are particularly known for unusual properties arising
from topologically-protected surface states,7–9 and the influ-
ence of such surface states on TE properties have been studied
quite thoroughly.10–13 Namely, it is known that the effects of
surface states are dominant at low temperatures (typically
below B150 K)14,15 and in samples with high surface-to-volume
ratio (e.g., thin films16,17 and nanograined samples18,19). However,
the same band inversion that gives rise to surface states in TIs is
also closely tied to warping and valley degeneracy (i.e., features of
the bulk band structure). As bulk effects related to topological
character are relatively unknown, several key questions regarding
TE properties in TIs remain to be answered. First, it has not been
confirmed whether warped bulk bands of TIs are advantageous
for TE performance, if at all. High valley degeneracy is beneficial
for TEs when intervalley scattering is weak,20 but given that
scattering may be enhanced when multiple bands exist at the
same k-point,21 warping that results in valleys located at nearby
points in k-space may also lead to high rates of scattering by, e.g.,
phonons. Second, material properties that fundamentally link TIs
to TE performance are not well-known. Though it can be hypothe-
sized that the band inversion strength is one such property due to
its relation to valley degeneracy,6 this has not yet been confirmed
through explicit analyses of TE properties. A detailed understand-
ing may help guide material discovery efforts and band engineer-
ing strategies for high-performing TEs.

Here, we perform a detailed analysis of TE properties that
result from band inversion-driven warping of bulk bands in TIs.
We initially run density functional theory (DFT) calculations on
the known TIs Bi2Te3 and Bi2Se3, as well as a large set of
compounds crystallizing in the ZrBeSi-type structure to identify
trends. We find from DFT calculations that TIs tend to exhibit
higher zT than normal insulators in the same structure type; in
fact, the TE performance is seemingly higher when the bands in
a TI are more strongly inverted. To understand these trends, we
build an appropriate model of the band structure using k�p
theory and derive the resulting transport properties. The model
indicates that band inversion-driven warping is the phenom-
enon responsible for benefiting TE performance. Despite scat-
tering events, the reduced transport mass and effectively higher
valley degeneracy with warping gives rise to high zT. Moreover,
the band inversion strength is found to be a key property that
dictates the TE performance of TIs. We suggest design rules to
engineer band inversion in TIs for improving TE performance.
Our assessment confirms that TIs are indeed promising for TE
applications from the perspective of charge transport in
the bulk.

2 Materials survey

We evaluate the TE performances of a large set of materials by
running Boltzmann transport theory-based calculations using
density functional theory (DFT) and the Ab initio scattering
and transport (AMSET) software.22 The scattering rates are

Fig. 1 (a) Illustration of band inversion-driven warping in topological
insulators. Stronger band inversion generally leads to warped bands after
a critical inversion strength and, as a result, high valley degeneracy. The
concept is exemplified by (b) Bi2Se3 and (c) Bi2Te3. Both compounds are
topological insulators and have inverted bands; yet, the bands are not
sufficiently inverted in Bi2Se3 resulting in a single valley (NV = 1), whereas
the bands are sufficiently inverted in Bi2Te3 resulting in warped bands and
high valley degeneracy (NV = 6).
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calculated by considering three mechanisms: acoustic defor-
mation potential scattering, ionized impurity scattering, and
polar optical phonon scattering. This is distinct from assuming
a constant scattering time, which sometimes yields inaccurate
predictions of transport properties.23–25 From the scattering
rates, we calculate the electrical conductivity, Seebeck coeffi-
cient, and electronic thermal conductivity. The computational
details can be found in the ESI.†

The calculated transport properties of Bi2Te3 at 300 K are in
close agreement with experimentally-measured values1 for both
n- and p-type (Fig. S1, ESI†). Note that we obtain good agree-
ment when the transport properties are calculated using the
experimental band gap (Eg = 0.14 eV) and lattice thermal
conductivity (kL = 1.37 W m�1 K�1) at 300 K. We calculate the
maximum attainable zT at 300 K (denoted ‘‘max. zT300K’’ in
Fig. 2) by appropriately shifting the Fermi level to the optimum
doping amount. We find, in agreement with experimental
observations, that Bi2Te3 outperforms Bi2Se3 as a TE material
at 300 K when optimally doped. This can partly be attributed to
the warped band structure of Bi2Te3, which yields a compara-
tively higher valley degeneracy (Fig. 1c) than the single-valleyed
Bi2Se3 (Fig. 1b). Since warping is related to the band inversion
strength, the comparison between Bi2Te3 and Bi2Se3 is the first

indication that materials with strongly inverted bands can
attain higher zT than those with weakly inverted bands.

To perform a more meaningful comparison between TIs
with varying band inversion strengths, as well as normal
insulators which do not have inverted bands, a larger set of
materials is needed. We therefore consider a set of A+1B+2X�3

compounds (A+1 = Li, Na, K, Rb, Cs, Cu, Ag, Au; B+2 = Be, Mg,
Ca, Sr, Ba, Yb, Zn, Cd, Hg; X�3 = N, P, As, Sb, Bi) that crystallize
in the ZrBeSi-type structure (space group: P63/mmc),26 which is
known to host a variety of topological character including
normal insulators and TIs.27 Calculating the properties of
ABX compounds enables us to identify trends within the ZrBeSi
structure type. Given the variety of chemistries and topological
characters surveyed in the ABX family, we hypothesize that the
general trends elucidated in this analysis can extend to other
structure types as well. We later develop and discuss a general-
ized transport model that is agnostic of the crystal structure
(Sections 3 and 4) which largely validates this hypothesis. The
data reported in this study are available in a public repository.28

We plot the calculated maximum zT at 300 K against M0 in
Fig. 2 (see the ESI† for computational details). From an initial
survey across the diverse set of ABX compounds, we can arrive
at two general observations: (i) TIs (M0 o 0) tend to exhibit
higher zT than normal insulators (M0 4 0) within the
same structure type, and (ii) the TE performance appears to
be higher for TIs exhibiting stronger band inversion (i.e., more
negative M0).

The variability in the data shown in Fig. 2, however, calls to
question which specific attributes give rise to high TE perfor-
mance in TIs within a given structure type. It is often reasoned
that TIs are good candidates for TEs due to the heavy elements
that are typically found in TIs (e.g., Bi), which tend to lower
thermal conductivity.10,29 Our results support this conclusion,
as a large number of TIs (red points in Fig. 3a) have an
estimated kLo1 W m�1 K�1, partly explaining the high zT
(Fig. 2). However, our calculations also strongly substantiates
the value of inverted bands in TIs for electrical transport
properties. The weighted mobility (mw) is often interpreted as
a figure-of-merit for the electronic properties of TE materials.30

The estimated mw (see the ESI† for computational details) are
quite high for TIs, with many exceeding 100 cm2 V�1 s�1 at
300 K (Fig. 3a). As a result, TIs tend to be clustered in the high
mw – low kL quadrant (Fig. 3a), explaining why the quality factor
B p mw/kL tends to be quite high for TIs compared to normal
insulators (Fig. S2a, ESI†). Since B provides a measure of the
maximum attainable zT of a material,31 our results show
that the high zT of TIs (Fig. 2) can be explained by high mw

and low kL.
We inspect the electronic properties further to understand

the origin of high mw in TIs. Namely, we compute the Seebeck
effective mass (m�S) and the conductivity effective mass (m�C) from
DFT calculations of the Seebeck coefficient and electrical con-
ductivity (see the ESI† for details). We can express

mw ¼ m0m
�
DOS

3=2, where the density of states effective mass m�DOS

can be measured by m�S, and the intrinsic mobility m0 / 1=m�C. In
other words, there are two main ingredients for high mw: high m�S,

Fig. 2 The calculated maximum zT at 300 K (denoted ‘‘max. zT300 K’’) for
Bi2Te3 (star), Bi2Se3 (plus), and ZrBeSi-type ABX compounds (circles). The
maximum zT is determined by shifting the Fermi level to the optimum
doping amount. There are two points for each compound, representing
n- and p-type. M0, described by eqn (1), is a measure of the energy
separation of the band edges at the G-point for the present set of materials,
where M0 4 0 represents noninverted bands (i.e., normal insulators) and
M0 o 0 represents inverted bands (i.e., topological insulators, or TIs). More
negative M0 values represent stronger band inversion. Topological insulators
seem to exhibit higher zT than normal insulators, and the TE performance
appears to trend upward with more inverted bands.
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and low m�C. Many TIs in the present study exhibit such char-
acteristics, with m�S ¼ 0:5me � 3me and m�C ¼ 0:1me � 0:5me

(Fig. 3b). We also evaluate the Fermi surface complexity factor

N�VK
� ¼ ðm�S=m�CÞ3=2, which can be interpreted as a metric for the

effective number of carrier pockets contributing to electrical
transport.32 As expected, TIs tend to exhibit high N�VK

�

(Fig. S2b, ESI†), which explains the large mw values (Fig. 3a).
The DFT calculations show that the high TE performance in

TIs, within the same structure type, originate from favorable
thermal and electrical transport properties. The high mw of TIs
in particular can be attributed to both high m�S and low m�C,
properties that are related to the bulk band structure of the
material. We show in the following sections that models based
on Boltzmann transport theory, which are independent of the
specific structure, are consistent with the results of the DFT
calculations and elucidate key features of the TI bulk band
structure that generally benefit TE performance.

3 Band structure model

Charge transport properties in a material are often modeled
using simplifying assumptions of the band structure and
scattering mechanism of charge carriers. Commonly, the elec-
tronic structure is modeled using a parabolic band,31,33–36 and
scattering by acoustic phonons via a deformation potential is
considered.37 The drawback of the parabolic band model
however is that it does not capture warping effects induced by
band inversion in TIs. This is because the coupling between the
valence and conduction band edges with secondary bands (i.e.,
bands that are not the band edges) is not taken into account.6

Warped band structures can be modeled using k�p pertur-
bation theory by expanding to second order in k. Here, we
model the valence and conduction band edges explicitly and
build an appropriate 2 � 2 Hamiltonian. The k�p Hamiltonian,

assuming isotropic symmetry, takes the form

ĤðkÞ ¼ Ck2 þ ðM0 þM2k
2Þ Ak

Ak Ck2 � ðM0 þM2k
2Þ

� �
(2)

where k is implicitly referenced to the k-point where band inver-
sion occurs (for example, the G-point in Bi2Te3, Bi2Se3, and ZrBeSi-
type ABX compounds). Note that eqn (2) is the result of conden-
sing the generalized k�p Hamiltonian, detailed in ref. 6 to second
order in k. The corresponding band structure has the form

EðkÞ ¼ Ck2 �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðM0 þM2k2Þ2 þ A2k2

q
(3)

where + and � represent the conduction and valence band edges,
respectively. C represents the asymmetry between the band edges,
where C = 0 indicates that the valence and conduction bands have
the same form mirrored about E = 0. M0 is a measure of the energy
separation between the valence and conduction band edges at the
k-point where band inversion occurs, as described by eqn (1).
M0 4 0 represents normally-ordered bands (i.e., normal insula-
tors) and M0 o 0 represents inverted bands (i.e., TIs). Accordingly,
eqn (3) can model the band structure of both normal insulators
and TIs. Note that we call M0 the ‘‘band inversion strength’’ only
when M0 o 0. A is a coupling term between the valence band edge
and conduction band edge. M2 is the second-order coupling term
between the band edges with secondary bands, which is necessary
to capture warping effects and model the ‘‘W’’ and ‘‘M’’ shapes of
the conduction and valence bands, respectively (Fig. 1a).

System-specific band structure models have been developed
for TIs such as Bi2Se3 and Bi2Te3,38–40 SnTe,5 and NaCaBi.41 The
Hamiltonian in eqn (2) is the base form of the Hamiltonians
adopted in the cases listed above, where additional parameters
are necessary to satisfy symmetry constraints in specific cases. In
other words, the effective Hamiltonian in eqn (2) represents the
lowest-order model needed to describe warped band structures in
TIs. The main advantage of the simplified band structure model is

Fig. 3 Material properties of Bi2Te3 (star), Bi2Se3 (plus), and ZrBeSi-type ABX compounds (circles), showing (a) weighted mobility mw and lattice thermal
conductivity kL, and (b) Seebeck mass m�S and conductivity mass m�C. All properties are evaluated at 300 K and at the band edges. The color represents M0,
described by eqn (1), where normal insulators (M0 4 0) are blue and topological insulators (M0 o 0) are red. Topological insulators exhibit favorable
thermal and electrical transport properties compared to normal insulators.
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that it permits a fully analytical derivation of the transport proper-
ties and reveals the essential physics that relates topological
character to TE performance.

When the bands are inverted (M0 o 0), there is a critical band
inversion strength (M0,c) that determines whether the bands are
single-valleyed or warped. We define warping in terms of the
curvature of the band at the k-point where band inversion
occurs; the definition is therefore somewhat distinct from pre-
vious usage of the term.42 For example, the conduction band is
single-valleyed if the band has a ‘‘U’’ shape and positive curva-
ture, and warped if it has a ‘‘W’’ shape and negative curvature
(Fig. 1a). From eqn (3), M0,c is determined by the expression6

2M2 þ
A2

M0;c
¼ 2jCj (4)

If M0 o M0,c, then the bands are warped. If M0 4 M0,c on the
other hand, the bands are single-valleyed. In other words, even
if the bands are inverted (M0 o 0) in a TI, the bands must be
sufficiently inverted (M0 o M0,c) for warping to occur.5,6 The
concept is illustrated in Fig. 1a.

4 Transport model for band inversion-
induced warped bands

We model charge transport properties using the standard
Boltzmann transport formalism under the relaxation time

approximation.43–45 To understand the model, it is useful to
recognize the Fermi surface geometry for a band described by
eqn (3), which can be either single-valleyed or warped. For a
single-valleyed band, the Fermi surface is spherical for all
energies, and the states inside the sphere are filled (Fig. 4a).
When the band is warped and the conduction band forms a
‘‘W’’ shape, there is a local saddle point at k0 that is |M0| eV
above mid-gap (Fig. 4b). If the Fermi energy is above the saddle
point, then the Fermi surface is spherical. If the Fermi energy is
below the saddle point on the other hand, due to the isotropic
nature of the band, the Fermi surface will consist of two
concentric spheres (Fig. 4b). The filled states will then occupy
the volume of a hollowed sphere, as opposed to the volume of a
complete sphere as in a single-valleyed band.

We refer to the transport properties derived from eqn (3)
as the ‘‘warped band transport model’’ (see the ESI† for details).
The maximum zT at 300 K, which is determined by adjusting
the doping level appropriately, is shown in Fig. 5a as a function
of M0. Note that a particular set of values, listed in the ESI,† are
used for the C, A, and M2 parameters present in eqn (3); the
qualitative results hold regardless of the specific values.

When the bands are not inverted (M0 4 0, blue region in
Fig. 5a), the initial increase in zT with M0 is due to the
increasing band gap and, as a result, weaker bipolar conduc-
tion effects. The TE performance then stagnates at large M0,
because the TE performance at sufficiently large band gaps is

Fig. 4 (a) Single-valleyed band with a spherical Fermi surface, (b) warped band with a Fermi surface composed of two concentric spheres, and (c) NV parabolic bands
fitted to the band edge of the warped band. The corresponding 3D models are drawn schematically; the red surface represents the Fermi surface, and the yellow
regions represent filled states. Note that in (c), NV is dependent on the symmetry of the band inversion point, k0, and the case where NV = 6 is shown as an example.
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limited by the properties of the majority carrier type. The overall
behavior of zT when M0 4 0 (i.e., when the material is a normal
insulator) is unsurprisingly reminiscent of a two-band transport
model with parabolic valence and conduction bands.46

When the bands are inverted (M0 o 0, yellow and red
regions in Fig. 5a), the TE performance increases with the band
inversion strength (i.e., more negative M0). The bump in the
maximum zT near M0 = �0.25 in the warped region originates
from scattering between the inner and outer Fermi spheres,

which results in a transition from a single-peaked zT profile to a
two-peaked profile. A ring-like quartic (i.e., warped) band
exhibits a similar two-peaked profile in the power factor.47 A
higher zT is attainable with inverted warped bands (M0 o M0,c,
red region) than with noninverted bands (M0 4 0, blue region).
In fact, regardless of other details of the electronic structure,
namely A and M2 in eqn (3), the maximum zT in most cases is
higher for TIs with strongly inverted bands (Fig. S3, ESI†).

Together with DFT calculations (Section 2), our results
provide compelling evidence that TIs are promising candidates
for TEs. The utility of the warped band transport model is that
it reveals how the maximum zT changes from modifications in
the band structure only, since kL is kept constant. Notably, the
model shows that M0 is a key property that strongly influences
the TE performance of a material. When M0 o M0,c, the band
inversion strength M0 can be interpreted as the degree to which
inverted bands in a TI are warped. As a result, the model reveals
that band warping, which is driven by band inversion, is
responsible for the high zT in TIs.

5 What aspects of band warping are
beneficial for thermoelectric
performance?

The high zT of materials with inverted warped bands can be
understood by initially examining the individual transport
properties. For warped bands, the zT is higher than that of
single-valleyed bands for a wide range of doping levels (Fig. S4a,
ESI†). Since the lattice thermal conductivity is kept constant in
the model, the high zT of a warped band can be attributed to
the high power factor (Fig. S4b, ESI†). The power factor is
enhanced by the electrical conductivity (Fig. S4c, ESI†) without
compromising the Seebeck coefficient (Fig. S4d, ESI†).

The transport properties suggest that warped bands possess
characteristics of a multi-valleyed electronic structure. How-
ever, it is difficult to explicitly understand properties such as
the effective mass and valley degeneracy from the warped band
transport model, since the hollowed sphere-type Fermi surface
of a warped band (Fig. 4b) is geometrically distinct from, e.g.,
an ellipsoidal Fermi surface. In a real material, when bands are
warped due to band inversion, often the hollowed Fermi sphere
breaks into a finite number of carrier pockets.5,6 Such multi-
valleyed Fermi surfaces are evident in TIs such as Bi2Te3

(Fig. 1c) and rock-salt SnSe.5

In order to model a multi-valleyed band structure that still

depends on band inversion in TIs, we fit a parabolic band E ¼

�h2k2

2m�b
to the edge of the band structure described by eqn (3) as

illustrated in Fig. 4c. Material-specific features such as M0 are

embedded in the band effective mass m�b ¼ �h2=
@2E

@k2

� �
. We

subsequently derive the TE properties as if we are considering
parabolic bands with valley degeneracy NV, where NV 4 1 only

Fig. 5 Maximum attainable zT at 300 K (denoted ‘‘max. zT300 K’’) calcu-
lated using (a) the warped band transport model and (b) the multi-valleyed
transport model. M0, described by eqn (1), is such that M0 4 0 represents
noninverted bands (i.e., normal insulators) and M0 o 0 represents inverted
bands (i.e., topological insulators). Characteristics of the band structure,
such as inversion and warping, are differentiated by the background
shading. Parameters of the model are listed in the ESI.† The results are
in qualitative agreement with the trend observed in DFT calculations in
Fig. 2. The thermoelectric performance is higher for topological insulators
exhibiting stronger band inversion (i.e., more negative M0).
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when M0 o M0,c (i.e., when the bands are inverted and warped).
The ‘‘multi-valleyed transport model’’ (see the ESI† for details)
therefore allows us to understand the effects of band inversion
on TE properties through the familiar lexicon of parabolic band
transport.

For a normal insulator (M0 4 0, blue region in Fig. 5b), the
maximum zT initially rises with M0 because the band gap gets
larger and bipolar conduction effects are suppressed. The drop
in zT for larger M0 is due to the increasing m�b, which lowers the
electrical conductivity. Similar to Kane band transport, the
monotonic relationship between the band gap and m�b results
in a so-called ‘‘optimum band gap’’ for maximizing zT.48,49

When the bands are inverted but still single-valleyed (M0,c o
M0 o 0, yellow region in Fig. 5b), the zT decreases as M0

becomes more negative due to the increase in m�b and, corre-
spondingly, decrease in conductivity. If the bands are multi-
valleyed (M0 o M0,c, red region in Fig. 5b), the TE performance
enhances with stronger band inversion (i.e., more negative M0).
The rising zT can be attributed to the lowering of m�b for the NV

parabolic bands, which improves the conductivity (Fig. S5, ESI†).
The maximum zT from a multi-valleyed band structure

(Fig. 5b) follows a profile that is similar to that of warped
bands (Fig. 5a), notably when the bands are sufficiently
inverted (M0 { M0,c). Both models show that the maximum
zT of a TI rises as the band inversion strength increases
(i.e., more negative M0). The fitted parabolic bands within the
multi-valleyed model (Fig. 4c) are distinct from warped bands
(Fig. 4b); however, the qualitative agreement between the two
models suggests that the benefits of warped bands on TE
performance (as shown in Fig. 5a) can be attributed to a
quantity similar to m�b. In particular, effects similar to band
sharpening (i.e., lower m�b) may be responsible for the increase
in conductivity and zT with band inversion strength for warped
bands (Fig. 5a and Fig. S4, ESI†).

We test this hypothesis by evaluating the conductivity mass
(m�C) from the warped band transport model (see the ESI† for
details). m�C, in this way, can be interpreted as a proxy for m�b.
Note that m�C is ill-defined when bipolar conduction effects are
significant, and we therefore calculate the quantity for |M0| 4
0.15 eV. Indeed, we find that m�C of warped bands decreases as
M0 becomes more negative (Fig. 6a), indicating that band
warping indeed leads to effectively sharper bands.

We also evaluate an effective mass from the Seebeck coeffi-
cient (m�S) as an analogue to the density of states effective mass,50

allowing us to designate an ‘‘effective valley degeneracy’’ N�V ¼
ðm�S=m�CÞ3=2 to a warped band (see the ESI† for details). Strictly

speaking, ðm�S=m�CÞ3=2 defines the Fermi surface complexity
factor N�VK

�;32 however, the anisotropy factor K* = 1 due to the
isotropic nature of the model. For a normal insulator with
noninverted bands, only a single band contributes to transport.
Accordingly, we find m�S � m�C and N�V � 1 (Fig. 6). On the other
hand, warped bands possess higher m�S than noninverted bands,
consistent with the idea of band inversion-driven high valley
degeneracy.6 Perhaps more interestingly, m�S monotonically
increases with the band inversion strength (Fig. 6a). Combined

with the decreasing m�C, we find that N�V trends upward with
stronger band inversion (Fig. 6b).

Transport modeling therefore indicates that band inversion-
driven warping leads to a combination of lower conductivity
mass and higher effective valley degeneracy, which explains the
rise in maximum zT with the band inversion strength for
warped bands (M0 o M0,c). The results are consistent with
DFT calculations (Section 2); materials with strongly inverted
bands tend to be characterized by high m�S and low m�C (Fig. 3b),
explaining the high mw and, in part, high maximum zT. In
summary, our model shows that

Fig. 6 (a) The Seebeck effective mass m�S and conductivity mass m�C,
calculated from transport properties within the warped band transport
model. The color represents M0, where normal insulators (M0 4 0) are
blue and topological insulators (M0 o 0) are red. (b) Effective valley

degeneracy N�V ¼ ðm�S=m�CÞ3=2 plotted against M0. The background shading

indicates characteristics of the band structure, such as inversion and
warping. Parameters of the model are listed in the ESI.† The high maximum
zT of topological insulators can be explained by the effectively higher
valley degeneracy of a warped band structure.
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1. Band inversion-driven warping, which can be character-
ized by low conductivity mass and high effective valley degen-
eracy, is the critical phenomenon that leads to high TE
performance in TIs, and

2. The band inversion strength is a key property that strongly
influences the maximum attainable zT of TIs.

Our results so far have shown how and why the zT varies
with the topological character of a material. The results can
also allow us to envision design strategies to improve the TE
performance by leveraging the electronic structure topology.

6 Design strategies

The results of the DFT calculations and transport modeling
elucidate the critical nature of the band inversion strength
in TIs for TE performance. This can be attributed to the

lower conductivity mass and effectively higher valley degener-
acy when the bands are warped due to band inversion. In
other words, by strengthening band inversion in a TI and,
as a result, warping the bands, the TE performance can be
enhanced.

The band inversion strength is related to the relative energy
difference between the valence and conduction band edges at
the k-point where band inversion occurs, as described by
eqn (1). As a result, band inversion is affected by the interaction
strength between atomic orbitals of neighboring atoms,51 such
as sp-interactions between the cation and anion at the L-point
in rock-salt systems.5,52,53 Additional interactions, such as
spin–orbit coupling (SOC), can also contribute significantly to
band inversion, as demonstrated in systems such as Bi2Te3,
Bi2Se3, and Bi2Te2Se.1–3 By tuning the interaction strength, one
should expect the band inversion strength and, correspond-
ingly, TE performance, to vary.

Fig. 7 The calculated maximum zT at 300 K for (a) p-type and (d) n-type Bi2Se3 with different spin–orbit coupling (SOC) strengths. M0, described by
eqn (1), modulates with the SOC strength, which is listed relative to the normal amount at 100%. Fermi surfaces for the valence band are shown at
(b) 110% SOC and (c) 120% SOC, i.e., the boundary between single-valleyed and multi-valleyed bands despite being inverted in both cases. Fermi surfaces
are also shown for the conduction band at (e) 90% SOC and (f) 140% SOC. All Fermi surfaces are calculated at 10 meV away from the band edge. These
calculations show that strengthening band inversion can lead to an increase in the thermoelectric performance, thereby serving as a proof of concept for
the results of transport modeling.
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As a proof of concept, we show using DFT transport calcula-
tions that increasing the band inversion strength in a TI
material indeed leads to an increase in the TE performance.
We demonstrate this effect by tuning the SOC strength in
Bi2Se3, following the methodology described in ref. 6. Tuning
the SOC strength relative to the normal amount (i.e., 100%)
correspondingly changes the band inversion strength; in parti-
cular, if the SOC interaction is stronger, then the bands at the
G-point are more inverted. By weakening the SOC interaction,
we observe a transition between having inverted (M0 o 0) and
noninverted (M0 4 0) bands (Fig. S6, ESI†). A similar topological
transition has been observed in Bi2Te3 and Bi2Te2Se by varying
the SOC strength.3 The wide range of SOC strengths tested in
this study allows us to examine the TE performance across a
wide range of M0. Note that the M0 values presented in this
section are taken directly from DFT, as opposed to the value
resulting from the necessary shift to the experimental band gap
as done in Section 2 (see the ESI† for computational details).

When the bands are inverted, increasing the SOC strength
and, correspondingly, the band inversion strength leads to an
enhancement in the maximum attainable zT for both p-type
Bi2Se3 (Fig. 7a) and n-type Bi2Se3 (Fig. 7d). The zT improvement
is not monotonic in p-type Bi2Se3 (Fig. 7a), where a slight dip in
zT between 110% and 120% SOC coincides with the transition
between a single-valleyed and warped/multi-valleyed valence
band structure (Fig. 7b and c). Within the regime where the
bands are inverted but single-valleyed (i.e., the yellow regions in
Fig. 7a and d), the maximum attainable zT rises monotonically.
This behavior is accompanied by an elongation of the conduc-
tion band Fermi surface with increasing SOC strength (Fig. 7e
and f). A different behavior is observed when the bands are not
inverted (i.e., the blue regions in Fig. 7a and d). Namely, the
maximum attainable zT initially rises with M0 due to avoiding
bipolar conduction effects, before stagnating for larger M0. The
trend in zT with the band inversion strength closely matches
the results of the warped band transport model (Fig. 5a).

A more direct method of modifying the band inversion
strength is to strain the material. Orbital interactions are
enhanced when atoms are closer together, leading to a lowering
(raising) of bonding (antibonding) molecular orbitals upon
compression and, as a result, stronger band inversion. We
demonstrate this effect in Bi2Te3 by calculating the TE perfor-
mance in a hydrostatically stressed state using DFT. We test strain
values between �5% (compressed) and 2% (tensile-strained) to
understand the trend when the atoms are both closer together
and further apart relative to their equilibrium positions. There is a
clear trend between the strain and optimized TE performance
(Fig. 8). In the compressed state, the bands at the G-point in
Bi2Te3 are more inverted and M0 is more negative than in the
equilibrium state (Fig. S7, ESI†). The maximum zT at 300 K is
correspondingly higher as M0 is more negative, consistent with
the results of transport modeling (Fig. 5).

Of course, tuning the SOC strength and applying hydrostatic
strain are idealized scenarios which neglect other effects such
as the formation of defects and dislocations. The analysis
nonetheless serves as a direct proof of concept for attaining

higher TE performance by engineering the band inversion
strength. Lattice strain is often a byproduct of doping and
alloying, sometimes referred to as ‘‘chemical pressure’’.54 Since
Bi2Te3 is commonly alloyed with Bi2Se3 or Sb2Te3, both of
which have smaller lattice constants than Bi2Te3, it is not
unreasonable to speculate that the band inversion strength is
modified in part due to the compressive strain when alloyed.
SOC interactions may also be affected by doping and alloying. It
has been shown that the nontrivial electronic structure of
Bi2Te2Se is highly sensitive to the SOC strength.3 As a result,
the increase in both electrical conductivity and Seebeck coeffi-
cient in Bi2Te2Se with sulfur doping has been attributed to
variations in the SOC strength.55 It has also been shown that
alloying SnTe with PbTe and GeTe leads to an increase in the
Seebeck coefficient for similar carrier concentrations,56 which
can be attributed to a composite effect from variations in both
lattice strain and SOC strength on band inversion.

7 Conclusion

The band inversion strength is a key feature of topological
insulators (TIs) that affects the thermoelectric (TE) performance.
From DFT transport calculations and transport modeling, we
show that TIs have the potential to perform well as TEs, and even
outperform normal insulators within the same structure type.
The favorable transport properties of TIs can be attributed to
band inversion-driven warping, which leads to lower conductiv-
ity mass and effectively higher valley degeneracy. We predict that
stronger band inversion is correlated with higher TE perfor-
mance in TIs. We demonstrate this effect directly by tuning the
SOC strength in Bi2Se3 and applying hydrostatic strain to Bi2Te3,

Fig. 8 The calculated maximum zT at 300 K for strained n-type (blue) and
p-type (red) Bi2Te3. M0, which for the topological insulator Bi2Te3 is the
band inversion strength, modulates with the hydrostatic strain in the
material. The TE performance in Bi2Te3 can be improved by strengthening
band inversion through strain engineering.
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both of which confirm the increase in zT with stronger band
inversion. Our study not only reveals that band inversion-driven
warping is the key phenomenon responsible for high TE perfor-
mance in TIs, but also serves as motivation to pursue TIs as
potential candidates for next-generation TE materials.
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